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An entanglement measure, multiple entropy measures (MEMS) was proposed recently by using the geometric mean of partial en-
tropies over all possible i-body combinations of the quantum system. In this work, we study the average subsystem von Neumann
entropies of the linear cluster state and investigated the quantum entanglement of linear cluster states in terms of MEMS. Explicit
results with specific particle numbers are calculated, and some analytical results are given for systems with arbitrary particle numbers.
Compared with other example quantum states such as the GHZ states and W states, the linear cluster states are “more entangled” in
terms of MEMS, namely their averaged entropies are larger than the GHZ states and W states.
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Entanglement [1, 2] is one of the most salient properties of
quantum systems. Quantum entanglement led to the experi-
mental verification for Bell inequality which confirmed quan-
tum mechanics [3]. In recent years, quantum entanglement
has been one of the key driving forces that advanced the ex-
plosive development of quantum information and quantum
computation [4-12]. Entanglement has developed from a
philosophical concept into a frontier research paradigm, and
much more attention has been paid to the quantification of
entanglement. Two measures of entanglement, formation and
distillation [15, 16] , were proposed by Bennett et al. Partial
von Neumann entropy [15, 16], relative entropy [17, 18], con-
currence [19-23] and other contributions [24-48] were also
studied and recognized as “good” entanglement measures.

In studying quantum entanglement, the density matrices
are often used. It should be mentioned that density matrix
can represent different physical quantities. In the case of
proper mixture, the density matrix represents the averaged
“state” of an ensemble of “molecules”, while the improper
mixture describes the averaged “state” of a subsystem in a
coupled quantum system. Though the mathematical expres-
sions are the same, their physical properties are quite differ-
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ent [49,50]. In studying quantum entanglement, we are actu-
ally using the improper mixture meaning of the density ma-
trix. The reduced density matrix is obtained by tracing out
other degrees of freedom of a composite quantum system.
Based on separating the correlations encoded by a density
matrix into a common set of marginals, Partovi [37] proposed
a measurement in which N!/2 quantities are used to quantify
an N-qubit system. In the case of N < 3, a “good” measure-
ment [38] can be constructed from the arithmetic average en-
tropy of single reduced density matrices. Realizing the lack
of one-qubit reduction, Higuchi et al. [51,52] proposed using
the arithmetic mean of two-particle entropies as a measure of
entanglement, and reported on a four-qubit entangled state:

|My) = \/é [J0011) + |1100)) + w(]1010) + [0101)
+ w?(|1001) + [0110Y)], w = /3, (1)

which is more entangled than the four-qubit GHZ state.

More recently, Liu et al. [53] proposed multiple averaged
entropy measures based on a vector with m = [N/2] compo-
nents: [S1,S2,---,S5,], where the S; is the geometric mean
of i-body partial entropy of the system
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E; i..; 1s the i-body von Neumann entropy for the
{i1,i2,- -+ , 1y} particles

Ej i, = =Tr[(ow)i, i, 10gy(0w)i, i, ], (3)

where pj, ;, ... ;, 1S the reduced density matrix with the average
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The physical picture for S; can be understood in the fol-
lowing way. First, when i equals 1, it reflects the entangle-
ment feature in terms of single particles. Later on, when
i > 2, S; describes the entanglement of the i-body system
as a whole with other N — n particles. The upper bound
for E; 4., is n, so if an N-particle state maximizes all
the E; j,..;..,n = 1,2,---,[N/2], it makes S, equals to n
and presents a maximally entangled state. For N = 2,3,
[N/2] = 1, the quantum states that satisfy S| = 1 are maxi-
mum entangled states. For N = 4, Higuchi and Sudbery [51]
proved that the ideal entangled state which maximizes all the
E;, ;, does not exist. It should be noted that the MEMS con-
stitutes only part of the entanglement measure. To describe
quantum entanglement fully, more quantities are required in
addition to the N/2 MEMS quantities. While the GHZ states
have smaller MEMS than the cluster state, they are bigger in
other entanglement measures. For instance, GHZ states have
the maximal violation of Bell inequality. This is the reason
why a cluster state cannot be reduced to a GHZ state by lo-
cal operation and classical communication. This is still an
interesting and important issue being studied.
Liu et al. [53] studied the W state

1
W) = \/N{|0---01>+---+|10---0>}, 5)

and the analytic MEMS were obtained as

N-i
N

i

N-—i
log, Nl

N (6)

Si= [— - ]z/ log,
Obviously, all the §; are less than 1. Hence, the W state is
generally less entangled than the GHZ state in terms of mul-
tiple entropy measures (MEMS). The MEMS for the GHZ-
states were also obtained and all the GHZ-states §; are equal
to 1. Liu et al. [56] used MEMS and studied the entangle-
ment properties of nine families four-qubit pure states which
are classified by SLOCC [47].

In this work, we study the entangled properties of linear
cluster state which was proposed by Briegel and Raussendorf
for the purpose of persistent entanglement and used to con-
struct a one-way quantum computer [54,55].
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The N-qubit linear cluster state [54] is defined as

V) =y @ (100" + 1)) (7)

1
IN/2
It holds a high persistency of entanglement which means that
~ N/2 qubits have to be measured to eliminate the entangle-
ment. Through the Schmidt decomposition, the state can be
transformed into another clear form

CN) = D @i ilin) - lin), @®)

where iy isOor 1, k = 1,---, N. However, the expansion co-
efficients are not obvious. From the original definition of the
linear cluster state, we can find that the expansion contains N
items. Under local unitary operation or basis transformation,
some items cancel each other. After some tedious calcula-
tion, the simplified expressions for |Cg), |Cy),--- ,|Ci4) are
obtained. The simplest expression of |Cy) holds 2[V/?1 items.
First, we study the S5 and S 4 of |Cg), whose simplest form
is
|Cg) =[00101010) + |00100111) + |00010001)
+[00011100) + [11001001) + |11000100)
+ 11110010y + [11111111) —]00101001)
—100100100) — |00010010) — |00011111)
— 11001010y — [11000111) —]11110001)

—11111100). )

There are Cg = 56 combinations of the reduced positions for
S 3. We traced all the possible conditions and listed the results
in Table 1. It can be found that the entropies are all integers
with separate values of 1, 2, and 3. The result of 3 occurs 38
times, 2 occurs 16 times, and 1 occurs only 2 times. S3 for
the eight-qubit linear cluster state is V2!6338 ~ 2.67, which
is slightly less than 3.

Now it is interesting to check the S4 of |Cg). After some
numerical cyclic reductions, we found that the results of von
Neumann entropy are also the same integers as S3. There are
four separate values, 1, 2, 3, and 4. The result of 4 occurs 16
times, 3 occurs 36 times, 2 occurs 16 times, and 1 occurs 2
times. The occurrences of 1 and 2 are the same as S3. The

S for [Cg) is V216336416 = 220" L 594
Next, we give the results of S3 and S4 for the nine-qubit
linear cluster state
|Co) =1001010101) —]001010010) — |001001001)

+]001001110) — 000100101 + |000100010)
—|111111001)+|111111110) +]000111001})
— 000111110y —]110010101) + [110010010)
+]110001001) —|110001110) +|111100101)
—]111100010). (10)

The simplest expression of |Co) keeps 21/ direct product

items, which verifies the formula 2I%/?! given obove. We list

all the resources of S3 for |Cy) in Table 2. In the case of Sy4,
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Table 1 Combinations and entropies of |Cg) for S3. The numbers under
the column “reduction” are those qubits that are being traced. The numbers
in the column under “remain” are those qubits that are left over after trac-
ing over the “reduction” qubits. The number under column “entropy” is the
entropy of the reduced density matrix of the “remain” subsystem

Reduction  Remain  Entropy Reduction  Remain  Entropy

12345 678
12347 568
12358 467
12357 468
12368 457
12467 358
12478 356
12456 378
12578 346
12567 348
13568 247
13578 246
13468 257
13457 268
13456 278
14678 235
15678 234
14567 238
23467 158
24578 136
23478 156
25678 134
23578 146
23468 157
23456 178
35678 124
34678 125
34567 128

12346 578
12348 567
12356 478
12378 456
12367 458
12457 368
12468 357
12458 367
12678 345
12568 347
13458 267
13678 245
13478 256
13567 248
13467 258
14578 236
14568 237
24567 138
24678 135
23457 168
23678 145
23567 148
23458 167
24568 137
23568 147
34578 126
45678 123
34568 127

DO B B B W W N W L W W W W W W W LW W W W W W Wi —
DO — D L W W L W L W W L W L W W L W D WL W W NN NN

we just give the total number of each classification for the
sake of space.

Using mathematical induction from the complex results
obtained for the specific qubit numbers, we found that three
types of subsystem von Neumann entropies are the same as
in |Cg). The numberof E =3is63, E =2is19,and E = 1 is

08, (219363
just 2. The S5 for [Co) is V219363 = 2% ~ 2.74. In the
case of S4, the numberof E = 4is48, E =3is 57, E = 2 is

logy (219357448,

19and E = 1is 2. S4 for [Coyis V216336416 = 2™ 1z ~
3.16.

We studied the S 3 and S4 for NV from 8 to 14, and arranged
the results in Tables 3 and 4, respectively. From the classifi-
cation, we got the rules of §3 and S 4, which are listed in eqgs.
(11) and (12), respectively. The number of E = 1 is always 2.
By means of curve fitting, the numbers of £ = 2 and E = 3
were found to increase linearly and quadratically.

The construction of §'3 component of MEMS for a N-qubit
cluster state,

Times  Entropy

2 E=1,
3IN-8 E=2,
Cy-3N+6 E=3.

(1D
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Table 2 Combinations and entropies of |Cy) for S3

Reduction

123456
123458
123469
123468
123479
123578
123589
123567
123689
123678
124679
124689
124579
124568
124567
125789
126789
125678
134578
135689
134589
136789
134689
134579
134567
146789
145789
145678
245679
246789
234569
234789
234579
235689
256789
235789
234568
245678
235678
345789
346789
345679

Remain

789
679
578
579
568
469
467
489
457
459
358
357
368
379
389
346
345
349
269
247
267
245
257
268
289
235
236
239
138
135
178
156
168
147
134
146
179
139
149
126
125
128

Entropy

DO DD DD W LW W W N W W W LW W LW W W LW W W W LW W LW WK WK W W W LW W Wi W W W W Wwh —

Reduction

123457
123459
123467
123489
123478
123568
123579
123569
123789
123679
124569
124789
124589
124678
124578
125689
125679
135678
135789
134568
134789
134678
134569
135679
134679
145689
156789
145679
234679
245689
234689
245789
234589
236789
235679
234578
234678
234567
356789
345689
456789
345678

Remain

689
678
589
567
569
479
468
478
456
458
378
356
367
359
369
347
348
249
246
279
256
259
278
248
258
237
234
238
158
137
157
136
167
145
148
169
159
189
124
127
123
129

Table 3 Results of the three-body von Neumann entropy

=

SR
Il
W N =

Table 4 Results of the four-body von Neumann entropy

=

SRICIICHIS
I

1l
B R S

8

2
16
38

8

2
16
36
16

9

2
19
63

9

2
19
57
48

10

2
22
96

10

2
22
82
104

11

2
25
138

11

2
25
111
192

12

2
28
190

12

2
28
144
321

13

31
253

13

31
181
501

Entropy

DO = D D D W W W W LW W LW W LW WK W W LW W W W W LW W W W W LW W W W WK W W W Wi N NN

34
328

14

34
222
743
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The construction of §'4 component of MEMS for a N-qubit
cluster state,

Times  Entropy
2 E=1,

3N-8 E=2, (12)
AN’ - 13N+12 E=3,
Cy—2N*+10N-6 E=4.

By the definition of MEMS, we obtain the analytic results of
S5 and S 4 for a cluster state with N qubits,

1
Ss = [23N—83C;\,—3N+8]C?\/ , (13)

S, = [23N—832N2—13N+124Cj‘v—2N2+10N—6] L% ) (14)

We plot the S3 and S4 versus N in Figures 1 and 2, respec-
tively. The curves show that as N increases, S3 and S4 tend
toward the upper bound.

In summary, we used the MEMS entanglement measures
to study the linear cluster state with focus on three-body and
four-body average von Neumann entropies. All the data were
obtained by numerical calculation for N up to 14. The re-
sults show that the linear cluster state is more entangled than
the GHZ state and the W state in terms of the MEMS quan-
tities. For large N value, the S3 and S4 are close to 3 and 4,
which are the upper bounds of the three- and four-body von
Neumann entropy, respectively. Analytic results of S3 and S4

2.90
>
°
2850 Lol e
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2.80} ‘ u
P |
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275|
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270|
8 9 10 1 12 13 14

N

Figure 1 (Color online) S3 versus N for the linear cluster state.

3.70

3.54}
3.38}

<
%)

3.22¢
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N

Figure 2 (Color online) S4 versus N for the linear cluster state.
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for arbitrary N qubit linear cluster states are obtained, and ex-
plicit expressions for them are given. These results are help-
ful for understanding the entanglement nature of the linear
cluster states.
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