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Abstract This paper is devoted to the existence of the traveling waves of the equations describing a diffusive
susceptible-exposed-infected-recovered (SEIR) model. The existence of traveling waves depends on the basic
reproduction rate and the minimal wave speed. We obtain a more precise estimation of the minimal wave speed
of the epidemic model, which is of great practical value in the control of serious epidemics. The approach in
this paper is to use the Schauder fixed point theorem and the Laplace transform. We also give some numerical
results on the minimal wave speed.

Keywords traveling waves, SEIR model, Schauder fixed point theorem

MSC(2010) 35K57, 92D30

Citation: Tian B C, Yuan R. Traveling waves for a diffusive SEIR epidemic model with standard incidences. Sci
China Math, 2017, 60: 813-832, doi: 10.1007/s11425-016-0487-3

1 Introduction

In 1927, Kermack and McKendrick [8] proposed the Kermack-McKendrick equations

d
5() = —AS (D10,

%I(t) = BS(B)I(t) — I (t),
%R(t) =I(t)

to describe the susceptible-infected-recovered (SIR) model, where S denotes the number of the suscep-
tible population, I and R denote the numbers of the infected and the recovered, respectively, 3 is the
transmission rate between the susceptible and the infected, and - is the removing rate of the infected. Let
S(0) = Sy be the number of the susceptible at the beginning of the epidemic. If the so-called reproductive
number Ry := 8/~ > 1, I(t) increases first and then decreases to 0, i.e., an epidemic takes place; whereas
Ry < 1, I(t) decreases directly to 0, indicating no epidemic happens. If the effect of spacial diffusion is
taken into account, the Kermack-McKendrick equations with standard incidences are
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where d; is the rate of diffusion of each sub-population, i = 1,2, 3 (see [7]). There is no R in the first two
equations of the above system according to the assumption that the recovered sub-population is removed
from population. Brauer [3] gave the detailed epidemiological consideration of this assumption.

Much work has been done on the existence of traveling waves of System (1.1)—(1.3). By using the
Schauder fixed point theorem, Wang et al. [14] proved the existence of traveling wave solution of this
system. They proved that for Ry := B/ > 1 and ¢ > ¢* := 2,/d2(8 — ), System (1.1)—(1.3) has
a traveling wave solution (S(z + ct),I(z + ct)) satisfying the boundary conditions S(+o00) = Sio,
I(+o00) = 0 and S_o > Sioo- On the other hand, there is no non-negative non-trivial traveling wave
solution if 0 < ¢ < ¢* or Ry < 1. More work is done to get the existence of traveling waves in other
cases, for example, the diffusion term is non-local, and the reaction term is non-local even with time delay
(see [4,9,10,13,15,16,18,19]). We also notice some recent work on the traveling waves of free boundary
problems (see [5,6]).

In this paper, we consider the corresponding SEIR model with standard incidences and use the as-
sumption that the exposed are of no infectiousness and the recovered are removed from population. We
focus on the following diffusive system:

as 92§  BSI

o~ "o TER I E Y
%:dg%—i—aE—wl, (1.6)
% = d4(?;7§ + 91, (1.7)

where E is the number of the exposed population and « is the rate of the exposed becoming infected.
The number 1/« is the average period of the exposed becoming infected. However, it should be pointed
out that this system is not the same as the SIR model (1.1)-(1.3) with a time delayed reaction term in
that the exposed population has its own spacial diffusion rate.

Many diseases reduce the mobility of the infected individuals, while the exposed individuals are not
influenced so much. The classical SIR model (1.1)—(1.3) may underestimate the spread speed of diseases
in this case. If a disease is so serious that it disables the infected immediately, it can hardly spread
without the participation of the exposed population. On the other hand, several diseases increase the
mobility of the infected and Rabies is such an example. The neglect of the exposed population will
underestimate or overestimate the spread speed of diseases.

Furthermore, in some scenarios of some serious infectious diseases, such as severe acute respiratory
syndrome (SARS) and Ebola, the exposed individuals are traced and their mobility is limited. Thus the
diffusion rate do which describes the mobility of the exposed is reduced significantly and the propagation
of these diseases is controlled.

The minimal wave speed ¢* is the minimum value of ¢ such that System (1.4)—(1.6) has the solution of
the form (& (z+ ct), & (x + ct), &2(x + ct)), where &1, & and &5 are non-negative and non-trivial. Without
ambiguity, we will use S, F and I to denote &1, & and &3, respectively hereinafter. The minimal wave
speed ¢* is important to describe the spread speed of diseases (see [2,5,6,12]). It is interesting to give the
relation between these two speeds for our model, which is still an open problem. Our present work shows
that the minimal traveling wave speed ¢* depends not only on ds but also on ds. Furthermore, we prove
that for Ry := /v > 1 and ¢ > ¢*, System (1.4)—(1.6) has a non-negative and non-trivial traveling wave
solution (S(z+ct), E(x+ct), I(z+ct)) satisfying S(00) = Soo, S(—0) = S_o and E(+o00) = I(+o00) = 0.
In addition, there is no non-negative and non-trivial traveling wave solution if 0 < ¢ < ¢* or Ry < 1.
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The methods used in this paper are based on Wang et al. [14] and other early studies. First, we use E
presenting I and reduce System (1.4)—(1.6) into a two-dimensional problem, which is inspired by Zhao and
Wang’s work [20] on a two-population epidemic model. We will apply the Schauder fixed point theorem
to a non-monotone operator. The most challenging part is to build a suitable invariant convex set for
this operator. We use two-side Laplace transform to give the proof of the non-existence of traveling wave
solutions.

This paper is organized as follows. In Section 2, we present our main theorem on the existence and
non-existence of traveling waves. In Section 3, we outline some properties of the differential and integral
operators which will be used in the definition of a non-monotone operator. We also show that the
traveling wave solution is the fixed point of this non-monotone operator. To apply the Schauder fixed
point theorem, we give the definition of the invariant convex set of this operator. In Sections 4 and 5,
we prove some properties of the traveling wave solution and show the existence and non-existence of
traveling wave solutions under different values of ¢ and 3/v. In Section 6, we give the discussion.

2 Main results

Since R does not appear in the SEIR model (1.4)-(1.6), it suffices to consider the three-dimensional
system for (S, E,I). We look for the non-trivial and non-negative traveling wave solution of the form
(S(z+ct), E(x + ct), I(x + ct)), which satisfies the following boundary conditions at infinity:

S(—00) = S_0, S(0) =S < S_0o, E(£o0) =1I(£o0) = 0. (2.1)
Then System (1.4)—(1.6) can be reduced to an ODE system
BSI

" —d,S" — 2.2

=S e T B (22)
BSI

E' =dB" + ———— —aF 2.3

(& 2 +S+I+E afty, ( )

cl' =d3l" + aF —~I. (2.4)

Our main results are the following.

Theorem 2.1. There exists a positive constant number ¢* such that if ¢ > ¢* and Ry := B/v > 1,
then System (2.2)—(2.4) has a non-trivial and non-negative traveling wave solution (S, E,I) satisfying
the boundary conditions (2.1). Furthermore, S monotonically decreases, 0 < E(z) < S_oo — Seo and
0<I(x) < S_oo — Seo for all x € R, and

= _ [T _ [T BS@)I(x) _
[m aF(x)dr = /700 ~vI(z)dx = /700 S +100) + E(x)dx =¢[S_0c — Sx)-

On the other hand, if Ry > 1, 0 < ¢ < ¢*, or Ry < 1, there exists no non-trivial and non-negative
traveling wave solution (S, E,I) satisfying the boundary conditions (2.1).

Remark 2.2. In the SIR model (1.1)—(1.3), the minimal wave speed is given by ¢* := 2,/da2(8 — 7),
where ds is the diffusive coefficient of I. For the SEIR model, as we will see, the minimal wave speed ¢*
depends not only on ds, the diffusive rate of I ,but also on ds, the diffusive rate of E .

3 Preliminaries

Lemma 3.1. If (S,E,I) is a non-trivial and non-negative solution of System (2.2)—(2.4), satisfying
the boundary conditions (2.1), it holds that [ F(x)dz < co.

Proof.  Integrating (2.2) from —oo to x yields

di15'(x) = c[S(x) — S_o] + /j)o S(y)ﬁ—f’gg)j(—ly—)E(y) dy. (3.1)
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Since S(z) is uniformly bounded, the integral on the right-hand side of (3.1) should be uniformly bounded.
Otherwise, S’(z) — 0o as x — 00, thus S(z) — oo, which leads to a contradiction. Hence,

’ BS(y)I(y)
an S(y) +1(y) + E(y) dy (3.2)

is integrable on R and bounded. Integrating (2.3) yields
1 /”” Ay (o BSW)I(y) 1 /°° f(am BSW)I(y)
E(r)=— ez (@=y) dy + — etz (2) d
S N 0 E (R A St + 1) + B
+ Clek;m + CQQA;;E,

where C7 and Cy are constants and

+vc2+4d _
Ay = W’ p2 =V +4daa = da(N] — A7).

The integrals in the expression of E(z) are well-defined for the integrability of (3.2). Moreover, by the
boundary condition F(+o00) =0, C; and C2 must be zeros. By using Fubini’s theorem, we have

° 1= BS(z)I(x) o
[m””“‘afmsm+mm+mmd< |

We finish the proof. O

From (2.4), we get the solution

I(z) = C1eM ™ + CoeM ™ + g</ M TV E(y)dy +/

&T@wE@an,
P1 x

where C; and Cy are constant numbers, and A7 < 0 < A\] are the two roots of the equations
i) = —dz > +cA+v=0 (3.3)

and

Together with the boundary condition of E in (2.1) and L’Hoépital’s rule, the only solution of (2.4)
satisfying lim, 4. I(2) = 0 is of the form

o) =2 ( [ s [T By ). (35)
P1 —00 T
where Lemma 3.1 guarantees the integrability of the integrals. Substituting (3.5) into (2.3), we obtain
BSI(E)
E =dyB" + ———+—+— —aF. 3.6
¢ s TmrE (36)

At the equilibrium (S_,0,0), (3.6) can be linearized as cE’ = doE"” + BI(E) — aE. To study the
characteristic function we use the form E(t) = e*, where A € (A],\]), then

af

A=doX2h — P
A=t S o, @

The characteristic function of (3.6) is defined as

af

Mo = —do Nt e ta— — P
fOve)i=—da A"+ Ao — e

for A € (A7, A).
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Lemma 3.2.  Assume /v > 1. There exist Ao € (0, \]) and ¢* > 0 such that

8f()\0, C*)

f(Xo,c*) =0 and N

=0.

Furthermore, if ¢ > ¢*, f(\, ¢) =0 has two different real roots Ay and Aa with 0 < A\ < Ao < Ag < )\f and
fAe)>0df A€ (M, \2); fF(Ac) <0df A€ (0, 1)U (M, A). If0 < c < c*, f(Ac) <0 for A€ (0,\]).

Proof. By calculation, we have

f(O,c):a—%<O7 f(\ 00) =00 for Xe(0,)\]),
Y
8f(O,C) _ 2
o (14 ap/y%) >0,
df(Ae) afA "
e _)\+(—d3)\2+c)\+7)2>0 for X e (0,A7),
?f(\c) 2a(d3 2a(—2ds\ + c)?
— o = —2dy — - 0 for Ae(0,A]).
FYE 2T TN oAt ke ratqp 0 for Ae0AD

By a simple discussion, we can get the existence of such a pair of (Ao, ¢*) from the above inequalities. O

Let ¢ > ¢* be fixed. We use the notation

FO) = (A 0) (3.8)
and want to find a A\, € (0,A]") such that

fO) =0 and f'(\) >0. (3.9)
By Lemma 3.2, we can choose A\, = A;. To get the minimal wave speed ¢*, we need to deal with a quartic

equation and there is a formula giving its discriminant.

Theorem 3.3. Given positive numbers do,ds, o, B and v, the minimal wave speed c* is the unique
positive solution of A(c) =0, where A(c) is defined as follows:

A(c) := 256 A3E3 — 192A°BDE? — 128A%C*E? + 144A*CD?E — 27A*D*
+ 144AB*CE?* — 6AB®D?E — 80ABC?DE + 18ABCD? + 16AC*E
—4AC®D? —27TB*FE? + 18B3CDE — 4B3D? — 4B%C3E + B?C*D?
= Asc® + A3 + Asct + A1 + Ay,

where

A:d2d3, B = —C(d2+d3), O:CQ—dQ")/—ngé,
D=cla+y), E=aly—§),

and

Ay = —2dadza® + 4dadzary — 2dadzy? — 2adsy + 4adi — 8adeds B — 2aday + 4ads 3
+ dj0? + d3y? + d3a? + d3?,
Az = —18dad3a>y + 24dadian? + 24d3dza’y — 18dadzary® + 14dydia® B + 18adiv
— 38dsd30* B + 6adyy B + 14dadzary B — 38adad3y B + 2dadia’® — 8dad3y® — 8dadza®
+ 2d3d3v® — 8d3ay? — 8dsa?y + 2dsay? + 6d3a’B + 18dsa® B + 2dja” + 4diy?
+ ddya® + 2d3y3 + 2d5 0y,
Ag = —8d2d3a™ + 8dadia® — 6dia’ B — 270 d3B? — 27a2da? — 8dadiy* + 8dads~*
+ 8d3a’y — 8d50%y% — 8d3y2a’ + 8dyya + dja’ + dyy* — 14d3d3a® B
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+ 40d2dya® B — 12d5dza®B + 36dadsa® B2 — 2dsdia” B* + 36dadsa® 32 — 40d3d3a°
+ 102d2d§a272 — 40d3d3a® — 4dadialy — 40dadia®y? + 32dadiary® + 32dadsa’y
— 40d3d3a*y? — Ad3dzay® — 6adsy? B + 36d5a%y B + 36d37va’ 3 — 192d3daa’~3
— 14d3d3ay? B + 52dads a3 — 12dadiay? B + 52dsdsa®y B + 40dsdsay? 3,

Ay = ddadia® — 4dja’ B + 4d3dsy® + 4djaty + dadiy*t + 88dsd5a’y? — 32d3d§a273
+ 32d3dsay® + 32dadiaty — 48d3dian* — 48didsaty — 48dydialy? — 48d5dza’y?
— dadyy? B+ 48d3daal B — 24dadia’ B + 60dadsa’ B — 144dadya® B2 — 32d5d5a’~?
+ 88d3d50”y® — 104dsdia®y 3 — 124d5dia”~* B + 48d3dia®y 3% — 124dsd50°~3
— 104d3d20*~y%3 + 160d3d30°~B% — 24d5dzay® B + 60dsd2ary® B + 196dadia’y B
+ 196d;5d3a’y2 B — 144d5dsa’®y 32 + 160dadsa® B2,

Ag = —352d3d303y2 B + 512d3d5 a3y B2 + 192dad3a’~? B — 128d3d2a>y2 B + 192d2d5a 3
— 16d5dzay* B + 16d3dzay® + 16dad3a’y — 16dadia® B — 64dadaa’y* — 64d3dia’~?
+ 96d3d3a’~® — 256d5d5a° 3 — 128d3d5a’ B2

Proof.  To study the roots of f(\), we rewrite f(A\) =0 as
G(\) = (—daA? + A+ ) (=dsA? + A +7) —af = 0. (3.10)

f(A) =0 and G(A\) = 0 are of the same roots. Obviously, (3.10) always has two simple real roots
Amax > max{\], A\J } and Apin < min{A;, A; }; if (3.10) has other real roots, they must be in the interval
(0, min{ A\, Ay }), where \f and A\f are the roots of —dzA? +cA 4+~ = 0 and —doA? + e\ + a = 0,
respectively, and \; < 0 < A\f, i = 1,2. We rewrite (3.10) as

dods A\ — c(dy + d3) N> + (2 — dyy — dza) N + c(a + )N+ a(y — ) =0. (3.11)

By the theory of the quartic equation, the discriminant of G(\) is A defined in Theorem 3.3; A =0 <
(3.11) has the multiple roots; A < 0 < (3.11) has two simple real roots and two simple complex roots;
A > 0 < the four simple roots of (3.11) are either all real or all complex (see [11]). Since (3.11) already
has two simple real roots Apmax and Amin, ¢ must be the solution of A(¢) = 0. Furthermore, we show
that A(c) = 0 has only one real root on (0,00). By Lemma 3.2, when ¢ > ¢* > 0, (3.7) has two simple
real roots on (0, min{\;", \J }), which means (3.10) has four simple real roots on R thus A(c) > 0; when
0 < ¢ < ¢*, (3.7) has no real roots on (0, min{\]", \]}), which means (3.10) has two simple real roots
and two simple complex roots on R thus A(c¢) < 0. Thus for fixed da, ds, a, 5 and ~, there exists only one
¢* > 0 satisfying A(c*) = 0. O

Example 3.4. Given a =1, 83 =3, v = 2, dy = 4 and d3 = 7, then A(c) = 117¢® + 9804c° +
115828¢* + 7085364¢> — 50878912. It can be regarded as a quartic equation of ¢?>. We use the formula
of roots of quartic equation to solve A = 0 and get the eight roots +2.489728494362, +9.031162429666i
and +3.543444284346 4+ 4.095346122859i. The only positive real root is ¢* = 2.489728494362. We choose
different values of ¢ and the figures of G()\) defined by (3.10) are in Figure 1.

Remark 3.5. The minimal wave speed ¢* is important for describing the transmission speed of in-
fectious diseases. We are interested in the relation between the minimal wave speed ¢* and the diffusive
rates do and ds. The explicit expression of ¢* is too complicated and the surfaces of ¢* about dy and dj
are in Figure 2.

The following lemma gives a simple sufficient condition that ensures such a A, satisfying (3.9).
Lemma 3.6. Ifds <ds, let ¢ > 2\/d3(8 — 7). If do > dg, let ¢ > 2\/da2(B/y — 1)ae. Then there exists
a A € (0,\]) such that

fO) =0 and f'(\)>0.
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12 T T
G(\)=0 1
~ e g

=19 |

S— GWlo=p 4s0728404362 /
G 1

o=3.1 |

G(\)
~
T

Figure 1 The curves of G(A) when c takes different values. Let « =1, =3, v =2, d2 = 4 and d3 = 7 be fixed. We
can see that if ¢ = ¢* = 2.489728494362, G(A\) has two simple real roots and a double real root; if ¢ = 1.9 < ¢*, G(\)

has two real roots; if ¢ = 3.1 > ¢*, G(X) has four real roots

Figure 2 The surface of ¢*(d2,ds), where «, 8 and 7 take the same values as they are in Example 3.4. As it is

expected, ¢* increases with respect to d2 and d3

Proof.  First, we define some new notation

)= s = —
TNV =N T TdAZ e+
and

fo(A\) i= —da X + eX + «
such that

FA) = f2(A) = g1 (V).

We show that if ¢ > 0 is small enough, f(\) = 0 has no positive solution in (A, A\]"), where AT are the
roots of f; = 0. If we take ¢ = 0, then g;(0) = a3/y > « is its minimum value on (A\;, A\]"), while for fo,
the maximum value is a. Thus f(\) = 0 has no solution in (A}, A]). Furthermore, f is continuous with
respect to ¢, thus there is no solution in (A;, A{") for ¢ > 0 small enough.

Next, we want to get such a A\, € ()\1_,)\1") satisfying (3.9) when ¢ is large enough. Notice that
91(0) = af/y and f2(0) = «. By the assumption /v > 1, we obtain ¢1(0) > f2(0). The axis of symmetry
of g1(N\) is A = ¢/(2d3) > 0 and for f(\), the axis of symmetry is A = ¢/(2d3) > 0. Furthermore, g1 ()
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takes its minimum value

4a6d3
c? + 4ds~y

1=

at A = ¢/(2d3), while fa()\) takes its maximum value

b —0—2—1-04
> Ady

at A = ¢/(2dz). If ¢ is large enough, b; is a sufficiently small positive number and by can be sufficiently
large, thus there must be a A\, satisfying (3.9).

If ¢/(2d2) > ¢/(2d3), g1(A\) decreases on [0, ¢/(2d3)). When ¢ > 2./ds(8 — ),

L) ca
g1 2ds .

Since f> increases on [0, 57-] and f2(0) = a, we can see that

c
f2 <E> > Q.
Hence, there exists a solution \. € (0,¢/(2d3)) such that

FO) =0, f'(A)>0.

If ¢/(2d2) < ¢/(2d3), f2(X) increases on [0, ¢/(2d2)). Let

c>2 d2<é—1)a.
\/ 8l

c af
2(5m) > %

while g1(0) = a3/ and g1 decreases on [0, 53-), which means

c af
g1 <E> < 7

Thus there exists a solution A, € (0,¢/(2dz2)) such that f(A.) =0, f/(A) > 0. O

Then

For ¢ = 1,2, we give the second-order linear differential operator A; and its inverse A, ! Givena, > 8
and ag > «, the roots of the equation

—diA* +cA+a; =0

are
At © ++/c? + 4d;a;
o 2d; '

a; is chosen so large that
—A7 > A

We introduce a new symbol
Ri = dl(A:r - A;) =V 02 + 4dzaz

The differential operator A; is defined by

Al(h) = —dih” + Ch/ + aih



Tian B C et al. Sci China Math May 2017 Vol. 60 No.5 821

for h € C%(R). The corresponding inverse operator A; ! is

B I 1 (% At
inl(h(x))zzszfjf i ( y)h(y)dy‘+'}§jj/ AT ( y)h(y)dy

T

for h € C,- ,+ (R), where

po> A7, pt < Af
and
Cpie s (R) = {h € C2(R) : sup h(z)e ™™ * +suph(z)e ' * < oo}. (3.12)
x<0 x>0

Furthermore, by a simple calculation,

17 o £ v A (z—y) Aj_ > Af(zfy)
(A7) (2) = e hiy)dy + 4 e h(y)dy

) — 00 1

and

=1\ _ (Az_)2 /1 A (z—y) (A:_)2 /OO Aj(;v—y) A’L_ _ A:_
(A;"h) (w)——Ri L h(y)dy+—Rl_ e h(y)dy + o h(z) o h(z).

The following Lemmas 3.7 and 3.8 on the properties of operators A; and A;l are from Wang et al. [14].
These two lemmas can be checked by a direct calculation.

Lemma 3.7. Fori=1,2,

AN (AR) =h
for any h € C*(R) such that h,W',h" € C,~ ,+(R). Furthermore,
Ai(ATTR) =h
for he C,- ,+(R), where p= > A; and p™ < A},
Next, define
e (1 — Mef®), x <,
o) = { * (3.13)
0, x>z,
where 2* = —(In M) /e. g(z) can be rewritten as

g(x) = e (1 — Me*®) v 0
by using the new symbol V defined as follows:
a Vb := max{a,b}.
Lemma 3.8. Fori=1,2, given any M >0 and e > 0,
AT (Aig) = g
holds for g(x) = e (1 — Me**) v 0, where
A7 <A< X+e<Af

Remark 3.9.  Although g(z) is not differentiable at x*, the integral A;*(A;g) is well-defined in the
sense of distribution.
Choosing v such that
M <p<—A7 <Af, i=1,2, (3.14)

we define the functional space

B,(R,R?) = {qs = (¢1,2) : ¢ € C(R), sgge—ﬂlwu@(m < o0, i=1, 2}
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with the norm
|¢|# = max{|¢i|#7 1= 172}5 (315)
where

| B3l = supe "*!|g; (z)].
z€R

We give the definitions as follows:

St =5, (3.16)
S_:=8_oo(l = Myef®) V0, (3.17)
B, =M, (3.18)
E_ = eM%(1 — Mye™") v 0, (3.19)
where M; > 0 is sufficiently large and e; > 0 is sufficiently small, ¢ = 1,2. We denote
_ BSI(E)
Fi(S,E) = A[! - 2
((5.5) = A s - 50 (3.20)
N BSI(E)
F5(S,E) == A, {agE—i— S+I(E) + B aF (3.21)

T is the convex cone defined by using (3.16)—(3.19), i.e.,
I:={(S,F)eB,(R,R*):S_ <SSy, BE-<E<E}.

We can see that I' is uniformly bounded under the norm | - |, defined in (3.15). We show that I' is
invariant under the map F = (Fy, F3).

Lemma 3.10. F = (Fy,F) mapsT to T, i.e., for (S,E) e, S- <SSy and E- < E< Ey, we
have

S_ < Fi(S,E) < Sy

and

E_ < Fy(S,E) < Ey4.

Proof.  First, since
BSI(E)

AFL(S.E) = a8 — — 220
1F1(8, E) = a1 S+I(E)+E

< CL1S+ = A18+,

by Lemma 3.7, we have
Fi(S,E) <ATHALS,) = S,

Next, we show that Fy (S, E) > S_. Forx > x1 := —e; ' In My, S_(x) = 0, thus A;S_ = 0. Since a; > 3,
we have

BSI(E)
S+ I(E)+E

which implies that F; (S, E) > S_ holds for « > x1. For x < 21, we need to show

CL1S 2&18—[‘3820:A187,
—BI(E}) = —diS” 4+ ¢S
Since S_(z) = S_oo (1 — M7€°7), the above inequality is
—BI(E+) > —dlS_oo(l — Mleelm)ll + CS_Oo(l — Mleglm)/.

By the definition of I(E) and E (z) = e**, it implies to prove

af
S_ooMieq(—d > Gu—evz,
e+ o) 2 —pn— e
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Choosing €1 € (0, A.) sufficiently small, since the right-hand side of the above inequality monotonically
increases with respect to x and = < —5{1 In M7, we only need to show

O[/B —1
S_oM —d > —e1 (1) In My
1€61(—die1 + ¢) . —i—we

This inequality holds for 0 < ey < min{\,, ¢/d;} and M; large enough.
Next, we verify F_ < F5(S, E) < E4. Since f(\«) =0 in (3.8), it holds that

BSI(E)
S+I(E)+E

By Lemma 3.7, it holds that

asE + aF < ayEy + BI(Ey) — aEy = asEy — do B! + cEy = AoE. (3.22)

Fy(S,E) < Ay (ALEL) = Ey.
Next, to check

BSI(E) BS_I(E-) 1 ,
EFE+———-—"— —aF >aF_ —aF_ > aFE_ —dyE” E = AsE_,
©Et e TE+E Y TrE B © 2 2 e 2
it suffices to show
BS_I(E-)

—aFE_ > —doE" +cE.
S +I(E_)+BE, ° 2l ek

For x > zo = —5;1 In My, E_(x) = 0 and the above inequality holds. For & < xq, we subtract both
sides by SI(E_) — aF_ and obtain

BIX(E.) BI(E_)E,

- - > _dyE" +cE +aBE_ — BI(E_). 2
S_+I(E_)+ By S_+I(E_)+Es 2B+ el A b = BI(E-) (3:23)

In view of f(A\) =0 and E_ = e™%(1 — M3e®2*), we obtain
—doE" +¢cE 4+ aE_ — BI(E_) = f(A\)eM® — Mof (M + £2)eM T80T — ML F(N, 4 gg)ePMFe2)T,

To prove (3.23), it suffices to show

BI2(E_) + BI(E_)E

5 T < Myf(A + e9)ePFe2)7, (3.24)

We take €2 € (0, min{e1, Ay, A2 — Ay }) small enough, where s is defined in Lemma 3.2. It holds that
ae)\*w ae()\*‘f“’f?)w

I(E_)(z) = — M. .
(E-)(=) —d3A? 4+ A + "Zds(\e +22)2 + ¢ + £2) +7

(3.25)

For simplicity, we introduce new notation K7 and Ko such that I[(E_) can be rewritten as
I(E_)(z) = K1eM® — Ky(e2) MaePM+e2)7 >
for © < x5. (3.24) becomes

ﬁe”‘*m[(Kl _ K2(€2)M2e821)2 + K1 — Kg(&g)Mzea‘zw]
S oo(1 — Myesiv)

< Mgf()\* + 82)60\*—’_82)1.

It suffices to verify
Mo f (M +€2)S—oo(1 — M1e'®) > B2 (K2 4 K;)

holds for small e5. For x < x9 = —52_1 In M5, we need to show
M f (A +€2)S_so(1 = My My &%) > gty O/ (K7 4 ).

Let My =1/f(A +¢2). As e goes to zero, the left-hand side of the above inequality goes to S_ while
the right-hand side goes to zero and thus (3.24) holds. Together with Lemma 3.8, it yields that

Fy(S,E) > A (AE ) > E_. O
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Lemma 3.11. For E € C_,, ,(R) whose norm |E|, is bounded, where | -|, is defined in (3.15), there
exists a constant Ko > 1 such that |I1(E)|, < Ko|E|,.

Proof.  Recall the integral form of I(E)(z) is

I(E)(z) = g/ eAf(“y)E(y)dyﬂLg/ M @) B(y)dy,
P1J -0 P Je

where p; and AT are defined in (3.4) and (3.3). For any z, we have

e M [(B)(z) = 3( / M @=em 2 B(s)ds + / eAH“)e#lflE(s)ds)

P1 —o0 T

< pg (/ eM (379 g —|—/ e)‘f(xs)ds) |E|u
1 —00 T

_« (‘1 ; %) Bl = (a/)|El,..

~ o\
Take Ky = max{1, a/v}. This completes the proof. O
Lemma 3.12.  The map F = (F1,F>) : T' = T' is continuous and compact with respect to the norm |-|,,.

Proof.  For (S1,E1) € T and (Ss, Es) € T, since

’ BSU(EY) — BSI(E)
S1+I(E1)+Ey  Sy+1(Es)+ Es

< B8 = S2| + [1(Er) — I(E2)]),

we have

BS1I(Ey) BS2I(Es)
S1+1(E1)+Ey  Sy+I(Es)+ Es

a151 — a1 52 —

< (a4 B)1S— 2 + 1By~ (B,
By the definition of the norm |- |, and Lemma 3.11,

|Fy(S1, E1) — Fi(Sa, Ba)|(z)e " < e_”m/ M ) (ay + B)(1S1 — So| + [I(EL) — I(E2)|)dy

— 00

el [T ay 4 B)(S) — Sal + (E) ~ I(Ea))dy

ar +
< D181~ S+ Kol — Eal,)C(2)
a1 + B) K
<t DR 15, — Sal, + B2 - Bl )C(o),
where N N
C(z) == e‘””(/ eAf(z*y)+#|y|dy+/ eAf(xywydy).
We have
1 1
C(_OO) = F —
w+AT p A
and ) ,
C(x) =

+ —.
—u+ A p— Ay
Thus C(z) is uniformly bounded on R and consequently F} is continuous with respect to the norm |- |,.

Similarly, F5 is also continuous with respect to this norm. To prove the compactness of F', we use the
Arzela-Ascoli theorem and the diagonal process. Denote

Io = [~k,k], keN
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and consider I" as the bounded subset of C(I;, R?) with the maximum norm. Obviously, F' is uniformly
bounded on Ij. Next, we show that F' is equi-continuous on Ij. For any (S, E) € T,

—A7 — 00 x _ A+ e e’}
|F{(S, E)| < %/ eAl (Efy)dy_i_ %/ eAT(xfy)dy

- 2a15’_oo
= 7}{1 ,

— 00

and

Aot gt )
|F5(S, B)| < — e / A v A gy

— 00

Ry

1 ( —A A ) ( N af )em
= — a — .
Ro\ M —A; A=A\ =X en oy

Let {uy} be a subsequence of T'. {u,} can also be regarded as a bounded subsequence of C(I}). Since
{F(up)} is uniformly bounded and equi-continuous on I, by the Arzela-Ascoli theorem, we can choose
a subsequence {uy, } such that

AJF _ap %)
+ 202+ —dsAftedty @) / eA;(w—y)-i-)\*ydy
xr

Up,, = Flup,

converges in C'(I;), k € N.
Let v denote the limit of {v,, }. We can see that v € C(R,R?). Since F(I') C T and I is closed, thus
v € T'. Furthermore, u > A, > 0, hence |E|, is bounded and T is also uniformly bounded under the
norm | - |,. Thus |v,, — v, is uniformly bounded for all n € N. Given any € > 0, we can choose M € N
independent of u,,, such that
e Melly, (z) —v(z) <e, neN

holds for any |x| > M. On the compact interval [-M, M], {v,, } converges to v with the maximum norm.
Thus there exists K € N such that

e el|y, (z) —v(z)| < e

for |z| < M and n > K. Hence, {v,,} converges to v under the norm |- |,. We have finished the proof
of the compactness of the map F'. |

4 Existence theorem

Since F' is continuous and compact on I', by the Schauder fixed point theorem, F' has a fixed point
(S, E) €T such that

S =F (S, E) :A;l(als BSIE) )

S+ I(E)+E

B o BSI(E)
E—Fg(S,E)—A21(agE+7s+I(E)+E aE).

Since S,E e C_, ,(R) and A; < —pu<p< A, i=1,2, it holds that

_ 8SI(E)
Als—als—m, (41)
AoE = axFE + BSIE) ak. (4.2)

S+I(E)Y+E
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By the definition of A;, (S, E) satisfies

BSI(E)
r— g, 8" -
o5’ =diS S+I(E)+E’
BSI(E)
’_ " _
cE' = dyF +S+I(E)+E oFE.

Next, we verify that the boundary conditions hold. Since
S <SSy and E_<E<LEy,

it holds that
S(x) =S o, E(z)~eM® as x— —oo.

In the proof of Lemma 3.1, we have

L v BS(y)I(y)
d15'(z) = c[S(x) = S-oo] + /, oo S(y) + I(E)(y) + Ey)

Together with the integrability of (3.2), it holds that S’ is uniformly bounded. We have

BS(x)I(E)(x)
d[S(z) + I(E)(x) + E(2)]

(efcx/dls/(x))/ _ efcz/dl(sl/(x) _ cS’(:c)/dl) _ efcx/dl

Integrating the above equality yields

efcz/dl / — efcy/dl ﬁS(y)I(E)(y)
s@=- | 4150 + 1(E)y) + E)]

Hence S is non-increasing. Since I(z) is not trivial, the integral

/00 efcy/dl ﬂS(y)I(E) (y) dy
. di[S(y) + 1(E)(y) + E(y)]

cannot be identically 0. Thus S’ is not trivial and

dy.

S(c0) < S(—00).

By L’Hopital’s rule and

we obtain

A=A T
—Aje ™M

lim I(z)= lim 3(%)+ lim 3(M>= lim < E(z) = 0.

T——00 T——00 P T——00 P )\;ref)\fz T——00 7y

Recall the integral representation of the first derivative

-1\ _ A’L_ ¢ A7 (z—y) £ > Afr(w—y)
(A7h)'(2) = & et h(y)dy + el h(y)dy,

Q x

where h € C_,, ,(R). By the definition of F} and L'Hopital’s rule, we obtain

~ fe A + fo—Afz
lim S'(z) = lim A_l(eials(z))Jr lim A_l(eials(“’»:o'

T——00 z——o00 Ry _Al—efAfx z——o00 Ry A'li‘efAfz
Similarly, by the definition of F5 and L’Hopital’s rule,

E'(z) -0, I'(x) =0, as x— —oo.
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By (2.2)—(2.4), we obtain the limits of the second derivatives
S"(x) -0, E"(x)—0, I"(x)—0, as x— —oo.

Next, we give the asymptotic behaviors of S(z), E(z) and I(x) as © — 0.
Similarly, by (3.5), we have

: e [ 1% BS@IE)E
/_Ool(x)d;v— Fy/_OOE( Vdz = 7/_00 ST T (4.5)
Since
Bl =2, /,oo 5w+ 1B + EW ™ T 1 / 5w +1(E)y) + By) "
we obtain
/ g [
Bl <4 / IE) @)

We can see that
E(z) =0, as x— .

Otherwise, since |E’| is bounded, we can choose a sequence z; — 00, € > 0 and ¢ > 0, such that E(z) > ¢
on (x; — d,x; + ¢), which contradicts the integrability of E on R. Similarly,

I(x) -0, as z— .
Furthermore, we use the same methods dealing with I’(z) and E’(z) and obtain
E'(x) -0, I'(x) =0, as z— oco.
From (2.2)-(2.4), we also have
S"(x) =0, E'(z)—=0, I"(x) =0, as x — oo.

Integrating (4.3) from —oo to oo yields

/,Oo S(x)+I(E)(x)+E(x)d$— [S(—o0) — S(c0)].

We want to prove that
E(z) < 5(—00) = 5(c0)

for all x € R. Define
_ a [* a [% &@y
J(z) = E(z) + = / E(y)dy + = / edz E(y)dy. (4.6)
By the property at infinity of F(z) and L’Hopital’s rule,
lim J(z) =0, lim J(x) = a / E(y)dy = S(—00) — S(c0).
Similarly, by differentiating (4.6), together with F(z) — 0 as  — fo00, we obtain
J(@) =

Hence,
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from the above equality. We differentiate (4.6) twice, i.e.,

J"(z) = E"(z) — C%E(x) + Z—‘;‘ / etz Y E(y)dy
2 x

and obtain
—doJ" +¢J = —daE" + cE' + aFE = BSI(E)/(S + I(E) + E).

We integrate the above equality from = to co and obtain

L BSOIEW)
@ =g [ 5 T 1E) W) + B Y 7" (4.7

We have
J(00) = S(—00) — S(0)

and from (4.7) we can see that J(z) is non-decreasing and thus
J(2) < S(=00) = S5(c0)
for all z € R. Recall that E(z) < J(z) by (4.6), so
E(r) < 5(—00) = 5(o0)

for all z € R.
To study I, define

H(z):=I(z) + J /CE I(y)dy + % /OO e%(zfy)l(y)dy.

Using the similar methods as in studying (4.6), we obtain

lim H(2) =0, lim H(z) = g/jo I(y)dy = S(—o00) — S(c0).

Differentiating H () we obtain
/ 7 i > < (z—y)
H'(x) =1 (:v)+—/ et (y)dy,

and furthermore,

lim H'(z)=0, lim H'(z)=0.

r—r—00 Tr—r00

Differentiate H (z) twice, i.e.,

H'(0) = 1) = T10) + G [ R 1)y,
3 Jx

and thus
—dsH" 4+ cH' = —d3I" +cI' +~I = aF.

From the above equality, we have
H(2) = ~ / e Y B(y)dy.
ds ),
Since H(o0) = S(—00) — S(o0) and H'(x) > 0,
I(z) < H(z) < S(=00) — S5(o0)

holds for all z € R. This completes the proof.
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5 Non-existence

Theorem 5.1.  If /v < 1, for any ¢ > 0, there is no non-trivial non-negative traveling wave solution
satisfying the boundary conditions (2.1).

Proof.  Recall (4.5), i.e.,

- L1t BS@IBE
/,m I@)de =3 /,m 5@ + 1(B)@) + B@) ™

If 5 < v and I(x) is a non-trivial and non-negative function, then

x BT S@IBE B[
/ LI @d =2 /_oo 5@+ IE) @) + B ™ <5 /_oo I@)dw < /_w“ )z

We get a contradiction. O

Theorem 5.2. If /v > 1 and 0 < ¢ < ¢*, there is no non-negative and non-trivial traveling wave
solution satisfying the boundary conditions (2.1).

Proof.  Let (S, E) be the solution of (2.2)—(2.3) satisfying the boundary conditions (2.1). Since

BS

as r — —o0, there exists an < 0 such that for x < 7,
BSI/(S+I+FE)—aFE>JdE >0,
where § := a8 — v)/(27). Applying the above inequality to (2.3), we obtain
cE' —dyE" > 6E >0 (5.1)

for x < . Since

E(+00) =0, E'(+00) =0, E"(+00)=0, (5.2)

we can see that cE’ — doE” is integrable at —oo. Together with the Lebesgue dominated convergence
theorem and (5.1), F is also integrable at —oco. We denote

Integrating (5.1) yields
K (x) < cE(z) — do E' ()

for < z. Integrate the above inequality again and we obtain
* ¢
K()dy < SK (@)
for all x < Z. We also notice that K (x) is non-decreasing, hence

oG- < [ Ky < K@

> o

for all n > 0 and 2 < Z. By choosing 1 > 2¢/4,
K(x—n) < K(z)/2

for all z < Z. Denote pg := min{(In2)/n, A /2} and
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It holds that

L(x —n) < L(x)
for © < Z, which implies that L(z) is bounded as z — —oo. (5.1) and (5.2) yield

CE' > doF", ¢E > doE', cK > dyE.

Hence, we conclude that
E"(z)e "% E'(z)e ™" and E(x)e Mo”

are all bounded as x — —oo. Together with (5.2), they are uniformly bounded on R. By (3.5),
tim_B(2)/1(2) = 7/a

and we can see that I(z)e #°7 is also bounded on R. Since I/(S+I+FE) < 1and S(x)+I(z)+E(z) = S_w

as r — —o0, both
I(x)e re
S(z) + I(z) + E(x)

and
[I?(z)/E(x)]e” "

S(z) + I(z) + E(x)
are uniformly bounded on R for u € (0, po]. Since

BST B
S+I+FE

together with (2.3) we obtain

BI2 BIE

I — —
p S+I+E S+I+FE’

B BI? __ BIE
S+I+FE S+I+E

—doE" + cE' +aFE — pI =
Moreover, it holds that

/ T e () da = / " e[ 1(B))(2)da

— 00 — 0o

- g/ eur(/ M V) B(y)dy +/ ekf(ry)E(y)dy) da
P1J - —00 T
a [T oy o

=— e e YE(x —y)dy — e YE(x —y)dy |dx
P1 J—oco 0 0

_a /Oo e MY B(z — ) ( /Oo AL =Ry gy /Oo e(Afu)ydy> de
P1 J—oco 0 0

«

= 67#1E X dI
—d3u2+cu—7Lm (=)

We use the two-side Laplace transform on both sides of (5.3) and then obtain

* piererrdn— 5 [ (— L@/EG I(2) .
f(“)/_ooE( et /3/_00 (S(x)+[(x)+E(x) + S(a:)+](a:)+E(a:))E( Jemdz,  (54)

where 5
@
=—dop® +ep+o— —— .
f(:u’) 21 H —d3/L2 + L + v

The integrals on both sides of the above equality are well-defined for any p € (0, po). By the assumption
that ¢ < ¢*, f(p) is always negative for all u € [0, \]). All the three integrals in (5.4) can be analytically
continued to the interval [0, )\f) Otherwise, by the theory of convergence region of two-side Laplace

transform (see [14,16,17]), the integral

/ E(z)e " dx
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has a singularity at g = p* € (0,\]) and is analytic for all u € (0, 2*). At the same time, we check the

integral
*(_ P@)/Ew 1) e
/—oo (S(ZU) + I(z) + E(x) + S(z) + I(x) —I—E(x))E( ) dzx. (5.5)
Notice o .
S(z) + I(z) + E(x)
and

I*(x)/E(x)
S(z) + I(z) + E(x)
are uniformly bounded for p; = min{(A\] — u*)/2, po}, so the integral (5.5) is analytic for all pu < p* + py.

We get a contradiction.
We rewrite (5.4) as

—H1T

= BI?(x)/E(2) BI(x) _
/_oo ¢ E [f(” N S T I+ E@ T S@+ I B
This leads to a contradiction again in that
s PP@/E@ Bl

S(x)+ I(z) + E(x) S(x)+I(z) + E(x)

as 1 — Af — 0, while e7#*E(z) > 0 for all p € (0,\]). Thus we conclude that if Ry > 1 and ¢ < ¢* there
is no non-negative and non-trivial traveling wave solution satisfying the boundary conditions (2.1). O

6 Discussion

Due to the significant epidemic meaning of our diffusive SEIR model, the speed of spatial spread of
epidemics is an important problem in mathematical epidemiology. Aronson and Weinberger [2] have
proved the coincidence of the minimal wave speed and the asymptotic speed of propagation for the
Fisher’s equation, where ¢y > 0 is the asymptotic speed if for any ¢ > c¢¢ the solution tends to zero
uniformly in the spatial-time region {(x,t) : |z| > ct}, while for any 0 < ¢ < ¢y the solution is bounded
and away from zero uniformly in the region {(z,¢) : |z| < ¢t} as t — oo. Aronson [1] also gave an
analogous result for an SIR epidemic model with non-local reaction, which is called the Kendall model.
This result implies that if you travel toward +oo, then you escape from the epidemic region if your speed is
larger than the minimal speed c¢*, but if your speed is less than c¢*, the infection eventually overtakes you.

Recently, the spreading speed of reaction-diffusion has been intensively studied by many researchers.
Thieme and Zhao [12] generalized the concept of spreading speeds and monotone traveling waves to the
non-linear integral equations and their results can be used to a large number of non-local reaction-diffusion
population models. They showed the spreading speed coincides with the minimal wave speed. Despite
these existing results, the relation between these two speeds of our diffusive SEIR model is still an open
problem and it will be our successive work. Furthermore, as it is mentioned in [16], the non-locality of the
reaction and time delay may increase or decrease the speed of traveling waves of a diffusive SIR model.
We also get some analogous results for the corresponding diffusive SEIR model.
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