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Abstract Simultaneously investigating multiple treatments in a single study achieves considerable efficiency in
contrast to the traditional two-arm trials. Balancing treatment allocation for influential covariates has become
increasingly important in today’s clinical trials. The multi-arm covariate-adaptive randomized clinical trial is
one of the most powerful tools to incorporate covariate information and multiple treatments in a single study.
Pocock and Simon’s procedure has been extended to the multi-arm case. However, the theoretical properties
of multi-arm covariate-adaptive randomization have remained largely elusive for decades. In this paper, we
propose a general framework for multi-arm covariate-adaptive designs which also includes the two-arm case,
and establish the corresponding theory under widely satisfied conditions. The theoretical results provide new
insights into the balance properties of covariate-adaptive randomization procedures and make foundations for
most existing statistical inferences under two-arm covariate-adaptive randomization. Furthermore, these open a
door to study the theoretical properties of statistical inferences for clinical trials based on multi-arm covariate-

adaptive randomization procedures.
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1 Introduction

The multi-arm randomized clinical trial has been an important topic in some cases [15,29,38]. Especially,
it is playing an increasingly significant role in epidemic diseases such as COVID-19 [3,36], and cancers
such as lung cancer [46] and glioblastoma [2]. To the best of our knowledge, clinical trials are expensively
conducted [11, 28], whereas unacceptably few regimens can be put on the market. Furthermore,
personalized medicine gains more and more popularity and thus leads to increasingly complex therapies.
Hence, concerns have been raised among clinical trialists regarding how to efficiently and in less time
find beneficial treatments. Simultaneously investigating multiple treatments in a single study achieves
considerable efficiency in contrast to the traditional two-arm trials [32]. The multi-arm randomized
clinical trial is one of the most powerful tools to incorporate multiple regimens in a single clinical trial.
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On the one hand, it dramatically reduces the required sample sizes compared with conducting several
traditional two-arm randomized clinical trials separately for various involving regimens. On the other
hand, fewer patients are required to receive the placebo, and then patients would be allocated to a
promising treatment in greater probability. Therefore, multi-arm randomized clinical trials would attract
more patient recruitment to the trial. There is a growing list of literature on multi-arm randomized clinical
trials, such as development of new clinical trial procedures [5,40,42], applications in practice [27,31], and
discussion of its advantages [39,41].

Among randomized clinical trials with multiple treatments, multi-arm covariate-adaptive randomiza-
tion is preferred. It is well known that covariates play an essential role in clinical trials. Clinical trialists
are often concerned about unbalanced treatment arms with respect to key covariates of interest. In the
literature, covariate-adaptive randomization procedures are sometimes employed to balance important
covariates [30]. The similarity of covariates between treatment groups enhances statistical efficiency and
ensures convincing analysis [20]. Over the past several decades, scientists have identified many new
biomarkers [1,4,13,25,34] that may link certain diseases in the fields of translational research (genomics,
proteomics and metabolomics). Based on these biomarkers, we would like to develop personalized
medicine algorithms that help patients to receive better treatment regimens based on their individual
characteristics (which could be biomarkers or other covariates). To design a superior and efficient
clinical study for personalized medicine, one should incorporate information on important biomarkers [15].
Therefore, balancing treatment allocation for influential covariates has become increasingly important in
today’s clinical trials. In a survey of 224 randomized clinical trials published in 2014 in leading medical
journals, 183 (82%) have used the covariate-adaptive randomization [21]. Arguably, covariate-adaptive
randomization gains more popularity at the design stage of a trial.

As pointed out in [15], classical covariate-adaptive designs have several drawbacks to incorporate many
important biomarkers. For example, the stratified permuted block randomization [43] fails to achieve
overall and marginal balances when a moderate sample size and a large number of covariates are involved.
To address the potential problems of classical randomization schemes, Hu and Hu [19] developed a class of
covariate-adaptive biased coin randomization procedures and studied its theoretical properties. However,
the theoretical properties were induced under a strict condition (see [19, Condition (C) of Theorem 3.2]).
Therefore, the properties are not suitable for most existing randomization schemes, especially Pocock and
Simon’s procedure, because of the limitation of the condition. More importantly, Hu and Hu’s general
covariate-adaptive randomization [19] is merely proposed in the two-arm case. Although Pocock and
Simon [29] generalized the minimization method, which is one popular covariate-adaptive design for the
multi-arm case, little knowledge on the theoretical properties is studied.

In this paper, we first develop a general family of multi-arm covariate-adaptive randomization
procedures, which includes the two-arm case. Also, the proposed procedure includes some new designs
and many existing designs with multiple treatments as special cases. We further establish a general
theoretical foundation under widely satisfied conditions. In particular, we have theoretically proved that
under the multi-arm Pocock and Simon’s procedure, the marginal imbalances and overall imbalance are
bounded in probability, but all the within-stratum imbalances increase with the rate \/n as the sample size
n increases. The theory provides some new insights into the theoretical properties of covariate-adaptive
randomization procedures. The theory particularly provides critical conditions for general covariate-
adaptive randomization procedures to achieve good within-stratum and marginal balances. As discussed
in the concluding remarks (see Section 5), our theoretical results make foundations for most existing
statistical inferences under two-arm covariate-adaptive randomization. Furthermore, these results also
open a door to study the theoretical behavior of inferential methods (such as estimation and hypothesis
test) of clinical trials based on multi-arm covariate-adaptive randomization procedures.

To study the theoretical properties under this general framework, one has the following main difficulties:
(i) the correlation structure of within-stratum imbalances; (ii) the relationship among within-stratum
and marginal imbalances under Pocock and Simon’s procedure; (iii) the discreteness of the allocation
function. In the literature, Taylor’s expansion and martingale approximation are two common techniques
for the study of the theoretical properties of adaptive designs with a continuous allocation function
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[16,17,44]. Under Pocock and Simon’s procedure, to overcome the complex relationship among within-
stratum and marginal imbalances, we have to approximate these imbalances using martingales by solving
Poisson’s equation. To deal with the discreteness of the allocation function, we use the technique of “drift
conditions” [26], which was developed for Markov chains on general state spaces.

The rest of this paper is organized as follows. The general framework of the multi-arm randomization
procedure is described in Section 2 and the theoretical results are given in Section 3. In Section 4, we
further conduct several simulation studies to corroborate the theoretical properties proposed in Section 3,
and compare various randomization schemes in different scenarios. Some concluding remarks are in
Section 5. The proofs of the theorems can be found in the appendix.

2 The general multi-arm covariate-adaptive randomization procedure

We consider the same setting as that of [29] with T' (T > 2) treatments. Consider I covariates and m;
levels for the i-th covariate, resulting in m = HiI:1 m; strata. Let T); be the assignment of the j-th patient
and j = 1,...,n. Let Z; indicate the covariate profile of the j-th patient, i.e., Z; = (ki,...,ks) if his
or her i-th covariate is at level k; (1 < ¢ < I) and 1 < k; < m;. For convenience, we use (k1,...,kr) to
denote the stratum formed by patients who possess the same covariate profile (ki, ..., kr), and use (i; k;)
to denote the margin formed by patients whose i-th covariate is at level k;.

The new procedure is defined as follows:

(1) The first patient is assigned to the treatment ¢ (¢t = 1,...,7T) with probability p = 1/T.

(2) Suppose that j — 1 patients have been assigned to treatments (1 < j < n), and the j-th patient
falls within the stratum (k7,...,k}).

(3) (Differences for each treatment) For the first j — 1 patients, let N;t_)l,

t .
N\ (i;k7) and
N;t_)l( T,...,k7) be the numbers of patients in the treatment ¢ in total, on the margin (i; k) and within
the stratum (k7,. .., k7), respectively. We define

1 T

= ()

Nioi==Y N
t'=1

as the average number of patients over treatments. Furthermore, the marginal average number of patients
N,,_1(i; k) and the within-stratum average number of patients N;_1(k},. .., k}) are defined in the similar
way. Then let

t t ~
DJ(_)l = N](_)l - Njflu
t) . % Y ok A N
DY, (i:k7) = NJ2, (65 k7) = Ny (i k),
t * * t * * N * *
DY (k7 k) = N2 (R k) = Ny (R )
be the differences for the treatment ¢, which are used to measure the imbalances at the overall, marginal,
and within-stratum levels, respectively.
(4) If the j-th patient is assigned to the treatment ¢t (t =1,...,T), then

- N;t_)l, N](t_)l(i; k) and N](t_)l( T,..., k) would increase by 1, while others remain unchanged;
— the potential differences at the corresponding levels would be

’ ! 1
D) =D\ 4 Ty —

J ?a
N o 1
DY) (k) = DS (i k7) + Lipr—y — ik
DS (s k) = DS ) + Ty —

where t' =1,...,T.
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(5) (Measurement) Define an imbalance measurement Imb(»t) by

m$u42w>}2w{ZWMWﬂ

t'=1 t'=1

o S0 N (2.1)

=1
which is the weighted imbalance; it would be obtained if the j-th patient is assigned to the treatment ¢.
Wo, Wi (i =1,...,I) and ws are non-negative weights placed overall, within a covariate margin and a
stratum cell, respectively. Without loss of generality, we assume

Wo —i—Zwm,i +ws = 1.
i=1
(6) (Probability generator) We define the allocation probabilities following [29]. Suppose that the
Imbg( ) is the t-th order statistic that is the ¢-th smallest value of the random samples Imb§-1)7 . ,Imbg-T).

One thus can rank the treatments according to the values of Imbgt) (t =1,...,T) in a non-decreasing
order so that
Imb{™) < Tmb{® < ... < Imb{*)
7 ~ J ~ ~ J .

In the case of ties, a random ordering can be determined. Then conditional on the assignments of the first
j — 1 patients and the covariates’ profiles of the first j patients, assign the j-th patient to the treatment ¢
with the probability

P(Ty =t| Fj1,Zj = (K1,..., kT)) = pjss (2.2)
where .Z; = 0(Z1,...,2Z;;T1,...,T;), which is the history o-field generated by the covariates Zi, ..., Z;
and the assignments 171, ...,T}. Here, p;; is a function with respect to the ranking of Imb;t) among the
random samples Imb§t/) t'=1,...,7), and
P =pp, i Tmb) = Imb{) ¢ =1 T, (2.3)
where p; > py > -+ > pr are T ordered positive constants with ZtT,Zl py = 1.
The imbalance measurement defined in (2.1) is a critical quantity. For all ¢ and ¢’ (¢/,t = 1,...,T),

using the basic equation (z + 1)? — 22 = 2z + 1, we can simplify the difference of Imb§t) and Imbg.t,) as

—Q{woD“ ) +Zwm (i k7) +ws DY ( ;,...,k;)}
=2 x [A (kY ...,k;>—A§i>1< N ) (2.4)

Accordingly, the order of {Imbgt ,t/ =1,...,T} is the same as that of {Ag-i)l( oLkt =1,...,T}
for the stratum (k7,...,k}). Therefore, the allocation probability p,, is determined by the values of
Ag»ti)l (kt,...,k;) (¢ =1,...,T), which is a weighted average of current imbalances for the treatment ¢’
at different levels.

Remark 2.1. This general framework includes most covariate-adaptive randomization procedures in
the literature as special cases. For example, when the marginal imbalances are only considered, i.e.,
w, = ws = 0, it reduces to Pocock and Simon’s procedure; when w,,; = w, = 0, it reduces to the
multi-arm stratified randomization. Also, if only two treatments are considered (T = 2), we obtain
the family of covariate-adaptive randomization studied in [19]. We hope that the general framework is
flexible in defining applicable randomization procedures with good properties. The theoretical results are
established under widely satisfied conditions so that they can apply to all the cases.
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3 Theoretical properties of the general multi-arm covariate-adaptive ran-
domization

We now investigate the asymptotic properties of the general multi-arm covariate-adaptive randomization.
For the first n patients, let

D, =[DW(ky,... k) : 1<t <T;1<ki <mg,1<i<I

be an array of dimension 7" X mq X - -+ X my, which stores the current imbalances in all the strata for each

treatment. Also, assume that the covariates Zj, Zs,... are independently and identically distributed.
Since Z,, = (ki,...,k;) can take m = HiI:l m; different values, it in fact follows an m-dimensional
multinomial distribution with parameter p = (p(k1,...,k;),V1 < k; < m;, 1 < < I), with each element

being the probability that a patient falls within the corresponding stratum (ki,...,kr). Obviously,
p(k1,...,kr) >0 and Zkl,...,kI p(k1,...,kr) = 1. Notice that

P(DD (ky,... k1) =D\ (ky, ... kp)t=1,... . T,¥n) =1, if p(ky,...,kr) =0.

Therefore, the stratum (k1, . .., kr) with p(ki, ..., k) = 0 can be ignored. Hence without loss of generality,
we assume p(kq,...,kr) > 0 for any stratum (kq,..., k).

Our purpose is to study the properties of D,,. Besides D,,, we also consider the weighted average of
the imbalances for each treatment Agf)(k’l, ..., kr) asin (2.4). Let

A =[AD(ky, . k) 1<t T < by <myy 1< i < ).

The allocation probability p,; (¢t = 1,...,T) in (2.2) is a function of A,_;. Rather than explore the
properties of D,, directly, we firstly work on the properties of A,,. Then by investigating the relationship
between D,, and A,,, we further investigate the properties of D,,. It is obvious that

A, =L(D,): D, — A,

is a linear transformation of D,,. The following proposition gives the relationship between D,, and A,
and tells us that both (D,,),>1 and (A, ),>1 are Markov chains.

Proposition 3.1. (i) If ws > 0, then A,, = L(D,,) is a one-to-one linear map. If wp,; + ws > 0,
then DY (i;k;) = DZ(tIZ(An) is a linear transformation of A, for any t = 1,...,T. For any cases,
DY = p® (A,) is a linear transformation of A, for anyt=1,...,T.

(ii) (Dn)n>1 is an irreducible Markov chain on the space RT>™ with period T. For any permutations
In(1),...,I(T) of 1,...,T, the transition probabilities of

(DO (K), ..., DI (k) 2 1 < ki <myy 1 < < T

are the same.
(iii) (Ap)n>1 ds an irreducible Markov chain on the space L(RT*™) with period T. For any
permutations 1I(1),... ., I(T) of 1,...,T, the transition probabilities of

AT (), . AT (K) 11 < ki <miy 1 < i < D

are the same.
Now we give the main results of the general multi-arm covariate-adaptive randomization.

Theorem 3.2.  Consider I covariates and m; levels for the i-th covariate, where I > 1, 1 <i < I and
m; > 1. w,, ws and Wy, ; (1=1,...,I) are non-negative with

I
wo—i-Zwm,i—i—ws =1.

i=1
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Assume that p1 > -+ = pr are non-negative constants with Zthl pr =1 andpy > pr > 0. Then (Ay)n>1
is a positive recurrent Markov chain with period T on L(RT*™) and E||A,||" = O(1) for any r > 0. In
particular,

(i) if ws > 0, then (Dy)n>1 is a positive recurrent Markov chain with period T on RT*™; E||D,||"
= O(1) for any r > 0;

(ii) if ws +wm,; > 0, then D (43 ki) = O(1) in probability and E|D(t) (4 k)" = O(1) for anyr > 0 and
t=1,...,T; furthermore, if ws = 0, then (Dg)(i; ki)t wm: 0,1 <t <Ti1<ki <my, 1 <i<I)p>1 s
a positive recurrent Markov chain with period T

(iii) for any cases, Dg') = O(1) in probability and E|D7(f)|’" = 0OQ) foranyr >0 andt =1,...,T;
furthermore, if wp,; =ws =0 (1 =1,...,1), then (D,(f ct=1,...,T)p>1 15 a positive recurrent Markov
chain with period T.

The next theorem tells us that the within-stratum imbalances |D7(f)(l€17 oo kn)| (t=1,...,T) either
are bounded in probability or increase with the rate y/n as the sample size increases.

Theorem 3.3.  Under the conditions in Theorem 3.2, we have the following results:

(iv) there exist non-negative constants c® (ki,... kr) such that
E(D (ky, ... k) = (oW (k... k1)? + O(noD(ky,... kp)), (3.1)

(t)
W DN, (0O (k- kr))?) (3.2)

and
T

(t)
D (kv k) | (e (ky,... k1)) "E|IN(0,1)|]" (3.3)

Vn
for all strata (k1,...,kr)s, r >0 andt=1,...,T, where N(0,1) is a standard normal random variable;
(v) for any fized stratum (k1,...,kr), if Dg)(kl, ... k1) = o(y/n) in probability, then D,(Lt)(kl, oo kr)
= O(1) in probability for any t =1,...,T;
(vi) ist)(kl, ... k1) = o(y/n) in probability for one stratum (ki, ..., ki), then ws # 0; in other words,
if ws =0, then for all strata (ki,... k1),

n— o0

lim E’

E(DY (ky,. .. kp))?

lim =(0W(ky,... . k1)?>0, Vi=1,...,T.
n— 00 n
Remark 3.4. We do not have a close form of the asymptotic standard deviation o (k1,...,kr).

However, simulation studies show that the biased coin probabilities and weights (especially w;) are
critical to o (ky, ..., k) (¢t = 1,...,T), 1 < k; < m; (i = 1,...,I): (i) The asymptotic variance of
D%t)(kl, ..., kr)/+/n is maximized under complete randomization with w, = ws = wy,; =0 (i =1,...,1).
(ii) Large biased coin probability p; reduces o) (ky, ..., k;) for the within-stratum imbalances. (iii) If we
do not choose large enough values of wy, larger values of biased coin probability p; are recommended to
reduce the asymptotic standard deviation a(t)(kl, ..., kr). Similarly, if the biased coin probability is near
0.5, large values of w, are suggested to achieve a small asymptotic standard deviation o(*) (k1,...,kr).

The main conclusions of Theorems 3.2 and 3.3 can be summarized in the following corollary which
indicates that the condition w, > 0 is critical to ensure that (D,,)n>1 is positive recurrent.

Corollary 3.5. The following statements are equivalent:

(i) (Dn)n>1 is a positive recurrent Markov chain;

(ii) D,, = O(1) in probability;

(iil) E||DnH’“ = 0(1) for all r > 0;

(iv) D t)(lﬁ, ..., kr) = o(\/n) in probability for at least one stratum (ki,...,kr) for anyt=1,...,T;

(v) ws > 0.

The next theorem tells us that the marginal procedures will not provide good balances with respect
to the margin if one does not consider the margin in the imbalance measure for defining the allocation
probability (2.2).
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Theorem 3.6.  Suppose that the conditions in Theorem 3.2 are satisfied. If ws + wy,; =0, then

t) .

lim w >0 forallk;,=1,...,m; andt=1,...,T.
n—oo n
Remark 3.7. By Theorems 3.2, 3.3 and 3.6, the conditions ws > 0 and ws + wy,; >0 (i =1,...,1)
are critical to ensure that the within-stratum DY )(kl7 ...,kr) = O(1) and the marginal imbalances
D%t)(i;ki) = O(1) in probability, respectively. However, we have not discussed the selection of these
weights in practice. Here are some suggestions based on the results of this paper: (i) Always choose
wg > 0. (ii)) When the sample size is relatively large and the total number of strata is relatively small,
there are enough patients in each stratum. In these cases, the balance within each stratum is important,
and wg plays an important role; we may choose a relatively large ws. For example, we may use wgs = 1/2
in these situations. (iii) When the number of covariates (I) is increasing and the number of strata is
relatively large, we may select weights according to the number of covariates (I) and the importance of
each covariate. For example, we may select ws = wy,; = (I+1)7! or ws = (I+1)~! and wy, ; according to
the importance of the i-th covariate (i = 1,...,I). Note that putting too much emphasis on the within-
stratum imbalances results in relatively significant increases in the overall and marginal imbalances.
Consequently, a relatively small value of wy is recommended if the primary goal of randomization is not
to achieve the within-stratum imbalance, in the case of a small sample size compared with the number
of strata. (iv) Large weights lead to more well-balanced performances at the corresponding levels. Thus,
if a covariate is deemed essential, more weights can be shifted towards the within-stratum and marginal
imbalances of the covariate.

When w, = 0, the design reduces to the marginal procedure which includes Pocock and Simon’s
procedure [29] as a special case. Based on Theorems 3.2 and 3.3, we conclude the asymptotic properties
for Pocock and Simon’s procedure.

Corollary 3.8.  For Pocock and Simon’s procedure (w, = ws = 0), then we have the following results:
(i) All the within-stratum imbalances increase with the rate \/n as the sample size increases, and also
Dg)(kl, . k1)/v/n is asymptotically normally distributed with a positive variance (oW (ky, ..., kr))2.
(ii) When wyy,; > 0, the corresponding marginal imbalance (the i-th covariate) and the overall imbalance
are bounded in probability, i.e., D (i ki) = O(1) and DY = O(1) in probability for any t =1,...,T.
Furthermore, the collection of all the marginal imbalances

DO (i5k;) 1 <t < T, 1< ki <my,1<i < Iy

18 a positive recurrent Markov chain with period T'.

(iii) When wy, ; = 0, the corresponding marginal imbalance increases with the rate /n, i.e., DY (i; k) =
Op(v/n) foranyt=1,...,T.
Remark 3.9. The theoretical result (i) has been obtained in [19] under very strict conditions of the
weights wy and wy, ; (1 = 1,...,I) when T' = 2. The condition (C) in [19, Theorem 3.2] for the general case
is very restrictive and usually not satisfied in practice. When the number of strata is large, this condition
can be satisfied only when w;y is very close to 1 and the design reduces to the stratified randomization.
Both [19, Theorem 3.1] for the special case of 2 x 2 strata and [19, Theorem 3.2] for the general case of
many strata do not apply to Pocock and Simon’s procedure [29] (with wys = 0) and the design with equal
weights w,, Wy, ; and ws. Our theorems eliminate Hu and Hu's condition (C) [19] so that they can apply
to most covariate-adaptive randomization procedures, in particular the family of Hu and Hu’s general
covariate-adaptive randomization. Then we conclude the main theorems when 7' = 2 as follows.

Let D,, be the difference between the numbers of patients assigned to the treatments 1 and 2. D,,(i; k;)
and D, (k1,...,k;) are defined in the similar way. Consider I covariates and m; levels for the i-th
covariate, where I > 1,1 < ¢ < I and m; > 1. w,, ws and wy,; (¢ =1,...,I) are non-negative with

I
wo—i-Zwm,i—i—ws =1.

i=1
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Then the main results for the general family of two-arm covariate-adaptive randomization are as follows:
(i) if ws > 0, then (Dy),>1 is a positive recurrent Markov chain with period 2 on Z™, and E||D,,||"
= O(1) for any r > 0;
(ii) if ws + Wy, > 0, then D, (i;k;) = O(1) in probability and E|D,(i;k;)|” = O(1); furthermore,
if wy = 0, then the collection of all the marginal imbalances ((D,(¢;k;) @ wm,; # 0,k = 1,...,m,,

i=1,...,1)),>1 is a positive recurrent Markov chain;
(iii) for any case D,, = O(1) in probability and E|D,|” = O(1) for any r > 0; furthermore, if w, =
Wpma ="+ = Wp,1 =0, then (D,),>1 is a positive recurrent Markov chain;

(iv) if wg = 0, then for all strata (ki,...,kr),
ED2(ky, ... ki)

lim > 0;
n—oo n
(v) if ws + wy,; = 0, then
E D2 o I
lim = w >0 forall k;=1,...,m;.
n—oo

As in [19], to prove Theorem 3.2, we use the technique of “drift conditions” [26], which was developed
for Markov chains on general state spaces. Instead of considering D,, directly as in [19], we have to
consider A,, in this paper. In order to prove the positive recurrence of (A;),>1, we need to find a test
function V : L(RT*™) — R*, a bounded test set ¢ on L(RT*™) and a positive constant b such that

AVA) = > P(AA)V(A)-V(A) (3.4)
A'EL(RTxm)

satisfies the following condition:
ANV(A) < =1+ blace, (3.5)

where Py(A,A’) is the transition probability from A to A’ on the state space L(RT*™) of the chain
(Ap)n>1, and Iacw is a function with the value 1 if A is in 4, and 0 if not. V is often a norm-like
function on L(RT*™). For considering the convergence of moments of the Markov chain, we also find the
drift condition of AyV"(A). The test function V' is the key component in the proofs. We have to choose
a good V such that it is a norm-like function and the drift A,V is also very close to the norm of A, so
that the drift condition is satisfied without any additional condition on the weights w,, ws, and wy, ;.
When ws = 0 (Pocock and Simon’s procedure), the within-stratum imbalance D,(f)(kl, ..., kr) is not
considered in the allocation procedure. We need to introduce a new technique (Poisson’s equation) to
deal with the complicated structures of the within-stratum imbalances and marginal imbalances. In fact,

we approximate D,(f)(k‘l, ..., kr) as a martingale plus a function of A, by solving Poisson’s equation in
the proof of Theorem 3.3. We prove that this martingale is a constant when the asymptotic variance
(oW (ky, ..., k1))? is zero so that DY (k1,...,kr) is a function of A,,, which leads to a contradiction when

ws = 0. All the proofs are stated in the appendix.

4 Simulation studies

This section presents three simulation studies to explore the theoretical results and evaluate the
performances under various covariate-adaptive randomization designs in achieving general balances. We
compare the multi-arm general covariate-adaptive randomization with Pocock and Simon’s procedure,
and the stratified permuted block randomization [43]. For clarity, we choose the weighted squares of the
marginal imbalances for Pocock and Simon’s procedure [29] and consider the three-arm case hereafter.
First, we simulate a case of 2 x 2 strata with a relatively large sample size to verify the asymptotic behavior
of imbalances, which is stated in Section 3. Considering the case where the number of strata becomes
large, whereas the number of patients is relatively small, we further conduct a study to compare different
randomization procedures’ performances. To put the multi-arm general covariate-adaptive randomization
into a wide application, we thus mimic a real-world example from [7]. Replication of 10* is used throughout
the following simulations.
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4.1 The case of 2 X 2 strata

In designing covariate-adaptive randomized clinical trials, we aim to ensure that the imbalances at the
corresponding levels (overall, marginal and within-stratum) are bounded in probability. If the imbalances
at all the three levels are bounded in probability, it leads to a well-balanced randomized clinical trial.
The parameters are specified as follows:

e the multinomial probability: (p(1,1),p(1,2),p(2,1),p(2,2)) = (0.1,0.2,0.3,0.4);

e the sample size: the sample size n traverses from 200 to 2,000 with increment 300;

e the the allocation probability of the probability generator: p; = 0.75, po = 0.20 and p3 = 0.05 for
the general procedure and Pocock and Simon’s procedure;

e the weights: (wo, Ws, W, 1, Wm 2) = (0.3,0.5,0.1,0.1) for the general procedure, while (w,, ws, w1,
wWm,2) = (0,0,0.5,0.5) for the Pocock and Simon’s procedure;

e the block size: the block size is set to be 6.

The standard deviations of imbalances at different levels under various randomization procedures
are represented in Figure 1. Since the specified imbalances among different treatments have the same
properties, we only illustrate the results for the treatment 1, i.e., the standard deviations of DS)C).
For simplicity, only the standard deviations at the overall levels, two of the within-stratum levels (1,1)
and (2,2) and two of the marginal levels (1;1) and (2;2) are displayed. As shown in Figure 1, the
standard deviations at the three levels under the general multi-arm covariate-adaptive randomization
and stratified permuted block randomization remain unchanged nearly, depicting the stability of the
corresponding imbalances for both randomization procedures. As for Pocock and Simon’s procedure,
the overall and marginal imbalances stabilize, whereas the standard deviations of the within-stratum
imbalances increase considerably as the sample size increases, implying a convergence rate Op(y/n).
These findings are consistent with those in Theorems 3.2 and 3.3.

On the other hand, although the imbalances at the three levels under the general multi-arm covariate-
adaptive randomization and stratified permuted block randomization are bounded in probability, the
imbalances are stabler under the general multi-arm covariate-adaptive randomization. Taking the overall
imbalance for example, we see that the standard deviations with different sample sizes approximate 1
under stratified permuted block randomization, and the standard deviations are much smaller under the
general multi-arm covariate-adaptive randomization, approximating 0.65.

Therefore, Pocock and Simon’s procedure misbehaves at the within-stratum level, while all of the
imbalances under the general multi-arm covariate-adaptive randomization and stratified permuted
block randomization are bounded in probability. However, the general multi-arm covariate-adaptive
randomization outperforms the stratified permuted block randomization.

41 GMUICAR
== MulPocSimMIN
MulStrPBR

@

SD of overall imbalances
N
SD of within—covariate-marginal imbalances (1; 1)
n
SD of within—stratum imbalances (1, 1)
.
A

500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000
Sample size Sample size Sample size

(a) (b) (©

Figure 1 (Color online) The standard deviations (SDs) of DSLU(J in the case of 2 x 2 strata with different sample
sizes under the general multi-arm covariate-adaptive randomization (GMulCAR) (a), the multi-arm Pocock and Simon’s
minimization (MulPocSimMIN) procedure (b) and the multi-arm stratified permuted block randomization (MulStrPBR) (c)
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4.2 The case of 219 strata

We further simulate a case wherein 10 covariates with 2 levels for each covariate resulting in 1,024 strata
were considered, and 600 patients were involved. The specified parameters are as follows:

e the allocation probabilities and the block size are congruent with those in Subsection 4.1;

o the weights: w, = 0.1, wy,; = 0.8/10 and ws, = 0.1, ¢ = 1,...,10 for the general multi-arm
covariate-adaptive randomization; w, = 0, wy, ; = 1/10 and ws =0, ¢ = 1,..., 10 for Pocock and Simon’s
procedure;

e the covariates generating process: independence assumptions between patients and between covariates
within each patient are followed. Different levels within each covariate are generated with a uniform
probability. Therefore, the covariate profile of the j-th patient Z; = (k1,...,kr), j =1,...,600, I = 10,
is sampled from {1,2}'° independently with probability 1/1024.

Figure 2 illustrates the mean absolute imbalances under various randomization procedures. For the
same sake, we only depict the results for the treatment 1. By the Monte Carlo method, the mean absolute
imbalances at corresponding levels are calculated as follows: for the overall level, we take the average of
the absolute imbalances over the 10* simulations; for the marginal level, the mean absolute imbalance is
averaged over 20 margins and over the 10 simulations; for the within-stratum level with 6a + 4 patients,
where a is a non-negative integer and ¢ = 0, 1,...,5, the mean absolute imbalances are obtained by taking
the average of the absolute imbalances over all the strata with 6a + i (# 0) patients and over the 10*
simulations.
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Figure 2 (Color online) The mean absolute imbalances |D£Ll)(-)| for the treatment 1 in the case of 210 strata with 600
patients under the GMulCAR, MulPocSimMIN and MulStrPBR
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The subfigures in the first row of Figure 2 show the mean absolute imbalances at the overall, marginal,
and within-stratum levels, respectively. As can be seen, the mean absolute imbalances at the overall and
marginal levels are considerable under stratified permuted block randomization. Thus, if the number of
strata is relatively large compared with the sample size, the stratified permuted block randomization
fails to achieve good balances at the overall and marginal levels. Pocock and Simon’s procedure
consistently outperforms the general multi-arm covariate-adaptive randomization and stratified permuted
block randomization at the marginal level. The general multi-arm covariate-adaptive randomization gives
an overall balance advantage over the other two randomization procedures; furthermore, it is suboptimal
compared with Pocock and Simon’s procedure regarding balancing performances at the marginal level.

The mean absolute within-stratum imbalances among strata with 6a + i (# 0,4 = 0,1,...,5) patients
are represented, respectively, in the subfigures in the last two rows of Figure 2. The stratified permuted
block randomization gives the smallest imbalances, especially at the strata with 6a patients. It, in fact,
achieves the exact balance at the strata with 6a patients. The other two randomization procedures have
relatively large mean absolute imbalances, and the general multi-arm covariate-adaptive randomization
behaves slightly better than Pocock and Simon’s procedure. However, of the 1024 strata, approximately
55.64% contains no patients, 11.7% contains more than 2 patients, and only 3.07 x 10~° have 6 patients.
Hence, the imbalances are chiefly caused by the overall and marginal levels, implying the limitation of
the stratified permuted block randomization in this case.

To conclude, the general multi-arm covariate-adaptive randomization takes a significant advantage at
the overall level, and no single type of imbalances becomes too extreme. Hence, the general multi-arm
covariate-adaptive randomization behaves best in achieving a general balance of a trial. Pocock and
Simon’s procedure is preferred when clinical trialists focus on achieving marginal balances. The stratified
permuted block randomization has the best performance at the within-stratum level, but it fails when
the number of strata becomes considerable.

We further conduct simulation studies to explore the sensitivity of the general multi-arm covariate-
adaptive randomization to different choices of weights. In general, the choice of the weights is quite
flexible, and we could choose any weights according to pre-specified design objectives as long as the
weights could be summed up to 1. As a matter of fact, a specific choice of weights corresponds to a
specific randomization scheme, as discussed in Remark 2.1. The parameters are specified as follows:

e the allocation probabilities are congruent with those above;

e the sample size: the sample size n = 600;

e the weights: five choices of the weights are considered in the case of 2 x 2 strata:

— equal weights are imposed on the within-stratum imbalance and each marginal imbalance:
(Wo, Wy Wiy, 1, Win2) = (0.1,0.3,0.3,0.3);

— equal weights are imposed on each marginal imbalance and no weight is imposed on the within-
stratum imbalance: (wy, Ws, Wiy, 1, W,2) = (0.2,0.0,0.4,0.4);

— solely consider the within-stratum imbalance: (w,, Ws, Wi 1, Wm,2) = (0.0, 1.0,0.0,0.0);

— more weights are imposed on the within-stratum and marginal imbalances of the first covariate:
(Wo, W, Wiy 1, W 2) = (0.1,0.3,0.5,0.1);

— more weights are imposed on the within-stratum and marginal imbalances of the second covariate:
(Wo, Wy Win, 1, Wiy 2) = (0.1,0.3,0.1,0.5);
also, five choices of the weights are considered in the case of 2'0 strata:

— equal weights are imposed on the within-stratum imbalance and each marginal imbalance: ws = 0.3,

and w, = Wy,; = %71':1,...,10;

— equal weights are imposed on each marginal imbalance and no weight is imposed on the within-
stratum imbalance: ws = 0.0, and w, = Wy, ; = %, t1=1,...,10;

— solely consider the within-stratum imbalance: ws = 1.0, and w, = wy,,; = 0.0, 7 =1,...,10;

— more weights are imposed on the within-stratum and marginal imbalances of the first covariate:
ws = 0.3, wp,1 = 0.5, and wy = wy,; = 32, i =2,...,10;

— more weights are imposed on the within-stratum and marginal imbalances of the second covariate:

ws = 0.3, W2 = 0.5, and w, = wp,; = 32, i =1,3,...,10.
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Table 1 The mean absolute imbalances \D,&l)(~)| for the treatment 1 in both cases of 2 x 2 and 210 strata with different
weights and 600 patients under the general multi-arm covariate-adaptive randomization

2 x 2 strata 210 strata
Mean absolute imbalances Mean absolute imbalances
Weights Overall (1,1) (2,2) (1;1) (2;2) Weights Overall Levell Level2 (1;1) (2;2)
(0.1,0.3,0.3,0.3) 0.40 045 044 046 046 (97,03,%7 %7 ) 038 021 021 091 0.92
(0.2,0.0,0.4,0.4) 032 233 231 047 047 (200,22 10 ) 036 021 021 090 0.88
(0.0,1.0,0.0,0.0) 0.76 0.40 0.40 0.57 0.57 (0.0,1.0,0.0,0.0,...) 174.54  0.24  0.23 87.26 87.22
(0.1,0.3,0.5,0.1) 041 045 045 042 056 (%2,03,02,%2,..) 038 020 020 056 103
(0.1,0.3,0.1,05) 041 046 045 0.56 041 (%2,03,%2,02,...) 039 021 021 103 056

Note. (1) The “Levell” corresponds to the level of (1,1,1,1,1,1,1,1,1,1), and the “Level2” corresponds to the level
of (2,2,2,2,2,2,2,2,2,2). (2) “..” in the weights represents the weights imposed on the marginal imbalances of the

last 8 covariates, the values of which are equal to the value of the weight imposed on the overall imbalance; for example,
(97 0.3, 07 0.7 ..) is detailed as (0A7 0.3 0.7 07 07 07 0.7 0.7 0.7 0.7 0.7 0.7y,

1107 110 117" T100 1T 11 110 110 110 11 110 110 110 11

For the same sake, we merely outline the mean absolute imbalances D,(ll)(-)| for the treatment 1 at
the overall level, within two of the margins (1;1) and (2; 2) and two of the strata ((1,1) and (2,2) in the
case of 2 x 2 strata, and (1,...,1) and (2,...,2) in the case of 210 strata) in Table 1. We first discuss
the results in the case of 2 x 2 strata, in which the number of strata is moderate. As can be seen from

the mean absolute overall imbalances, in the event that more weights are shifted towards the overall
imbalance, we achieve a smaller one. If no weight is imposed on the within-stratum imbalance (ws = 0 in
the second row), the randomization method brings considerable imbalances at the within-stratum level;
for comparison, if we solely consider the within-stratum imbalance (ws = 1 in the third row), we achieve
relatively small imbalances at all the three levels and the smallest within-stratum imbalance compared
with those in the other cases. As regards the marginal level, more weights are shifted to a specific
covariate (w1 = 0.3 in the fourth row and wy, » = 0.3 in the fifth row), and the randomization scheme
is well balanced with respect to the covariate. The general guidance concluded from these results is that
if a covariate is predetermined to be important, more weights can be imposed on the within-stratum and
marginal imbalances of the covariate.

As for the case of 2'0 strata, the similar conclusions can be drawn for the overall and marginal levels.
It is worth noting that, however, if we only consider the within-stratum imbalances (ws; = 1 in the third
row), almost negligible reduction in the within-stratum imbalances is achieved at the cost of considerable
increases in the overall and marginal imbalances. This is because when the number of strata is relatively
large compared with the sample size, most strata contain no patients or very few patients, such as 1
patient; then the reduction in the within-stratum imbalances is extremely limited. These results agree
with our discussion about the choice of weights in Remark 3.7.

4.3 An example mimicking real clinical data

In this subsection, we illustrate the advantages of the general multi-arm covariate-adaptive randomization
procedure by mimicking a clinical study of the brief intervention [7]. The study was conducted to contrast
the effects of a brief intervention with telephone boosters (BI-B), with those of screening, assessment and
referral (SAR) to treatment and minimal screening only (MSO) among drug using. In total, 1,285 patients
have been chosen for the study. For each patient, 9 categorical covariates are considered, such as the
sex, race and martial status. For ease of reading, we only select 8 covariates of interest and approximate
the distribution in Table 2 based on the original study. Since some levels of some margins are with a
low account, resulting in considerably low probability to the corresponding stratum, we combine these
levels as a category. For example, we view the levels of American Indian or Alaska Native, Asian, Native
Hawaiian or Pacific Islander, Other, Multiracial and Unknown within the margin of race, as a category
of Others.
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Table 2 Baseline characteristics and the distribution for the clinical trial of the brief intervention

Characteristic Proportion
Sex Male 70%
Female 30%
Ethnicity Hispanic or Latino 24%
Not Hispanic or Latino 76%
Race Black or African American 34%
White 50%
Others 16%
Education completed 1-11y 32%
General Educational Development (GED)/12y 32%
Some college or above 36%
Marital status Married 19%
Widowed, separated, or divorced 21%
Never married 60%
Employment in the past 3y Full-time, homemaker, or student 38%
Part-time or retired/disable 37%
Unemployed or in controlled environment 25%
Annual household income $0—$15,000 62%
> $15,000 26%
Declined to answer 12%
Primary substance Cannabis 44%
Cocaine 27%
Others 29%

Table 3 The distribution of patients among 2,916 strata for the clinical trial of the brief intervention

# of patients within-stratum 0 1 2 3 4 5 6
Proportion 73.0% 17.8% 5.3% 2.0% 0.9% 0.4% 0.2%
# of strata 938.1 228.7 68.1 25.7 11.6 5.1 2.6

Note. # of patients within-stratum: the number of patients within-stratum; # of strata: the number of strata.

For simplicity, we assume independence between covariates. Thus, the distribution of each stratum
can be calculated easily with the product of corresponding marginal distributions. Then the covariate
profile of each patient is simulated from a multinomial distribution generated according to Table 2. In this
simulation study, the allocation probabilities and the block size are congruent with those in Subsection 4.1.

Table 3 presents the distribution of 1,285 patients among 2,916 strata. In this simulated case, 73% of
the strata contain no patients, 17.8% contain 1 patient, 8.6% contain 2, 3, 4 or 5 patients, and 0.6% have
6 or more patients, in which only 0.2% of the strata contain exactly 6 patients. For stratified permuted
block randomization, it is of high risk to cause imbalances within the strata with 2, 3, 4 or 5 patients.
Although this method behaves entirely well in a complete block, the effect is almost negligible in this case.
The incomplete blocks further result in a massive imbalance at the overall level. Moreover, few weights
should be imposed on the within-stratum imbalances, as discussed in Remark 3.7. In the event that
the primary substance is determined of significant importance, more weights should be shifted towards
the marginal imbalance of this covariate. Then we set wy, s = 0.3, ws, = 0.1 and w, = wy,; = 0.6/8,
i =1,...,7 for the general multi-arm covariate-adaptive randomization procedure. For comparison, we
also explored the performance of Pocock and Simon’s procedure with w,, s = 0.3 as well as w,, ; = 0.7/7,
i=1,...,7.

The variances of numbers of patients in each treatment at the three levels are compared (i.e., the
overall number fo), the marginal number N® (i,k;) and the within-stratum number N,(Lt)(lfl7 oo kr),
t = 1,2,3) and are outlined in Tables 4-6, respectively. Table 4 illustrates the mean, median and
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Table 4 Comparison for variances of the overall numbers of patients in the three treatments: Nl(g)% (t =1,2,3) among
various randomization methods

GMulCAR MulPocSimMIN MulStrPBR
Mean 0.79 0.88 311.96
Median 0.33 0.33 214.33
95%-quantile 2.33 2.33 937.33

Table 5 Comparison for variances of the marginal numbers of patients in the three treatments: Nl(;és (i ki) (t=1,2,3)
among various randomization methods

Characteristic GMulCAR MulPocSimMIN MulStrPBR
Sex Male 2.10 1.80 203.83
Female 2.09 1.81 107.92
Average mean variance 2.10 1.80 155.88
Ethnicity Hispanic or Latino 2.13 1.78 89.23
Not Hispanic or Latino 2.16 1.78 222.19
Average mean variance 2.14 1.78 155.71
Race Black or African American 2.67 2.21 112.75
White 2.66 2.24 144.00
Others 2.66 2.21 58.61
Average mean variance 2.66 2.22 105.12
Employment in the past 3y Full-time, homemaker, or student 2.65 2.20 101.97
Part-time, or retired/disable 2.66 2.24 102.59
Unemployed or in controlled environment 2.65 2.25 108.09
Average mean variance 2.65 2.23 104.22
Education completed 1-11y 2.64 2.23 70.50
General Educational Development (GED)/12y 2.63 2.20 76.78
Some college or above 2.65 2.26 165.45
Average mean variance 2.64 2.23 104.24
Martial status Married 2.69 2.22 113.67
Widowed, separated, or divorced 2.67 2.18 113.41
Never married 2.65 2.23 84.74
Average mean variance 2.67 2.21 103.94
Annual household income $0-$15,000 2.64 2.20 174.50
> $15,000 2.61 2.20 92.41
Declined to answer 2.63 2.23 47.49
Average mean variance 2.63 2.21 104.80
Primary substance Cannabis 0.74 0.80 127.03
Cocaine 0.74 0.80 90.06
Others 0.74 0.80 94.83
Average mean variance 0.74 0.80 103.97

95%-quantile of the variances of overall numbers of patients in the three treatments. The general multi-
arm covariate-adaptive randomization procedure achieves the smallest mean, median and 95%-quantile
of the variances, while those under Pocock and Simon’s procedure are slightly larger. Moreover, the mean
overall variances under both procedures are smaller than those in the clinical study, wherein 427, 427 and
431 patients are allocated to the three different treatments, respectively, and thus result in the overall
variance (32/6 = 16/3). As can be seen, all of the three quantities are extremely large for the stratified
permuted block randomization.



Hu F F et al. Sci China Math  January 2023 Vol. 66 No.1 177

Table 6 Comparison for variances of the within-stratum numbers of patients in the three treatments:
t

N1(2)85(k1, ... k1) (t =1,2,3) among various randomization methods
# of patients GMulCAR MulPocSimMIN MulStrPBR
6a +0 0.00 0.01 0.00
6a + 1 0.34 0.35 0.33
6a + 2 0.59 0.69 0.53
6a + 3 0.77 1.02 0.60
6a 4 4 0.92 1.34 0.54
6a 4 5 1.04 1.64 0.33

Note. a is a non-negative integer.

Table 5 summarizes the mean marginal variances, which are calculated by taking an average over 10*
simulations of the variance of the numbers of patients in the three treatments within a specific covariate
at different levels. We also outline the average mean variance by taking the average of mean variances
over all the levels within a particular covariate. It can be seen that the mean variance at all the levels of
each covariate is the smallest under Pocock and Simon’s procedure, and thus the smallest average mean
variance, whereas the mean variances under the general procedure are slightly larger, resulting in a slightly
larger average mean variance. However, considerable mean variances and thus average mean variances
are obtained under stratified permuted block randomization. Therefore, Pocock and Simon’s procedure
has a balance advantage over the general procedure and stratified permuted block randomization at the
marginal level; the general multi-arm covariate-adaptive randomization performs acceptably worse; the
stratified permuted block randomization fails to achieve the marginal balance in this case. On the other
hand, the covariate imbalances of primary substance reduce more significantly due to the more weights
imposed on this covariate. The result agrees with the discussion in Remark 3.7.

We average the variances of the numbers of patients in the three treatments over 10* simulations and
over the strata with 6a + ¢ patients, where a is a non-negative integer and ¢ = 0,1,2,...,5, which are
shown in Table 6. Among the strata containing 3, 4, 5 and 6 patients, the stratified permuted block
randomization procedure achieves the minimum mean variance, especially 0 for strata with exactly 6a
patients, whereas under the general procedure, slightly larger values of the mean variances are achieved.
As for the variances among strata including 2 patients for the general procedure and the stratified
permuted block randomization, the 2 involved patients assigned to different treatments would make
the smallest imbalances at overall, marginal and within-stratum levels; thus the minimum imbalance is
achieved on the whole defined in Step (5). Therefore, the stratified permuted block randomization causes
relatively larger variances because of the randomness of choosing blocks. Under Pocock and Simon’s
procedure, all the mean variances are a bit larger among the three randomized procedures. Thus it is
not effective in achieving the within-stratum balance.

To conclude, although the stratified permuted block randomization performs outstandingly at the
within-stratum level, it is not recommended in this case. There are two reasons: firstly, the stratified
permuted block randomization behaves somewhat worse at both overall and marginal levels with fairly
significant variances; secondly, an extremely small percentage of strata contain over 6 patients. Thus, the
advantage at the within-stratum level can be ignored. Pocock and Simon’s procedure is more applicable
to this case than the stratified permuted block randomization, but it has relatively large variances at
the within-stratum level. In contrast to the stratified permuted block randomization and Pocock and
Simon’s procedure, the balancing performances at the three levels are satisfactory under the general multi-
arm covariate-adaptive randomization procedure. Therefore, the general multi-arm covariate-adaptive
randomization procedure takes a general balance advantage.

5 Concluding remarks

In this paper, we study the theoretical properties of a general family of multi-arm covariate-adaptive
designs. These results provide a unified and fundamental theory about the balance properties of covariate-
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adaptive randomization procedures. In the literature, it is well known that the imbalance is a positive
recurrent Markov chain for Efron’s biased coin design (without involving covariates) [12]. Markaryan and
Rosenberger [24] studied some exact properties of Efron’s biased coin design. Hu and Hu [19] showed
that the imbalances (D,,),>1 are positive recurrent Markov chains for a very limited family of two-arm
covariate-adaptive designs with Efron’s biased coin allocation function. The condition (C) in their paper
is too restrictive, and it is almost impossible to check this condition in real applications. The proposed
general multi-arm randomization procedure in this paper includes the two-arm case proposed by Hu and
Hu [19], and the results in this paper also provide new insights into imbalances under covariate-adaptive
randomization procedures: (i) when ws > 0 (the within-stratum weight is positive), the imbalances
(Dy,)n>1 are positive recurrent Markov chains, and therefore, all the three types of imbalances (within-
stratum, marginal and overall) are bounded in probability; (ii) when ws = 0 and wy,; > 0, then the
marginal (the i-th covariate) and overall imbalances are bounded in probability, but the within-stratum
imbalance is not; (iii) when wy = w,,; =0 for all 4 = 1,...,T and wy = 1, only the overall imbalance is
bounded in probability.

It is very important to understand statistical inferences under covariate-adaptive randomization.
Birkett [6] and Forsythe [14] have raised concerns about the conservativeness of the unadjusted analysis
(such as two-sample t-test) under covariate-adaptive randomization based on simulation studies. Shao
et al. [35] studied this problem theoretically under a very special covariate-adaptive biased coin
randomization procedure, which is a stratified randomization procedure and only applies to a single
covariate case. Also, they focused on a simple homogeneous linear model and only considered a two-
sample t-test. Ma et al. [22] derived the asymptotic distributions of the test statistics of testing both
the treatment effects and the significance of covariates under null and alternative hypotheses for a large
family of two-arm covariate-adaptive randomization procedures, while Zhu and Hu [47] focused on the
sequential statistics instead of on the final test statistic and derived the joint distribution of the sequential
test statistics for several scenarios. However, the theoretical properties induced in [22,47] are based
on the assumptions that the overall and marginal imbalances are bounded in probability, which were
only verified for Pocock and Simon’s procedure with two treatments in [22]. In this paper, we derive
the comprehensive theoretical properties under a broad spectrum of covariate-adaptive randomization,
including the two-arm case, and thus providing a theoretical foundation for existing statistical inferences.
Ma et al. [23] loosed the strong balancing assumptions and derived the properties of statistical inferences
following general covariate-adaptive randomization (CAR) procedures under the linear model framework.
However, most of the discussion about statistical inferences for covariate-adaptive randomized clinical
trials in the literature is limited to the two-arm case. The theoretical properties for statistical inferences
under multi-arm covariate-adaptive randomization are rarely touched. Based on the work of [8], Bugni
et al. [9] generalized the results to the multi-arm case. However, the discussion focused on a single
special case of covariate-adaptive randomization. This is because the theoretical properties of multi-arm
covariate-adaptive randomization procedures are usually not available in the literature. The results in
this paper open the door to study the theoretical behavior of classical statistical inferences under multi-
arm covariate-adaptive randomization. For example, based on Corollary 3.8, we can study the behavior
of testing hypotheses and other methods under Pocock and Simon’s procedure with multiple treatments.
We leave these as future research projects.

In this paper, we only consider balancing discrete (categorical) covariates. In the literature, continuous
covariates are typically discretized in order to be included in the randomization scheme [37]. We may
apply the proposed designs to balancing continuous covariates after discretization. However, as discussed
in [33], the breakdown of a continuous covariate into subcategories means increased effort and loss of
information. Ciolino et al. [10] also pointed out the lack of publicity for practical methods for continuous
covariate balancing and lack of knowledge on the cost of failing to balance continuous covariates. We
may consider balancing continuous covariates under a similar framework to that in this paper. However,
it is usually challenging to obtain the corresponding theoretical properties. There are not many studies
in the literature.

The proposed procedures and their properties may be generalized in several ways. First, we may
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apply the same idea to problems of unequal ratios [16]. Sometimes, if one treatment is superior to
(or less costly than) the other, then assigning more patients to the treatment would be more ethical
(economical). Second, we may combine the idea in this paper with the efficient randomized-adaptive
designs (ERADE) of [18] to obtain a new family of covariate-adjusted response-adaptive (CARA)
randomization procedures [45]; it could be a real challenge to study the corresponding theoretical
properties. Third, we only consider the fixed weights in this paper. It is, however, of great importance
and interest to determine the values of the weights based on specific data to better achieve pre-specified
randomization objects, such as the good balance of a specific covariate. Therefore, we may propose a
data-driven covariate-adaptive randomization design in which the weights are sequentially modified based
on the accrued data information and explore theoretical properties. Finally, we derive the asymptotic
normality for the within-stratum imbalances. However, the close formula of the asymptotic variances
remains unknown, which is the grounding of statistical inferences. Little research about the statistical
inferences for multi-arm covariate-adaptive randomization is available heretofore. It thus would be an
interesting topic to extend our work to obtain the close formula of the asymptotic variances for within-
stratum imbalances and further establish the theoretical properties for statistical inferences under our
proposed general multi-arm covariate-adaptive randomization procedure in the future. We leave all these
as future research topics.
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Appendix A Proofs

Our proofs are based on the properties of Markov chains on a finite state space. For simplification, we
write k = (k1,...,kr). Let A2 be the state space of AD,, = D,, — D,,_1, i.e., each d € AZ is in the
form

1
1— T for a specific k and a specific t,

() (k) = 1
dy,’ (k) -7 for a specific k,
0 for others.

Proof of Proposition 3.1.  For (i), based on the fact that

DY = DY k),
k

Dg): ZDS)(’L,]{IZ), vi:]-a-”vlv

k}izl
DSLt)<Z7kl):ZD1('Lt)(k)’ Vkiai:17"'aT7
k\k;
where Zk\ki means that taking summation over all ky,...,k;_1,k;+1,...,kr, and then taking the

summation of A )(k) over all k yields

1
ZASf)(ki) = (wom—I— Zwm,iHmj +ws>D£f), Vt=1,...,T. (A.1)
k

i=1 J#i

Let i(k,t) be the index of DSLt)(k) in D,,. Define € RT*™  of which the i(k,t)-th (V k) elements are 1
and others are 0. For two vectors a = (a;,l =1,...,T xm) and b= (b;,l =1,...,T x m) on RT*™ we
write

a-b= Z Qi(k,t) Di(ke,t)
k

for any fixed t (¢t =1,...,T). Thus (A.1) can be written as

I
z- Ay = <wom+zwm,iHm]‘+ws>Dg), vt=1,...,T.
i1 i

So D,gt) is a linear transformation of A,. Taking the summation of Agf)(k) over all kq1,...,kr except k;
yields

ST AD (k) = (onmj +) waa [ mj)DSf) + (wm,iHm]- +ws) DW (i; k), (A.2)

k\k; J#i I#i J#il J#i

which is true for all k; and i = 1,...,I, t =1,...,T. Similarly, define y € RT*™_ of which the i(k,t)-th
(V k with the fixed k;) elements are 1 and others are 0. Then (A.2) can be written as

y-A, = <w0 Hmj + wal H mj>D7(lt) + <wm,i Hmj + w3>D7(1t) (i; k;).

i I#i il i

Thus, when wy, ; + ws > 0, each D;t)(i; ki) is a linear transformation of A, and Dg), so it is a linear
transformation of A,,. Finally, when w, > 0, it is obvious from the definition of Al )(k) that for all k and
t=1,...,T, each Dfp(k) is a linear transformation of A (k), Dﬁf)(l; k1), ..., DS)(I; kr) and Dgf), and
hence it is a linear transformation of A,,. Therefore, when wy > 0, A,, = L(D,,) is a one-to-one linear
map.
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For (ii) and (iii), it is sufficient to show the Markov property. Note that

1
Dy(;t) (k) = Dgll(k) + (H(Tn_t) — T>]I(Zn—k)'

We know that the allocation probability p,, ; is a function of A,,_;. For any fixed k, let dj € RT*™  of
which the i(k,t)-th (V¢ = 1,...,T) elements are 1 and others are 0. Also, for two arbitrary vectors x
and y, we define an operator o such that

oy ={xy : 1y #0}.

Then we further define the function r,,_; (k) that returns to the ranking of Ag,t)_l(k) in the increasing
order among
droA,_={A") 1<t <TY,

which can be written as r(A") | (k), dgoA,_1), ie., 114 (k) = s if Affl_)l (k) = A (k), st =1,....T.
Hence,
P(Apg)(k) —1- % ’y‘n_1> —P(Ty =t 20 =k | Fus) = pr_, a0 (k). (A.3)
P(ADYE) =~ | £ ) =P 2020 =k | Fo) = (e all®) (A
and
P(ADL(R) = 0| Fu 1) = P(Zn £k | Fa 1) =1~ plk). (A.5)

Define dy 7 € RT*™ of which for any fixed k, the i(k,t')-th (V¢ = 1,...,T) elements are 1/T and
others are 0 (only T elements are nonzero). Also, let v; € RT>*™  of which the i(k’,t')-th (Y k') elements
are t’ for all ' = 1,...,T. Let vo € RT*™_ of which the i(k/,#')-th (V#' = 1,...,T) elements are p(k’)
for all k’. Let vg € RT*™ of which the i(k’,#)-th (V¢ =1,...,T) elements are k' for all k. Define

t=(d+dyr) v

and
k= (d+d1/T) * V3.

Then we can conclude that
P(ADn =d| Fn1) = pr,_, ;A +diyr) 02l =030 () dgor(p,_1pl(@+duyr) -2, (A6)

which depends only on A,,_1 = L(D,,_1) and is positive. Thus, conditional on D,,_1, D,, is conditionally
independent of (Dy, ..., D,,_s). It follows that (D,),>1 is a Markov chain on R”*™ and is irreducible.

For the period, assume that the initial state of (D,,),>1 is Do, whose i(k’,t’)-th element is written as
yf/' for all K and ¢’ = 1,...,T. For example,

k k k k
D(): (ylla"'7y1m7"'vyT1a"'7mi)a

and in the event that the first patient who falls within stratum k* was assigned to treatment ¢, then we
got Dy, whose i(k*,t)-th element is y*" + 1 — +, the i(k*,t')-th (t # t) elements are Yk — 7, and the
others are 0. For example, if k* = k1 and ¢’ = 1, then

1 1 1
D, = <yfl—T+17o,...70;y§l—T,o,...,o;...;ygil—T707...,0>.

Hence, starting with Dy, we can see that it takes at least T'— 1 more steps to return to Dy, in the event
where all of the next T — 1 patients fall within k* and the assignments T, ..., Tr traverse {1,..., T}t
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It is easy to see that this case occurs with positive probability. In other cases, it will take s steps to
return to the initial state, where s is a multiple of T'. It follows that the period of (D,,)n>1 is T. From
(A.3)—(A.5), it is easily seen that the transition probabilities of

D=(DEW) (), ..., DU (k) -1 < by <miy1 < < sy

n

are the same for any permutation II(1),...,II(T) of 1,...,T.
For (iii), we consider a more general case. Let D = F(D) be a linear transformation of D. We consider
the chain E,, = (D,, A,,). For any e in the state space {(F(d), L(d)) : d € AZ} of E,,

P(AE, =e| %, 1) = > P(AD, =d| %, 1). (A7)
deAD:(F(d),L(d))=e

According to (A.6), we obtain that (A.7) depends on A,,_; and is positive. So, conditional on E,,_1, E,
is conditionally independent of (Ey,..., E,_5). It follows that

(E, = (F(Dy),A,))n>1 is an irreducible Markov chain with period T (A.8)
Also, it is easily seen that for any permutation II(1),...,II(T) of 1,..., T, the transition probabilities of
[IE=(F(IID), L(ILD))

are the same. O

Proof of Theorem 3.2.  Define

I m;
M1E:{WJDswz*E:E:U%JM&N@MH2+“@§:MwKMP}.

i=1k;=1 k

We write
D=[DY(k):1<t<T, 1<k <my,1<i<I],

and define A and V with D taking the place of D,,. By Proposition 3.1(i), V,, is a function of A,,. We
write

V= V(Ay).

We prove the theorem via two steps. First, we show that there are a bounded set ¥ and a constant b for
which
PyV(A) = V(A) < =1+ blpce, (A.9)

where P, is the transition probability matrix of A, i.e.,

BV(A) = > P(AA)V(A),

A’GL(RTX"”)

and Py(A, A’) is the transition probability from state A to state A’. In the second step, we show that
for any integer r > 2, there are a bounded set ¥’ and a constant b for which

PA\VTTHA) = VI (A) < —[V(A) +1]7 + bllace- (A.10)

The drift condition (A.9) is utilized to show the convergence in probability, and the refined drift
condition (A.10) is utilized to show the convergence of moments. In fact, (A.9) implies that (A,)n>1
is a positive (Harris) recurrent Markov chain (see [26, Theorem 11.3.4]), so it is bounded in probability
and has an invariant probability measure 7). On the other hand, by (A.10) and [26, Theorem 14.3.7] we
conclude that m)[V (A + 1)]" < b, which implies that

supE(V(A,) +1)" < o0 (A.11)
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by [26, Theorem 14.3.6]. Notice that by Cauchy’s inequality,

I 2
AR < (wowsﬁ £ 3 sl DG k)] + ws|D£f><k>|)

=1

I I
s (“@IDW + 3w DY (ki) +wsD£f><k>l2) (wO 2w “”S)

i=1 i=1

I
= wo| DY+ 3w il DY i ) + il DY (k) P,
i=1
which implies that ||A,[|? < mV(A,). It follows that sup, E||A,||?” < oo. Thus, we conclude that
(Ay)n>1 is a positive recurrent Markov chain with E||A,||" = O(1) for all » > 0. (i)-(iii) follow from
Proposition 3.1(i).
Now, we begin the proofs of (A.9) and (A.10). Given Z,, = k, if T,, = (¢), then

T-1
by the fact that
T T
> DY =0, > DY (isk) =0
t=1 t=1
and
T
> DO(k) =
t=1
Hence,
T-1
E[Vn — Va1 ‘ Zn =k, T, = (t)ajn—l] = QASi):E(k) + T
It follows that o
E[Vn | fn—ﬂ — Vo1 = —QS(An_l) + T, (A13)

where .
S( n— 1 Z Z A (t) ptp )
k t=1

Recall that D, and A, are irreducible Markov chains with period 7" on RT*™ and L(RT*™),
respectively. Note that V,, = V(A,,) is a non-negative function of A,. Equation (A.13) tells us that
the drift function of the Markov chain A,, is

T-1
E[V(A,) | A1l = V(Ap—1) = E[V, — Vet | Fmi] = —2S(An21) + T
by the Markov property, i.e.,
T-1
P.V(A)—=V(A)=-25(A) + T
Next, we need to check the drift-criteria condition (A.9). It is sufficient to show that
A is bounded < S(A) is bounded. (A.14)
Note that
ZA((t))
and

(0t — o) [A D) (k) — A™) ()] < 0.
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We have

T T T
2 pe - AL (k) = 2sz Ak 2[24 [ZAJ“%(k)]

t=1

= i WAL (k) = ALY (k)
h=

t, 1
< —(p1 - pT>[A“Ti><k> ~ AN (k)

Z |A(t)

It follows that S(A,—1) > 0 and

> WURCTEETSNED 3 il
2772 n—1 = n 1
k k

Hence, (A.14) is proved. From (A.14), it follows that there are a bounded set 4" and a constant b such
that the drift condition (A.9) is satisfied.
For verifying (A.10), we shall refine the drift condition (A.9). For given Z,, = k and T,, = (t), by (A.12)

we have

T-1
Vn:Vn—1+§+T7

where £ = 2A7(1(f)1) (k). It is obvious by Cauchy’s inequality and Equation (A.13) that
16l =2IA"D)| < 2y/V,-, and E[¢| Fn_1] = —25(An_1).

It follows that

T-1\"
vrtt oyt = (4 1)<vn1 + T) 13

T_1 r4+1 s r+1 "+ . T 1 r+1—1
Aleet) e (Ve ()

T T-1\"
con(r T e (i s T2

where C). is a constant which depends on r. It follows that

T-1\" T—-1\"
B Foma] = Vit < 2 ) (Voo T2 a6 (v + T2

ie.,
T-11"
PAVTTHA) = VTTHA) < [V(A) + T] {—=2(r+1)S(A) +C,},
which together with (A.14) implies (A.10). The proof of Theorem 3.2 is now completed. O
Proof of Theorem 3.3.  We first prove that
DY (k)|
supE (k) < oo, Vk,r>0. (A.15)
L

Notice that .
D) = D2 0)+ (K~ 1) Tz
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Thus
) Z 0) 1 1
E[D (k) | Fn-1] = D2y (k) + (1= 7 )Pr s ueyp(k) = (L= Dr, (k) J(K)
1
=D (k) + {pm“(k) - T] -p(k)
=DV (k) + “Zlk - p(k), (A.16)
where gﬁfll’k = g(Affll(k), An_1) =Dpr,_, (k) — 7, and for simplification, we write g( ) = = g(AD(k),A).
Hence,
n n—1
DY (k) = > [D" (k) = B(D{" (k) | Zi_0)] + Y 5{4 - p(k). (A17)
=1 =0

The first term on the right-hand side of (A.17) is O(y/n) in L, because {DS) (k)—E(D (t)(k:) | Fn-1)}isa
sequence of bounded martingale differences. Now we consider the second term. Notice that g,(:) (g TTl)
is bounded by 1. By (A.9) and [26, Theorem 17.4.2], there is a constant R such that Poisson’s equation

- Pg=gy —ma) (A.18)

has a solution g = g(t) = g,(:)(A) which is a function of A defined on the state space of A with g <
R(V + 1), where P, is the transition probability matrix of A. On the other hand, it is easily seen
from Proposition 3.1(iii) that the transition probabilities of the Markov chain (A,),>1 are symmetric
about treatments. It follows that the invariant probability measure 7y of (A, )p>1 is symmetric about
treatments. So

TNDr 1 (k)] = T and 7Ug

It follows that
G- Pg=gy. (A.19)

Now, write g, = g,(f)(An). It follows that

— n—1
= Z{gz PAgl}—Z{gl ElGi+1 | 7}

1=0 =0
n—1
=) {o—E[g | #1-1]} + Ego — E[gn | Fr1].

1=0

Hence, for any r > 1,
1 n—1 2r 2r 1
_(t ~ ~
Bl 7= ot B | Fi0)| +CBl ~ B | Fa) P

1=0

T

+ C E[A2r A2r}

n

ZE 9 —E[G | Z1-1)? | Fi1)
=0

n
Z Egi" < C sup Egi" < CR* supE(V, +1)* < 0
1—0 o<i<n n
by (A.11). Thus, (A.15) is now proved.
Next, we prove (iv). We prove (3.1) first. Fix k = (k1,...,kr) and t € {1,...,T}. Let g = g(f) be the
solution to Poisson’s equation (A.19) which is a function of A. Let By, € L(A@) be the element whose
value is A,, — A,,_1 with D,(f)(k) - foll(kz) =1— 7, ie., the i(I,t')-th element of By, is

1 1 1
Ty — = )w, il Ty — = VT p s [ Ty — = )T,
T S A
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for all strata l and ¢’ =1,...,T. We show that (3.1) holds with

(0 (k))? = malhe i (t, A)],

where

) ) 1 ~(t)

Bt A) = (1= 75 ) oy () + () + 207 (R0 (Any + Bra)pr
_ 2p Z A(t n 1 + Btl,k)prnflytl(k)'
t’ 1

Denote

AMY, = DOGE) — DO, (k) + pE (Ar) — 39 (Any). (A.20)
Then

EAMY}, | Zu1] = E[DD (k) | Fooi] — DL 1 (k) + p(R)[PAGY (An—1) — G (An_1)]
=E[DV (k) | Fu1] - DY (k) — 3" | ). - p(k) =0

by (A.16) and (A.19). So, {AM .} 1s a sequence of martingale differences with

M =" AMS) = DY (k) — DY (k) + pk) (G (An) — G4 (Ao)) (A.21)
=1

and
E[(AM))? | Zuo1] = E(ADY (k) | Zuet] + P (K)E[GY (An) = 5 (An-1))? | T
+2p(k)E[ADY (k) (G (An) — G (A1) | Fni]
—E[(AD% )| Foct] = 27 (k)3 (An—){E[GY (An) | Zoa] = 5 (An1)}
PPR{EIG (An)? | Foci] — @) (An-1)?}
+2p<k:>E[§,?< A)ADD (k) | Foi] — 2p(k)Gy (An—1)E[ADY (k) | Fi]
= hieso(t, A1) + P2 (R){BIGY (An))? | Fua] — (G (An_1))?),

where the last equality is due to the equation (A.19). It follows that

B(M))? ZEhkk (t, Ar) + p* (R){E@GY (A0))? — E@Y (Ag))?).
=0

For hy k(t,-), it is easily seen that m[hgx(t,-)] = (¢D(k))? > 0 and
e (8, )] < 1+ 450 53 (A + By )

<14+ 4Rsup(V(A+ By k) +1) < co(V(A) + 1),
t/

where ¢g is a constant. By (A.10) (with » = 1) and applying [26, Theorem 17.4.2] again, we have a
function h(¢, A) such that

h — Pyh = hy o (t, A) — ma[hae s (t,A)] and  |h| < c(V2 +1).

It follows that

n—1

E[(M"),)? Zm e, (8, A)] + Y E{R(t, Ay) — Pah(t, A} + p* (k){E@GY (An)? — E@GY (Ao))?}
=0 =0
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(0¥ (k))? + {EA(t, Ao) — Eh(t, An)} + p* (k){E@GY (A0)? — E@L (M)}
n(e®(k))? + 0(1) (A.22)

by (A.11) (with r = 2); notice that EV2(A,,) is bounded. Hence, (3.1) is proved.
Notice
E|AM,|" < ¢+ esupE[gy) (Ay)" < ¢+ csup BV (A,) < 00

by (A.11). By the central limit theorem for martingales, we conclude that

) (t)
Do) Mar 2000 N0, (0 0

The asymptotic normality (3.2) is proved. The asymptotic normality together with (A.15) implies (3.3).
The proof of (iv) is completed.

For (v) and (vi), notice that if D,(Lt)(k) = op(y/n), then Dg)(k:) = o(y/n) in Ly by (A.15). So
o) (k) = 0. Hence,

E(D{)(k))* = O(1)

by (3.1). (v) is proved.
Furthermore,
E[M,}]* = 0(1)

by (A.22). By the martingale convergence theorem, there is a random variable Méé) such that
MY, = MY as. and M), =EMY | Z,). (A.23)

On the other hand, the sequence ((D,(Lt)(k)7 A,))n>1 is an irreducible Markov chain by (A.8). Hence, it is
a positive (Harris) recurrent Markov chain by [26, Proposition 18.3.1] due to the fact that it is bounded
in probability. Recall the equation (A.21). The left-hand side is a martingale which is convergent almost
surely due to (A.23), while the right-hand side is a function of a positive (Harris) recurrent Markov chain.
It follows that the limit Méé) must be a constant. So

MffL =E[MY) | #,] = const. as.

)

It is obvious from (A.21) that Mo(t) = 0. Hence MSL =0 a.s. It follows that

DY (k) = DI (k) — p(k)[34 (An) — 31 (Ao)], (A.24)
which implies that D® (k) is a function of A. Up to now, we arrive at the conclusion that if

DY (k) = op(Vn),

then D (k) is a function of A.

Finally, we show that we will get a contradiction in (A.24) when ws; = 0. Recall that for any fixed
te{l,...,T} and k, By is the value of A,, — A,,_1 with ADS)(k) =1— 1. We write the i(l,t')-th
element of By as By (l,t'), and

I
1 1
By (1) = w, (Ht/_t - T) + Zﬂ Win,i <Ht/_t - T) ) P

Choose a stratum k* such that &k} # k; (1 < < I). It follows that

T-1

[Bi k(1) + B (1,1)] + Br (ks k) 1) 4 B,y sy (L)
1

o+
Il
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T I T
= W, [Zﬂt/_t — 1:| + Zwm,i |:Z]It’_t - 1:| 'H(li:ki orkr) = 0,
t=1 =1 t=1

ie.,
T—1

t=1
where 0 € RT*™ and all the values are 0. Define
AN (k) = NO (k) — N (k).
It follows that on the event

E={aN" . (k)=1,AN" (k") =1=1,...,T-1

+2(1—1) n4+2t—1 )
T) * T) * *
AN, oy (RS ko, k) = 1LANSD (R KSR = 1),

the value of A does not change, so the value of the right-hand side of (A.24) does not change, i.e.,

— (k)G (Anyor—1) — G (An_1)] = 0.

However, on the event F,

1

t t

D$H)-2T 1(’“) - Dgzll(k) - T

On the other hand, it is easily seen that conditional on D,,_1, the probability of E is positive. We obtain
a contradiction to (A.24). The proof of Theorem 3.3 is now completed. O

Proof of Theorem 3.6.  Define
hiea(t, A) = p(k)EIADY ()5 (An) | Zooa] + pE[ADY (k)G (As) | F s
For the martingale difference in (A.20), by (A.19) we can also show that
EAMOAM) | Z,1)
— pREADY 5 (An) | F 11+p<z>E[AD“)<k>A§” Anr) | Fui]
+pk)pDEGY (A5 (An) | Fua] = 1) (An-1))" <n )]
= hia(t, A1) + p(R)p(D)[EGY (AT (An) | Fna] = 5 (An1)3” (A1)

for k # 1. We know that |hg (¢, A)| is bounded by c2(V(A) 4+ 1). With the same argument as that for
obtaining (A.22), we have

Define
My (i k)@ = 3" M.
E\k;
It follows that
E[(M{) (i; k:))*] = n(a® (i k:)* + O(1).

Taking summation on both sides of (A.21) over k\k; yields
M (i: ki) = DP(is ke) — D (is k) + 0(3) (An),

where

ZP gl(c)(AO)]

k\k;
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is a function of A,,. Hence,
E[(D})(i; k))*] = n(o(i; ki))? + O(Vno ¥ (i k). (A.25)
With the same argument as that for obtaining (A.24), if ¢® (i;k;) = 0, then we have
M (i3k;) = 0
and
DO (i ki) — DY (i ki) = —g 1), (As). (A.26)

Under the condition wg + wp,; = 0, A, is a linear transformation of (Dﬁf) (Gskj) g =1,...,i—1,
i+1,...,0,kj =1,...,m;) which excludes the values of marginal imbalances D" (i;1;) (I, = 1,...,m;)
of the i-th covariate. It follows that for ANy(,t)(k:) =1and AN,(f)(kh cookic, K kg, .o k) =1, AA,
is the same, so the values changed on the right-hand side of (A.26) are the same. Obviously, the values
changed on the left-hand side of (A.26) are different, one of which is 1 — %, and the other is 0. We obtain
a contradiction. O



