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Abstract
Optimal groundwater management is a necessary condition for achieving the objective 
of sustainable development, which is directly linked to issues of intergenerational equity. 
Thus, groundwater management policy shaping has to consider such issues, in particular 
through the implementation of appropriate discounting methods. The existing literature 
in the field of groundwater management focuses on a single discount function (DF), the 
exponential one, without considering the impact of different DFs on the results obtained. 
At the same time, tradable water rights (TWR) systems have been suggested as policy 
instruments for more efficient and sustainable water use. This paper focuses on the impact 
that different DFs have on the formulation of groundwater management policies based on 
TWR. To this end, a dynamic model is formulated, which concerns groundwater pumping 
from an aquifer by two groups of users participating in a TWR system and four different 
DFs are considered to calculate the present value of social welfare: no discounting, 
exponential, hyperbolic and Gamma discounting. The results of simulations based on data 
for an aquifer in Northern Greece show that there is a high sensitivity of the results to the 
DF, which has a direct effect on social welfare from groundwater consumption, aquifer’s 
hydrological behavior and TWR system intertemporal economic efficiency.

Keywords Groundwater management · Discounting · Tradable water rights · Optimization

1 Introduction

The United Nations 2030 Agenda for Sustainable Development includes sustainable water 
management as one of its 17 goals (Goal 6) (UN 2015). The concept of sustainable water 
management is inherently linked to the concept of intergenerational equity, which refers 
to equitable use of a renewable or non-renewable natural resource over time by different 
generations (Harpman 2014).
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Based on the principle of intergenerational equity, a long-standing debate has emerged 
in the scientific community on the choice of the DF when economically evaluating projects 
and policies that are considered to have a direct impact on future generations (Arvaniti 
et al. 2018). Therefore, understanding how people discount, i.e. evaluate future costs and 
benefits, is crucial for effective environmental policies and consequently groundwater 
resource management policies formulation (Green and Richards 2018).

According to Green and Richards (2018), one of the key questions that an environmental 
policy maker is required to answer concerns the form of discounting to use in order to evalu-
ate different policies. In the international environmental economics literature, exponential dis-
counting, i.e. discounting using a fixed discount rate, has attracted interest with many studies 
using it (see Gollier and Hammitt 2014). However, using a fixed discount rate when formulat-
ing environmental policies raises two important concerns: first, optimal policy is highly sensi-
tive to the discount rate and second, the use of a high discount rate makes the present value 
of economic benefits or costs arising in the future negligible (Karp 2005; Anari et al. 2023). 
Thus, new approaches to discounting environmental policies have been proposed, which are 
considered to address more effectively intergenerational equity and sustainability issues dis-
cussed earlier (Harpman 2014). One of these approaches is the use of non-fixed discount rates 
known as Declining Discount Rates (DDR), i.e. discount rates that vary over time, which 
are considered more appropriate for evaluating policies or projects with an intergenerational 
character (Anari et al. 2023). The use of non-fixed discount rates is not as widespread when 
addressing environmental problems (Arvaniti et al. 2018).

In terms of water resources management, with the exception of Duarte (1995), who 
considers different DFs, literature focuses on only one form of discounting, exponential 
(Gisser and Sanchez 1980; Esteban and Albiac 2011, 2012; Biancardi et al. 2022) without 
going deeper into the impact that this choice has on the results obtained. Consequently, 
water management policies’ evaluation based on DFs different from exponential such as 
those including non-constant discount rates is a subject that, to the best of authors’ knowl-
edge, has not been adequately studied.

This paper attempts to fill this gap in literature on the effect of DF form on the for-
mulation of the optimal aquifer management policy. Given the strong research interest in 
groundwater management by implementing economic instruments such as TWR systems 
(Zhang et al. 2012; Fu et al. 2016) the impact of the DF form on the formulation of a man-
agement policy of an aquifer from which two groups of users extract groundwater based 
on a corresponding system is going to be evaluated. Thus, a time-dynamic optimization 
problem is to be formulated with the objective of maximizing the social welfare result-
ing from groundwater consumption during a given planning period. This problem is to be 
solved for different DFs to be considered and corresponding conclusions are to be drawn. 
The different DFs to be considered are as follows: no discounting, exponential discounting, 
hyperbolic discounting and Gamma discounting, i.e. discounting considering uncertainty.

The novelty of the paper lies in the identification of the impact of using different DFs 
when evaluating a groundwater management policy based on TWR. Previous studies (see for 
example Koundouri et al. (2017)) suggest conducting sensitivity analysis for the discount rate 
when evaluating groundwater management policies using exponential discounting. There-
fore, the impact of DF form on policy shaping is acknowledged. However, as noted above, 
none of previous studies focuses on identifying the impact of the DF form on groundwater 
management policy shaping based on TWR.

A social planner considering the effect of different forms of DF on groundwater man-
agement policy shaping and particularly the effect of time-varying discount rates on 
it, actually considers uncertainty of the future. The use of a fixed discount rate does not 
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introduce the uncertainty factor into the problem under consideration. For a social plan-
ner to consider uncertainty by using a fixed discount rate, they have to perform sensitivity 
analysis on the discount rate and then calculate the Expected Value of the present value 
of the policy under consideration and finally determine the certainty equivalent discount 
rate, which is time-varying (Broughel 2020). In this case, the social planner has no insight 
into aquifer’s hydrological behavior, total groundwater consumption and TWR price under 
uncertainty about the future. The insight they do have relates only to the present value 
of the policy under consideration, in this case the TWR system. Hence, the analysis per-
formed in this paper provides additional information to the policy maker regarding the 
influence of uncertainty in groundwater management policy shaping based on TWR.

2  Methodology

2.1  The Model

In order to formulate the model on the basis of which the subsequent analysis will be 
carried out, a typical groundwater pumping problem is considered. Thus, a social planner 
(for example a water agency) is considered, who is responsible for managing an aquifer 
from which two groups of users extract water. The social planner manages aquifer by 
implementing a system of TWR aimed at maximizing social welfare resulting from 
groundwater consumption over a planning period of T  years. Thus, what social planner is 
essentially doing is maximizing the present value of cash flow resulting from total benefits 
SWt in each year t during the planning period. For discounting, social planner uses a DF 
D(t) , which is given by the following equation (Hepburn et al. 2010):

where r(t) is the discount rate, which is either time-dependent or not, depending on the DF 
used, as it will be shown below.

Total benefit SWt in each year t is obtained as the sum of users’ individual benefits. For 
group of users i , the net benefit Wi,t derived from groundwater consumption in each year t 
is obtained from the following equation:

where Qi,t is groundwater quantity consumed by group of users i in year t ,  gi and ki are 
coefficients of groundwater demand function, constant over the period of T  years,  c0 is 
marginal pumping cost per cubic meter of water and per meter of pumping level, sL is 
average ground elevation, Ht is groundwater table level (GTL henceforward) in year t and 
Ci,other,t various costs per year, constant during the planning period, which are not related to 
groundwater consumption.

In Eq.  (2) the term 1

2ki
Qi,t

2 −
gi

ki
Qi,t shows the benefit resulting from groundwater 

consumption during year t  , which equals the area under inverse demand function 
corresponding to the demand function with coefficients gi and ki ( Qi,t = gi + kipt , where 
pt is groundwater price). The term c0

(
sL − Ht

)
Qi,t , where (sL − Ht)  is pumping level, 

(1)
D(t) = e

−
t∫
0

r(�)d�

(2)Wi,t = f (Qi,t,Ht) =
1

2ki
Qi,t

2 −
gi

ki
Qi,t − c0

(
sL − Ht

)
Qi,t − Ci,other,t
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indicates groundwater pumping cost for group of users i in year t  and it can be obtained 
by assuming a linear cost function such as that of Brill and Burness (1994).

In order to model TWR system, what is reported by Latinopoulos and Sartzetakis (2014) 
is adopted, who formulate a corresponding model assuming an initial allocation of TWR in 
each year and that first, perfect competition prevails in TWR market, second, that transac-
tion costs are zero and third, that no borrowing or saving of TWR is allowed. Hence, the 
necessary condition that introduces TWR system into the model developed is the following 
(Latinopoulos and Sartzetakis 2014):

The condition described by Eq.  (3) means that at equilibrium (demand for TWR 
equals supply for TWR, under conditions of perfect competition) marginal benefit of 
one group of users is equal to marginal benefit of the other group of users and both 
are equal to TWR price. Exploiting this condition and assuming that no borrowing and 
saving of TWR is allowed, so in each year what is marketed by social planner through 
initial allocation is consumed, i.e., Qtot,t =

∑2

i=1
Qi,t , the amount of groundwater Qi,t con-

sumed by each group of users can be expressed as a linear combination of the total 
amount of groundwater pumped per year Qtot,t . This implies that:

where ui =
1

kj

1

ki
+

1

kj

 and vi =
gi

ki
−

gj

kj

1

ki
+

1

kj

 , i, j = 1, 2 , so finally it is Wi,t = f (Qtot,t,Ht).

Aquifer’s GTL rate of change is described by the following differential equation 
(Gisser and Mercado 1973):

where A is aquifer’s total area, S is aquifer’s storativity coefficient, R is annual natural 
recharge of aquifer, 𝛼 < 1 is return flow coefficient and Qtot,t as mentioned above is total 
amount of groundwater pumped during year t.

Consequently, the optimization problem that social planner has to solve in order to 
maximize social welfare resulting from groundwater consumption during the planning 
period is the following:

subject to:

(3)
�W1,t

�Q1,t

=
�W2,t

�Q2,t

= Pt

(4)Qi,t = uiQtot,t + vi,∀i

(5)Ḣ =
1

AS
[R − (1 − a)Qtot,t]

(6)maxV =

{
∫

T

0

D(t)SWt(Qtot,Ht, t)dt

}

(7)
Ḣ =

1

AS
[R − (1 − a)Qtot,t]

H(0) = H0

H(T) = Hmin
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In expression (7) H0 is aquifer’s GTL at the beginning of the planning period. The 
constraint H(T) = Hmin is set by social planner, as one of his objectives is to protect 
aquifer from depletion.

Assuming that:

and substituting Qtot,t based on Eq. (5), the optimization problem that social planner has to 
solve is finally the following:

subject to:

The optimization problem described by Eq.  (9) and expression (10) can be solved 
using the Euler–Lagrange equation according to which the trajectory Ht that maximizes 
the integral of Eq. (9) can be obtained from the following equation (Hamill 2014):

Equation (11) is sufficient for an absolute maximum of V  only if function F(Ḣt,Ht, t) 
is jointly concave in  Ḣt and Ht (Chiang 1999). In Appendix a proof for the concavity of 
function F is provided.

Applying the condition described by Eq.  (11) and a little algebra, the following 
second-order differential equation can be obtained:

where m1 =
[

AS

(1−a)

]2(
u1

2

k1
+

u2
2

k2

)
 , m2 = −

c0AS

(1−a)
 , m3 = −

AS

(1−a)

[(
u1

2

k1
+

u2
2

k2

)
R

(1−a)
+

u1

k1

(
v1 − g1

)
+

u2

k2

(
v2 − g2

)
− c0sL

]
 

and m4 =
c0R

(1−a)
.

In differential Eq. (12) it is Ḋ(t)
D(t)

= −r(t) according to Eq. (6), where r(t)  is discount 
rate. It has to be noted that based on the solution of differential Eq.  (12) optimal 
trajectories for the variables Qtot(t) , SW(t) and P(t) can be also obtained.

2.2  No Discounting

When a social planner evaluates environmental policies using no discounting, i.e. a 
zero- discount rate (see Fig. 1), it firstly shows that they are equally concerned about 
someone who is living today and someone who is going to live in both near and distant 
future and secondly it shows that they are indirectly imposing an income reduction on 
current generation in order to benefit future generations, i.e. leading current generation 
to a kind of impoverishment (Pearce et  al. 2003; Harpman 2014). Consequently, dis-
counting with a zero-discount rate raises issues of intergenerational equity.

(8)F
(
Qtot,t,Ht, t

)
= D(t)SWt(Qtot,t,Ht, t)

(9)maxV =

{
∫

T

0

F(Ḣt,Ht, t)dt

}

(10)
H(0) = H0

H(T) = Hmin

(11)
𝜕F

𝜕Ht

−
d

dt

(
𝜕F

𝜕Ḣt

)
= 0

(12)Ḧt +
Ḋ(t)

D(t)
Ḣt +

m2

m1

Ḋ(t)

D(t)
Ht =

m4

m1

−
m3

m1

Ḋ(t)

D(t)
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Thus, assuming a zero-discount rate, differential Eq. (12) is reduced to a simple dif-
ferential equation with constant coefficients (since Ḋ(t)

D(t)
= −r(t) = 0 ), the analytical solu-

tion of which is a second-degree polynomial function.

2.3  Exponential Discounting

In this case the discount rate is fixed in time. As reported by Winkler (2009) and Hepburn 
et  al. (2010) it is an approach presented by Samuelson (1937), who claimed that the 
use of a constant discount rate is a working hypothesis that is contradicted by scientific 
observations.

Nevertheless, exponential DF is widely used, as mentioned above, because of a 
key advantage it has over other approaches that will be presented below, which is time 
consistency. Time consistency, which is considered a necessary condition for rational 
decision making, refers to the effect that decision’s timing has on the decision that is 
ultimately taken. In the case of exponential DF there is no such problem, since optimal 
solution choice does not depend on the time point of alternatives’ evaluation (Farmer and 
Geanakoplos 2009; Winkler 2009).

In the case of exponential discounting, DF is as follows (Mazur 1987; Green and 
Myerson 1996):

where r is discount rate, which is independent of time and expresses the rate at which the 
value of a future cost or benefit decreases in proportion to the time lag over which it arises. 
A high value for r indicates that the discounting is steep, which means that a high weight 
is given to rewards that arise in immediate future and a low weight to rewards that arise in 
distant future. In contrast, a small value for r indicates that discounting is relatively mild, 
assigning sufficient weight to both rewards that arise in near future and rewards that arise 
in distant future (see Fig. 1) (Green and Myerson 1996).

Thus, assuming an exponential DF, differential Eq.  (12) is reduced to an ordinary 
second-order differential equation with constant coefficients (since Ḋ(t)

D(t)
= −r(t) = −r ), the 

analytical solution of which is an exponential function of time that can be easily 
determined.

(13)D(t) = e−rt

Fig. 1  DFs for a period of 100 years



2443The Effect of Discounting on the Formulation of an Aquifer…

1 3

2.4  Hyperbolic Discounting

Hyperbolic discounting is based on the belief that in reality people attach more weight 
to rewards that occur either in very near or in very distant future and little weight to 
rewards that occur at intermediate time points, so exponential discounting does not capture 
their way of thinking (Farmer and Geanakoplos 2009; Sargisson and Schöner 2020). 
Consequently, since there is evidence that people behave ’hyperbolically’ rather than 
’exponentially’ a social planner should in his analysis explore the possibility of using a 
hyperbolic DF (Duarte 1995).

Hyperbolic DFs appear in literature in two different forms: one-parameter functions and 
two-parameter functions, which are also known as hyperboloid functions (Sargisson and 
Schöner 2020). In this paper a hyperbolic two-parameter DF such as that of Loewenstein 
and Prelec (1992) is going to be used, which is as follows:

where h and k are parameters. Parameter k expresses the extent to which hyperbolic DF 
differs from the corresponding exponential one. Consequently, as k  approaches zero the 
closer the hyperbolic DF is to the exponential one. Parameter h expresses the perception 
of time, which means that when it approaches zero time passes very quickly while when 
it approaches infinity time passes extremely slowly (Harpman 2014). The time-varying 
discount rate in this case is r(t) = h

1+kt
.

As mentioned in previous subsection, the main advantage of exponential discounting is 
time consistency. In the case of hyperbolic discounting, however, time consistency is not a 
fact, since as mentioned by Strotz (1956) the evaluation of alternative policies at different 
points in time leads to different conclusions (Winkler 2009). Therefore, it is understandable 
that the use of a hyperbolic DF creates the problem of time inconsistency, although in this 
paper the evaluation of groundwater management policy is carried out only at time t = 0 , 
when decisions are to be made.

Thus, considering a hyperbolic DF, differential Eq.  (12) is reduced to a second-order 
differential equation with variable coefficients (since Ḋ(t)

D(t)
= −r(t) = −

h

1+kt
 ), the analytical 

solution of which is difficult to determine, so the best approach is to solve it numerically.

2.5  Gamma Discounting

As stated by Duarte (1995) and Strulik (2021) an important problem when using 
exponential DF is the choice of discount rate value and most importantly the introduction 
of general uncertainty present in discount DF. Uncertainty is mainly associated with the 
possibility that one may not perceive the reward at the right time and thus future rewards 
have to be discounted in such a way that this possibility is considered (Sozou 1998). Thus, 
related approaches have been developed that address this issue of uncertainty, most notably 
that of Weitzman (2001), who showed that when there is uncertainty about time-constant 
discount rate, the DF that has to be used is a two parameters hyperboloid function of the 
form (Weitzman 2001):

(14)D(t) =
(

1

1 + kt

)h∕k
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where � is standard deviation of Gamma distribution,  � is mean of Gamma distribution 
and r(t) = �

1+
�2

�
t
 is time-varying discount rate which is equivalent to the discount rate of a 

hyperboloid DF with h = � and k = �2

�
.

In this case, as shown in Fig. 1, great weight is given to rewards that arise in distant 
future. Obviously, in this case there is also the problem of time inconsistency, although, as 
mentioned above, the formulation of the problem under study is such that it is not based on 
future reassessment but on a binding decision in present.

Considering, therefore, a DF based on Gamma distribution, differential Eq.  (12) is 
degraded, as in the case of hyperbolic DF, to a second-order differential equation with 
variable coefficients (since Ḋ(t)

D(t)
= −r(t) = −

h

1+kt
 ), the analytical solution of which, as 

mentioned above, is difficult to determine, so the best approach in this case too is to solve it 
numerically.

(15)
D(t) =

1

(
1 +

�2

�
t
) �2

�2

Table 1  Hydro-economic data (Sources: Amir and Fisher 1999; Weitzman 2001; Latinopoulos 2003; 
Spackman 2006; Latinopoulos and Sartzetakis 2014; Tsiarapas and Mallios 2023)

Parameter Description Value Units

g1 Water demand function coefficient (domestic use) 2790114.112 m3/year
k1 Water demand function coefficient (domestic use) −1073120.812 m6/€∙year
g2 Water demand function coefficient (agricultural use) 17387066.667 m3/year
k2 Water demand function coefficient (agricultural use) −16189333.333 m6/€∙year
C1,other,t Various costs (domestic use) 0 -
C2,other,t Various costs (agricultural use) 2700 €/ha/year
c0 Marginal pumping cost 0.0004 €/m3/m
α Return flow coefficient 0.166 -
R Annual natural recharge 9691620 m3

A Aquifer’s total area 12700 ha
S Aquifer’s storativity coefficient 0.064 -
SL Average ground elevation 210 m
H0 Initial GTL 60 m
Hmin Desired GTL for the end of the planning period 50 m
T Planning period 50 years
r Exponential discount rate 0.04 -
k Hyperboloid DF parameter 0.04 -
h Hyperboloid DF parameter 0.08 -
� Gamma DF parameter 0.03 -
μ Gamma DF parameter 0.04 -
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3  Case Study

3.1  Case Study Area

The case study area selected for the implementation of the methodology presented in 
Section 2 is the area of Nea Moudania in the peninsula of Chalkidiki in Northern Greece. 
The predominant water uses in the area are domestic and agricultural, so these are the two 
uses that are to be considered. Table 1 presents hydro-economic data to be used for the 
simulations.

This case study area is an ideal one for implementing the proposed methodology, 
since it is an area where groundwater is the only reliable source of water. This fact 
combined with high water demand, create problems related to aquifer’s sustainability. 
As reported by Theodossiou (2016) the aquifer has an annual deficit in its water balance 
equal to 3.29 ⋅ 106m3∕year , which is expected to increase by 32% by 2100 reaching 
4.34 ⋅ 106m3∕year.

3.2  Simulations Results and Discussion

The analysis of the results focuses on key variables that a social planner should consider 
when formulating a groundwater management policy. These variables in the case of aquifer 
management by implementing a TWR system are aquifer’s GTL, quantity of groundwater 
extracted by users, TWR price and social welfare resulting from groundwater consumption.

Figure 2 shows optimal trajectories for aquifer’s GTL for each DF considered. The dif-
ference between the case where no discounting is implemented and the cases where dis-
counting is implemented regardless of the form is evident. When no discounting is used 
optimal trajectory corresponds to a second degree convex curve, whereas when discount-
ing of any form is used the optimal trajectory corresponds to a concave curve.

The implications behind each different DF seem to be fully reflected in the optimal tra-
jectories for aquifer’s GTL. Thus, as noted above, when there is no discounting, this implies 
an indirect impoverishment of current generation to the benefit of future generations. This 
belief is confirmed by Fig.  2, since when there is no discounting there is conservative 

Fig. 2  Optimal trajectories for GTL under different DFs
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aquifer management as opposed to other cases of discounting. Conservative management 
is based on the apparently small and stable GTL drop, i.e. limited groundwater pumping 
in first years of planning period (see also Fig. 3). In contrast, where there is discounting, 
the preference for consumption in immediate future is clearly evident. When hyperbolic 
discounting is implemented, it appears that social planner gives more weight to immediate 
and distant benefits and less weight to intermediate benefits than when using exponential 
discounting, and this is precisely the reason for slightly larger drop in GTL (which implies 
higher groundwater consumption, as shown in Fig. 3) observed in hyperbolic discounting in 
early years and slightly smaller drop also observed in it in intermediate years. In the case of 
Gamma discounting, a preference for benefits accruing in distant future is evident, leading 
to a relatively conservative management (less conservative than in the case of no discount-
ing but more conservative than both exponential and hyperbolic discounting). This conserv-
ative management is justified by milder fall in GTL (Fig. 2), which is due to lower consump-
tion (Fig. 3).

An important difference between different DFs, especially with regard to the trajectory 
of aquifer’s GTL, is that when social planner implements some form of discounting, it is 
not the case that H(t) ≥ Hmin over time. This is only true in the case where there is no dis-
counting. This difference is particularly important, since maintaining GTL above a mini-
mum value is not only related to aquifer reserves but also to in situ services provided by 
groundwater, one of which is to avoid seawater intrusion into coastal aquifers such as the 
one in the case study area (Kemper et al. 2003). Seawater intrusion into a coastal aquifer 
is directly related to the quality of water consumed by users and, in the case of water used 
for irrigation, to the reduction of agricultural production. Therefore, groundwater saliniza-
tion has an impact on benefits users derive from groundwater. However, in this paper the 
effect of salinity on user benefits has not been considered, since the aim of the paper is not 
to quantify benefits from groundwater consumption but to compare different DFs. Thus, in 
the case of exponential and hyperbolic discounting from year t = 21 onwards it is expected 
that H(t) < Hmin . In the case of Gamma discounting this is expected to be the case from 
year t = 29.

In terms of optimal trajectories for social welfare (Fig. 4), these seem to follow the cor-
responding trajectories for GTL and quantity of groundwater pumped. In the case of no 
discounting, social welfare is increasing over time which is due to aquifer’s conservative 

Fig. 3  Optimal trajectories for pumping rates under different DFs
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treatment leading to a small benefit from groundwater consumption but at the same time 
to small pumping costs. That is why from year t = 29 onwards social welfare with no dis-
counting exceeds social welfare in every other case. In the other discounting cases ben-
efits are diminishing and in the case of hyperbolic discounting and Gamma discounting 
it appears that at the end of the planning period social welfare outperforms social welfare 
obtained using exponential discounting indicating the preference in these cases for rewards 
arising in distant future.

As expected when discounting is not implemented the present value of social welfare 
calculated by a social planner over the planning period is larger than any other case 
reaching 196 million €. This amount of money has actually no value, since the time 
preference of people for immediate benefits is not considered. In the case of exponential 
discounting the present value is estimated at around €90 million, in the case of hyperbolic 
discounting at around €70 million and in the case of Gamma discounting at around 
€100 million. The large difference in present value calculation between exponential and 
hyperbolic discounting is due to the use of a time-varying discount rate in the latter case, 
which leads to a low preference for benefits accruing at intermediate points in time.

Fig. 4  Optimal trajectories for social welfare under different DFs

Fig. 5  Optimal trajectories for TWR price under different DFs
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Figure 5 depicts optimal trajectories for TWR price. The key observation here is that 
when there is no discounting, price follows a decreasing path over time while when there 
is discounting, price follows an upward path as expected, since water scarcity increases 
over time. The decreasing trajectory of TWR price when no discounting is implemented is 
attributed to the increase in the quantity of groundwater pumped from the aquifer over time 
(see Fig. 3), i.e. the increase in supply. What the declining trend in TWR price shows is 
that users have to pay for water at a high price in near future in order to ensure cheap water 
for distant future.

Comparing optimal trajectories for TWR price in Fig. 5 corresponding to three cases 
where a DF is used clearly shows the implication of each of them in terms of people’s 
time preference. In hyperbolic discounting, the preference for rewards arising in immediate 
or distant future is proved, which translates into a lower price compared to exponential 
discounting in early years of the planning period and a higher price compared to it in later 
years. In Gamma discounting, a preference for rewards arising in distant future is evident, 
which means that TWR price in early years is expected to be higher than price resulting 
from exponential or hyperbolic discounting, while in later years this is expected to be lower 
than price resulting from both exponential and hyperbolic discounting.

A final point, which is worth commenting on, is the effect of the DF form on the 
assessment of TWR system economic efficiency. Given that the main argument in favor of 
such systems is that they lead to more efficient use of water than an open access regime, 
it is considered appropriate to devote a few lines to this claim. Therefore, an open access1 
regime is considered, which corresponds to a non-intervention regime regarding aquifer 
management. Economic efficiency is defined as social welfare resulting from each unit of 
groundwater extracted from aquifer.

Fig. 6  Optimal trajectories for social welfare per unit of groundwater extracted under different DFs

1 Under an open access regime each user seeks to maximize their private benefit from groundwater con-
sumption, so trajectories for key variables used in this application are easily derived by setting 
�W1,t

�Q1,t
=

�W2,t

�Q2,t
= 0.
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Figure 6 shows optimal trajectories for groundwater economic efficiency corresponding 
to different DFs. The attractiveness of a TWR system cannot in general be questioned, since 
groundwater economic efficiency under such a system is higher than the economic efficiency 
under an open access regime either during the entire planning period (no discounting) or dur-
ing most of the planning period (exponential, hyperbolic and Gamma discounting).

The difference among DFs mainly concerns the point in time after which TWR system 
economic efficiency is lower than that of an open access regime. In the case without 
discounting this point obviously does not exist, since a TWR system is more efficient 
throughout the planning period. In the case of exponential and hyperbolic discounting this 
point in time is expected to be in year t = 41 while in the case of Gamma discounting, 
where uncertainty is considered, it is expected to be in year t = 49 . Thus the use of 
either exponential or hyperbolic DF, which do not consider uncertainty, leads to a clear 
underestimation of TWR system attractiveness in the last decade of the planning period.

4  Summary and Conclusions

This paper investigates the effect of DF form on aquifer management policy shaping based on 
TWR. Therefore, a typical aquifer management problem is formulated. For aquifer’s optimal 
management a system of TWR is implemented. Four different DFs were considered and for 
each of them optimal trajectories were derived for key variables such as aquifer GTL, quantity 
of groundwater pumped, social welfare resulting from groundwater consumption, TWR price 
and economic efficiency of groundwater.

The main conclusion, which emerges from conducting simulations based on numerical data 
from a coastal aquifer in Northern Greece, is that there is sensitivity of the extracted results 
to the DF. Thus, significant differences in social welfare from groundwater consumption, 
aquifer’s hydrological behavior and TWR system intertemporal economic efficiency emerge. 
Differences observed in results are due to different time preference implied by each DF, as 
described for each function in Section 2. Therefore, the choice of the appropriate DF when 
evaluating alternative management policies for an aquifer is an important issue. The choice 
of DF form depends both on the way a social planner perceives the uncertainty of future 
economic conditions and on the region in which the policy under study is to be implemented, 
since for example a region threatened by climate change and its effects is characterized by 
greater uncertainty about future. In this case Gamma discounting should be the choice.

Appendix

The function F is the following:

(16)

F
�
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Ḣt,Ht, t

�
= D(t)

∑2

i=1

⎡⎢⎢⎢⎢⎣

1

2ki

�
ui

R

(1−a)
− ui

AS

(1−a)
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Ḣt + vi

�

−c0
�
sL − Ht

�
(ui

R

(1−a)
− ui

AS

(1−a)
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F
(
Ḣt,Ht, t

)
 has continuous second derivatives and thus its concavity will be confirmed 

by “checking the sign definiteness or semidefiniteness of the quadratic form q” as stated by 
Chiang (1999) of the following form (Chiang 1999):

where FHH , FHḢ and FḢḢ are partial derivatives.
If q is everywhere negative definite, F

(
Ḣt,Ht, t

)
 will be concave. The sign definiteness 

of q can be revealed by applying the characteristic-root test (Chiang 1999). The first step for 
applying the characteristic root test is to form and solve the following characteristic equation:

The partial derivatives can be easily calculated and thus the following results can be 
obtained:

Substituting Eqs.  (19)-(21) into Eq.  (18) the characteristic equations that has to be 
solved is obtained:

Equation (22) has a positive discriminant and its roots are the following:

(17)q = FHHdH
2 + 2FHḢdHdḢ + FḢḢdḢ

2
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FḢḢ − r F ̇HH
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As for r1 it holds that:

Because of (25) and since D(t) > 0 , A > 0 , S > 0 , 1 − a > 0 , k1 < 0 and k2 < 0 it will be 
r1 < 0 . From Eq. (24) it is obvious that it will also be r2 < 0 . According to Chiang (1999) 
because of the fact that r1 < 0 and r2 < 0 there is negative definiteness of q and thus the 
function F is jointly concave in Ḣt and Ht.
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