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We propose a new stabilization method for linear systems with distributed input delay via reduction transformation and Riccati 
equation approach. In the presented stabilization scheme, the gain matrix of controller is constructed by the well-known linear 
control technique for delay-free systems. The transformation kernel matrix can be determined by solving the non-symmetric ma-
trix Riccati equation backward with the boundary condition. When point delay systems are considered, it will be shown that the 
proposed control law degenerates to the standard one for input delay systems. 

delay systems, delay-free systems, distributed delay, reduction transformation, riccati equation 

 

Citation:  Choon K A. Stabilization of linear systems with distributed input delay using reduction transformation. Chinese Sci Bull, 2011, 56: 1413−1416, doi: 
10.1007/s11434-010-4152-x 

 

 
 
In industrial processes, time delays often occur in the 
transmission of information or material between different 
parts of a system. The presence of time delays causes 
serious deterioration on the stability and performance of the 
system and considerable researches have been done on the 
control problems of time delay systems [1,2]. Time delay 
systems are a special case of infinite dimensional systems 
which have an infinite number of poles. This feature makes 
the control of time delay systems a difficult task to handle. 
The easiest way is to reduce time delay systems to delay- 
free systems and then apply the well developed control 
techniques for the finite dimensional systems. The Smith 
predictor may be one of the most well known delay 
compensation methods utilizing this concept. Although a 
number of improved versions of the Smith predictor have 
been proposed by many researchers, the Smith predictor 
methods suffer from some inherent shortcomings. First, the 
Smith predictor cannot be applied to unstable systems [3]. 
The second drawback is that the initial state of the system is 
ignored in the Smith predictor method. The degradation of 
the performance is an inevitable result, when it is applied to 

the systems with nonzero initial conditions. The third 
shortcoming is the lack of robustness. The performance of 
the Smith predictor method is sensitive to the accuracy of 
the model of the system and time delay. It also suffers from 
sluggish responses to disturbances. 

To overcome the above mentioned difficulties, a number 
of improved versions of the Smith predictor have been 
proposed by many researchers [4]. The reduction trans- 
formation method is a different approach from the 
state-space setting to overcome these problems. The explicit 
reduction transformation method of input delay systems was 
suggested by Kwon and Pearson [5]. In [5], Kwon and 
Pearson employed the receding horizon method to input 
delay systems, where an unexpected good stabilization 
method (reduction transformation) was founded. The 
reduction transformation method was extended to the 
output-feedback case in [6], where a delay-free observer 
was introduced. This observer can directly estimate the 
linear function of the state of the system from controls and 
outputs. This scheme was further developed in [7] to handle 
systems with unmeasurable disturbances. A rigorous 
examination of the reduction transformation method can be 
found in [8], where the scheme was extended to the general 
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time-varying systems. Also, the reduction transformation 
technique was used to design a robust controller for 
multiple input delayed systems with parametric uncer- 
tainties in [9]. The authors in [10] extended the reduction 
transformation method to linear systems with time-varying 
input delay. Most results on the reduction transformation 
were restricted to systems with point delay. To the best of 
our knowledge, however, for the stabilization of systems 
with distributed delay via reduction transformation, there is 
no result in the literature so far, which still remains open 
and challenging. 

Motivated by the above discussion, our main aim in this 
paper is to shorten this gap by investigating the stabilization 
problem of linear systems with distributed input delay via 
reduction transformation. By fixing the transformation 
kernel matrix as the solution of the non-symmetric Riccati 
equation, we can transform the input delay system into the 
delay-free system in spite of distributed delay in the control 
input. The suggested controller gain matrix can be 
constructed by using standard linear control methods (for 
example, pole placement). The transformation kernel matrix 
can be determined by solving the non-symmetric matrix 
Riccati equation. If we consider point delay systems, we can 
obtain the existing result [5] on reduction transformation. 

1  An overview of reduction transformation 

Consider the following input delay system:  

 ( ) = ( ) ( ) ( ),x t Ax t Bu t Cu t τ+ + −    (1) 

with initial conditions  

 0(0) = , ( ) = ( ),   [ ,0],x x u t t tφ τ∈ −     (2) 

where ( ) nx t R∈  is the state vector, ( ) mu t R∈  is the 

control input, > 0τ  is the time delay, n nA R ×∈ , 
n mB R ×∈ , and n mC R ×∈  are known constant matrices, 0x  

is the initial state vector, and ( )tφ  is the initial condition 

function. The reduction transformation method for the input 
delay system (1) was suggested by Kwon and Pearson [9]. 
An extension to time-varying systems can be found in [10]. 
Consider a linear transformation from ( )x t  and u(α), 

[ , ]t tα τ∈ − , to ( )z t   

 
t

A t

t
z t x t Cuα τ

τ
α α− −

−
+ ∫ ( )( ) = ( ) e ( )d .    (3) 

Then the system (1) is transformed to  

 Az t Az t B C u tτ−+ +( ) = ( ) ( e ) ( ),     (4) 

which is a delay-free system. We consider a linear con- 
troller  

  ( ) = ( )u t Kz t     (5) 

using ( )z t  as the feedback signal, which is a function of 
the state ( )x t  and the past control actions ( )u α  for 

[ , ]t tα τ∈ − . The controller gain matrix K  can be freely 
chosen by using any stabilization methods for delay-free 
systems. If there exists a stabilizing controller (5) for the 
reduced system (4), then ( )z t  and ( )u t  go to zero and, as 
a result, so does ( )x t . This indicates that the original system 
(1) is stable. Similarly, the converse is true. Consequently, 
using the reduction transformation method, we can obtain a 
stabilizing controller for the input-delay system (1) by 
simply designing a stabilizing controller for the ordinary 
system (4) with the well developed control methods for 
finite-dimensional systems. Then the stability of the original 
system (1) is assured by the stability of the transformed 
system (4). 

2  Main results 

Consider the following linear system with distributed input 
delay:  

( ) = ( ) ( ) ( )x t Ax t Bu t Cu t τ+ + −
0

( ) ( )d ,G s u t s s
τ

+ −∫   (6) 

with initial conditions  

 0(0) = , ( ) = ( ),   [ ,0],x x u t t tφ τ∈ −    (7) 

where ( ) nx t R∈  is the state vector, ( ) mu t R∈  is the con- 

trol input, n nA R ×∈ , n mB R ×∈ , and n mC R ×∈  are known 
constant matrices, > 0τ  is the time delay, ( )G s  is the 

n m×  matrix with continuous elements on [0, ]τ , and 
( )tφ  is a continuous function vector. It can be shown that 

the system (6) can be rewritten as  

( ) = ( ) ( ) ( )x t Ax t Bu t Cu t τ+ + − ( ) ( )d .
t

t
G t u
τ

α α α
−

+ −∫   (8) 

Introduce the following linear transformation:  

 ( ) = ( ) ( ) ( )d ,
t

t
z t x t L t u

τ
α α α

−
+ −∫   (9) 

where ( ) n mL t Rα ×− ∈  is the transformation kernel matrix 
which is a design function matrix to be determined later. 
The time derivative of ( )z t  is given by  

( ) ( ) ( ) ( )z t Ax t Bu t Cu t τ= + + −  

( ) ( )d (0) ( )
t

t
G t u L u t

τ
α α α

−
+ − +∫  

( )
( ) ( ) ( )d .

t

t

L t
L u t u

tτ

ατ τ α α
−

∂ −
− − +

∂∫   (10) 

Since  
t

t
x t z t L t u

τ
α α α

−
= − −∫( ) ( ) ( ) ( )d ,    (11) 
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we have  

( ) = ( ) ( ) ( )d ( )
t

t
z t A z t L t u Bu t

τ
α α α

−

⎡ ⎤− − +⎢ ⎥⎣ ⎦∫  

( ) ( ) ( )d
t

t
Cu t G t u

τ
τ α α α

−
+ − + −∫  

( )
(0) ( ) ( ) ( )

t

t

L t
L u t L u t

tτ

ατ τ
−

∂ −
+ − − +

∂∫ ( )d .u α α×   (12) 

Arranging the terms yields  
( ) = ( ) ( (0)) ( ) ( ( ))z t Az t B L u t C L τ+ + + −  

t

t

L t
u t AL t

tτ

ατ α
−

∂ −⎡× − + − −⎢ ∂⎣∫
( )

( ) ( )  

]G t uα α α+ −( ) ( )d .       (13) 

If the transformation kernel matrix ( )L t α−  is selected as  

 
( )

= ( ) ( )
L t

AL t G t
t

α α α∂ −
− − −

∂
,  (14) 

 ( ) = , [ , ],L C t tτ α τ∈ −    (15) 

then the original distributed delay system eq. (6) can be 
transformed to the following delay-free system:  

 ( ) = ( ) ( (0)) ( ).z t Az t B L u t+ +     (16) 

If we have the solution of the differential eq. (14) with 
the boundary condition (15), the existing linear control 
methods can be applied to the transformed delay-free 
system (16). Now we are ready to state the stabilization 
result for linear systems with distributed input delay using 
reduction transformation. 

Theorem 1 Assume that the pair (A,B+L(0)) is stabi- 
lizable. If we apply the following control input:  

 ( ) = ( ) ( ) ( )d ,
t

t
u t K x t L t u

τ
α α α

−

⎡ ⎤+ −⎢ ⎥⎣ ⎦∫   (17) 

where 
(1) K is selected to make ( ) ( (0))Az t B L K+ +  Hurwits 

matrix 
(2) ( )L ⋅  is obtained by solving the following non- 

symmetric Riccati equation:  

 ( ) ( ) ( ) = 0, [0, ],L t AL t G t t τ− + ∈    (18) 

with the boundary condition L Cτ( ) = ,  then the original 
delay system (6) can be stabilized.  

Proof Since the transformed system eq. (16) is a 
delay-free system, we can apply a linear control method for 
finite dimensional systems. Let the control input ( )u t  be 

( )Kz t . From eq. (16), we have  

 ( ) = [ ( (0)) ] ( ).z t A B L K z t+ +    (19) 

If K  is selected to make ( ) ( (0))Az t B L K+ +  Hurwits 
matrix, we have ( ) 0z t → . Since ( ) = ( )u t Kz t , it is clear 

that ( ) 0u t → . From (9), we can conclude that ( ) 0x t → . 

This completes the proof.  
If we consider point delay systems, i.e. ( ) = 0G ⋅ , the 

standard result [9] on reduction transformation can be 
obtained.  

Corollary 1 If we consider the following point delay 
system  

( ) = ( ) ( ) ( ),x t Ax t Bu t Cu t τ+ + −  

then the result proposed in Theorem 1 degenerates to the 
standard stabilization result [9]. 

Proof Since we consider the point delay system, let 
( ) = 0G ⋅ . Then (18) becomes  

 ( ) ( ) = 0, [0, ],L t AL t t τ− ∈      (20) 

with the boundary condition L Cτ( ) = .  The definite 
solution of this differential equation is  

 AtL t K1( ) = e ,      (21) 

where 1K  is a constant matrix. With the information of the 

boundary condition ( ) =L Cτ , the constant matrix 1K  can 

be determined as  

 AK Cτ−
1 = e .      (22) 

Thus, we have the following transformation kernel matrix:  

 A tL t Cτ−( )( ) = e .       (23) 

In this case, the reduction transformation (9) becomes  

 
t

A t

t
z t x t Cuα τ

τ
α α− −

−
+ ∫ ( )( ) = ( ) e ( )d   (24) 

and the transformed delay-free system is given by  

 Az t Az t B C u tτ−+ +( ) = ( ) ( e ) ( ).    (25) 

This result is equivalent to the standard stabilization result 
proposed in [9]. This completes the proof.  

The stabilization method of this paper can be 
summarized as follows:  

(i)  With the information of the system matrices A and 
G ⋅( ),  solve the following non-symmetric Riccati equation 

backward from τ  to 0 with the boundary condition 
( ) =L Cτ :  

 ( ) ( ) ( ) = 0, [0, ],L t AL t G t t τ− + ∈  (26) 

and store ( )L ⋅ . 
(ii)  Determine K  which makes ( ) ( (0))Az t B L K+ +  

Hurwits matrix. 
(iii)  Use the following control input with the pre- 

determined matrices K  and ( )L ⋅ :  
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 ( ) = ( ) ( ) ( )d .
t

t
u t K x t L t u

τ
α α α

−

⎡ ⎤+ −⎢ ⎥⎣ ⎦∫   (27) 

Remark 1 Since eq. (18) is a special case of non- 
symmetric matrix Riccati equations, we can obtain the solution 
of eq. (18) using results presented in [11,13]. 

Remark 2 Since the transformed system eq. (16) is a 
delay-free ordinary system, we can apply various kinds of 
linear control methods to the transformed system. In this 
paper, we used the typical pole-placement technique for 
simplicity. 

3  Conclusions 

In this paper, a new stabilization method is presented for 
linear systems with distributed input delay via reduction 
transformation and Riccati equation approach. The original 
system with distributed input delay can be transformed into 
the delay-free system by fixing the transformation kernel 
matrix as the solution of the nonsymmetric Riccati equation. 
The feature of our control scheme is that the controller gain 
matrix K  is selected by using typical linear control 
technique and the transformation kernel matrix ( )L ⋅  can be 

constructed by solving the nonsymmetric matrix Riccati 
equation with the boundary condition. The result presented 
in this paper degenerates to the standard stabilization result  

when we consider point delay systems. 
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