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Abstract
Background  Prior work described an approach for mapping the two-dimensional spatial distribution of biaxial residual stress 
in plate-like samples, the approach combining multiple slitting measurements with elastic stress analysis.  
Objective   This paper extends the prior work by applying a new variation of the slitting method that uses measurements of 
cut mouth opening displacement (CMOD) rather than back-face strain (BFS). 
Methods  First, CMOD slitting is validated using an experiment where: BFS and CMOD are measured simultaneously on 
the same sample during incremental slitting; two residual stress profiles are computed, one from the BFS data and a second 
from the CMOD data; and the two residual stress profiles are compared. Following validation, multiple adjacent CMOD 
slitting measurements are used to construct two-dimensional maps of residual stress in plates cut from quenched aluminum. 
Results  The two residual stress versus depth profiles, each computed separately from BFS or CMOD data, are in agreement, 
with compression near the plate boundaries (-150 MPa) and tension near the plate center (100 MPa); differences between the 
two stress profiles have a maximum of 25 MPa and a RMS of 7.2 MPa. Repeated biaxial residual stress mapping measure-
ments show the CMOD technique is repeatable, and complementary contour method measurements show the mappings are 
valid. Aspects of CMOD and BFS deformations during slitting are also described and show they are generally complementary 
but that CMOD slitting is favorable in narrow samples.

Keywords  Residual stress measurement · Slitting method · Cut mouth opening displacement

Introduction

Quenching, the rapid cooling of a hot workpiece, is a main-
stay of material processing in a variety of metallic alloys 
[1]. A drawback of quenching is the introduction of bulk 
residual stress (BRS) which, if not well understood, can lead 
to unexpected machining distortion during manufacturing 
and to performance issues during service [2]. Engineering 
models can help alleviate manufacturing and service issues. 
Formulation and validation of engineering models require 
measurements of BRS in quenched parts [3]. BRS fields in 
typical parts can be measured using methods based on dif-
fraction or mechanical relaxation [4] with the mechanical 
relaxation being easier to apply for bulk stress fields in a 

typical engineering laboratory. The slitting method is useful 
for two-dimensional stress fields in particular, being rela-
tively simple and offering good precision.

This work describes experimental measurements of two 
in-plane components of the residual stress tensor field in 
plate-shaped aluminum parts that had been cut perpendicular 
to the length of long rectangular quenched bars. Given the 
uniformity of quench far from the ends of a quenched bar, 
the residual stress fields in the plates are assumed to be two-
dimensional, varying only with in-plane position and inde-
pendent of position into the plate thickness. Measurements 
are made using the slitting method, which is a mechani-
cal relaxation technique for measuring one component of 
residual stress as a function of position along a line in a 
prismatic body [5]. The slitting method was pioneered by 
Finnie and co-workers [5, 6]. In a typical slitting experiment, 
a cut is made across the width of a sample in increments of 
depth using wire electric discharge machining (EDM). A 
strain gage located at the opposite end of the sample meas-
ures deformation at each cut depth, which occurs due to 
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the release of stress on the cut plane. The residual stress 
as a function of position along the cut is calculated from 
strain versus cut depth data by solving an inverse problem, as  
described by Schajer and Prime [7]. Prior work shows that 
the slitting method is repeatable and applicable to measuring 
BRS in quenched aluminum [8].

Work done by Olson and Hill showed that the slitting 
method is sufficient to measure and resolve a two-dimensional  
(2D) map of residual stress using multiple measurements [9].  
The 2D mapping of BRS as a function of position requires 
slitting measurements on several planes, where neighboring 
measurements are spaced apart to provide a map of BRS 
with sufficient resolution. In theory, successive measure-
ments could be made far enough apart to not be affected by 
prior measurements, but at the cost of map resolution. Since 
quenched parts have strong stress gradients closer spacing 
is more suitable to achieve a BRS map of sufficient resolu-
tion. A closer spacing requires accounting for the effect of 
prior measurements on subsequent measurements by use of 
a stress correction, as described in earlier work [10, 11].  
Assuming elastic behavior, superposition is used to combine 
the measured stress and stress corrections to resolve a 2D 
map of BRS [9].

Performing multiple measurements on several parts using 
the typical slitting approach can be expensive and time- 
consuming. Here we develop and apply a new variation of 
the slitting method that uses cut mouth opening displacement 
(CMOD), rather than the typical back face strain (BFS), and 
we apply this technique to map two components of BRS in 
plate-shaped aluminum parts as a function of in-plane posi-
tion. CMOD measured using a typical clip-style gage (such 
as used in fracture mechanics testing [12]) has the practical 
advantage of not requiring application of a strain gage with 
adhesive and associated waterproofing. The first objective 
of this work is to validate CMOD slitting by performing an 
experiment that compares residual stress measured using 
CMOD and BFS simultaneously. The second objective is 
to apply CMOD slitting to map two components of BRS 
in quenched plates. The third objective is to validate the 
CMOD slitting measurements by making contour method 
[13] measurements in identically prepared plates and com-
paring the results from CMOD slitting and contour.

Methods

Material and Sample Description

The material used in this study is AA 7050-T7451, a com-
mon aerospace grade alloy used in airframe structures. The 
temper designation T7451 indicates a rolled plate artificially 
over-aged and stretched for stress relief. The stress relieved 
AA 7050–T7451 was purchased as a square plate, 1250 mm 

(L) by 1250 mm (LT) and 102 mm (ST) thick (see Fig. 1). 
The plate was cut into 6 blocks, each 66 mm (LT) by 206 
mm (L) by 102 mm (ST). Three of these blocks, D, F, and 
G were heat treated to T74 condition, which produces high 
residual stress. The heat treatment follows industry specifi- 
cation [14] where the plate is heated to 475 °C quenched to 
room temperature then aged in two stages at 107 °C for 6 to 8  
h and the 163 °C for 24 to 30 h. After heat treatment the ends 
of the quenched blocks were discarded, and 15 individual 
plate-shaped samples were cut from the material remain-
ing in each block. A labeling scheme ties each sample to  
its location, as shown in Fig. 1. The plate geometry is 206 
mm long (H) by 102 mm wide (W), and 28 mm thick (t). A 
coordinate frame is defined relative to the dimensions, with 
x along H, y along W, and z along t. Because of the spatial 
uniformity of quenching, and discarding of the ends of the 
quenched plates, we expect that all samples have nearly iden-
tical residual stress fields.

Validate CMOD Versus BFS Slitting

As a first step, incremental slitting is performed while 
BFS and CMOD are measured simultaneously. Given that 
there are no physical or electrical connections between the 
BFS and CMOD measurement equipment, the two meas-
urements are assumed independent. The experiment con-
figuration is shown in Fig. 2, where the slit is cut along 
the positive y direction at the mid-width and the distance 
from the slit to the plate edge is s =H/2. A CMOD gage is 
attached at the cut mouth (y = 0) and a strain gage at the 
back face (y = W). CMOD is measured using a commercial 
clip-type gage (MTS 632.03E-30) with initial gage length 
LM = 6.35 mm (0.062W). BFS is measured using a metallic 
foil gage with active length Lε = 1.575 mm (0.015W). Two 
notches 6.35 mm apart and 1.0 mm deep are cut at the front 

Fig. 1   Diagrams of the sample labeling scheme and locations of 
samples where the longitudinal rolling direction (L) is along x and 
the long transverse direction (LT) is along z. Blocks D, F, and G had 
additional heat treatment. Individual samples are coded as %#, where 
% is A, B, C, D, F, or G, indicating the parent block, and # indicates 
the position of the sample in the section (positions 1 to 15 shown at 
left). The 120 mm blocks are discarded to remove end effects
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of the plate to attach the CMOD gage prior to cutting the 
slit (detail in Fig. 2). Measurements of BFS and CMOD 
are made independently as a slit is cut to 40 equal incre-
ments of depth, a typical number of cuts (e.g., [5]), with cut 
depths a = 2.54, 5.08, …, 97.8 mm. Cut closure is avoided 
following procedures used by Olson and Hill [9], which 
comprise a visual inspection at each cut depth and cutting 
back to the slit mouth to maintain a gap between cut faces 
when needed (a gap between cut planes avoids mechanical 
cut face contacts that would invalidate the stress calculation 
scheme [9]). Following the experiment, residual stress is 
computed from deformation (BFS or CMOD) versus cut 
depth data using the approach described by Schajer and 
Prime [7]. Compliance matrices needed for the stress com-
putation are developed using finite element modeling as 
described in earlier work (see [5, 15]), where key features 
include a refined mesh (400 uniform elements adjacent to 
the crack line), tractions applied to a slit of zero width, 
and use of actual dimensions and locations of the gages 
measuring BFS and CMOD).

A correction step is performed for CMOD slitting to 
account for the stress released when cutting the notch used 
to accommodate the CMOD gage. An approximate cor- 
rection for the effect of stress released due to cutting the 
notch is developed using a stress analysis for idealized initial 
stress fields representative of expected residual stresses. The 
stress analysis uses the finite element method (FEM) and 
reflects a 2D domain with and without a notch; the analy-
sis is repeated for piecewise constant, piecewise linear, and 
sinusoidal stress profiles of unit magnitude, as shown in 
Fig. 3. Each stress field is balanced, having compressive 
stress near the edges and tensile stress in the interior, typi-
cal of residual stress in quenched parts. The representative 
stress profiles are imposed as an initial condition in mod-
els with either a notched or unnotched geometry. Residual 
stress at the slit plane is calculated. The difference in stress 
between notched and unnotched geometries is a new profile 
e(y), referred to as the notch error, representing the stress 
released during the notching process

All three representative stress profiles exhibit very nearly 
the same notch error e(y) (see Fig. 3(d)), and e(y) from the 
sinusoidal stress profile was taken as a useful estimate of 
the notch error. A scaling factor, α, is used to scale e(y) for 
a particular measurement. For a given measurement, α is 
computed from the measured (post-notch) stress as the aver-
age of the measured stress over the distance 0 < x < 10 mm. 
Combining the notch affected stress, the scale factor, and the 
error corrects for the stress released due to cutting the notch

Figure 4 shows an example of a post-notch stress correc-
tion using a sinusoidal stress profile as the idealized stress 
field.

(1)e(y) = �xx,notched(y) − �xx,unnotched(y)

(2)�xx,total = �xx,measured + �e(y)

Fig. 2   Measurement geometry for the slitting experiments with 
CMOD notch detail at right: W is the part width, H is the part length, 
s is the distance from the edge to the slit plane, Lε is the strain gage 
length, and LM is the CMOD gage length

Fig. 3   Plots of (a) representative model input stresses, (b) extracted 
stress profiles from an unnotched model, (c) extracted stress pro-
files from a notch model, and (d) the notch error (notched stress – 
unnotched stress) profiles at the slit plane

Fig. 4   Plots representing the notch correction process for a model 
with aspect ratio H = 2W with (a) the unnotched and notched pro-
file from a representative cosine stress input, and (b) a corrected and 
unnotched profile
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Bi‑axial Mapping

The two normal in-plane components of BRS are measured on 
several planes using CMOD slitting to create two-dimensional 
maps of the BRS in the plates. Following the earlier work of 
Olson and Hill [9], we employ a bisecting scheme to ensure 
measurements are insensitive to shear stress error. To map 
σxx(x, y), a first measurement is made at x = H/2 cutting in 
the positive y-direction. This produces a profile of σxx(H/2, 
y). Successive slitting measurements are made at x = H/4 and 
3H/4, then H/8 and 3H/8, and finally 5H/8 and 7H/8, for a 
total of 7 measurements in each plate, as shown in Fig. 5. The 
number of measurements (7) was selected based on antici-
pated stress gradients and reasonable level of effort; additional 
measurements may be beneficial. Measured stresses are com-
bined to produce a map of σxx(x, y) with the aid of linear inter-
polation and traction-free boundary conditions (i.e., σxx(0, y) 
= 0 and σxx(H, y) = 0). To map σyy(x, y), measurements are 
made at several y locations. An initial slitting measurement  
of σxx(y) is made at x = H/2 to reduce the 102 by 206 mm plate 
into two 102 by 103 mm pieces. Subsequent measurements  
of σyy(x) are made at y = W/2, W/4, and 3W/4 in the two halves,  
where for the left half, cuts progress along positive x, and for 
the right half, cuts progress along negative x. On one sam-
ple an additional measurement was performed at y = W/8 to 
assess σyy(x) closer to the sample edge. Measured stresses are 
combined to produce a map of σyy(x, y) with the aid of linear 
interpolation and traction-free boundary conditions (i.e., σyy(x, 
0) = 0 and σyy(x, W) = 0). A diagram depicting the bisecting 
scheme used to map σyy(x, y) is shown in Fig. 6.

When mapping residual stress using adjacent cuts, the effect 
of a prior measurement on a subsequent measurement must be 
accounted for using a stress correction because a prior meas-
urement releases stress in adjacent material. The stress cor-
rection approach follows the procedure described in [9] that 
relies on elastic superposition and is based on the earlier work 
of Pagliaro and Prime [11]. In a first step, stress determined in 
the prior measurement is used as a traction boundary condi-
tion in a 2D FEM stress analysis whose geometry reflects the 
sample configuration at the end of the prior measurement. In 

a second step, stress determined in the analysis at the location 
of a subsequent measurement is recorded and comprises the 
stress correction. In the final step, the stress correction is added 
to results of the subsequent measurement. The orientation of 
a subsequent measurement plane can be either parallel to (as 
[9]) or normal to (as in [10] and [11]) the prior cut plane. The 
analyses for the stress corrections in this work are simplified 
by the fact that the sectioning plan includes subsequent meas-
urements in rectangular plates of only 3 different aspect ratios 
(having width (along the slit) divided by height (perpendicular 
to the slit) equal to 1, 2, or 4).

Validation of Approach with Contour Method 
Measurements

The contour method is used in this study to measure BRS in 
replicate samples and provide validation of the 2D residual 
stress fields determined by mapping with CMOD slitting. 
In a typical contour method experiment, a cut is made on 
a selected measurement plane using a wire EDM, the cut 
surface topography is measured, and the topography data are 
used to compute residual stress [16]. The contour method, 
like slitting, measures a single component of in-plane normal  
residual stress as a function of position on a cut plane. How-
ever, unlike slitting, the contour method resolves the residual 
stress field in two dimensions over the cut plane. Two con-
tour measurements are made in this work, one measurement 
in each of two samples. The first measures σxx(y, z) at x = H/2 
and the second measures σyy(x, z) at y = W/2. Samples are 
cut using wire EDM with finish cut settings [16]. Surface 
topography is measured using a laser scanning profilometer 
at a grid of points with 0.2 mm spacing on the cut surfaces. 
The stress normal to the cut plane is determined by an elastic 
FEM analysis using smoothed surface topography as a dis-
placement input field [16]. To compare slitting and contour 
method results, the through-thickness average stress (average 
along z at a set of locations along the other coordinate of the 
contour plane (x or y) is computed from the planar contour 
data and compared to the one-dimensional residual stress  
profiles determined by slitting.

Fig. 5   Bisection scheme for longitudinal bulk residual stress (σxx) 
measurements; numeric labels reflect the sequence of measurements

Fig. 6   Bisection scheme for transverse bulk residual stress (σyy) 
measurements; numeric labels reflect the sequence of measurements
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Summary of Measurements

A total of 29 slitting measurements are made on samples D1, 
F7, F8 and G14 to determine the longitudinal and transverse 
components of BRS. On samples F8 and G14, measurements 
of σxx are made at x = H/2, H/4, 3H/4, H/8, 3H/8, 5H/8, and  
7H/8 (reference Fig. 5). On samples D1 and F7, single meas-
urements of σxx are made at x = H/2, creating two half sam-
ples for subsequent measurements of σyy at y= W/2, W/4, 
and 3W/4 (reference Fig. 6); one additional measurement of  
σyy is made at y = W/8 in the right half of sample F7. The 
initial measurement of σxx at x = H/2 on sample F7 included 
simultaneous measurement of BFS and CMOD. For valida-
tion of the slitting results, single contour measurements are 
made on samples G7 at x=H/2 and G8 at y = W/2. Measure-
ments are summarized in Table 1.

Results

CMOD Slitting Validation

Figure 7 shows data from the slitting measurement having 
simultaneous CMOD and BFS measurements for σxx(y) on 
sample F7 at x = H/2. BFS and CMOD versus cut depth are  
shown in Fig. 7(a) and (b), respectively, and exhibit similar  
trends but opposite sign. Residual stress computed inde-
pendently from each source of data are shown in Fig. 7(c). 
The notch correction of (Equation (2)) was not applied to 
either residual stress field in Fig. 7(c), so the data reflect 
stress in the notched plate. The data are in general agree-
ment with a region (y < 15 mm (0.074W)) where discrep-
ancy is up to 25 MPa but with agreement in other areas 
(y > 15 mm) to better than 12 MPa. The BRS is compres-
sive within 25 mm of the sample edges with magnitudes 
between -118 and -142 MPa, and tensile in a 50 mm band 
near the sample middle with a peak magnitude around 
100 MPa. The differences in stress computed from BFS or  
CMOD for y < 15mm may be an effect of the notch used to 

accommodate the CMOD gage, the relatively low sensitiv-
ity of the strain gage at small cut depths, or both. The root 
mean square (RMS) difference over all depths between 
stress computed from BFS or CMOD is 7.2 MPa. Overall, 
the agreement (Fig. 7(c)) supports using CMOD slitting 
for subsequent measurements.

Application of Notch Correction

Figure 8 shows the notch correction for the measurement of 
Fig. 7. The correction stress profile, e(y), is from the ideal-
ized sinusoidal stress field (see Fig. 3) and a scaling factor 
calculated from the measured stress. The correction is above 
10% of peak measured stress for y < 5 mm with the peak 
level of corrected stress being 38 MPa. The notch correction 
falls below 5% of peak measured stress for y > 8 mm.

Table. 1   Summary of samples, 
measured stress components, 
measurement methods, and 
locations

Sample Stress Component Method Locations

F7 σxx CMODBFS x = H/2
x = H/2

σyy CMOD y = W/8 (right half only)
y = W/4, W/2, and 3W/4 (both halves)

D1 σxx CMOD x = H/2
σyy CMOD y = W/4, W/2, and 3W/4 (both halves)

F8 σxx CMOD x = H/8, H/4, 3H/8, H/2, 5H/8, 3H/4, and 7H/8
G14 σxx CMOD x = H/8, H/4, 3H/8, H/2, 5H/8, 3H/4, and 7H/8
G8 σyy Contour y = W/2
G7 σxx Contour x = H/2

Fig. 7   Plots of (a) measured strain, (b) measured CMOD, and (c) a 
comparison of longitudinal stress measured using both CMOD and 
back face strain techniques from a single slitting measurement at H/2 
in the y-direction on sample F7 with H = 2W 
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Longitudinal BRS Mapping

Figure 9 shows results of σxx mapping measurements on 
multiple planes in sample F8, comprising CMOD versus 
cut depth, measured stress, stress corrections from prior 
cuts, and total stress. Compared to CMOD measured for 
cut 1, there is a systematic decrease in the magnitude of 
measured CMOD for subsequent cuts (see Fig. 9(a)). This is 
consistent with the release of stress in prior measurements. 
Measured stress data fall into pairs (Fig. 9(b)), with cuts at 
symmetric positions being similar (2 and 3, 4 and 7, 5 and 
6). The stress corrections (Fig. 9(c)) systematically decrease 

in magnitude for subsequent measurement locations further 
from the slit plane with the effect of cut 1 being significant  
at cut locations 5 and 6 but quite small at locations 4 and 
7. Figure 10 shows a stress analysis result for cut 1 in sam-
ple F8, having a post-measurement aspect ratio (height to 
width) of 1 and using stress measured in cut 1 as a traction 
boundary condition. The color map of Fig. 10(a) shows the 
σxx correction at different locations, which is identical for 
planes on either side of the cut (e.g. cuts 2 and 3, or 5 and 6) 
due to symmetry. Values of stress correction in Fig. 10(a), 
at specific x positions, appear in Fig. 9(c). The total stress 
(Fig. 9(d)) shows that the greatest residual stress occurs near 
the center of the plate, with nearly an identical residual stress 
profile for 3W/8 < x < 5W/8 (cuts 5, 2, and 4). Residual stress 
decreases with distance from the sample center, with the 
decreases along x and y being symmetric about the sample  
center.

Figure 11 shows a color map of total measured longitu-
dinal BRS (σxx) in sample F8 as a function of in-plane posi-
tion with dashed lines to represent the boundaries of CMOD 
measurements. The map shows that there is compressive 
BRS near the boundaries and tensile BRS near the center. 
Figure 12 shows a color map of total longitudinal BRS in 
sample G14 generated following the same procedures. Sam-
ple G14 is cut from a different bar (G rather than F) and is 
located closer to the end of the quenched parent stock than 

Fig. 8   An application of the correction process to the measurement at 
x = H/2 on sample F7

Fig. 9   Data for σxx measurements in sample F8, (a) CMOD versus 
cut depth, (b) measured stress (c) stress corrections and (d) total 
stress

Fig. 10   Color maps of stress corrections from cut 1 on sample F8 
for (a) σxx, and (b) σyy (half of geometry shown; color scale in MPa; 
lines indicate locations of subsequent measurements)

Fig. 11   Color map of the longitudinal bulk residual stress (σxx) in 
sample F8 where the dashed line represents the boundaries of CMOD 
measurements
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sample F8. Despite the differences in bar and location in the 
parent stock, there is a clear similarity of longitudinal BRS 
in the two samples. This indicates that the quenching and 
sectioning processes produced individual samples with quite 
similar BRS fields. The similarity in the BRS field among 
these samples is further reinforced by assessing the point-
wise average of the two longitudinal BRS measurements and 
the absolute values of differences between them, as shown in  
Figs. 13 and 14, respectively. The RMS difference over all 
locations is 8.4 MPa (8.6% of maximum σxx). Figure 14 shows  
that the largest differences (15 to 30 MPa) occur near the 
start of the cuts, which may result from lower precision of 
slitting for short cut depths [17].

Transverse BRS Mapping

Figure 15 shows results of σyy mapping measurements on 
sample F7 previously bisected at x = H/2, as shown in Fig. 6, 
comprising CMOD versus cut depth, measured stress, stress 
corrections from prior cuts, and total stress. Compared to 
CMOD measured for cut 2L, there is a systematic decrease 
in the magnitude of measured CMOD for subsequent cuts 
(see Fig. 15(a)). This is consistent with the release of stress in 
prior measurements. CMOD data fall into pairs (Fig. 15(b)), 
with cuts at symmetric positions 3L and 4L being similar. 

The stress corrections (Fig. 15(c)) show the effect of cut 2L 
being significant at cut locations 3L and 4L and the effect 
of cut 1 being significant at cut locations 2L, 3L, and 4L 
for x > 80mm and almost negligible at x < 80mm. To aid 
visualization, Fig. 10(b) shows the effect of σxx at cut 1 on 
σyy in sample F8 as a 2D map; results are similar for sample 
F7. On account of symmetry, corrections for cuts in the right 
half of the plate (2R, 3R, and 4R) are identical to those in 
the left half. The total stress in Fig. 15(d) is the sum of the 
measured stress and each applicable correction. The plot in 

Fig. 12   Color map of the longitudinal bulk residual stress (σxx) in 
sample G14 where the dashed line represents the boundaries of 
CMOD measurements

Fig. 13   Color map of the average of the longitudinal bulk residual 
stress (σxx) in samples F8 and G14

Fig. 14   Color map of the absolute values of difference of the longitu-
dinal bulk residual stress (σxx) in samples F8 and G14

Fig. 15   Data for σyy measurements in sample F7, (a) CMOD ver-
sus cut depth, (b) measured stress (c) stress corrections and (d) total 
stress for the left half, and (e) total stress for the right half
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Fig. 15(e) includes a transformation of the depth positions for 
measurements in the right half of the sample, so that they run  
from x = H (206 mm) to x = H/2, which allows Fig. 15(d), (e) to  
provide a full view of the σyy field. Near the part edges (x = 0  
or 206 mm) the residual stress is compressive, rising into low 
level tension (20-40 MPa) at 25 mm from the edges, and then 
monotonically decreasing toward near zero at the center of the 
sample. Figures 16 and 17 show color maps of the transverse 
BRS (σyy) in samples F7 and D1, respectively, with dashed 
lines to represent the boundaries of CMOD measurements.  
The color map in Fig. 18 shows the average of the transverse 
BRS in these two samples and Fig. 19 shows the absolute  
values of differences between them. The RMS difference 
overall points is 4.5 MPa (12.1% of maximum σyy). As was 
observed for the longitudinal BRS (Fig. 14) the greatest dif-
ferences occur near the boundaries (x = 0 and 206 mm). The 
σyy field is symmetric about the sample center, along both x 
and y, with the magnitude of σyy being substantially lower 
than was found for σxx (compare Figs. 13 and 18). The fact that  
σxx is larger than σyy is consistent with the sample size being  
larger along x (206 mm) than along y (102 mm).

Figure 20 shows results of a validation contour measurement 
of the longitudinal BRS in sample G7 at x = H/2. The sample was 
not notched prior to measurement. The trend of BRS from con-
tour is similar to the trend from CMOD slitting at x=H/2 (Fig. 7) 

with high compressive stress (-180 MPa) near the boundaries 
and tensile stress (100 MPa) near the center. Figure 20 shows a 
slight variation of stress through the 28 mm thickness, particu-
larly within 2 mm of the top and bottom surfaces.

Figure 21 shows results of a validation contour measure-
ment of the transverse BRS in sample G8 at y = W/2. There are 
regions of compressive stress near the left and right boundaries, 
adjacent areas of tensile stress, and low stresses near the center.

Figure 22 compares the thickness average of the contour 
results with CMOD slitting results. The trend in longitudinal 
BRS at x = H/2 (Fig. 22(a)) from CMOD slitting and contour 
are similar, with high compressive stress (-160 to -120 MPa) 
at the boundaries and tensile stress (around 100 MPa) near 
the center. Figure 22(b) compares results for transverse BRS 
at y = W/2 from CMOD slitting and contour. There is high 
compressive stress at the boundaries (-100 to -140 MPa), a 
tensile stress peak (40 MPa) adjacent to the compression, and 
a monotonic decrease to near zero stress at the center. Over-
all, there is excellent agreement between the BRS data from 
CMOD slitting and contour, except near the edges where there 
are differences of 10 to 40 MPa for longitudinal BRS and a 10 
to 20 MPa for transverse BRS. RMS differences between the 
line profiles from contour and slitting are 14 MPa and 8 MPa 
for longitudinal and transverse BRS, respectively.

Fig. 16   Color map of total transverse bulk stress (σyy) in sample F7 
where the dashed lines represent the boundaries of CMOD measure-
ments

Fig. 17   Color map of total transverse bulk stress (σyy) in sample D1 
where the dashed lines represent the boundaries of CMOD measure-
ments

Fig. 18   Color map of the average of the transverse bulk residual 
stress (σyy) in samples D1 and F7

Fig. 19   Color map of the absolute values of difference of the trans-
verse bulk residual stress (σyy) in samples D1 and F7
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Discussion

Level of Residual Stress

The measured BRS in this work is consistent with prior work 
by Olson and Hill [9] and Prime and Hill [18] in quenched 
aluminum. The shape of the longitudinal (σxx) stress field 
(Fig. 13) is roughly that of an elliptic paraboloid, which is 
consistent with [9] for slices cut from a smaller quenched 
bar. The magnitude of BRS from cut 1 in Fig. 9(d) is consist-
ent with measurements of BRS in square plate-like samples 
in [18]. The consistency of results between this study and 
prior work shows that quenching produces similar stress 
fields in both shape and magnitude, despite differences in 
the size and shape of samples.

The high level of residual stress shown in Figs. 13 and 18 
is atypical of service and highlights the utility of stress relief 
by stretching [18]. To show the difference, BFS slitting 
measurements were made in samples of the same dimension 
but cut from stress relieved block A (Fig. 1). Results show 
that longitudinal (Fig. 23(a)) and transverse (Fig. 23(b)) 
stress levels are far lower in the stress relieved condition. 
The stretch stress relief process provides material with 
stress < 20 MPa, which is about a factor of 8 less than for 
the quenched material.

Comparison of CMOD and BFS Slitting

This paper introduces the concept of using CMOD meas-
urements for slitting to resolve a one-dimensional profile of 
residual stress. The results demonstrate that this approach 
provides results similar to those found from BFS slitting 
with some differences at shallow cut depths (Fig. 7(c)). To 
evaluate more fully the differences between CMOD and BFS 

slitting, it is useful to assess potential for uncertainty and 
observed variability.

To assess potential for uncertainty, we follow the prior 
work of Olson and Hill [9] which uses deformation versus 
cut depth responses for Legendre polynomial stress fields 
to compute inherent uncertainty. Finite element models 
using Legendre polynomial inputs, representing plausible 
equilibrium residual stress fields, are developed for a range 
of plate aspect ratio (H/W). CMOD and BFS are deter-
mined from the model outputs as functions of slit depth 
and Legendre polynomial order (second or higher order). 
The uncertainty is computed using these deformations fol-
lowing the uncertainty estimation procedure developed by 
Prime and Hill [19]. Figure 24 shows deformation versus 
cut depth for various Legendre polynomial stress fields for 
aspect ratio H/W=2 (dimension along the slit depth half 
that perpendicular to the slit). The deformation versus cut 
depth trends for BFS and CMOD have very similar shape 
but opposite sign and differing magnitude. The shape simi-
larity suggests that either measure of deformation offers 
similar utility for residual stress measurement. Figure 25 
shows the RMS inherent uncertainty for BFS and CMOD 
slitting. The uncertainties in stress are proportional to the 
specific uncertainties in measurand assumed in the analy-
sis, which were 1 με for BFS and 1 µm (W/105) for CMOD 

Fig. 20   Color map from a contour measurement of longitudinal BRS 
component (σxx) in sample G7

Fig. 21   Color map from a contour measurement of transverse BRS 
component (σyy) in sample G8

Fig. 22   Comparison of (a) measured longitudinal component (σxx) of 
BRS at x = H/2 and (b) measured transverse component (σyy) of BRS 
at y = W/2 using CMOD slitting and contour

Fig. 23   Comparison of residual stress in sample F7 in T74 condition 
(measured with CMOD slitting) to residual stress in sample A23 in 
T7451 condition (measured with BFS slitting): (a) σxx at x = H/2, and 
(b) σyy at y = W/2
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(the readout resolutions of our instrumentation). For BFS 
slitting, uncertainty increases as H/W decreases, which was 
noted earlier in [9] and limits BFS slitting to aspect ratios 
H/W > 0.4. On the contrary, the results for CMOD slitting 
show that it becomes more precise for decreasing H/W. Fig-
ure 26 compares CMOD (Fig. 26(a)) and BFS (Fig. 26(b)) 
deformations for a uniform stress field and a range of H/W. 
In general, larger deformations and steeper slopes indi-
cate greater potential fidelity. For decreasing H/W, CMOD 
increases while BFS decreases, consistent with inherent 
uncertainty of Fig. 25. For H/W = 0.50, there is a disconti-
nuity in BFS at a/W = 0.25 because the sign of BFS reverses 

(–BFS is < 0 for a/W < 0.25). This change of sign leads to 
poor conditioning of BFS slitting for small H/W.

Repeatability standard deviation has been assessed in 
prior studies of BFS slitting and can be compared to the 
present results for CMOD slitting. Lee and Hill [8] assessed 
repeatability in six replicate samples that had been laser 
shock peened. They found repeatability standard deviation 
between 5 and 10 MPa for samples with H/W > 2. Olson 
and Hill [9] performed repeated BFS slitting measure-
ments in quenched aluminum plates with H/W = 1.5. They 
found repeatability standard deviation ranging from 3 to 
7 MPa. In the present work, among the four CMOD slitting 

Fig. 24   Comparisons of deformation versus cut depth for H/W = 2 
for a range of Legendre polynomial order for E = 1 for CMOD 
(LM/W = 0.0625) and BFS (Lε/W = 0.0156)

Fig. 25   Comparisons of uncertainty in stress normalized by elas-
tic modulus as a function of plate aspect ratio (H/W) for CMOD 
(LM/W = 0.0625, precision of W/105) and BFS (Lε/W = 0.0156, preci-
sion of 1 με)

Fig. 26   Comparison of deformation versus cut depth for uniform 
stress along the cut plane (σ/E = 0.001) and different aspect ratios 
(H/W) for (a) CMOD (LM/W = 0.0625) and (b) BFS (Lε/W = 0.0156); 
for H/W = 0.5, BFS reverses sign at a/W = 0.25
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measurements at x = H/2 with H/W = 2 (Fig. 22(a)), we 
find the repeatability standard deviation ranging from 3 to 
16 MPa, which suggests that CMOD slitting has repeat-
ability comparable to that found earlier for BFS slitting at 
similar H/W.

Notch Correction Significance

The notch cut to accommodate the CMOD gage is expected 
to have a small but measurable effect on measured stress. 
Figure  3(d) shows that the magnitude of the effect is 
about 80% at the notched edge, falls rapidly to 10% at 
y/W = 0.05, and reaches less than 2% for y/W > 0.10. 
Figure 8 shows a correction intended to account for the 
notch effect, which reinforces the notion that the effect is 
highly localized. Overall, the correction does not appear to 
significantly improve the stress profile. The consequence 
of the notch effect depends on the use of the data; for 
this study, aimed at revealing the stress profile across the 
part, the localized effect is of minor consequence. Because 
the size and scale of the notch effect depend on the notch 
dimensions (LM and DM in Fig. 2), it may be useful in 
other experiments to use a CMOD gage (or other sensor 
for measuring CMOD) that would not disturb the pre-
existing stress field.

Conclusion

This study has introduced the concept of using CMOD for 
slitting residual stress measurements, validated it against 
typical BFS slitting, and applied it to map two components 
of residual stress in quenched aluminum plate-shaped sam-
ples. A direct comparison of residual stress determined from 
slitting using CMOD and BFS measurements shows that the 
techniques give comparable results to within 25 MPa maxi-
mum pointwise difference and 7.2 MPa RMS difference. 
CMOD slitting was used to construct two-dimensional maps 
of residual stress in AA7050-T74 plate-shaped samples. The 
resulting residual stress maps were similar to those found in 
recent studies of residual stress in quenched aluminum, with 
stress along the length being -150 MPa at the exterior and 
100 MPa at the interior, and stress across the width being 
-120 MPa at the exterior and 20 MPa at the interior. Meas-
urements on replicate parts exhibited RMS differences of 
8.4 MPa and maximum difference of 38 MPa. CMOD slit-
ting was found to work well for a wide range of plate aspect 
ratio, offering advantage over BFS slitting, which is limited 
to relatively wide plates. Overall, CMOD slitting is a useful 
complement to BFS slitting that provides similar quality 
of results while using a gage with a simpler mechanical 

attachment and being applicable to a wider range of geom-
etry (and in particular to narrow samples).
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