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A kinematic statistical method is proposed to determine the position for Chang’E-3 (CE-3) lunar lander. This method uses both
ranging and VLBI measurements to the lander for a continuous arc, combing with precise knowledge about the motion of the
moon as provided by planetary ephemeris, to estimate the lander’s position on the lunar surface with high accuracy. Accuracy
analyses are carried out with simulation data using the software developed at Shanghai Astronomical Observatory in this study to
show that measurement errors will dominate the position accuracy. Application of lunar digital elevation model (DEM) as con-
straints in the lander positioning is also analyzed. Simulations show that combing range/doppler and VLBI data, single epoch
positioning accuracy is at several hundred meters level, but with ten minutes data accumulation positioning accuracy is able to be
achieved with several meters. Analysis also shows that the information given by DEM can provide constraints in positioning,
when DEM data reduce a 3-dimensional positioning problem to 2-dimensional. Considering the Sinus Iridum, CE-3 lander’s
planned landing area, has been observed with dedicated details during the CE-1 and CE-2 missions, and its regional DEM model

accuracy may be higher than global models, which will certainly support CE-3’s lander positioning.
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The first Chinese lunar explorer CE-1 was launched on Oc-
tober 24, 2007, and following CE-2 was launched on Octo-
ber 1, 2010 [1-3]. According to the long-term schedule,
Chinese unmanned lunar exploration plan is divided into
three stages: orbiting, landing and returning stages. In the
orbiting stage, the CE-1 and CE-2 satellites fly around the
moon and take photos about the landing area. In the landing
stage, the main task is to softland on the lunar surface and to
explore automatically [4]. A lunar lander and a rover are
needed in this stage. How to determine the positions of the
lander and rover on the lunar surface is very important to
the following Chinese lunar exploration project. The rover
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moves very slowly and not far away from the lander, so the
position determination of the lander is more critical.

Dealing with position determination of a satellite, the
dynamic statistical orbit determination (OD) method and
single point positioning are widely used in lunar exploration
[1-3,5,6]. OD can be viewed as a special case of general
parameter estimation problem, where the parameters char-
acterizing the orbit of a satellite, have to be determined
from observations using the least squares method. The main
error sources are from observations as well as the force
model, and in order to get high OD accuracy, forces exert-
ing on the satellite must be modeled precisely. Comparing
with dynamic OD method, single point positioning does not
need to model forces, and the position of the satellite can be
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determined geometrically. During orbital maneuver, soft-
landing and surface walking, the dynamic OD method is not
suitable for it is not easy to model precisely the forces ex-
erted on the probe, while single point positioning can be
used in these situations [3]. Generally, the accuracy of sin-
gle point positioning is limited by the quality of observa-
tions and the geometry between ground stations and the
satellite.

This paper studies how to determine the position of a lu-
nar lander precisely, which is fixed and not moving on the
lunar surface. A kinematic statistical method is proposed,
which uses measurements of a continuous arc, combing
with the motion of the moon, to get the position of the
lander on the lunar surface with high accuracy. This statis-
tical method uses all observations of a period, not a single
point, to determine the position of a lunar lander, so the
positioning accuracy is much higher than that of single
point positioning.

The moon is 3.8x10° km far away from the earth aver-
agely, so GDOP (geometry dilution of precision) for posi-
tion determination of a lunar lander is much poor, which
limits the position accuracy, especially using single point
positioning. The statistical positioning method can get
higher accuracy using more observations. In single point
positioning, the interpolation of original observations is
needed to get pseudo-observations corresponding to the
same satellite time. While in kinematical statistical posi-
tioning method, the interpolation is not needed and posi-
tions at various epochs are connected by the motion of the
lander, and all observations are used to create combined
equations for solving parameters including the position of
the lander with the least squares method. This method can
also solve some other parameters such as range biases, and
will work with only observations from single station.

There are similarities as well as significant differences
between the kinematic statistical positioning for a lunar
lander and the traditional OD for a satellite. Both use statis-
tical method to get high accuracy. For the satellite, its mo-
tion around the center body is described with the forces ex-
erting on the satellite, and the observations at various
epochs are integrated via the state transfer matrix (STM)
and processed simultaneously. Because the lander is fixed
and not moving on the lunar surface, it is easy to establish
the model of motion in inertial system, according to the
motion of the moon. The model accuracy is only depended
on the accuracy of lunar orbit and rotation.

With the development of lunar exploration, the accuracy
of lunar digital elevation model (DEM) is improved dra-
matically. ULCN2005 (the unified Iunar control network
2005) is the latest global control network of the moon,
which has made use of historical photogrammetry meas-
urements from Earth-based, Apollo, Marine 10, Galileo and
Clementine missions. More than 3 million range measure-
ments from the Chang’E-1 laser altimeter have been used to
produce a global topographic model of the moon with im-
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proved accuracy, and a 360th degree and order spherical
harmonic expansion of the lunar radii, is designated as
Chang’E-1 lunar topography model sO1 (CLTM-s01) [7]. A
global lunar DEM with 3 km spatial resolution using the
whole CE-1’s laser altimeter (LAM) data was developed.
The plane positioning accuracy is 445 m (1c), and the ver-
tical accuracy is 60 m (1o) [8]. A global lunar topographic
map with a spatial resolution of finer than 0.5 degree has
been derived using data from the laser altimeter (LALT) on
board the Japanese lunar explorer Selenological and Engi-
neering Explorer (SELENE or Kaguya). A spherical har-
monic model complete to degree and order 359 was devel-
oped, and the vertical accuracy is 77 m [9]. The altimetric
data from the lunar orbiter laser altimeter (LOLA) in lunar
reconnaissance orbiter (LRO) spacecraft have much higher
accuracy, and the related DEM accuracy will be better than
10 m [10]. Considering the Sinus Iridum area, the future
landing area for CE-3 probe, has been observed much more
detailed in the CE-1 and CE-2 mission [11], and the region-
al DEM model accuracy may be higher than the global
model.

The Iunar DEM can be used in the calculation of the
lander’s position. The elevation information given by the
DEM can serve as constraints, or the DEM can be directly
used in the calculation, which reduces the 3-dimensional
positioning problem to the 2-dimensional positioning. On
the other hand, once the position of the lander is precisely
determined, the results can also verify the accuracy of the
DEM. The application of the lunar DEM in the position
calculation is also studied in the paper.

1 Theory for the lander positioning
1.1 Motion of the lander

Considering the lander stands still on the moon, its equa-
tions of motion can be written in the moon-fixed coordinate
{?(I) =T
system as 1.
F() =0,
lander, and it can be expressed as rectangular coordinate or
geographic coordinate.
Estimated parameters which would not show up in the
motion equation are defined as geometric parameters p,,

where 7 1is the position of the

including range bias and so on. The state vector can be de-
7

finedas X = ( R J, then the equation of state is

&g

{X =0 1)
X(t,)=X,.

1.2 Equations of observations

The equation of the observation is the same as that in dy-
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namic statistical OD. The state vector X; corresponding to
the observation Y; can be indicated as

Y, =G(X,.t)+, 6)

where X;, Y, ¢ present the state vector, the observation and
the noise at the epoch ¢; respectively.

Since eq. (2) is nonlinear, linearization procedure should
be conducted on the reference solution X (#;), and the equa-
tions are defined as

Yy, = Yl _G(Xi*:[i)a

- 0G
Hi=—2l 3)
H, =H®(,t,),

where @(z,,¢,) is the state transition matrix, and for the

positioning of the lander fixed on the lunar surface, it is the
unit matrix.

Hence, the original nonlinear estimation problem can be
replaced by the linear estimation problem described by

v, =Hx, +¢,. “
Define
yl Hl 81
y= s H = , &=
Vi H, &

The equations for all observations can be written as
y=Hx, +¢. 5

The time and coordinate systems are inherent compo-
nents of the OD program. For the positioning of the lander,
the time system involves UTC (observation time), TAI,
TDT and TDB, and the coordinate system involves the
earth-centered and moon-centered references. The earth-
centered reference includes the J2000.0 celestial reference
and the earth-fixed reference, where precession, nutation
and earth rotation are involved in the transformation be-
tween them. The moon-centered reference includes J2000.0
celestial reference and moon-fixed reference frame [1].
Furthermore, considering that the distance between the
lander and the earth is far, it is necessary to build the obser-
vation model in the barycentric celestial reference, and the
related coordinate time is TDB. The influence of general
relativity should be considered [12].

During the foundation of the observation equations, the
position of the lander in the inertial frame reference is
adopted. However, the estimation state vector is in the
moon-fixed frame reference. Due to that, the matrix H in-
cludes the transfer matrix between these two references.

Here R and 7 represent the position vector in the
J2000.0 celestial reference and the moon-fixed reference
respectively. The center body of the celestial frame refer-
ence here is the moon. Define the moon true-of-date system
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(TOD) as the intermediate reference system, the plane of
which is the lunar equator with the X axis pointed to the
cross point between the earth equator plane and lunar equa-
tor plane. The transformation of these two non-rotating sys-
tems involves two Euler angles (Q' and is). The plane of the
moon-fixed reference is the lunar equator with the X axis
through the Sinus Medii on the lunar surface. To get
moon-fixed reference, it can rotate the TOD system around
the Z axis with angle A [1].

€', is and A are the three liberation angles of the moon.
In the early 1900s, Hayn gave out the analytic functions for
these three parameters, and later, koziel achieved the same
formulas. However, the analytic expression appears in com-
plex in the form with low accuracy [13,14]. Currently the
three liberation angles are mainly obtained through the
planet planetary ephemeris (such as JPL DE/LE403, 418,

421). The transformation between R and 7 is given as
F=R.(MR ()R (Q)R=H,R, ©)

where R,, R,, R, are rotations around the X, Y and Z axes,
and Hy is the conversion matrix between the two reference,

and H; :H;,. These three angles describe the lunar li-

brations to a very high accuracy (2-3 cm accuracy for the
lunar laser ranging) and were determined from numerically
integrating the lunar orientation together with the planetary
positions.

These three angles give a lunar body-fixed coordinate
system with axes aligned with the lunar principal axes (PA).
The lunar gravity field was developed using the lunar ori-
entation specified by JPL planetary ephemeris. The TAU
orientation is also a lunar body-fixed orientation with some
lunar librations included but with the body-fixed axes speci-
fied by the mean-pole of the Moon (ME). These axes are
offset from the principal axes of JPL planetary ephemeris
by rotations using three small angles and amounts to about 1
km at the lunar surface for two of the angles. Coordinates in
the PA system can be rotated to the ME system using the
following expression (for DE421):

M =R (-0.30"R, (~78.56")R.(~67.92")P, @)

where the angles are in seconds of arc and the rotations are
around the body X, Y and Z axes. P and M are the position
vectors of the PA system and ME system [15]. An ellipsoi-
dal Moon with only a second-degree figure (gravity) would
have the mean axis and principal axis frames coincident.
Third- and higher-degree representations of the gravity field
cause a constant rotation between the two frames. Our
works are under the PA system.

1.3 Estimation method

Using batch algorithm with the least squares method, the
best valuations of a certain epoch can be calculated with all
observations. Because of the large amount observations and
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the statistical properties, the high precision result can be
achieved. For satellite OD, high precision result of post
processing usually uses the batch method.

According to the linear unbiased minimum variance es-
timation, value X, is

%, =(H"WH+P) "' (H'Wy+P,'x,), 8)

where X, and F, are the priori values and the variance

for the estimated parameters, and W is the weight matrix.
The covariance matrix for vector %, is

P, =(H'WH+P). 9)

Finally, the optimum estimation of X o 18

A

Xy=X")+5%,. (10)

2 Error analyses

During the process of dynamic statistical OD for the satel-
lite, the main error sources are force errors and measure-
ment errors. On contrast with the kinematic statistical posi-
tioning, the movement of the lunar lander is established
using the lunar orbit and rotation, and thereby the main er-
ror sources affecting the positioning accuracy are measure-
ment errors, which include the noise and the systematic bias,
as well as errors of lunar orbit and rotation involved in the
lunar ephemeris.

Nowadays the primary means to investigate lunar orbit
and liberation is still the lunar laser ranging (LLR). The
LLR observations are distances between the ground station
and the reflector located on the lunar surface. From 19609 till
now, the accuracy of LLR observations raised from 30 cm
at the very beginning to 10-15 cm in the 1980s, and then
3-5 cm in the 1990s, until 2 cm in the nowadays. The pri-
mary purpose of LLR is to demonstrate the equivalence
principle of Einstein’s theory of relativity; however, with
the development, LLR is used to determine the Earth orien-
tation parameters (EOP), station coordinates, precession,
nutation, parameters of lunar movements and liberation,
coordinates of lunar surface reflectors and so on [16,17].
One of the scientific contributions of the LLR is that it sig-
nificantly improved the accuracy of the lunar orbital motion,
and contributed to the high-precision lunar ephemeris.

DEA403 was built in 1995, and the updated series DE418
and DE421 ephemeris are using more LLR observations.
For example, DE421 was using nearly 30 years LLR obser-
vations from 1970 to 2007, and achieving higher accuracy.
The lunar position differences between DE418 and DE421
can reflect the model errors from a certain extent. Moreover,
the lunar position difference in 2010 is up to 5 m between
DEA403 and other two ephemerides. However, it is about 0.5
m between DE418 and DE421. Therefore, JPL recommends
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the DE421 ephemeris in the following lunar exploration
program [15].

The errors in lunar ephemeris and liberation models in-
fluence the lunar lander’s poisoning accuracy directly.
Based on the former analysis, the combined effects to the
position calculation is about 1 m. Therefore, the main errors
are from measurements, and this article focuses on analyz-
ing the impact of measurement errors on the lander posi-
tioning.

3 Simulation results and analyses

Sinus Iridum (Latin for “bay of rainbows”) is the future
landing area for the CE-3 probe. It is a plain of basaltic lava
that forms a northwestern extension to the Mare Imbrium. It
is surrounded from the northeast to the southwest by the
Montes Jura range. This bay and the surrounding mountains
are considered one of the most beautiful features on the
moon, and is a favorite among lunar observers. The seleno-
graphic coordinates of this bay are 44.1°N, 31.5°W, and the
diameter is 259 km, with the area of 47750.927 km?*[18].

Simulation data are applied to analyze the positioning
accuracy of the lunar lander, using the software developed
at Shanghai Astronomical Observatory (SHAQ), Chinese
Academy of Sciences. Assume that the lander is located at
the center of Sinus Iridum, where selenographic coordinates
are 44.1°N, 31.5°W. The elevation of the lander is —3338.0
m according to the ULCN2005 model.

Referring to tracking conditions of CE-1 and CE-2, sim-
ulation observations consist of Kashi and Jiamusi USB sta-
tions and the VLBI network consisting of 4 antennae locat-
ed in Shanghai, Urumqi, Beijing and Kunming. Measure-
ments noise errors (1o) are 3 m, 2.5 mm/s, 3 ns, 1 ps/s for
USB range, doppler, VLBI delay and delay rate, respec-
tively. The data sampling rates are 1 s and 5 s for USB data
and VLBI data respectively.

In calculation, the initial coordinates of the lander are
47.1°N, 34.5°W and —3000.0 m high, with the prior errors
of 3 degree (about 100 km) on the lunar surface. Consider-
ing high accuracy of the lunar DEM and Sinus Iridum area
is flat terrain [7-10], the initial elevation error is much
smaller than the plane errors.

The position of the lunar lander is estimated using vari-
ous tracking data combinations and various arc lengths.
Table 1 shows the results, and the accuracies of the latitude
and longitude in coordinates are expressed as distance errors
on the lunar surface. Three strategies are adopted. Strategy
1 uses only range/doppler data of single station Jiamusi;
Strategy 2 uses 2 station’s range/doppler data; Strategy 3
adds VLBI data to strategy 1. All three strategies consider
various arc lengths from several minutes to 1 hour.

From the results of Table 1, it can be concluded that us-
ing only USB data, the accuracy with 2 stations is much
higher than that of single station, thus the capability of
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Table 1 Position results of different strategies
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Estimated position

Position errors

Strategy Arc length
Lat. (°) Long. (°) Elev. (m) Lat. (m) Long. (m) Elev. (m)
1 10 min 42.7288 -32.0434 —23690.7 —41592.9 —-11838.0 -20352.7
20 min 43.1436 -31.8798 —-17731.6 -29010.7 —8273.8 —14393.6
30 min 43.7663 -31.6329 —8466.6 -10122.9 —2894.8 -5128.6
60 min 44.1654 -31.4783 —2251.9 1984.0 473.7 1086.1
2 10 min 44.1227 -31.4850 -3078.1 687.8 327.1 259.9
20 min 44.0762 -31.5146 -3628.4 -721.2 -317.0 -290.4
30 min 44.0802 -31.5120 -3581.2 -599.4 -261.1 —243.2
60 min 44.0902 -31.5059 —3459.8 -297.3 -127.8 -121.8
3 Single epoch 44.1039 -31.5013 -3238.1 119.4 -27.3 99.9
10 min 44.0998 -31.5000 -3340.6 4.7 -1.0 -2.6
20 min 44.0999 -31.5000 -3339.1 -1.6 0.1 -1.1

tracking the probe simultaneously for different stations is
good for the lander positioning. The addition of VLBI ob-
servations improves the accuracy dramatically. The accura-
cy of 10 min positioning combined USB and VLBI data can
reach 10 m, and even the accuracy of single epoch can reach
several hundreds of meters.

Future analysis shows that according to the current accu-
racy of measurements, range data in USB and delay data in
VLBI dominate the positioning result. There are range bi-
ases in the ranging measurements in CE-1/CE-2 mission,
and the biases are stable and can be solved using long arc
OD method. Assuming there are biases of 2 m left in range
data, the analysis shows that the position accuracy does not
decline much.

Figure 1 is the elevation graph of Sinus Iridum area using
ULCN2005 model [7], and graphics scope is 39.2°—49.1°W,
36.4°-26.5°N. The lunar lander is at the center of the graph.
From Figure 1 it is obvious that the topography of the cen-
tral area of Sinus Iridum is flat and elevation changes no
more than 400 m.

In calculation, the elevation information given by lunar
DEM can be used as constraints. Considering the flat terrain
in Sinus Iridum, elevations in the area do not change much.
In Table 1, the elevation error in some situations is several
kilometers, or even worse to dozens of kilometers, so the
constraint in the elevation can be applied in the calculation
to improve the accuracy of positioning and reduce the cor-
relations between the parameters. In some situations, such
as with seldom observations or rapid recovery, the prior
elevation can be even fixed and only the latitude and longi-

(m)
-2400

-2600

-2800

-3000

-3200

e
32
Longitude (°)

-3400

-30

-28

Figure 1 The elevation graph of Sinus Iridum area using ULCN2005
model.

tude parameters are solved.

In comparison with strategy 1, the elevation parameter is
fixed and only other two parameters are solved. Table 2
shows the results, and the accuracy is much higher than the
result of strategy 1. The positioning accuracy using 5-10
min USB data of single station can reach 1 km, and this
approach can be used to meet rapid recovery requirements.

If the prior position error is much big, fringe searching
technique can be used in the VLBI measuring [19], and
VLBI delay rate data can be derived without delay data.
Table 3 shows the results of combining USB data of single
station Jiamusi and VLBI delay rate of 4 stations of single

Table 2 Position results with elevation parameter fixed using USB data of single station Jiamusi

Estimated position

Position errors

Arc length
Lat. (°) Long. (°) Elev. (m) Lat. (m) Long. (m) Elev. (m)
5 min 44.1290 -31.4811 -3000.0 880.3 411.3 338.0
10 min 44.1245 —31.4875 -3000.0 742.0 272.0 338.0
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Table 3 Results of combining USB data of single station Jiamusi and VLBI delay rate of single epoch

Estimated parameters

Position errors

Strategy
Lat. (°) Long. (°) Elev. (m) Lat. (m) Long. (m) Elev. (m)
Fixing H 44.1471 —-31.4557 -3000.0 1429.4 964.9 338.0
No fixing H 44.2314 -31.4382 —-1431.6 3986.6 1346.5 1906.4
Table 4 Result of the method that DEM directly used in the calculation
Estimated parameters Position errors
Strategy 1
Lat. (°) Long. (°) Elev. (m) Lat. (m) Long. (m) Elev. (m)
5 min 44.1069 -31.4903 -3337.9 209.9 210.8 0.1

epoch, and approaches of fixing and not fixing the elevation
parameter (H in the Table 3) are compared. The results
show that the accuracy is about several kilometers, and then
the motion model of the lander used in VLBI observing can
be updated.

Besides as constraints, lunar DEM can also be directly
used in the position calculation of the lunar lander, which
reduces the 3-dimensional positioning to the 2-dimensional
positioning. Still with strategy 1 of 5 min arc as an example,
the positioning result of the method that DEM directly used
in the calculation is showed in Table 4.

Though the elevation parameter accuracy using this
method is very high in the simulation, the actual lunar DEM
error is not considered in the simulation. Considering the
lunar DEM error is about dozens of meters, and the spatial
resolution is limited to several kilometers, the actual accu-
racy of the positioning of the lunar lander will be lower than
that of simulation. However, in some situations that requir-
ing rapid recovery of the lander’s position, lunar DEM can
be used to help improve the positioning accuracy. Sinus
Iridum area has been observed much more detailed in the
CE-1 and CE-2 mission, the regional DEM accuracy may be
higher than the global model, and the regional DEM may be
used in the future CE-3 mission.

4 Conclusions

This paper studies how to determine the position of a lunar
lander precisely, which is fixed and not moving on the lunar
surface. Considering the traditional dynamic OD method is
not suitable and low accuracy with single point positioning
method, a kinematic statistical method is proposed, and this
method uses both ranging and VLBI measurements to the
lander for a continuous arc, combing with precise
knowledge about the motion of the moon as provided by
planetary ephemeris, to estimate the lander’s positions on
the lunar surface with high accuracy.

This kinematic statistical method is used to analyze the
position calculation of the lunar lander in Sinus Iridum area
in future CE-3 mission. Simulations show that the accuracy

of 10 min positioning combined USB and VLBI data can
reach 10 m, and even the accuracy of single epoch can reach
several hundreds of meters.

With the development of lunar DEM, the application of
lunar DEM in position determination of the lunar lander is
also discussed in the paper. Analysis shows the information
given by DEM can provide constraints in positioning, and
the DEM also can be directly used in the positioning, which
reduces the 3-dimensional positioning to the 2-dimensional
positioning. Position accuracy with elevation parameter
fixed using USB data of single station of several minutes is
better than 1 km, and this method can be used in some spe-
cial situations. Considering the Sinus Iridum area has been
observed much more detailed in the CE-1 and CE-2 mission,
the regional DEM model accuracy is higher than the global
model, which can be used in the future CE-3 mission.
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