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Abstract
The topic of this paper is the determinization problem of ω-automata under the transition-based Emerson-Lei acceptance
(called TELA), which generalizes all standard acceptance conditions and is defined using positive Boolean formulas. Such
automata can be determinized by first constructing an equivalent generalized Büchi automaton (GBA), which is later deter-
minized. The problem of constructing an equivalent GBA is considered in detail, and three new approaches of solving it are
proposed. Furthermore, a new determinization construction is introduced which determinizes several GBA separately and
combines them using a product construction. An experimental evaluation shows that the product approach is competitive
when compared with state-of-the-art determinization procedures. The second part of the paper studies limit-determinization
of TELA and we show that this can be done with a single-exponential blow-up, in contrast to the known double-exponential
lower-bound for determinization. Finally, one version of the limit-determinization procedure yields good-for-MDP automata
which can be used for quantitative probabilistic model checking.

Keywords Emerson-Lei automata · Determinization algorithms · Limit-deterministic automata · Good-for-MDP automata ·
Probabilistic model checking

1 Introduction

Many standard algorithms in the fields of verification and
synthesis of reactive systems [15,37,41,44] are based on the
theory of ω-automata, which are automata accepting infi-
nite words. For logical specification languages such as linear
temporal logic (LTL), many verification systems, including
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Spin [5] or Prism [30], use logic-to-automata translations
internally to verify a given system against the specification.

As classical automata-based solutions to reactive synthe-
sis and probabilistic verification use deterministic automata
[37,44], the question of whether and how ω-automata can be
determinized efficiently is a major research area [31,36,38,
40,42]. The first single-exponential and asymptotically opti-
mal determinization for Büchi automata was presented in
[40]. It produces Rabin automata, whose acceptance condi-
tion is a generalization of the Büchi condition.

The high state-complexity of determinization and most
logic-to-automata translations have raised the question of
more succinct representations of ω-automata. Using gener-
alized acceptance conditions (e.g. generalized Büchi [16] or
generalized Rabin [10,12]) and transition-based [22], rather
than state-based, conditions are common techniques in this
direction. An even more general approach has led to the
HOA-format [1], which represents the acceptance condi-
tion as a positive Boolean formula over standard Büchi
(Inf) and co-Büchi (Fin) conditions, also called Emerson-
Lei conditions [20,41]. This standardized format has proven
to be very useful: together with a vast body of work on
heuristics and dedicated procedures it has led to practically
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usable and mature tools and libraries such as Spot [18]
and Owl [29] which support a wide range of operations on
ω-automata.

While determinization algorithms have made large steps
towards practical feasibility, another line of work has con-
sidered automata with restricted forms of nondeterminism,
which, while being nondeterministic, nevertheless share
some of the desired properties of deterministic automata. In
this spirit, the classes of good-for-MDP [24] and good-for-
games [28] automata can be used for quantitative probabilis-
tic model checking of Markov decision processes [23,43],
while limit-deterministic Büchi automata can be used for
qualitative model-checking [15]. Another important class in
this context are unambiguous automata, which also share
some good algorithmic properties of deterministic automata
[13], and are useful for probabilistic verification of Markov
chains [4]. Dedicated translations from LTL directly to
(limit-) deterministic [21] and unambiguous [25] automata
have been studied.

This paper considers the problems of determinizing and
limit-determinizing transition based Emerson-Lei automata
(TELA). In contrast to limit-determinization, the theoretical
complexity of determinization is well understood (a tight,
double-exponential, bound was given in [40,41]). However,
it has not been studied yet from a practical point of view,
which is the aim of this paper. All presented algorithms have
been implemented, and are openly accessible together with
the experimental evaluation [27].

1.1 Contribution

Three new translations from TELA to GBA are pro-
posed, and an example is given in which they perform
exponentially better than state-of-the-art implementations.
We demonstrate how they can be used to build novel
determinization approaches for TELA. The determiniza-
tion procedures are based on a product construction which
combines multiple GBA. Our experiments show that this
approach often outperforms approaches based on deter-
minizing a single GBA. A simple adaptation of the product
construction produces limit-deterministic TELA of single-
exponential size (in contrast to the double-exponential
worst-case complexity of full determinization). We show
that deciding whether Prmax

M (L(A)) > 0 holds is NP-
complete if the TELA A is limit-deterministic, and in P if
the acceptance of A is fin-less (Proposition 5.3). Finally, a
limit-determinization construction for TELA based on the
breakpoint-construction is presented. We show that a ver-
sion of this procedure yields good-for-MDP Büchi automata
(Definition 5.4). Thereby Prmax

M (L(A)) is computable in
single-exponential time for anyMDPM and TELAA (The-
orem 5.3). The experimental evaluation compares the perfor-

mance of the different constructions using three benchmark
sets.

This article is an extended version of the conference paper
[26] which provides full proofs (including some technical
lemmas which were omitted in the conference version) and
further examples. The experiments are also extended to an
additional benchmark set.

1.2 Related work

The upper-bound for determinization of TELA [40,41] relies
on a translation to GBA which first transforms the accep-
tance formula into disjunctive normal form (DNF). We
refine this idea by discussing and comparing several ways
of performing this transformation. In particular, we present
different strategies to remove Fin-atoms from the acceptance
formula, which is a necessary ingredient of the approach.
The removal of Fin-atoms is also discussed in [17, Sect.
4.5], together with a transformation into Büchi automata
which relies on computing the conjunctive normal form
of the acceptance formula after removing Fin-atoms. Our
fin-removal strategies build on the ideas of [17], but our
transformation toGBAavoids theCNF conversion and there-
fore sometimes produces exponentially smaller automata.
Furthermore, we extend it to produce limit-deterministic
automata. Translations from LTL to TELA have been pro-
posed in [9,32,35], and all of them use product constructions
to combine automata for subformulas.

The emptiness-check forω-automata under different types
of acceptance conditions has been studied in [2,10,12,19],
where [2] covers the general case of Emerson-Lei conditions
and also considers qualitative probabilistic model checking
using deterministic TELA. The generalized Rabin condition
from [10,12] is equivalent to the DNF that we use and it
is a special case of the hyper-Rabin condition for which
the emptiness problem is in P [11,20]. Probabilistic model
checking for deterministic automata under this condition is
considered in [12], while [10] is concerned with standard
emptiness while allowing nondeterminism. In contrast to the
above works, we consider probabilistic model checking for
nondeterministic automata under general Emerson-Lei con-
ditions. A procedure to transformTELA into parity automata
is presented in [39], but it does not guarantee the output to
be deterministic.

The first limit-determinization procedure for nondeter-
ministic Büchi automata was presented in [14,15], and it
relies on the idea of combining a copy of the automaton with
its breakpoint automaton. This idea was also used in [7,23].
We lift it to Emerson-Lei automata by using multiple differ-
ent breakpoint automata, corresponding to different parts of
the Emerson-Lei condition.
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1.3 Outline

After the preliminaries in Section 2,we present the new trans-
lation approaches to construct GBA in Sect. 3. In Sect. 4,
we show how to use them to determinize TELA and intro-
duce the determinization based on a product construction.
The translations to limit-deterministic TELA and good-for-
MDP automata are contained in Sect. 5. Finally, we compare
the different approaches in our experimental evaluation in
Sect. 6 before we conclude the paper in Sect. 7.

2 Preliminaries

The infinitewords over a finite alphabet� are denoted by�ω.
If w = w0w1w2 . . . ∈ �ω, we define w[ j ..] = w jw j+1 . . .

and w[ j ..m] = w jw j+1 . . . wm , for any j, m ∈ N such that
j ≤ m.

2.1 Automata on infinite words

A transition-based Emerson-Lei automaton (TELA) A is a
tuple (Q, �, δ, I , α), where Q is a finite set of states, � is a
finite alphabet, δ ⊆ Q ×�× Q is the transition relation, I ⊆
Q is the set of initial states and α is a symbolic acceptance
condition over δ, defined by:

α ::= tt | f f | Inf(T ) | Fin(T ) | (α ∨ α) | (α ∧ α),

with T ⊆ δ

If α is tt , f f , Inf(T ) or Fin(T ), then it is called atomic. We
denote by |α| the number of atomic conditions contained in
α, where multiple occurrences of the same atomic condition
are counted multiple times. Symbolic acceptance conditions
describe sets of transitions T ⊆ δ. Their semantics is defined
recursively as follows:

T |� tt T |� Inf(T ′) iff T ∩ T ′ 
= ∅
T 
|� f f T |� Fin(T ′) iff T ∩ T ′ = ∅
T |� α1 ∨ α2 iff T |� α1 or T |� α2

T |� α1 ∧ α2 iff T |� α1 and T |� α2

Two acceptance conditions α and β are δ-equivalent
(α ≡δ β) if for all T ⊆ δ we have T |� α ⇐⇒ T |� β. A
run ofA for an infinite word u = u0u1 . . . ∈ �ω is an infinite
sequence of transitions ρ = (q0, u0, q1)(q1, u1, q2) . . . ∈ δω

that starts with an initial state q0 ∈ I . The set of transitions
that appear infinitely often in ρ are denoted by inf(ρ). A run
ρ is accepting (ρ |� α) iff inf(ρ) |� α. The language of A,
denoted byL(A), is the set of all words for which there exists
an accepting run of A. The sets of infinite words which are
the language of some TELA are calledω-regular. A TELAA

is deterministic if the set of initial states contains exactly one
state and the transition relation is a function δ : Q×� → Q.
It is complete, if for all (q, a) ∈ Q × �: δ ∩ {(q, a, q ′)
|q ′ ∈ Q} 
= ∅. A Büchi condition is an acceptance
condition of the form Inf(T ) and a generalized Büchi con-
dition is a condition of the form

∧
1≤i≤k Inf(Ti ). We call

the sets Ti appearing in a generalized Büchi condition its
acceptance sets. Rabin (resp. Street) conditions are of the
form

∨
1≤i≤k(Fin(Fi ) ∧ Inf(Ti )) (resp.

∧
1≤i≤k(Fin(Fi ) ∨

Inf(Ti ))).

2.2 Probabilistic systems

A labeled Markov decision process (MDP) M is a tuple
(S, s0,Act, P, �, L) where S is a finite set of states,
s0 ∈ S is the initial state, Act is a finite set of actions,
P : S × Act×S → [0, 1] defines the transition probabil-
ities with

∑
s′∈S P(s, α, s′) ∈ {0, 1} for all (s, α) ∈ S ×Act

and L : S → � is a labeling function of the states into
a finite alphabet �. Action α ∈ Act is enabled in s if
∑

s′∈S P(s, α, s′) = 1, andAct(s) = {α | α is enabled in s}.
A path of M is an infinite sequence s0α0s1α1 . . . ∈ (S ×
Act)ω such that P(si , αi , si+1) > 0 for all i ≥ 0. The set
of all paths of M is denoted by Paths(M) and Pathsfin(M)

denotes the finite paths. Given a path π = s0α0s1α1 . . ., we
let L(π) = L(s0)L(s1) . . . ∈ �ω.

A Markov chain is an MDP with |Act(s)| ≤ 1 for all
states s. A scheduler of M is a function S : (S × Act)∗ ×
S → Act such that S(s0α0 . . . sn) ∈ Act(sn). It induces a
Markov chain MS and thereby a probability measure over
Paths(M). The probability of a set of paths 	 starting in
s0 under this measure is PrSM(	). For an ω-regular prop-
erty 
 ⊆ �ω we define Prmax

M (
) = supS PrSM({π | π ∈
Paths(M) and L(π) ∈ 
}). We denote by PrSM,s(
) and
Prmax

M,s(
) the corresponding values in the MDP one gets by
setting the initial state inM to s ∈ S, and omit theM in the
subscript if it is clear from the context. In a Markov chain,
which has a unique scheduler, we omit the superscripts. We
refer to [3, Chapter 10] for more details.

3 From TELA to generalized Büchi automata

We present four different constructions to transform TELA
into equivalent GBA. One of them is the construction that
is implemented by Spot, the other ones are new. First, we
define some operations on TELA, which we combine later
to define our constructions.

3.1 Operations on Emerson-Lei automata

The first operator splits a TELA along the top-level disjuncts
of its acceptance condition. Let A = (Q, �, δ, I , α) be a
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TELA where α = ∨
1≤i≤m αi and the αi are arbitrary accep-

tance conditions. We define split(A) := (A1, . . . ,Am) with
Ai = (Q, �, δ, I , αi ) for 1 ≤ i ≤ m, and split(A)[i]:=Ai .

Lemma 3.1 If A is a TELA, then

L(A) =
⋃

1≤i≤m

L(
split(A)[i]).

Proof “⊆”:Letρ be a runofA forw such thatρ |� α. Then, it
follows thatρ |� αi for some1 ≤ i ≤ m. But thenρ is also an
accepting run of split(A)[i] and hence w ∈ L(split(A)[i]).

“⊇”: Let ρ be an accepting run of split(A)[i] for some
1 ≤ i ≤ m. Then ρ |� αi , and hence ρ |� α. It follows that
ρ is an accepting run of A. ��

The analogous statement does not hold for conjunction
and intersection (see Example 3.1). In other words, the inter-
section of languages of automata one gets by splitting along
a top-level conjunction is not necessarily the language of
the original automaton. This is because a conjunctive accep-
tance formula requires the existence of a run satisfying all
conjuncts.

Example 3.1 Consider the automatonAwith acceptance con-
dition α as shown in Fig. 1, and observe that we have
L(A) = ∅. Splitting the acceptance condition of A leads
to the acceptance conditions α1 and α2. We call the corre-
sponding automata that use these two acceptance conditions
A1 and A2. Note, that A1 and A2 use the same transi-
tion system as A. The automata A1 and A2 both accept
the word aω, i.e. L(A1) ∩ L(A2) = {aω}. Hence, we have
L(A) 
= L(A1) ∩ L(A2).

We also need constructions to realize the union of a
sequence of automata. This can either be done using the
sum (i.e. disjoint union) or the disjunctive product of the
state spaces. We define a general sum (simply called sum)
operation and one that preserves GBA acceptance (called
GBA-specific sum). The disjunctive product construction for
TELA ismentioned in [17] and similar constructions are used
in [32,35]. While the sum operations yield smaller automata
in general, only the product construction preserves determin-
ism.

Definition 3.1 Let Ai = (Qi , �, δi , Ii , αi ), with i ∈ {0, 1},
be two complete TELA with disjoint state-spaces. The sum

Fig. 1 An example showing that the analogue of Lemma 3.1 for con-
junction and intersection is not correct.

of A0 and A1 is defined as follows:

A0 ⊕ A1 = (
Q0 ∪ Q1, �, δ0 ∪ δ1, I0 ∪ I1, α⊕)

with α⊕ = (α0 ∧ Inf(δ0)) ∨ (α1 ∧ Inf(δ1)
)
.

If αi = Inf(T i
1 ) ∧ . . . ∧ Inf(T i

k ), with i ∈ {0, 1}, (i.e. both
automata are GBA), then we can use the GBA-specific sum:

A0 ⊕G B A A1 = (
Q0 ∪ Q1, �, δ0 ∪ δ1, I0 ∪ I1, αG B A

)

with αG B A = (Inf(T 0
1 ∪ T 1

1 ) ∧ . . . ∧ Inf(T 0
k ∪ T 1

k )).
The disjunctive product is defined as follows:

A0 ⊗ A1 = (
Q0 × Q1, �, δ⊗, I0 × I1, (↑(α0)∨ ↑(α1))

)

with

δ⊗ = {((q0, q1), a, (q ′
0, q ′

1)
) ∣

∣

(q0, a, q ′
0) ∈ δ0, (q1, a, q ′

1) ∈ δ1}

and ↑(αi ) is constructed by replacing every occurring set of
transitions T in αi by

{(
(q0, q1), u, (q ′

0, q ′
1)

) ∈ δ⊗
∣
∣ (qi , u, q ′

i ) ∈ T
}
.

Proposition 3.1 LetAi = (Qi , �, δi , Ii , αi ), with i ∈ {0, 1},
be two complete TELA with disjoint state-spaces. The follow-
ing statements hold:

1. L(A0) ∪ L(A1) = L(A0 ⊕ A1)

2. Assume that αi = Inf(T i
1 )∧ . . .∧ Inf(T i

k ), for i ∈ {0, 1}.
Then we have: L(A0) ∪ L(A1) = L(A0 ⊕G B A A1)

3. L(A0) ∪ L(A1) = L(A0 ⊗ A1)

Proof 1.) This is clear as any accepting run of Ai (for i ∈
{0, 1}) can bemapped directly to an accepting run ofA0⊕A1,
and an accepting run A0 ⊕ A1 corresponds to an accepting
run of one of the automata A0,A1.

2.) “⊆”: Let ρ be an accepting run of A0 (w.l.o.g). Then
inf(ρ) ∩ T 0

j 
= ∅ holds for all 1 ≤ j ≤ k, and hence also

inf(ρ)∩ (T 0
j ∪ T 1

j ) 
= ∅. But then ρ is also an accepting run
of A0 ⊕G B A A1.

“⊇”: Let ρ be an accepting run of A0 ⊕G B A A1. Then
inf(ρ)∩(T 0

j ∪T 1
j )holds for all 1 ≤ j ≤ k. Recall thatwehave

δ0 ∩ δ1 = ∅. We have either inf(ρ) ⊆ δ0 or inf(ρ) ⊆ δ1 and
T i

j ⊆ δi for all 1 ≤ j ≤ k and i ∈ {0, 1}. As a consequence,
there exists i ∈ {0, 1} such that inf(ρ)∩T i

j for all 1 ≤ j ≤ k.
But then ρ is an accepting run of Ai .

3.) “⊆”: Let ρ = q0q1 . . . be an accepting run of A0

(w.l.o.g.) for w. As A1 is complete, we find a run ρ∗ of
A0 ⊗ A1 for w such that ρ∗ = (q0, q ′

0)(q1, q ′
1) . . ., where

q ′
0q ′

1 . . . is a run of A1 for w. As ρ |� α0, it follows that
ρ∗ |�↑(α0) and hence ρ∗ is an accepting run of A0 ⊗ A1.
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Fig. 2 An example showing why the conditions Inf(δ0) and Inf(δ1) are
added to the acceptance condition of A0 ⊕ A1.

“⊇”: Let ρ∗ = (q0, q ′
0)(q1, q ′

1) . . . be an accepting run
of A0 ⊗ A1 for w and assume, w.l.o.g., that ρ∗ |�↑ (α0).
Then q0q1 . . ., as a run for w, models α0 and hence it is an
accepting run of A0. ��

Note, that the acceptance αG B A contains the same num-
ber of atomic acceptance conditions as A0 and A1, i.e. the
acceptance condition does not increase when ⊕G B A is used
to combine two GBA.

The additional Inf(δ0) and Inf(δ1) atoms in the acceptance
condition of A0 ⊕ A1 are essential (see Example 3.2).

Example 3.2 Consider the TELA A0 and A1 in Fig. 2 and
Fig. 2, which both accept the empty language. If we unify
the state spaces and disjunct the acceptance conditions we
get the TELA in Fig. 2. However, this automaton accepts the
language aω 
= L(A0) ∪ L(A1).

We can apply the GBA-specific sum to any two GBA
by adding Inf(δi ) atoms until the acceptance conditions are
of equal length. Many of our constructions will require the
acceptance condition of the TELA to be in DNF. We will use
the following normal form throughout the paper (also called
generalized Rabin in [10,12]).

Definition 3.2 (DNF for TELA) Let A = (Q, �, δ, I , α)

be a TELA. We say that A is in DNF if α is of the form
α = ∨

1≤i≤m αi , with αi = Fin(T i
0 ) ∧ ∧

1≤ j≤ki
Inf(T i

j ) and
such that all ki ≥ 1.

A single Fin atom in each disjunct is enough because
Fin(T1) ∧ Fin(T2) ≡δ Fin(T1 ∪ T2) holds for all T1, T2, δ.
Taking ki ≥ 1 is also no restriction, as we can add “∧ Inf(δ)”
to any disjunct. Using standard Boolean operations one can
transform a TELAwith acceptance β into DNF by just trans-
lating the acceptance formula into a formula α of the above
form, with |α| ≤ 2|β| and each disjunct contains at most |β|
atomic acceptance conditions.

3.1.1 Fin-less acceptance

To transform a TELA in DNF (see Definition 3.2) into an
equivalent one without Fin-atoms we use the idea of [10,17]:

amain copy ofA is connected to one additional copy for each
disjunct αi of the acceptance condition, in which transitions
from T i

0 are removed. The acceptance condition ensures that
every accepting run leaves themain copy eventually. Figure 3
shows an example.

Definition 3.3 Let Fi = (Qi , �, δi , Ii , φi ), defined using
Qi = {q(i) | q ∈ Q}, δi = {(q(i), a, q ′(i)) | (q, a, q ′) ∈ δ \
T i
0 } andφi = ∧

1≤ j≤ki
Inf(Ui

j ),whereUi
j = {(q(i), a, q ′(i)) |

(q, a, q ′) ∈ T i
j \ T i

0 }. Let

removeFin(A) = (Q′, �, δ′, I , α′) and
removeFinGBA(A) = (Q′, �, δ′, I , α′′) where

• Q′ = Q ∪ ⋃
1≤i≤m Qi

• δ′ = δ ∪ ⋃
1≤i≤m

(
δi ∪ {(q, a, q ′(i)) | (q, a, q ′) ∈ δ})

• α′ = ∨
1≤i≤m φi

• α′′ = ∧
1≤ j≤k Inf(U

1
j ∪ . . .∪U m

j ), with k = maxi ki and

Ui
j = δi if ki < j ≤ k.

Fig. 3 Example of applying removeFin and removeFinGBA (Definition
3.3) to the automaton in (a). The result is the automaton in (b) with
acceptance α′ (removeFin), respectively α′′ (removeFinGBA).
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The construction removeFin(A) already appears in [10,
17]. The automaton removeFinGBA(A) uses the same transi-
tion system but a different acceptance condition.

Lemma 3.2 If A is a TELA:
L(A) = L(removeFin(A)) = L(removeFinGBA(A)).

Proof We first prove that L(A) = L(removeFin(A)).
“⊆”: Let ρ be an accepting run of A for u, and assume

that ρ |� Fin(T i
0 ) ∧ ∧

1≤ j≤ki
Inf(T i

j ) (the i’th disjunct of
acceptance condition α, which is in DNF). It follows that
there exists a position K after which ρ sees no transitions in
T i
0 . We construct an accepting run ρ′ of removeFin(A) for u:

for the first K positions, it copies ρ in themain copy Q. Then,
it moves to Qi , and continues to simulate the moves of ρ.
From that fact that ρ sees infinitely many transitions in each
set T i

j , it follows that ρ
′ models φi and hence is accepting.

“⊇”: Let ρ′ be an accepting run of removeFin(A) for u,
i.e. ρ′ |� φi for some 1 ≤ i ≤ m. It follows that ρ′ eventually
moves to Qi , becauseφi contains at least one Inf-atomwhose
all transitions are fully included in Qi . As no other copy is
reachable from Qi , ρ′ stays in Qi thereafter. Recall that copy
Qi does not contain any transition in T i

0 . Projecting the part
of ρ′ which is in Qi onto the corresponding transitions in Q
yields a run ρ for u in A. From the definition of φi and the
fact that ρ′ models φi it follows directly that ρ models αi ,
and hence ρ is accepting.

We show L(removeFin(A)) = L(removeFinGBA(A)) by
proving that for all runs ρ in (δ′)ω we have

ρ |� α′ ⇐⇒ ρ |� α′′.

First, assume that ρ |� α′, which implies that there exists
an 1 ≤ i ≤ m such that ρ |� Inf(Ui

j ) for all 1 ≤ j ≤ ki . It

follows that inf(ρ) ⊆ δi and hence also ρ |� Inf(Ui
j ) for all

ki < j ≤ k. But then clearly ρ |� Inf(U 1
j ∪ . . . ∪ U m

j ) for
all 1 ≤ j ≤ k and hence ρ |� α′′.

Now assume that ρ |� α′′. Then, in particular we have
ρ |� Inf(U 1

1 ∪ . . . ∪ U m
1 ), which implies that ρ |� Inf(Ui

1)

for some 1 ≤ i ≤ m. By construction of removeFin(A) it
follows that inf(ρ) ⊆ δi and inf(ρ) ∩ δi ′ = ∅, for i ′ 
= i . As
a consequence we have inf(ρ) ∩ Ui ′

j = ∅ for all 1 ≤ j ≤ k
and i ′ 
= i . The only possibility for ρ to satisfy all conjuncts
in α′′ is to satisfy inf(ρ) ∩ Inf(Ui

j ) 
= ∅ for all 1 ≤ j ≤ k.
But then it follows that ρ |� φi and hence ρ |� α′. ��

Observe that, in contrast to removeFin, removeFinGBA
always produces GBA. Both constructions consist of m + 1
copies ofA (with Fin-transitions removed). Each disjunct of
the acceptance condition of removeFin(A) contains at most
as many atomic conditions than the corresponding disjunct
of the acceptance condition of A.

Fig. 4 A class of TELA where any CNF of the acceptance condition
has at least 2n conjuncts.

3.2 Construction of generalized Büchi automata

3.2.1 Construction of spot

The transformation from TELA to GBA from [17] is imple-
mented in Spot[18]. It transforms the automaton into DNF
and then applies (an optimized version of) removeFin. The
resulting fin-less acceptance condition is translated into con-
junctive normal form (CNF). As Inf(T1) ∨ Inf(T2) ≡δ

Inf(T1 ∪ T2) holds for all δ, one can rewrite any fin-less
condition in CNF into a conjunction of Inf-atoms, which
is a generalized Büchi condition. When starting with a
TELA B with acceptance β and N states, one gets a GBA
with N 2O(|β|) states and 2O(|β|) acceptance sets, as the fin-
removal may introduce exponentially (in |β|) many copies,
and the CNF may also be exponential in |β|.

Transforming a fin-less automaton into a GBA by com-
puting the CNF has the advantage of only changing the
acceptance condition, and in some cases it produces simple
conditions directly. For example, Spot’s TELA to GBA con-
struction transforms a Rabin into a Büchi automaton, and a
Streett automatonwithm acceptance pairs into aGBAwithm
accepting sets. However, computing the CNF may also incur
an exponential blow-up (Fig. 4 shows such an example).

3.2.2 Copy-based approaches

We now describe three approaches (remFin→splitα,
splitα→remFin and remFin→rewriteα), which construct
GBA with at most |β| acceptance sets. On the other hand,
they generally produce automata with more states than the
approach that is implemented in Spot. They are based on
[41] which first translates copies of A (corresponding to the
disjuncts of the acceptance condition) toGBA, and then takes
their sum.However, it is not specified in [41] howexactlyFin-
atoms should be removed (theywere concerned only with the
theoretical complexity). We define:

remFin→splitα(A) :=
⊕

1≤i≤m
GBA

split(removeFin(A))[i]

splitα→remFin(A) :=
⊕

1≤i≤m
GBA

removeFin(split(A)[i])
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remFin→rewriteα(A) := removeFinGBA(A)

where the acceptance condition α of A is the DNF of β.
With removeFin as defined in Definition 3.3, the appro-

aches remFin→splitα and splitα→remFin produce the same
automata (after removingnon-acceptingSCC’s), and all three
approaches create O(m) copies of A.

We now analyze the number of acceptance sets of the
resulting GBA conditions of the different approaches. The
acceptance condition of removeFin(A) is in DNF and each
disjunct contains at most |β| atomic acceptance conditions.
Therefore, the sum of the first approach combines m GBA,
which each have at most |β| acceptance sets. The acceptance
condition of split(A)[i] contains at most |β| atomic accep-
tance conditions for each i . As removeFin does not increase
the length of the acceptance condition, the sum of the sec-
ond approach combines m GBA, which each have at most
|β| acceptance sets. It follows directly from the definition of
removeFinGBA (seeDefinition 3.3) that the acceptance condi-
tion of removeFinGBA(A) contains as many acceptance sets
as the largest disjunct of the acceptance condition ofA, which
is bounded by |β|. Therefore, the number of acceptance sets
in the acceptance conditions is bounded by O(|β|) for all
three approaches.

Our implementation uses an optimized variant of the func-
tion removeFin, as provided bySpot, which leads to different
results for all three approaches.

4 Determinization

4.1 Determinization via single GBA

The standard way of determinizing TELA is to first con-
struct a GBA, which is then determinized. Dedicated deter-
minization procedures for GBA with N states and K
acceptance sets produce deterministic Rabin automata with
2O(N (log N+log K )) states [42]. For a TELA B with n states
and acceptance β, the above translations yield GBA with
N = n 2O(|β|) and K = 2O(|β|) (Spot’s construction) or
N = n 2O(|β|) and K = O(|β|) (copy-based approaches).
We evaluate the effect of the translations to GBA introduced
in the previous chapter in the context of determinization in
Sect. 6.

4.2 Determinization via a product construction

Another way to determinize a TELA A in DNF is to
determinize the automata split(A)[i] one by one and then
combining them with the disjunctive product construction of

Definition 3.1:

⊗

1≤i≤m

det
(
removeFin(split(A)[i]))

where “det” is any GBA-determinization procedure. Let B
be a TELA with acceptance β and n states, and let α be an
equivalent condition in DNF with m disjuncts. Then, for all
the automata removeFin(split(A)[i]), the number of states
is bounded by O(n) and the number of acceptance sets of
the GBA conditions is bounded by O(β). Assuming an opti-
mal GBA-determinization procedure, the product combines
m automatawith 2O(n(log n+log |β|)) states and hence the result
has

(
2O(n (log n+log |β|)))m = 2O(2|β|·n(log n+log |β|)) states.

5 Limit-deterministic TELA

Limit-determinism has been studied mainly for Büchi auto-
mata [15,43,44], and we define it here for general TELA.

Definition 5.1 A TELA A = (Q, �, δ, I , α) is called limit-
deterministic if there exists a partition QN , Q D of Q such
that

1 δ ∩ (Q D × � × QN ) = ∅,
2 for all (q, a) ∈ Q D ×� there exists at most one q ′ such
that (q, a, q ′) ∈ δ, and

3 inf(ρ)∩(QN ×�× QN ) = ∅ holds for every accepting
run ρ of A.

This is a semantic definition and as checking emptiness
of deterministic TELA is already coNP-complete, checking
whether a TELA is limit-deterministic is as well. To establish
this result, we first show that a canonical partition into non-
deterministic and deterministic parts of the state space exists.
LetA = (Q, I , �, δ, α) be a fixed TELA.We say that a state
q ∈ Q is deterministic if it has at most one successor in δ for
each symbol, and define:

Q∗
D = {q ∈ Q | all states q ′ reachable from q are deterministic}

and Q∗
N = Q \ Q∗

D . The sets Q∗
D and Q∗

N can be computed
in polynomial time using an SCC analysis of the underlying
graph of A.

Lemma 5.1 A TELA A is limit-deterministic iff the partition
Q∗

D, Q∗
N satisfies conditions 1-3 of Definition 5.1.

Proof The direction from right to left is immediate. We now
show that if there exists a partition Q D, QN which satisfies 1-
3, then so does Q∗

D, Q∗
N . By construction, Q∗

D, Q∗
N satisfy

conditions 1. and 2. As every state in Q D is only allowed
to reach deterministic states, it follows that Q D ⊆ Q∗

D and
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hence Q∗
N ⊆ QN . But then it follows from the fact that every

accepting run ofA eventually leaves QN forever, that it also
eventually leaves Q∗

N forever. This shows that the partition
Q∗

D, Q∗
N satisfies condition 3. ��

Proposition 5.1 Checking limit-determinism for TELA is
coNP-complete.

Proof As we have seen above, checking whether A is limit-
deterministic amounts to checkingwhether Q∗

D, Q∗
N satisfies

conditions 1-3 of Definition 5.1. Conditions 1-2 hold by
construction. To check condition 3 one can construct an
automatonNwhich contains all states and transitions of Q∗

N
and replaces all transitions out of Q∗

N by a transition to a
rejecting trap state (this may need a simple rewrite of the
acceptance condition). Then, condition 3 holds if and only
if N accepts the empty language, which can be checked in
coNP for TELA (this follows from NP-completeness of the
non-emptiness problem [20, Thm. 4.7]).

For coNP-hardness, we reduce from the emptiness prob-
lem of TELA, which is coNP-hard. First observe that an
automaton A in which Q∗

D is empty is limit-deterministic
if and only if L(A) = ∅. So it suffices to translate an arbi-
trary TELA B into a TELA A in which Q∗

D is empty, and
such that L(B) = ∅ iff L(A) = ∅. To do this we add a
nondeterministic SCC to B, a transition from each original
state in B to that SCC, and make sure using the acceptance
condition that no run which gets trapped in the new SCC is
accepting. ��

A syntactic definition for TELA in DNF, which implies
limit-determinism, is provided in Definition 5.2.

Definition 5.2 A TELA A = (Q, �, δ, {q0}, α) in DNF,
with α = ∨

1≤i≤m αi , αi = Fin(T i
0 ) ∧ ∧

1≤ j≤ki
Inf(T i

j ) and
ki ≥ 1 for all i , is syntactically limit-deterministic if there
exists a partition QN , Q D of Q satisfying 1. and 2. of Defi-
nition 5.1 and additionally T i

j ⊆ Q D × � × Q D for all i ≤
m and 1 ≤ j ≤ ki .

This property implies limit-determinismbecause each dis-
junct of the acceptance formula contains at least one atomic
inf(T j

i ) formula (for 1 ≤ i ≤ m and 1 ≤ j ≤ ki ), and all

transitions in T j
i are included in the deterministic part of the

automaton.

5.1 Limit-determinization

Let A = (Q, �, δ, I ,
∨

1≤i≤m αi ) be a fixed TELA in DNF
for the entire section,whereαi = Fin(T i

0 )∧∧
1≤ j≤ki

Inf(T i
j )

for 1 ≤ i ≤ m. Additionally, define Ai = split(A)[i].
Replacing the product by a sum in the product-based deter-
minization of the last section yields single exponential limit-
deterministic automata (in contrast to the double-exponential
lower-bound for determinization).

Proposition 5.2 The automaton
⊕

1≤i≤m det(removeFin(Ai )) is
limit-deterministic and has m ·2O(n (log n+log k)) states, where
k = max{ki | 1 ≤ i ≤ m}, n = |Q| and “det” is an optimal,
i.e. single-exponential, determinization procedure for GBA.

Proof The resulting automaton is limit-deterministic as the
only nondeterminism in the transition system consists in the
choice of the initial component. Its state space is of size
∑

1≤i≤m | det(Ai )| and hence inm ·2O(n (log n+log k)), as GBA
can be determinized with a blow up of 2O(n (log n+log k)) states
[42]. ��

If “det” is instantiated by a GBA-determinization that
produces Rabin automata, then the result is in DNF and
syntactically limit-deterministic. Indeed, in this case the
only nondeterminism is the choice of the initial state. But
“det” can, in principle, also be replaced by any limit-
determinization procedure for GBA.

We now extend the limit-determinization constructions
of [15] (for Büchi automata) and [6,7,23] (for GBA) to
Emerson-Lei conditions in DNF. These constructions use an
initial component and an accepting breakpoint component
[33] for A, which is deterministic. The following construc-
tion differs in two ways: there is one accepting component
per disjunct of the acceptance condition, and the accepting
components are constructed fromA without considering the
Fin-transitions of that disjunct. We will use the subset tran-
sition function θ associated with δ, defined by: θ(P, a) =⋃

q∈P {q ′ | (q, a, q ′) ∈ δ} for (P, a) ∈ 2Q×�, and addition-
ally we define θ |T (P, a) = ⋃

q∈P {q ′ | (q, a, q ′) ∈ δ ∩ T }.
These functions are extended to finite words in the standard
way. The following definitions refer to the fixed automaton
A as defined in the beginning of the section.

Definition 5.3 Let θi = θ |δ\T i
0
. The i’th accepting break-

point component ofA isBi = (Qi , �, δi , {p0}, Inf(δbreaki )),
with p0 = (I , ∅, 1), Qi = {(R, B, l) ∈ 2Q × 2Q ×
{1, . . . , ki } | B ⊆ R}, and

δmain
i =

{

((R1, B1, l), a, (R2, B2, l))

∣
∣
∣
∣

R2 = θi (R1, a),

B2 = θi (B1, a) ∪ θi |T i
l
(R1, a)

}

δbreaki =
⎧
⎨

⎩

(
(R1, B1, l),
a,

(R2, ∅, l ′)
)

∣
∣
∣
∣

((R1, B1, l), a, (R2, B2, l)) ∈ δmain
i ,

R2 = B2, and
l ′ = (l mod ki ) + 1.

⎫
⎬

⎭

δi = {
((R1, B1, l), a, (R2, B2, l)) ∈ δmain

i | R2 
= B2
} ∪ δbreaki

In a state (R, B, l) of the above construction, intuitively
R is the set of states reachable for the word seen so far in A
without using transitions from T i

0 , while B are the states in R
which have seen a transition in T i

l since the last “breakpoint”.
The breakpoint-transitions are δbreaki , which occur when all
states in R have seen an accepting transition since the last
breakpoint (namely if R = B). The standard breakpoint con-
struction underapproximates the language of a given GBA,
in general.
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Wedefine two limit-deterministicBüchi automata (LDBA)
GLDA and GGFMA where GGFMA is additionally good-for-MDP
(GFM) [24]. This means that GGFMA can be used to solve cer-
tain quantitative probabilistic model checking problems (see
Sect. 5.2). Both use the accepting breakpoint components
defined above. While GLDA simply uses a copy ofA as initial
component, GGFMA uses the deterministic subset-automaton
of A (it resembles the cut-deterministic automata of [6]).
Furthermore, to ensure the GFM property, there are more
transitions between initial and accepting copies in GGFMA .
The construction of GGFMA extends the approach for GBA in
[23] (also used for probabilistic model checking) to TELA.
We will distinguish elements from sets Qi for different i
from Definition 5.3 by using subscripts (e.g. (R, P, l)i ) and
assume that these sets are pairwise disjoint.

Definition 5.4 Let Qacc = ⋃
1≤i≤m Qi , δacc = ⋃

1≤i≤m δi

and αacc = Inf(
⋃

1≤i≤m δbreaki ). Define

GLDA = (Q ∪ Qacc, �, δLD, I , αacc) and

GGFMA = (2Q ∪ Qacc, �, δGFM, {I }, αacc), where

δLD = δ ∪ δLDbridge ∪ δacc and δGFM = θ ∪ δGFMbridge ∪ δacc

δLDbridge = {(
q, a, ({q ′}, ∅, 0)i

) | (q, a, q ′) ∈ δ and 1 ≤ i ≤ m
}

δGFMbridge = {(
P, a, (P ′, ∅, 0)i

) | P ′ ⊆ θ(P, a) and 1 ≤ i ≤ m
}

As δbreaki ⊆ δacc for all i , both GLDA and GGFMA are syn-
tactically limit-deterministic. The proofs of correctness are
similar to ones of the corresponding constructions for GBA
[6, Thm. 7.6]. We show later in Theorem 5.2 that GGFMA is
GFM.

Theorem 5.1 The automata GLDA and GGFMA are syntactically
limit-deterministic and satisfyL(GLDA ) = L(GGFMA ) = L(A).
Their number of states is bounded by (n + 3n m k) for GLDA
and (2n+3n m k) ∈ O(|α|2 ·3n) forGGFMA , with k = max{ki |
1 ≤ i ≤ m}.

Before giving a proof of Theorem 5.1 we prove two lem-
mas related to the breakpoint construction, which will be
necessary for the correctness part of Theorem 5.1. The func-
tions θ and θi are defined as in Definition 5.3.

The proofs of the lemmas follow known arguments for the
correctness of limit-determinization for Büchi and general-
ized Büchi automata (see [15, Sect. 4.2] and [6, Sects. 7.4 and
7.6]). Still, the extension to Emerson-Lei requires additional
arguments and hence we give the proofs here in our notation
for completeness. The first lemma extends [6, Lemma 7.1].

Lemma 5.2 For every accepting run ρ = q0q1 . . . of A for
w = w0w1 . . . ∈ �ω there exists an 1 ≤ i ≤ m such that
ρ |� αi , and a K ≥ 0 such that:

• for all l ≥ K : (ql , wl , ql+1) /∈ T i
0 ,

• for all l ≥ K there exists u > l such that θi ({ql}, w[l..u])
= θi ({qK }, w[K ..u]).

Proof As ρ is accepting there must exist an 1 ≤ i ≤ m such
that ρ |� αi , which implies ρ |� Fin(T i

0 ). Fix such an i .
Then, the existence of a K (let us call it K1) satisfying the
first condition follows directly. Fix such a K1.

Next, we claim that a K2 ≥ K1 exists which sat-
isfies both conditions. The first condition is satisfied by
all K2 ≥ K1, so we turn to the second condition. Sup-
pose, for contradiction, that for all K2 ≥ K1 there
exists l1 ≥ K2 such that for all u > l1 we have
θi ({ql1}, w[l1..u]) 
= θi ({qK2}, w[K2..u]). Clearly then
θi ({ql1}, w[l1..u]) ⊂ θi ({qK2}, w[K2..u]) holds, as ql1 ∈
θi ({qK2}, w[K2..l1−1]). Applying the same argument lets
us find l2 ≥ l1 such that for all u > l2 we have
θi ({ql2}, w[l2..u]) ⊂ θi ({ql1}, w[l1..u]). Iterating this argu-
ment yields an infinitely descending chain, which is impossi-
ble as all considered sets are finite. It follows that there exists
a K2 ≥ K1 satisfying both conditions, which concludes the
proof. ��

The following lemma shows one direction of the correct-
ness part of Theorem 5.1.

Lemma 5.3 L(GGFMA ) ⊆ L(A) and L(GLDA ) ⊆ L(A).

Proof We give the argument only for GGFMA , as it is the same
for GLDA with simple modifications. Any accepting run of
GGFMA for any w0w1 . . . ∈ �ω has the form

I → Q1 → . . . → Qk → (P0, ∅, 0)i → (P1, B1, h1)i → . . .

where the first part from I to Qk is a path through the initial
component ofGGFMA , and the subsequent part is a path through
some accepting breakpoint component Bi , with 1 ≤ i ≤ m.
As Bi is the standard breakpoint automaton for A under
acceptance αi and after removing transitions in T i

0 , it follows
from the soundness of the known construction [6, Lemma
7.3] that there exists a run ρ through A from some state
q ∈ P0 for the word w[k+1..] such that ρ |� αi and ρ sees
no transition in T i

0 . Furthermore, clearly any state in P0 is
reachable from I with a path labeled by w[0..k]. Concate-
nating such a path with the run ρ yields an accepting run of
A for w0w1 . . .. ��

Now we are in a position to prove Theorem 5.1. The last
part of the proof follows the proof of [6, Lemma 7.2].

Proof of Theorem 5.1 As δbreaki ⊆ δi holds for all i , and
the breakpoint components are deterministic, both GGFMA
and GLDA are syntactically limit-deterministic. The bound
(2n + 3n m k) on the states of GGFMA follows as the state-
space ofBi is bounded by 3n · k (this uses that B ⊂ R holds
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for states (R, B, l) ofBi , and l ≤ k) for all i , and there are m
breakpoint components. Additionally, the initial component
is a direct subset construction ofA, adding another 2n states.
For GLDA , the initial component is of size n, hence the number
of states is bounded by (n + 3n m k).

It remains to show that L(GLDA ) = L(GGFMA ) = L(A).
The inclusions in L(A) follow by Lemma 5.3. For the other
direction, let ρ = q0q1 . . . be an accepting run of A for
w = w0w1 . . . ∈ �ω. By Lemma 5.2 there exist 1 ≤ i ≤ m
and K ≥ 0 such that:

• ρ |� αi

• for all l ≥ K : (ql , wl , ql+1) /∈ T i
0 ,

• for all l ≥ K there exists u > l such that

θi ({ql}, w[l..u]) = θi ({qK }, w[K ..u]).

We define a run of GGFMA for w as follows. For the first
K−1 steps, it remains inside the initial component. It will
reach a state P ⊆ Q with qK−1 ∈ P . Then it takes
the transition

(
P, w[K−1], ({qK }, ∅, 0)i

)
, and continues

deterministically thereafter in component Bi . This transi-
tion is in δGFMbridge as (qK−1, w[K−1], qK ) ∈ δ, and hence
{qK } ⊆ θ(P, w[K−1]). We claim that the remaining run

({qK }, ∅, 0)(RK+1, BK+1, hK+1) . . .

of Bi sees infinitely many transitions in δbreaki .1 For contra-
diction, suppose that this is not the case. Then, there exists
N > K such that for all j ≥ N we have B j ⊂ R j and
h j = h j+1. As ρ |� αi holds, there must exist N1 > N sat-

isfying (qN1 , w[N1], qN1+1) ∈ T
h j

i . It follows that qN1+1 ∈
BN1+1. By the third property above, however, there exists
u > N1+1 ≥ K such that

Ru = θi ({qK }, w[K ..u]) = θi ({qN1+1}, w[N1+1..u]) ⊆ Bu .

This contradicts Bu ⊂ Ru . Hence, the constructed run is
an accepting run of GGFMA for w, which finishes the proof of
L(A) = L(GGFMA ).

A run for GLDA can be constructed in the same way, with
the only exception that the initial part of the run is set to
be q0 . . . qK−1 (rather than the unique path in the subset-
construction for prefix w[0..K−2]). ��

As a direct corollary of Theorem 5.1 we get that TELA
can be transformed into LDBA of single-exponential size.

Corollary 5.1 Given TELA B (not necessarily in DNF) with
acceptance condition β and N states, there exists an equiv-
alent LDBA with 2O(|β|+N ) states.

1 Here we let the indices for R, B and h start with K+1 so that they
are in line with the position of the input word.

5.2 Probabilistic model checking

This section discusses how the above constructions can be
used for probabilistic model checking. We will use a product
between an MDP M and a nondeterministic automaton A
which was introduced in [28]. The construction is such that
schedulers of the MDP are forced to resolve the nondeter-
minism of A by choosing the next state of the automaton.
We assume that the automaton used to build the product has
a single initial state, which holds for GGFMA .

Definition 5.5 Given an MDP M = (S, s0,Act, P, �, L)

and TELA G = (Q, �, δ, {q0}, α) we define the MDP
M × G = (S × Q, (s0, q0),Act×Q, P×, �, L×) with
L×((s, q)) = L(s) and

P×(
(s, q), (α, p), (s′, q ′)

) =
{

P(s, α, s′) if p = q ′ and (q, L(s), q ′) ∈ δ

0 otherwise

We define the accepting paths 	acc of M × G to be:

	acc = {(s0, q0)α0(s1, q1)α1 . . . ∈ Paths(M × G) |
q0, L(s0), q1, L(s1) . . . |� α}

As a first application, consider the qualitative model
checking problem which asks to decide Prmax

M (L(A)) > 0,
under the assumption that A is a limit-deterministic TELA.
While NP-hardness follows from the fact that the problem is
alreadyhard for deterministicTELA[34,Thm. 5.13],wenow
show that it is also in NP. Furthermore, it is in P for automata
with a fin-less acceptance condition. This was already known
for LDBA [15], and our proof uses similar arguments.

Proposition 5.3 DecidingPrmax
M (L(A)) > 0, given MDPM

and a limit-deterministic TELA A, is NP-complete. If A has
a fin-less acceptance condition, then the problem is in P.

Proof NP-hardness for general limit-deterministic TELA
follows directly from NP-hardness for deterministic TELA
(see [34, Thm. 5.13]). For the upper-bounds we use the fact
discussed above that if A is limit-deterministic, then we can
compute a partition Q D, QN satisfying conditions 1-3 of
Definition 5.1 in polynomial time.

In NP for limit-det. TELA.We now show that the prob-
lem of computing Prmax

M (L(A)) > 0 is in NP if TELA
A = (Q, �, δ, I , α) is limit-deterministic. Let QN , Q D

be a partition of Q satisfying conditions 1-3 of Definition
5.1 and let M × A be the product-MDP defined in Defi-
nition 5.5 for a given MDP M = (S, s0,Act, P, �, L).
Recall that an end-component of M is a non-empty sub-
set S′ ⊆ S together with a subset of the enabled actions
T (s) ⊆ Act(s) for each state s ∈ S′ such that the underlying
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graph is strongly connected and closed under probabilistic
transitions [3, Definition 10.117]. An end-component E of
M×A naturally induces a set of transitions ofA, which we
denote by atrans(E).

Claim.Prmax
M (L(A)) > 0 holds iff there exists a reachable

end-component E of M × A such that atrans(E) |� α.
Proof of claim. “⇐�”: Let (s, q) be a state contained in

such an end-component E. As E is assumed to be reachable,
there exists a finite path π = s0α0s1α1 . . . snαns throughM
and a corresponding path q0

L(s0...sn)−−−−−→ q throughA. We start
defining a schedulerS1 onMwhich chooses actionαi for all
prefixes of length i , if 0 ≤ i ≤ n and αi is enabled. Clearly,
S1 achieves a positive probability to realize the prefix π .
As E is an end-component, we can construct a scheduler S
on M × A from state (s, q) such that with probability one
the set of transitions visited infinitely often is the set of all
transitions of E [3, Lemma 10.119]. Scheduler S induces a
scheduler S2 on M from s which satisfies:

PrS2
M,s({π | L(π) is accepted from q in A}) = 1.

Combining schedulersS1 andS2 yields a scheduler wit-
nessing Prmax

M (L(A)) > 0.
“ �⇒ ”: Every path π from s inM induces a unique path

pq(π) from (s, q) in M × A, if q ∈ Q D (assuming that A
is complete). We let Limit(π) be the pair (A, T ) where A
is the set of states appearing infinitely often in path π and
T : A → 2Act is the set of actions appearing infinitely often
for each of the states in A. Given a state q ∈ Q D and an
end-component E of M × A, we let

Xq,E = {π ∈ Paths(M) | there exist π1π2 s.t. π = π1π2,

I
L(π1)−−−→A q and Limit(pq(π2)) = E},

where I
L(π1)−−−→A q means that a path inA exists which starts

in some state in I , ends in q and is labeled by L(π1). LetS be
a scheduler on M satisfying PrSM(L(A)) > 0. The S-paths
π inM satisfying both

L(π) ∈ L(A) and π /∈
⋃

q∈Q D

{Xq,E | atrans(E) |� α}

have probability zero. This is because a path π satisfies the
followingpropertywith probability one underS: for all i ≥ 0
and q ∈ Q D: Limit(pq(π [i ..])) forms an end-component in
M × A. It follows that there exists q ∈ Q D and an end-
component E of M × A satisfying atrans(E) |� α such that
PrSM(Xq,E) > 0.But thenEmust also be reachable inM×A,
which concludes the proof of the claim.

It is a direct consequence now that the problem is in NP,
as we can guess the end-component E and then check in
polynomial time whether atrans(E) |� α holds.

In P for fin-less limit-det. TELA. If α is fin-less, then
the existence of an end-component E with atrans(E) |� α

is equivalent to the existence of a maximal end-component
satisfying the same property. This is because fin-less proper-
ties are preserved when adding additional transitions. As all
maximal end-components can be enumerated in polynomial
time (see Algorithm 47 in [3]), it follows by the above claim
that Prmax

M (L(A)) > 0 can be decided in polynomial time in
this case. ��

Our next aim is to show that the maximal probability in an
MDP to satisfy a property specified as a TELA can be com-
puted in single-exponential time. As a means to this end we
will show that the automaton GGFMA , as defined in Defini-
tion 5.4, is good-for-MDP (GFM) [24]. As before, we start
with a TELA A = (Q, �, δ, I ,

∨
1≤i≤m αi ) in DNF, with

αi = Fin(T i
0 ) ∧ ∧

1≤ j≤ki
Inf(T i

j ) for 1 ≤ i ≤ m.
The GFM-property is defined using the product construc-

tion introduced above (Definition 5.5). A Büchi automa-
ton G is called good-for-MDP (GFM) iff Prmax

M (L(G)) =
Prmax

M×G(	acc) holds for all MDP M [24]. The inequality
“≥” holds for all automata [28, Thm. 1], but the other direc-
tion requires, intuitively, that a scheduler onM×G is able to
safely resolve the nondeterminism of the automaton based on
the prefix of the run. This is trivially satisfied by deterministic
automata, but good-for-games automata also have this prop-
erty [28]. Limit-deterministic Büchi automata are not GFM
in general, for example, GLDA may not be (see Example 5.1).

The proof proceeds by fixing an arbitrary MDP M and
showing that Prmax

M (L(A)) ≤ Prmax
M×GGFMA

(	acc). To this end

it is enough to show that for any finite-memory scheduler
S on M one finds a scheduler S′ on M × GGFMA such
that PrSM(L(A)) ≤ PrS

′
M×GGFMA

(	acc). The restriction to

finite-memory schedulers is allowed because the maximal
probability to satisfy anω-regular property is always attained
by such a scheduler [3, Sects. 10.6.3 and 10.6.4].

To defineS′ we analyze the behaviour ofS in the product
M×D ofM with a specific deterministic automaton D for
L(A), which we introduce later. In particular, we show that
for each accepting bottom strongly connected component
B of the induced Markov chain of M × D under S there
exists an accepting breakpoint componentBi such that, with
probability one, words generated by B are accepted by Bi .
To show this, we first prove a sufficient condition for a word
to be accepted by Bi .

Lemma 5.4 Let 1 ≤ i ≤ m, w ∈ �ω, 0 = j0 < j1 <

j2 < . . . be an increasing sequence of natural numbers and
Q′ ⊆ Q satisfying:

• for all l ≥ 0: θi (Q′, w[ jl .. jl+1−1]) = Q′ and
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• for all l ≥ 0 and q ′ ∈ Q′ there exists q ∈ Q′ and a finite
θi -path from q to q ′ in A labeled by w[ jl .. jl+1−1] which
hits all transition-sets T i

1 , . . . , T i
ki

.

Then, w is accepted from state (Q′, ∅, 0) in Bi .

Proof As the first component of states in Bi just simulates
the subset transition function θi , the run from state (Q′, ∅, 0)
of Bi for w has the form:

(Q′, ∅, 0)
w[0.. j1−1]−−−−−−→ (Q′, B1, h1)

w[ j1.. j2−1]−−−−−−→ (Q′, B2, h2)
w[ j2.. j3−1]−−−−−−→ . . .

We show that each infix (Q′, Bl , hl)
w[ jl .. jl+1−1]−−−−−−−→ (Q′,

Bl+1, hl+1) of the run above sees a transition in δbreaki . For
contradiction, suppose that for some l this is not the case.
Then, the third component is not changed in any transition
of the corresponding infix run. Let

(Q0, A0, hl)
w[ jl ]−−−→ (Q1, A1, hl)

w[ jl+1]−−−−→ . . .
w[ jl+M−1]−−−−−−−→ (QM , AM , hl)

be the sequenceof the runbetween (Q0, A0, hl) = (Q′, Bl , hl)

and (QM , AM , hl) = (Q′, Bl+1, hl). Take an arbitrary ele-
ment q ′ ∈ Q′ \ Bl+1 and let P be the source states of the
incoming transitions of q ′ labeled byw[ jl+M−1]wrt. δ\T i

0 .
As a consequence we have that P ∩ AM−1 is empty and no
p ∈ QM−1 satisfies (p, w[ jl+M−1], q ′) ∈ T i

hl
. This is

because otherwise we would either have q ′ ∈ Bl+1 or see
a breakpoint transition. In particular, there is no path from
any p ∈ QM−1 to q ′ labeled by w[ jl+M−1] that sees T i

hl
.

We can continue this argument inductively until reaching
(Q0, A0, hl) and conclude that there is no q ∈ Q′ such that
there exists a θi -path from q to q ′ labeled by w[ jl .. jl+1−1]
which sees some transition in T i

hl
. This is in contradiction

with the second property above.
Hence, the run sees a transition in δbreaki infinitely often,

which implies that it is accepting. ��
Recall that removeFin(split(A)[i]) is a GBA with two com-
ponents: the initial component Q1 is a copy of A where no
transition is accepting, and component Q2 is a copy of A
without the transitions of T i

0 . The acceptance condition is
the GBA condition

∧
1≤ j≤ki

Inf(Ui
j ) where Ui

j is the set of

transitions corresponding to T i
j \ T i

0 in the component Q2.
Now let Di = det(removeFin(split(A)[i])) be the Rabin

automaton one gets by applying the construction of [42] to
removeFin(split(A)[i]). Their soundness-proof [42, Thm.
1] can be modified slightly to prove the following state-
ment, where γ is the extended subset transition function
of removeFin(split(A)[i]). It shows that an accepting lasso-
path throughDi induces a special path through the powerset

automaton of removeFin(split(A)[i]). As a consequence, the
corresponding word is accepted by removeFin(split(A)[i]).
Furthermore, the word labeling the loop of the lasso satisfies
a condition which matches the one of Lemma 5.4, and hence
is accepted by Bi .

Lemma 5.5 Let ρ = d0d1 . . . be an accepting run ofDi for w

satisfying Rabin pair Inf(D1)∧Fin(D2) and i0 be a position
such that for all l ≥ i0 we have (dl , w[l], dl+1) /∈ D2 and
for infinitely many l ≥ i0 we have dl = di0 .

Then, a sequence i0 < i1 < i2 . . . and a Q′ ⊆ Q2 exist
such that

• Q′ ⊆ γ (I , w[0..i0−1]),
• for all l ≥ 0: Q′ = γ (Q′, w[il ..il+1−1]) and for all

q2 ∈ Q′ there exists q1 ∈ Q′ and a γ -path from q1 to
q2 labeled by w[il ..il+1−1] which hits all transition-sets
Ui
1, . . . , Ui

ki
.

Proof The following statement follows directly from the
proof of [42, Thm. 1]: Let j0 < j1 < . . . be an infinite
sequence of positions such that (dl , w[l], dl+1) /∈ D2 holds
for l ≥ j0 and the sequence d jl w[ jl ]d jl+1 . . . d jl+1 sees at
least ki transitions in D1 for all l ≥ 0. Then, there exists a
sequence P0, P1 . . ., with all Pl ⊆ Q1 ∪ Q2, such that we
have P0 ⊆ γ (I , w[0.. j0−1]), Pl+1 = γ (Pl , w[ jl .. jl+1−1])
and for all q2 ∈ Pl+1 there exists a q1 ∈ Pl and a γ -path
from q1 to q2 labeled by w[ jl .. jl+1−1] which hits all transi-
tion setsUi

1, . . . , Ui
ki
. Furthermore, the sequence is such that

if d jl = d jp , then Pl = Pp.
Clearly a sequence j0 < j1 < . . . exists satisfying the

above assumption (as ρ is accepting) and which additionally
has the property that d jl = d j0 for all l ≥ 0 (by taking j0 = i0
and the fact that infinitely many positions see di0 ). We may
conclude that the sequence P0, P1 . . . exists as above and as
d jl = d j0 for all l ≥ 0, indeed P0 = Pl for all l. So we may
take Q′ = P0, and the only thing left to show is that Q′ ⊆
Q2 holds. This, however, follows from the fact that Q′ is
reachable from some accepting transition and hence must be
included in the accepting part Q2 of removeFin(split(A)[i]).

��
The above lemmas give a sufficient condition for a word to be
accepted byBi (Lemma 5.4), and show that words labeling a
loop in the deterministic automatonDi induce a path through
the powerset automaton of remove Fin(split(A)[i]) (Lemma
5.5). Now, we show how these facts can be used to construct
the scheduler S′.

Recall that we are given a finite memory scheduler S
of M and to prove the GFM-property we have to provide a
schedulerS′ such that PrSM(L(A)) ≤ PrS

′
M×GGFMA

(	acc). Let

MS ×D be the product of the induced finite Markov chain
MS withD = ⊗

1≤i≤m Di . The schedulerS′ is constructed
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as follows. It stays inside the initial component ofM×GGFMA
and mimics the action chosen by S until the corresponding
path inMS ×D reaches an accepting bottom strongly con-
nected component (BSCC) B. This means that the transitions
of D induced by B satisfy one of the Rabin pairs. The fol-
lowing lemma shows that in this case there exists a state in
one of the accepting breakpoint componentsBi to whichS′
can safely move.

Lemma 5.6 Let sbe a state in an accepting BSCC B ofMS×
D and π1 be a finite path that reaches s from the initial
state of MS × D. Then, there exists 1 ≤ i ≤ m and Q′ ⊆
θ
(
I , L(π1)

)
such that

Prs({π | L(π) is accepted from (Q′, ∅, 0) in Bi
}
) = 1.

Proof There exists some Rabin pair Inf(D′
1) ∧ Fin(D′

2) of
D such that no transition of B is contained in D′

2, and some
transition of B is contained in D′

1. By construction ofD, this
pair directly corresponds to a Rabin pair Inf(D1) ∧ Fin(D2)

of one of the componentsDi (as the acceptance condition of
D is essentially the disjunction of the acceptance conditions
of the Di ).

Hence for every pathπ2 through B starting in swhich sees
all transitions in B infinitely often we find an accepting run
d0d1 . . . of Di for L(π1π2) and a sequence j0 < j1 < . . .

where j0 = |π1| and such that:

• no transition of d j0d j0+1 . . . is included in D2,
• for all l ≥ 0: d jl = d j0 and the run d0d1 . . . sees an

accepting transition in between position jl and jl+1 for
all l ≥ 0.

By Lemma 5.5 there exists a Q′ ⊆ γ (I , L(π1)) ∩ Q2 such
that for all l ≥ 0: Q′ = γ (Q′, w[ jl .. jl+1−1]) and for
all q1 ∈ Q′ there exists a q2 ∈ Q′ and a finite γ -path
for w[ jl .. jl+1−1] hitting all transition-sets Ui

1, . . . , Ui
ki
. Let

Q′′ be the corresponding set of states of A, which implies
Q′′ ⊆ θ(I , L(π1)). As Q′ ⊆ Q2 we have: for all q1 ∈ Q′′
there exists a q2 ∈ Q′′ and a finite θi -path for w[ jl .. jl+1−1]
hitting all transition-sets T i

1 , . . . , T i
ki
.

It follows that the conditions of Lemma 5.4 are satisfied
and hence that L(π2) is accepted from (Q′′, ∅, 0) inBi . ��

The lemma does not hold if we restrict ourselves to single-
ton {q} ⊆ θ

(
I , L(π1)

)
(see Example 5.1). Hence, restricting

δGFMbridge to such transitions (as for δLDbridge, see Definition 5.4)
would not guarantee the GFM property.

Example 5.1 Consider the automaton A with states {aib j |
i, j ∈ {1, 2}} ∪ {bia j | i, j ∈ {1, 2}}, where aib j has
transitions labeled by ai to b ja1 and b ja2. Transitions
of states bia j are defined analogously, and all states in
{aib j | i, j ∈ {1, 2}} are initial (Fig. 5 shows the transitions

of a1b1). All transitions are accepting for a single Büchi
condition, and hence L(A) = ({ai b j | i, j ∈ {1, 2}})ω.

Consider the Markov chain M in Fig. 5 (transition prob-
abilities are all 1/2 and omitted in the figure). Clearly,
PrM(L(A)) = 1. Figure 5 shows a part of the product
of M with the breakpoint automaton B for A (Definition
5.3) starting from

(
a1, ({a1b1}, ∅, 0)

)
. As b1a1 and b1a2

have no b2-transition, the state
(
b2, ({b1a1,b1a2}, ∅, 0)

)
is

a trap state. Hence, the state
(
a1, ({a1b1}, ∅, 0)

)
generates

an accepting path with probability at most 1/2. This holds for
all states

(
s, (P ′, ∅, 0)

)
ofM × B where P ′ is a singleton.

But using δLDbridge to connect initial and accepting components
implies that any accepting path sees such a state.Hence, using
δLDbridge to defineGGFMA would not guarantee theGFMproperty.

Using Lemma 5.6 we can define S′ such that the proba-
bility accepting paths under S′ in M × GGFMA is at least as
high as that of paths with label in L(A) in MS. This is the
non-trivial direction of the GFM property.

Lemma 5.7 For every finite-memory scheduler S on M,
there exists a scheduler S′ on M × GGFMA such that:

PrS
′

M×GGFMA
(	acc) ≥ PrSM(L(A))

Proof LetS be a finite-memory scheduler onM andMS×
D be as above. As S uses only finite memory, the Markov
chainMS×D has finitelymany states. This, in turn, implies
that a BSCC will be reached with probability one.

We construct the schedulerS′ as follows. For every finite
path π1 of M × GGFMA it needs to choose an action of M
and whether to move from the initial component to one of
the breakpoint components (this is the only nondeterministic
choice in GGFMA ). The action of M is always chosen in the
same way as by S for the corresponding finite path of M.
If the path inMS × D corresponding to π1 does not end in
a BSCC,S′ chooses to remain in the initial component. If it
does reach a BSCC B we make a distinction on whether B is
accepting or not. If B is not accepting, thenS′ can be defined
arbitrarily for all prefixes that extend π1. If B is accepting,
then let us assume that the last state visited by π1 is (s, P).
Then P is exactly the set of states reachable in A from I on
a path labeled by L×(π1). By Lemma 5.6 there exists 1 ≤
i ≤ m and Q′ ⊆ P such that the probability of generating a
suffix π2 from state s in M under scheduler S whose label
is accepted in Bi from state (Q′, ∅, 0) is 1. Consequently,
S′ chooses

(
θ(Q′, L(s)), ∅, 0

)
i as the successor state of the

automaton and continues to simulate S.
The induced probability of L(A) inMS equals the prob-

ability of reaching an accepting BSCC in MS × D, as D
is a deterministic automaton for L(A). By construction, the
probability in M × GGFMA under scheduler S′ of generating
a finite trace that reaches an accepting BSCC in MS × D
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Fig. 5 Restricting δGFMbridge to transitions with endpoints of the form (s, ({q}, ∅, 0)) (similar to δLDbridge) would not guarantee the GFM property (see
Example 5.1)

equals this probability. Furthermore, after generating such a
trace,S′ moves to a state

(
s, (Q′, ∅, 0)

)
where (Q′, ∅, 0) is

a state of one of the automataBi such that, by continuing to
simulate S, a suffix trace is generated with probability one
which is accepted from (Q′, ∅, 0) in Bi . As Bi is deter-
ministic there is only one corresponding path for such a
trace, and this path is accepting. It follows that the proba-
bility of generating a path in M × GGFMA under S′ whose
induced path in GGFMA is accepting is at least as high as
the induced probability of L(A) in MS. In other words we
have PrS

′
M×GGFMA

(	acc) ≥ PrSM(L(A)), which concludes the

proof. ��
Theorem 5.2 The automaton GGFMA is good-for-MDP.

Proof To show that GGFMA is GFM, it suffices to show the
following two statements:

1 For every finite memory scheduler S of M there exists
a scheduler S′ of M × GGFMA such that

PrsSM(L(A)) ≤ PrS
′

M×GGFMA
	(acc)

2 For every finitememory schedulerS ofM×GGFMA there
exists a scheduler G′ of M such that

PrSM×GGFMA
	(acc) ≤ PrsS

′
M(L(A))

1. is proved by Lemma 5.7 and 2. is proved for arbitrary
automaton in [28, Thm. 1]. ��

To compute Prmax
M (L(B)) one can translate B into an

equivalent TELAA in DNF, then construct GGFMA and finally
compute Prmax

M×GGFMA
(	acc). The automaton GGFMA is single-

exponential in the size of B by Theorem 5.1, and it is well

known that Prmax
M×GGFMA

(	acc) can be computed in polyno-

mial time in the size of M × GGFMA [3, Thm. 10.127].

Theorem 5.3 Given a TELA B (not necessarily in DNF) and
an MDP M, the value Prmax

M (L(B)) can be computed in
single-exponential time.

6 Experimental evaluation

The product approach combines a sequence of determinis-
tic automata using the disjunctive product. We introduce the
langcover heuristic: the automata are “added” to the product
one by one, but only if their language is not already subsumed
by the automaton constructed so far. This leads to substan-
tially smaller automata in many cases, but is only efficient
if checking inclusion for the considered automata types is
efficient. In our case this holds because we can reduce the
needed checks to inclusion checks on Street automata, which
are in P [2, Table 2]. Note, that this is not the case for arbitrary
deterministic TELA, or nondeterministic automata.

6.1 Implementation

We compare the following implementations of the construc-
tions discussed above.2 Spot uses the TELA to GBA trans-
lator of Spot, simplifies (using Spot’s postprocessor
with preference Small) and degeneralizes the result and
then determinizes using a version of Safra’s algorithm
[18,38]. The removeFin function that is used is an optimized
version of Definition 3.3. If the input is a weak, Rabin or
Street automaton, Spot uses dedicated algorithms instead
of removeFin to construct the GBA. In the constructions

2 The source code and data of all experiments are available at [27].
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remFin→splitα, splitα→remFin and remFin→rewriteα, the
first step is replaced by the corresponding TELA to GBA
construction (using Spot’s function removeFin). The prod-
uct approach (also implemented using the Spot-library)
is called product and product (no langcover)
(without the langcover heuristic). The intermediate GBA
are also simplified. The construction GLDA is implemented
in limit-det., using the Spot-library and parts of Sem-
inator [8]. We compare it to limit-det. via GBA,
which concatenates the TELA to GBA construction of Spot
with the limit-determinization of Seminator. Similarly,
good-for-MDP and good-for-MDP via GBA are the
construction GGFMA applied to A directly, or to the GBA as
constructed by Spot. Both constructions via GBA are in
the worst case double-exponential. No post-processing, e.g.
Spot’s postprocessor, is applied to any output automa-
ton.

6.2 Experiments

Computations were performed on a computer with two Intel
E5-2680 CPUswith 8 cores each at 2.70GHz running Linux.
Each individual experiment was limited to a single core, 15
GB of memory and 1200 seconds. We use versions 2.9.4 of
Spot (configured to allow 256 acceptance sets) and 2.0 of
Seminator.

Our first benchmark set (called random) consists of 1000
TELA with 4 to 50 states and 8 sets of transitions T1, . . . , T8
used to define the acceptance conditions. They are generated
using Spot’s procedure random_graph() by specifying
probabilities such that: a triple (q, a, q ′) ∈ Q × � × Q
is included in the transition relation (3/|Q|) and such that
a transition t is included in a set Tj (0.2). We use only
transition systems that are nondeterministic. The acceptance
condition is generated randomly using Spot’s procedure
acc_code::random(). We transform the acceptance
condition to DNF and keep those acceptance conditions
whose lengths range between 2 and 21 and consist of at
least two disjuncts. To quantify the amount of nondeter-
minism, we divide the number of pairs of transitions with
common starting point and symbol (that is, of the form
(q, a, q1), (q, a, q2), with q1 
= q2) of the automaton by
its number of states.

Table 1 shows that the product produces smallest deter-
ministic automata overall.Spot produces best results among
the algorithms that go via a singleGBA.One reason for this is
that after GBA-simplifications of Spot, the number of accep-
tance marks of the intermediate GBA are of about the same
and Spot constructs GBAwith fewer states. This difference
in the number of states is expected, given the theoretical anal-
ysis in Sect. 3.2. The similarity of the numbers of acceptance
marks is not supported by the theoretical analysis and can
only be explained by Spot’s advanced GBA-simplification

algorithms that might suit Spot’s GBA better than the GBA
constructed by the other approaches.

The limit-deterministic automata are in general much
smaller than the deterministic ones, and limit-det via
GBA. performs best in this category (see Fig. 6). However,
the constructionGLDA (limit-det.) resulted in fewer time-
andmemouts and, as shown inFig. 6, it still produces formost
cases outputs with fewer states than Spot.

For GFM automata we see that computing GGFMA directly,
rather than first computing a GBA, yields much bet-
ter results (good-for-MDP vs. good-for-MDP via
GBA). However, the GFM automata suffer from signifi-
cantly more time- and memouts than the other approaches.
The automata sizes are comparable with Spot’s deter-
minization (see Fig. 6). Given their similarity to the pure
limit-determinization constructions, and the fact that their
acceptance condition is much simpler than for the determin-
istic automata, we believe that future work on optimizing
this construction could make it a competitive alternative for
probabilistic model checking using TELA.

We compare the two best performing determinization
approaches, Spot and product, in more detail. Figure 6
shows that the results are widely spread, i.e. both approaches
produce smaller results than the other one for a significant
number of inputs. Figure 2 partitions the set of all input
automata according to acceptance complexity (measured in
the size of their DNF) and amount of nondeterminism. Each
subset of input automata is of roughly the same size (159-
180). The number of timeouts and memouts increases with
the amount of nondeterminismand the size of the input accep-
tance condition and reaches up to 42%. The values “states”,
“time” and “acceptance” are the median value of the ratio
of these metrics. If only one of the approaches was able to
construct a result within the given time and memory bounds
we define the ratio as 0 (Spot did not construct a result)
or infinity (product did not construct a result). If none of
the approaches was able to construct a result, we do not con-
sider this input automaton for the calculation. Values below
1 indicate that product produces smaller results and val-
ues above 1 indicate that Spot produces smaller results.
The approach product produces for all subsets of input
automata outputs with fewer states than Spot and the ratio
of the computation time decreases the larger the amount of
nondeterminism and the longer the acceptance condition is.

The second benchmark set (called DNF) consists of 500
TELA constructed randomly as above, apart from the accep-
tance conditions. They are in DNF with 2-3 disjuncts, with
2-3 Inf-atoms and 0-1 Fin-atoms each (all different). Such
formulas tend to lead to larger CNF conditions, which ben-
efits the new approaches. Table 1 shows that product
produces way smaller results than Spot. Again, Table 2
partitions the set of input automata but we do not consider
different lengths of acceptance conditions here because the
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Table 1 Evaluation of benchmarks random and DNF. Columns
“States”, “Time” and “Acceptance” refer to the respective median val-
ues, where mem-/timeouts are counted as infinity. Values in brackets

refer to the subset of input automata for which at least one determiniza-
tion needed more than 0.5 seconds (447 (182) automata for benchmark
random (DNF))

Bench- Algorithm Timeouts Memouts States Time Acceptance Intermediate GBA
mark States Acceptance

Spot 0.5% 9.9% 3414 (59,525) < 1 (1.5) 10 (17) 71 2

remFin→splitα 0.5% 15.2% 8639 (291,263) < 1 (9.7) 14 (24) 109 2

splitα→remFin 0.7% 17.8% 14,037 (522,758) < 1 (21.0) 14 (24) 119 2

random remFin→rewriteα 1.6% 18.7% 15,859 (1,024,258) < 1 (40.2) 14 (26) 116 2

product 1.3% 7.9% 3069 (43,965) < 1 (1.2) 18 (29)

product (no langcover) 0.7% 9.0% 3857 (109,908) < 1 (1.1) 24 (38)

limit-det. 0.0% 0.0% 778 (3346) < 1 (< 1) 1 (1)

limit-det. via GBA 1.6% 0.3% 463 (1556) < 1 (1.6) 1 (1)

good-for-MDP 9.3% 13.4% 5069 (192,558) 2.0 (139.6) 1 (1)

good-for-MDP via GBA 5.5% 44.0% 71,200 (−) 836.9 (−) 1 (−)

DNF Spot 0.4% 6.2% 5980 (692,059) < 1 (18.3) 11 (25) 30 3

Product 0.0% 3.8% 2596 (114,243) < 1 (4.6) 13 (24)

Fig. 6 Comparing pairwise the sizes of the state spaces for different approaches on the random benchmark.

Fig. 7 Comparing the approaches for input automata of Fig. 4. The
copy-basedGBAapproaches produce the same results and are collapsed
here.

subsets of input automata are already relatively small (140-
193). Again, product performs better for automata with
more nondeterminism.

The third benchmark set consists of the sequence of
automata described in Fig. 4. Figure 7 shows the results for

such input automata with 1-25 states. For these automata,
Spot first computes GBA with an exponential number of
acceptance sets. As a consequence most input automata
lead to a time- or memout and, if the computation finishes,
to large output automata. Therefore, our proposed alterna-
tive constructions can compute results for far larger input
automata. The example also highlights the effect of the lang-
cover heuristic: it benefits from the fact that the language
of the input automaton under any individual disjunct of the
DNF is the same. This is used to prune large parts of the
state-space.

7 Conclusion

In this article, new approaches for determinization and limit-
determinization of transition-based Emerson-Lei automata
(TELA) have been suggested.One of these constructions pro-
duces limit-deterministic good-for-MDP automata, which
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can be used for quantitative probabilistic verification. The
constructions have all been implemented and evaluated
experimentally. The evaluation shows promising results in
particular when applying the new product construction for
determinization of TELA. Furthermore, we show that the
complexity of limit-determinization of TELA is single-
exponential rather than double-exponential (as compared to
full determinization).

The presented work opens the door to numerous research
questions and directions. At first, a general study on what
properties can be naturally encoded directly into nondeter-
ministic TELAwould be of interest. This could be combined
with a general evaluation of the developed approaches against
real-world examples. It would also be interesting to see,
whether and how much the new constructions could be fur-
ther improved by relying on determinization procedures for
GBA that use a general acceptance condition (rather than
Rabin or parity) to reduce the number of states. Such an anal-
ysis could pave the way to develop a heuristic that selects for
every GBA the determinization procedure that leads to the
best overall result. Another important direction would be to
consider translations from LTL to compact, nondeterminis-
tic TELA, which could then be used within (probabilistic)
model-checking tools for LTL. A first step in this direction
has already been made in [32]. Furthermore, the evaluation
of good-for-MDP automata in the context of probabilistic
model checking is another future research direction.
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