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Abstract

The Productive Failure (PF) approach prompts students to attempt to solve a problem prior
to instruction — at which point they typically fail. Yet, research on PF shows that students
who are involved in problem solving prior to instruction gain more conceptual knowledge
from the subsequent instruction compared to students who receive the instruction first. So
far, there is no conclusive evidence, however, that the beneficial effects of PF are explained
by the attempt to generate one’s own solutions prior to instruction. The literature on exam-
ple-based learning suggests that observing someone else engaging in problem-solving
attempts may be an equally effective means to prepare students for instruction. In an exper-
imental study, we compared a PF condition, in which students were actively engaged in
problem solving prior to instruction, to two example conditions, in which students either
observed the complete problem-solving-and-failing process of another student engaging in
PF or looked at the outcome of this process (i.e., another student’s failed solution attempts).
Rather than worked examples of the correct solution procedure, the students observed
examples of failed solution attempts. We found that students’ own problem solving was
not superior to the two example conditions. In fact, students who observed the complete
PF process even outperformed students who engaged in PF themselves. Additional analy-
ses revealed that the students’ prior knowledge moderated this effect: While students who
observed the complete PF process were able to take advantage of their prior knowledge to
gain more conceptual knowledge from the subsequent instruction, prior knowledge did not
affect students’ post-test performance in the PF condition.
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Introduction

Research on Productive Failure (PF; Kapur 2012) has found strong support for the ben-
eficial preparatory effects of problem solving prior to instruction, especially in mathemat-
ics and science education (Darabi et al. 2018). Unlike problem-based learning approaches,
where students learn while working on an ill-defined problem which can have multiple
solution paths or even multiple ‘correct’ solutions and instruction is only provided if needed
(for an overview: Lu et al. 2014), the PF approach uses complex (i.e., in the sense that there
are many interacting information elements; Ashman et al. 2019) and challenging but not
ill-defined problems (i.e., once the prerequisite conceptual knowledge has been acquired,
the solution procedure is straightforward) and foresees students attempting to identify some
of the underlying components of the correct solution using cues from the given information
on the problem. Attempting (and failing) to solve such a problem prior to instruction seems
to make students more receptive to the subsequent instruction. Students who learn with this
PF approach demonstrate greater improvement in their conceptual knowledge acquisition
compared to students learning with a direct-instruction (DI) approach in which instruction
is provided first, followed by problem solving (Kapur 2012). While students who engage
in PF do not gain more procedural knowledge (i.e., knowledge about how to apply a for-
mula) compared to DI, they do perform better on later tests of conceptual knowledge about
formula components and their functions and relations (for an overview: Loibl et al. 2017).
Even if the student does not yet know the concept required to solve a mathematical prob-
lem, the attempt to solve the problem is assumed to trigger the mechanisms of prior knowl-
edge activation and awareness of knowledge gaps, which prepare the student to benefit
from subsequent instruction (Loibl et al. 2017). These mechanisms are expected to support
students in cognitively processing, organizing, and integrating the information on the new
concept that is provided to them during the subsequent instruction more effectively (i.e.,
deep feature recognition) as compared to the direct-instruction approach.

However, despite convincing evidence that the PF approach is more effective than the
direct-instruction approach for students’ conceptual knowledge acquisition (and some
indirect evidence that the above-mentioned mechanisms play a role; Loibl et al. 2017), it
remains unclear whether students have to engage in generating their own solution attempts
prior to instruction, or whether other ways to trigger these mechanisms, for instance observ-
ing someone else engaging in problem-solving attempts, would be as effective. Compared
to generating one’s own solution attempts, studying examples of other students attempting
(and failing) to solve a problem, would be an interesting addition for educational prac-
tice: It is easy to implement in online as well as classroom learning environments, it may
be less frustrating and less cognitively demanding than attempting (and failing) to solve
a problem oneself without a loss of effectiveness. So far, PF studies assume challenging
students is positive, but studies have not yet addressed motivational effects of PF or VF,
that is, whether students feel frustrated, cognitively challenged or even overwhelmed while
problem solving. Therefore, observing examples of failure might be less challenging and
still prepare students effectively for later instruction. Moreover, it may benefit all students
and not just those who are able to generate a high variety of solution attempts. That is,
prior research showed that the PF-effect is strongest for students who manage to generate
a high variety of solution attempts (Kapur 2014a; Kapur and Bielaczyc 2012), but there
is substantial variety among students in the number and quality of solution attempts they
manage to generate (cf. Wiedmann et al. 2012). If studying examples of others’ failed solu-
tion attempts can also effectively prepare students for instruction, those students who are
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Preparatory effects of problem solving versus studying examples... 3

not yet able to generate a high variety of solution attempts would particularly benefit from
studying a set of examples representing a sufficient variety in solution attempts.

Example-based learning has been shown to be effective particularly for acquiring (pro-
cedural) knowledge about how to correctly solve a problem in a variety of domains (Van
Gog et al. 2019). However, the question remains whether observing someone else failing to
solve a problem would also be productive for one’s own learning from subsequent instruc-
tion. There are already some indications in research on the PF paradigm that studying the
outcomes of failed solution attempts of other students prior to instruction is more effec-
tive than DI (though not as effective as PF). Kapur (2014a,b) compared a PF condition to
a “Vicarious Failure’ (VF) condition in which students were instructed to evaluate failed
solution attempts created by other students prior to receiving instruction (i.e., none of the
examples displayed the correct solution). Students in both the PF and the VF condition
gained more conceptual knowledge from the subsequent instruction than students in a
direct-instruction condition, although the results also revealed that students in the PF con-
dition outperformed those in the VF condition on a conceptual knowledge post-test (Kapur
2014a). The fact that VF outperformed DI suggests that observing another student engag-
ing in PF may trigger similar beneficial mechanisms as engaging in PF oneself — at least to
some extent, as VF was still less effective than PF.

One explanation for the lower effectiveness of VF as compared to PF in Kapur’s study
might lie in the fact that the VF students only saw the outcomes of the failed solution
attempt of the other student, and not the complete problem-solving process. Perhaps some
essential parts of the problem-solving process in PF, which might be relevant for the pre-
paratory effects of PF for learning from the subsequent instruction, were withheld from the
VF students (e.g., the other students’ intentions behind the solution attempts, as well as
reflections or conclusions). That is, the examples did not show how the PF model actively
explored the not-yet-known concept by activating prior knowledge and becoming aware of
knowledge gaps. This process information might, however, be important for the observing
students in order to activate their own prior knowledge and become aware of their own
knowledge gaps. Even if the activation of prior knowledge could also be an implicit cogni-
tive mechanism (i.e., an unconscious process from which abstract knowledge results; for
an overview: Seger 1994), existing theories on the PF approach have emphasized explicit
problem-solving processes as preparatory mechanisms: the solution attempts as a proxy
for prior knowledge activation and the awareness of knowledge gaps. Therefore, having
full access to the problem-solving process might be an essential precondition for an effec-
tive preparation for the subsequent instruction and thus for learning. Against this back-
ground, the aim of the experimental study we conducted was to compare the effectiveness
of students attempting to generate their own solutions prior to instruction to (1) students
observing others attempting (and failing) to generate solutions (i.e., observing the ‘fail-
ure’ process), and (2) students looking at another student’s failed solution attempts (i.e.,
looking only at the outcome of the process, without information about the problem-solving
process).

Problem solving prior to instruction: doing versus observing
In this section we first describe the assumed preparatory effects of problem-solving prior

to instruction (i.e., prior knowledge activation and awareness of knowledge gaps). Then we
review relevant literature on example-based learning and discuss, in light of this literature,
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why one might expect that observing another student engaging in problem-solving attempts
might trigger similar beneficial preparatory effects as problem solving prior to instruction.

Preparatory effects of problem solving

When students engage in problem-solving attempts before receiving instruction, they might
activate relevant prior knowledge of parts of the solution (i.e., incomplete schemas), which
might help them process the information provided during the subsequent instruction more
deeply (Loibl et al. 2017). The activation of preexisting schemas during their failed solu-
tion attempts might help students integrate the new conceptual knowledge provided to them
during the instruction more effectively and with less mental effort (Sweller et al. 1998). In
contrast, the DI approach requires students to activate their prior knowledge while simulta-
neously processing and integrating the new information given in the instruction.

Loibl and Rummel (2014a) additionally assume that students who attempt to solve
a problem prior to instruction, and fail, might develop an awareness of their knowledge
gaps. If students know that (or even why) a solution attempt cannot be the canonical solu-
tion, they may be able to fill their gaps more effectively during the subsequent instruction.
Consequently, being taught how to overcome their misconceptions during the subsequent
instruction becomes more effective due to the students’ initial awareness of their knowledge
gaps. Even if the students are, at this point, not yet able to specify what components of the
correct (or canonical) solution are missing, they are aware that their solution attempts lead
to erroneous results. Due to this awareness, they might also become more curious about the
not-yet-known concept, and thus more motivated to learn from the instruction.

As we will argue in the following two sections, in light of the literature on exam-
ple-based learning, one might expect that observing another student engaging in prob-
lem-solving attempts or studying another student’s solutions could also be effective
in preparing students to learn from subsequent instruction. In research on example-
based learning, students are usually presented with examples that demonstrate the
correct application of the problem-solving procedure leading to a canonical solution
(i.e., worked examples), and are then asked to solve similar problems by themselves
(e.g., Sweller and Cooper 1985). This is very different from what an ‘example-based
PF condition” would look like, in which students observe others failing at solving a
problem and thereby creating incorrect or incomplete solution ideas (for a discus-
sion, see Kalyuga and Singh 2016). Moreover, in most example-based learning studies
the main outcome of interest is procedural knowledge, whereas in PF it is conceptual
knowledge. Yet, there is some evidence from research on observational and example-
based learning that observing another student who is attempting (and failing) to solve
problems may have similar effects as attempting (and failing) to solve problems one-
self (i.e., may also lead to prior knowledge activation, awareness of knowledge gaps
or similar beneficial mechanisms). For instance, studies on erroneous examples show
that observing another student’s errors can be effective for conceptual learning (e.g.,
Tsovaltzi et al. 2012; Durkin and Rittle-Johnson 2012) and transfer (Gro3e and Renkl
2007), although erroneous examples usually have not been presented to learners prior
to instruction. Existing studies indicate that, compared to being engaged in problem
solving by oneself, studying (correct) worked examples prior to instruction on the one
hand, and studying erroneous examples after instruction on the other hand, can also be
effective for conceptual learning. Probably because these learning activities also sup-
port students in activating prior knowledge, becoming aware of their knowledge gaps
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or similarly beneficial mechanisms (e.g., deep feature recognition). After discussing
relevant studies from these two strands of research in more detail, we will highlight an
important gap in the research that we address in the present study: Studying examples
of failing solution attempts prior to instruction (hereon referred to as ‘examples of
failure’).

Preparatory effects of studying worked examples

Research on example-based learning provides convincing evidence that observing
a demonstration of how to solve a problem can be more effective and efficient (i.e.,
requiring less time and effort) for learning than engaging in problem solving one-
self (for reviews, see Van Gog and Rummel 2010; Van Gog et al. 2019). In addition,
research on example-based learning has shown that it is particularly beneficial when
students attempt to self-explain the principles underlying the problem-solving steps, as
this helps learners to understand the deep features of a worked example (Renkl 2002;
Renkl and Eitel 2019). While in most studies worked examples have been provided
after instruction (if instruction was provided at all), there is at least some evidence that
studying worked examples prior to instruction can be as effective for learning as prob-
lem solving prior to instruction. For instance, Likourezos and Kalyuga (2017) com-
pared a condition in which students invented solutions without guidance (own problem
solving) with two example conditions in which students either received partial guid-
ance (some parts of the canonical solution) or full guidance (complete correct worked
solution) prior to instruction on the canonical solution. The results did not reveal dif-
ferences in a delayed transfer post-test between students who studied examples prior to
instruction and those who previously solved the problem on their own. These findings
are in line with two experimental studies by Glogger-Frey et al. (2015), in which the
authors compared students who invented solutions for a problem prior to instruction to
students who studied and self-explained a correctly worked-out solution to the same
problem prior to instruction (cf. the full guidance condition in Likourezos and Kaly-
uga 2017). Students in the worked example group outperformed those in the invention
condition in a delayed transfer post-test after instruction (Glogger-Frey et al. 2015).
The findings of Glogger-Frey et al. (2015) and Likourezos and Kalyuga (2017) sup-
port the assumption that studying examples prior to instruction can effectively prepare
students for learning from the subsequent instruction. Glogger-Frey et al. (2015) argue
that studying worked examples prior to instruction prepares students for learning from
a later instruction, because by self-explaining deep features of the presented worked
examples they already acquired well-organized knowledge about the learning content,
and this helped them to better connect and integrate the content of the later instruction.

However, the examples used in the above-mentioned studies were not examples of
failure, but correct ones and thus allowed students to study how to apply essential parts
of the canonical solution correctly prior to instruction. This is very different from what
an ‘example-based PF condition’ would look like, in which students observe others
failing at solving a problem, meaning they observe incorrect and incomplete solution
attempts (i.e., not covering all elements of the canonical solution). As mentioned ear-
lier, however, there is also some evidence that studying erroneous examples can be
effective for conceptual learning, transfer, and more effective than being engaged in
problem solving oneself (e.g., McLaren et al. 2015).
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6 C.Hartmann et al.

Preparatory effects of studying erroneous examples

In contrast to (correct) worked examples, erroneous examples ask students to detect and
correct errors in problem-solving attempts. For instance, McLaren et al. (2015) replicated
the findings of Adams et al. (2014) that students who studied errors made by fictitious stu-
dents within a computer-supported learning environment, learned more than students who
solved a problem by themselves with additional feedback. Adams et al. (2014) stressed that
studying erroneous examples fosters deeper cognitive processing aimed at organizing the
learning material and relating it to students’ own prior knowledge.

Furthermore, there are some indications that studying erroneous examples (after
instruction) also triggers an awareness of knowledge gaps, which is relevant in light of
the assumption that the awareness of knowledge gaps is one of the cognitive mechanisms
underlying the effectiveness of PF (Loibl et al. 2017). Adams et al. (2014), for instance,
argued that studying erroneous examples enables students to be more aware of their
acquired knowledge, as the authors found that students who studied erroneous content
prior to the post-test were able to more accurately judge their own (correct and incorrect)
post-test performance. In other words, studying erroneous examples enabled students to
assess more precisely what they did and did not know. In line with this finding, a study by
Heemsoth and Heinze (2014) revealed that students who reflected on erroneous examples
acquired more negative knowledge (i.e., knowledge about why a certain solution does not
work) than students who reflected on correct examples.

It should be noted, however, that the erroneous examples in existing studies (e.g., Adams
et al. 2014) were studied after instruction. Thus, participants had already received instruc-
tion before studying the erroneous examples or had access to the canonical solution while
studying the erroneous examples. Consequently, they already had knowledge about the cor-
rect problem solution. It therefore remains unclear whether studying examples of failed
solution attempts could also support students’ conceptual knowledge acquisition if they did
not receive relevant information about how to identify and overcome their misconceptions
until the subsequent instruction, as would be the case in the context of an example-based
PF approach (i.e., examples of failure). In other words, it remains unclear whether studying
examples of failure would have similar preparatory effects and help students to gain more
conceptual knowledge from subsequent instruction as engaging in PF. Building on studies
by Kapur (2014a,b), this is the research gap we address in the present study.

Research questions and hypotheses

As discussed in the previous sections, existing research supports the beneficial effects of
studying worked examples (i.e., of [parts of] the canonical solution) prior to instruction
and of studying erroneous examples after instruction, but it is as yet unclear whether study-
ing examples of failure prior to receiving instruction can be as conducive to learning as
engaging in PF. Kapur (2014a, b) compared a PF condition to a ‘Vicarious Failure’ (VF)
condition in which students were instructed to evaluate failed solutions generated by other
students prior to receiving instruction. Students in both the PF and the VF condition gained
more conceptual knowledge from the subsequent instruction than students in a DI con-
dition, although the results also revealed that students in the PF condition outperformed
those in the VF condition on a conceptual knowledge post-test (Kapur 2014a).
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Preparatory effects of problem solving versus studying examples... 7

We argue that an explanation for the lower effectiveness of VF than PF in Kapur’s
study might lie in the fact that the VF students only saw the outcomes of the failed solu-
tion attempt of the other student, and not how the PF model actively explored the not-yet-
known concept. This process information, however, might be important for the observing
students in order to relate the model’s solution attempts to their own prior knowledge (i.e.,
prior knowledge activation). Having access, for instance, to the model’s intentions behind
the solution attempts, as well as reflections or conclusions, might help students in the VF-
process condition to become aware of their own knowledge gaps as well.

In the present study, accordingly, we aimed to extent the findings of Kapur (2014a, b)
by experimentally comparing a PF condition in which students are actively involved in
their own problem solving prior to instruction to two example conditions, in which stu-
dents either observed the complete problem-solving process of another student engaging
in PF (VF-process) or looked at the solutions (VF-outcome; cf. Kapur (2014a, b). We also
assessed the students’ self-reported awareness of knowledge gaps to further explore pre-
paratory effects. Moreover, we evaluated the number and quality of the generated solution
attempts in the PF condition as a proxy of students’ prior knowledge activation (Loibl and
Rummel 2014b). As Kapur (2014a) found that PF and VF were more effective than DI,
and Hartmann et al. (2020) replicated this result in a quasi-experimental study, we did not
implement a DI condition here.

Hypotheses

As previous research on PF reported beneficial effects on conceptual knowledge acquisi-
tion, while procedural knowledge acquisition was typically not affected (Loibl and Rum-
mel 2014b; Kapur 2014a, b), we expected no significant differences between the conditions
with regard to procedural knowledge. We formulated the following hypotheses:

Hypothesis 1

With regard to conceptual knowledge acquisition, as outlined above, we hypothesized that
observing the problem-solving process prior to instruction (VF-process) would be as effec-
tive in terms of preparing students for learning from the subsequent instruction as engaging
in problem solving (PF).

Hypothesis 2

We hypothesized that students in the PF and VF-process conditions would show more con-
ceptual knowledge on the post-test than students who only looked at the outcome of the
problem-solving process (VF-outcome).

Further exploration of preparatory effects

Despite indirect evidence from previous studies that the awareness of knowledge gaps and
activation of prior knowledge might explain the effectiveness of the PF approach (Loibl
et al. 2017), the effect of these mechanisms remains unclear. Therefore, in addition to our
main hypotheses on conceptual knowledge acquisition, we also explored the impact on
awareness of knowledge gaps and prior knowledge activation.
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8 C. Hartmann et al.

We expected the results regarding students’ self-reported knowledge gaps to be in line
with Hypotheses 1 and 2, because we assume that observing the problem-solving process
(VF-process) would trigger similar mechanisms as PF, which would prepare students to
benefit from subsequent instruction. Therefore, students in the PF and VF-process condi-
tions should be similarly aware of their knowledge gaps, and compared to students in the
VF-outcome condition, PF and VF-process should be even more aware. Accordingly, we
also assumed a positive correlation between students’ awareness of knowledge gaps and
their performance on the conceptual knowledge post-test.

In addition, we evaluated the number and quality of the generated solution attempts in
the PF condition as a proxy of students’ prior knowledge activation. We expected that the
greater the amount of relevant prior knowledge activated by students (i.e., quantity of solu-
tion attempts), the more they would gain from the subsequent instruction. Kapur (2012,
2014b) reported a positive correlation between the number of solution attempts generated
during PF and conceptual knowledge acquisition, but Loibl and Rummel (2014b) did not
confirm this finding. Although the results of previous studies are mixed, we assumed a pos-
itive correlation between the number of solution attempts generated during PF and concep-
tual knowledge acquisition. It should be noted that we only tested this hypothesis for the PF
condition; the students in both VF conditions studied exactly the same solution attempts,
as was the case in Kapur’s studies, and there was no variance in the number and quality of
solutions within our VF conditions.

Methods
Participants and design

We conducted our experiment at five secondary schools (nine classes) in Germany during
regular mathematics lessons. The sample consisted of N =198 students (98 female and 100
male; age: M=16.10, SD=0.78), who were randomly assigned to one of the three condi-
tions: PF (n=63), VF-Process (n=65), or VF-Outcome (n="70). Twenty-five students had
to be removed from the dataset (PF: n=8, VF-process: n=9, VF-outcome: n=8) because:
(a) they already knew the concept to be learned (PF: n=0, VF-process: n =0, VF-outcome:
n=3), (b) had exceptionally low mathematics grades (i.e., were outliers; PF: n=3, VF-pro-
cess: n=1; VF-outcome: n=0), or (c) they did not attempt to answer any questions on the
post-test (PF: n=5, VF-process: n=8, VF-outcome: n=>5), which strongly suggests they
lacked the motivation to seriously engage in the post-test (and as such, a zero score on the
posttest in these cases would not reflect/measure a lack of learning). The final sample thus
comprised N=173 (87 female and 86 male; age: M =16.06, SD=0.77) students, which is
sufficient to detect a medium-sized effect (f=0.23, 1-f=0.80; G-Power Analysis).

Materials

Problem-solving task

The mathematical problem-solving task used in the initial learning phase was adopted
from Kapur (2012), and is the most frequently employed task in PF studies (e.g., Loi-

bil and Rummel 2014a, b; Kapur 2014a, b). The task targets the concept of variance
(standard or mean absolute deviation) using a cover story about soccer: Students need
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Preparatory effects of problem solving versus studying examples... 9

to find the most consistent soccer player by analyzing a list of the number of goals
that three soccer players scored over a 10-year period (see Loibl and Rummel 2014a).
Students in the PF condition usually generate a number of solution attempts that dif-
fer in how many of the following components of the canonical solution they cover:
(1) sum up deviations for all data points to obtain a precise result, (2) take absolute or
squared deviations (i.e., positive values) to prevent positive and negative deviations
from canceling each other out, (3) take deviations from a fixed reference point (the
mean) to avoid sequence effects, and (4) divide by the number of data points to account
for sample size. As students have not yet received instruction on the concept of vari-
ance and as shown by previous studies (e.g., Kapur 2014a; Loibl and Rummel 2014a),
the students usually do not come up with the canonical solution during the problem-
solving phase. A process analysis of 24 PF-students’ think-aloud protocols from a pre-
vious sample of the study by Hartmann et al. (2020), in which students worked on
the same problem-solving task as used in the present study, showed that 91.7% of the
students noticed limitations of their solution attempts (Brand et al. 2018). It can be
assumed, accordingly, that if students attempt to solve the problem-solving task used
in this study, they usually are aware that they did not correctly solve the problem. Fur-
thermore, the problem-solving task was designed such that the students cannot be sure
if their solution attempts were correct. For instance, in line with design principles of
the PF approach (Kapur and Bielaczyc 2012), the task instruction prompted students
to find more than just one problem solution. The typically produced problem solutions
also lead to very different results which also prevent students from being entirely cer-
tain about the correctness of their solution attempts. The problem-solving task can be
found in the supplementary materials (Appendix A).

Examples used in the VF conditions

The examples used in the VF conditions were obtained from an initial quasi-exper-
imental study (Hartmann et al. 2020), in which 24 students attempted to find solu-
tions for the above-mentioned mathematical problem within a PF condition. The stu-
dents produced their solutions on tablet PCs while thinking out loud, and this process
was audio- and video-recorded. Based on the recordings, one student’s solutions were
selected to serve as examples in the present study (see Fig. 1). The selected student
demonstrated clear handwriting on the tablet, generated six solutions, and did not find
the canonical solution (the highest-quality solution covered two out of the four canoni-
cal components). As such, this model student represents a typical student comparable
with previous studies (e.g., Loibl and Rummel 2014b).

In both example conditions (VF-process and VF-outcome), we tried to prevent a
potential effect of model-observer similarity (see Hartmann et al. 2020; for a discus-
sion of MOS, see Hoogerheide et al. 2016) by controlling the gender match between
model and observer. To this aim, we also recorded the problem-solving process of the
originally female model with a male voice. As participants in the VF-outcome condi-
tion did not hear the model’s voice, we introduced fictional female or male names, and
displayed them in accordance with the gender of the observer. Therefore, students in
both example conditions worked with same-gender models. In order to trigger and thus
control for MOS, the students were also told that the model had a similar level of abil-
ity to themselves.
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Fig. 1 Illustration of the six examples used in the VF conditions

Mathematical ability and prior knowledge (Pre-test)

We assessed students’ mathematical ability and prior knowledge as potential covariates to
take into account in the analysis. Mathematical ability was assessed by asking students to
state their last two grades in mathematics. Thus, mathematical ability indicates a rather
global skill to solve mathematical problems as evidenced by past academic performance.
Students’ prior knowledge was assessed with a pre-test consisting of five mathematical
tasks (Cronbach’s alpha=0.402). As we did not expect the students to have knowledge
about the concept of variance before our experiment, the prior knowledge test assessed rel-
evant prerequisite knowledge rather than specific knowledge about the concept of variance,
although we checked whether the students already knew the canonical formula prior to
the experimental phase. The pre-test was identical to the one used by Loibil and Rummel
(2014a, b) as well as Hartmann et al. (2020) and required students to interpret and draw
graphs (3 points), demonstrate their knowledge of descriptive statistics (mean and range, 3
points), and to draw and interpret a boxplot (4 points).

Quantity and quality of solution attempts (Process data, PF)

We evaluated the quantity and quality of generated student solutions in the PF condition
as a proxy for prior knowledge activation using the coding scheme by Loibl and Rum-
mel (2014b). Each solution received a score ranging from O (none of the canonical solu-
tion components included) to 4 (all of the canonical solution components included). To
assess the overall quality of the PF students’ problem solving, we used their score on the
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solution with the highest number of components included. To assess the quantity of stu-
dent solutions, we counted the number of different solutions, regardless of their quality.
For instance, the model in our VF conditions generated six solutions (quantity) with two
components of the canonical solution included (quality).

Self-reported awareness of knowledge gaps

Students’ awareness of knowledge gaps was assessed with items adopted from Loibl and
Rummel (2014a) and Glogger-Frey et al. (2015). Seven items (Cronbach’s alpha=0.806)
rated on a 6-point Likert scale were used to measure the extent to which students perceived
their own knowledge after problem solving (or observing the model or looking at the
model solutions, respectively) as sufficient. Some of the items asked about the generated or
observed solution attempts more directly (e.g., ‘the solutions seem to be incomplete’). All
items can be found in the supplementary materials (Appendix B).

Conceptual and procedural knowledge (Post-test)

The post-test, which assessed conceptual and procedural knowledge, was identical to that
used by Loibil and Rummel (20144, b) and Hartmann et al. (2020). The four conceptual
knowledge items required students to explain graphical representations of the canonical
formula (2 points), to identify and explain errors of typical student solutions by relating
them to essential components of the canonical solutions (3 points), and use their con-
ceptual understanding of ‘consistency’ to sort data sets according to their distribution (2
points). The three procedural knowledge items required students to apply the canonical
problem-solving procedure (i.e., mean absolute deviation) to problems as shown during the
instruction (5 points). For reliability analysis, we calculated Cronbach’s alpha to assess the
internal consistency of the whole post-test and of the two subscales. The internal consist-
ency of the seven items was Cronbach’s alpha=0.663 (separately by subscale, Cronbach’s
alpha was 0.437 for the conceptual and 0.593 for the procedural items). As our hypotheses
mainly concerned the conceptual knowledge post-test, a second rater coded all of the con-
ceptual knowledge post-tests of all students. Inter-rater reliability assessed by the ICC (ran-
dom, absolute) was high for the entire scale, ICC=0.946, 95% CI [0.865, 0.972], as well as
for each item.

In addition to the main variables relating to our hypotheses, we also collected self-report
data on perceived competence, curiosity, intrinsic motivation, cognitive engagement, epis-
temic beliefs about mathematics, self-efficacy, need for cognition, and perceived model-
observer similarity. As we did not have any hypotheses about these exploratory measures,
we did not consider them in our main analyses.

Procedure

The study comprised of two experimental phases (for an overview, see Fig. 2). After com-
pleting the pre-test (duration of 20 min), students worked on the mathematical problem for
45 min. The experimental variation was implemented in this phase. The students remained
in their classes as usual, and worked on tablet PCs with headphones on. Before students
started to work on the mathematical problem, we randomly assigned each student to one of
the three experimental conditions.
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Experimental Phase 1 Experimental Phase 2
Day 1 (45 minutes) Day 2 (45 minutes)
Problem solving by
PF @ generating own @ . @
; solution attempts Instruction
Students in all three
i Observing another i conditions received
VF-process @ student’s problem- @ an instruction about @
solving process I the canonical
solution (mean |
Looking at another absolute deviation) {

VF-otucome @ student’s problem- @ @

solving outcome

v b 4 v
Pre-test (20 minutes) Intermediate Test (5 minutes) Post-test (30 minutes)
- Mathematical Ability - Awareness of Knowledge Gaps - Conceptual Knowledge

- Prior Knowledge - Procedural Knowledge

Fig.2 Experimental procedure

At the beginning of the first experimental phase, we prompted students in the PF con-
dition to find as many solutions for the mathematical problem as they could; thus, the PF
students invented their own solution attempts. All of their solution attempts were recorded
on the tablet PCs, including any notes made. Students in the two VF conditions did not
invent their own solution attempts, but rather observed solutions generated by another stu-
dent, displayed on the tablet PCs. In the introduction to the experimental phase, we told
the students in the two VF conditions that they were going to spend 45 min observing
another student who was attempting to solve a problem. Even if the introduction stressed
that the other student was atfempting to solve the problem, in accordance with the introduc-
tion used by Kapur (2014a, b) we did not explicitly highlight that the shown solutions were
erroneous. The two VF conditions differed regarding the information to which students had
access, but the model’s solutions were identical for both conditions. Students in the exam-
ple condition with process information (VF-process) observed the model generating his/
her solutions. They watched a video showing the model’s problem-solving steps and could
hear the model’s voice throughout the process. Students in the VF-outcome condition were
shown the same solutions as students in the VF-process condition, but were only shown
pictures of the final state of the model’s solutions, and did not receive the audio and video.
Each solution was shown for the same amount of time that the model had needed to gener-
ate the solution (i.e., same duration as the VF-process condition). Students did not receive
any guidance or instruction on the target concept or concerning relevant problem-solving
strategies during this phase in any of the conditions.

After the experimental phase, in the next mathematics lesson within one week, students
in all three conditions received 45 min of instruction about the canonical solution (i.e.,
mean absolute deviation) from the experimenter. This instruction was the same as that
used in the study by Hartmann et al. (2020), and contrasted typical student solutions to
the canonical solution (cf. Loibl and Rummel 2014a). The instruction was held as the stu-
dents’ regular mathematics lessons and the students remained in their classes as usual. The
experimenter introduced the problem-solving task and typical (failed) solution attempts (as
generated or observed in the previous phase). For each solution attempt, the experimenter
highlighted the advantages and disadvantages. The solution approaches were presented in
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ascending quality until the canonical solution was introduced. At the end of the instruc-
tion, the experimenter summarized all failed solution attempts and demonstrated why the
canonical solution better solves the problem-solving task. Finally, students completed a
30-min post-test requiring them to apply (procedural knowledge) and explain (conceptual
knowledge) the canonical solution to tasks similar to the mathematical problem used in the
experimental phase.

Results
Mathematical ability and prior knowledge

Table 1 displays the descriptive statistics for students’ mathematical ability and their prior
knowledge. As revealed by two separate ANOVAs, the three conditions did not differ sig-
nificantly in mathematical ability, F(2, 170)=2.54, p=0.082, np2:0.03 or prior knowl-
edge, F(2, 170)=0.76, p=0.469, 1,>=0.01.

Conceptual knowledge

Table 2 shows the descriptive statistics for conceptual and procedural knowledge acquisi-
tion as well as the overall score aggregated across both subscales.

We tested our hypotheses regarding the students’ conceptual knowledge acquisition
using an ANCOVA, defining two a priori contrasts. The first contrast tests Hypothesis 1
that observing the problem-solving process prior to instruction (VF-process: weight of —1)
is as effective for preparing students for the subsequent instruction as engaging in prob-
lem solving oneself (PF: weight of 1; VF-outcome was assigned a weight of 0). The sec-
ond contrast tests Hypothesis 2 that students in both the PF (weight of 1) and VF-process
(weight of 1) condition gain more conceptual knowledge than students who look at the
outcome of the problem-solving process (VF-outcome; weight of —2).

Given that both mathematical ability, r(173)=0.36, p<0.001, and prior knowledge,
r(173)=0.31, p<0.001 correlated positively with conceptual knowledge acquisition, these
measures were used as covariates. Following suggestions by Hayes (2013), we mean-cen-
tered both covariates. The ANCOVA revealed a significant effect of prior knowledge, F(1,
166)=14.43, p<0.001, np2=0.08, and mathematical ability, F(1, 166)=14.03, p<0.001,
np2 =0.08.

With regard to our first hypothesis that VF-process would be as effective in terms of pre-
paring students for the subsequent instruction as PF, the contrast showed that VF-process

Table 1 Descriptive statistics (pre-test)

Pre-test Points /scale PF VF-process VF-outcome TOTAL
n=55 n=56 n=62 N=173
M (SD) M (SD) M (SD) M (SD)
Mathematical ability® 1-6 3.92 (1.01) 4.30 (0.94) 4.24 (0.90) 4.16 (0.96)
Prior knowledge 0-10 5.27(2.01) 4.98 (1.74) 5.40 (1.85) 5.22(1.87)

“In Germany, ‘1’ represents the best grade while ‘6’ represents the worst grade. To facilitate interpretation,
grades were reverse-coded such that ‘1’ represents the worst and ‘6’ the best grade
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Table 2 Descriptive statistics for post-test scores on knowledge acquisition

Post-test scores Points PF VF-process VF-outcome TOTAL
n=>55 n=>56 n=62 N=173
M (SD) M (SD) M (SD) M (SD)
Conceptual 0-7 2.24 (1.35) 3.03 (1.47) 2.52(1.78) 2.59 (1.58)
Procedural 0-5 2.26 (2.01) 2.55(1.98) 2.42(1.92) 2.41 (1.96)
Overall 0-12 4.49 (2.77) 5.58 (3.07) 4.94 (3.21) 5.00 (3.05)

was actually more effective for conceptual knowledge acquisition than PF, F(1, 166)=6.91,
p=0.009, npzz 0.04. However, we also found a significant interaction between the effect of
condition and the students’ prior knowledge, F(2, 166)=3.13, p=0.047, np2:O.04, which
indicates that the impact of the students’ prior knowledge on their performance on the con-
ceptual knowledge post-test differs between VF-process and PF. To follow up on this inter-
action effect, we conducted a regression model with the SPSS macro PROCESS (Model
1: see Hayes 2013). As can be seen in Fig. 3, prior knowledge significantly moderated
the effect on conceptual knowledge in the PF and the VF-process conditions, b;=0.34,
p=0.011 (for all regression results: see Table 3). While prior knowledge did not affect the
post-test performance in the PF condition, #(55)=0.13, p=0.345, students in the VF-pro-
cess condition gained more from observing the process when they had higher prior knowl-
edge, r(56)=0.53, p<0.001. Using the Johnson-Neyman technique (see Hayes 2013), we
further identified regions in the range of the continuous moderator (i.e., prior knowledge),
in which the effect between VF-process and PF on the students’ conceptual knowledge
reached statistical significance (level of significance: «=0.05). Our results revealed that
the moderation effect exceeds the level of significance only if students had achieved at least
4.52 points out of a maximum 10 points on the prior knowledge pre-test (n=65, or 58.56%
of the students in the PF and VF-process conditions).

Taken together, the results of the regression model revealed that from a score of 4.52 points
on the prior knowledge pre-test, the difference between VF-process and PF on the conceptual
knowledge post-test increased by 0.34 points for each further point on the prior knowledge
pre-test (see Fig. 3). In other words, there was only a significant difference between the VF-
process and PF conditions for students who had a certain amount of prior knowledge.

With regard to our second hypothesis that students in the PF and VF-process conditions
would outperform students in the VF-outcome condition, contrary to our expectation, the
contrast showed no significant differences, F(1, 166)=1.42, p=0.235, np2 =0.01.

Procedural knowledge

As both mathematical ability, 7(173)=0.36, p <0.001, and prior knowledge, r(173)=0.27,
p<0.001, correlated positively with procedural knowledge acquisition, these measures
were used as covariates in the analysis. In line with our expectations, an ANCOVA on
procedural knowledge showed that there were no significant differences among conditions
with respect to procedural knowledge acquisition, F(2, 168)=0.15, p=0.863, np2=0.002.
The ANCOVA also revealed a significant effect of prior knowledge, F(1, 168)=6.97,
p=0.009, np2:O.04, and mathematical ability, F(1, 168)=16.86, p <0.001, np2:0.09.
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Fig. 3 Moderating effect of students’ prior knowledge (0-10 points) on students’ performance on the con-
ceptual knowledge post-test (0—7 points)

Table 3 Regression results of the moderation analysis

Dependent variable: conceptual knowledge acquisition

b b95% CI [LL, UL] SE t P

Constant (b,) 2.30 [1.96, 2.64] 17 13.28 <.001
Condition (b;) 0.71 [0.22, 1.20] 25 2.89 .005
VF-process (1)

PF (0)

Mathematical ability (Covariate) 0.36 [0.11, 0.62] .13 2.79 .006
Prior knowledge (b,) 0.04 [-0.13,0.21] .09 0.47 .639
Condition X prior knowledge (b3) 0.34 [0.08, 0.60] .13 2.58 .011

Awareness of knowledge gaps

Because awareness of knowledge gaps was highlighted as an important preparatory mech-
anism underlying the effectiveness of the PF approach (Loibl and Rummel 2014a), we
expected that the self-reported awareness of knowledge gaps would be positively associ-
ated with students’ conceptual knowledge acquisition (Hypotheses 1 and 2), respectively,
students in the PF and VF-process conditions would report more knowledge gap awareness
than students in the VF-outcome condition. However, our data did not support this assump-
tion. An ANOVA did reveal a significant main effect of condition on awareness of knowl-
edge gaps, F(2, 170)=11.57, p<0.001, np2=0.12; yet, Bonferroni post-hoc tests showed
that PF students reported significantly more awareness of knowledge gaps (M=2.88,
SD=1.07) than did students in both the VF-process (M =2.06, SD=1.00, p <0.001) and
the VF-outcome condition (M =2.15, SD=0.91, p<0.001). Additionally, there was no sig-
nificant correlation between students’ awareness of knowledge gaps and their performance
on the conceptual knowledge post-test, either overall (173)=—0.09, p =0.223 or separated
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by condition (PF: r(55)=-0.12, p=0.375; VE-process: r(56)=—-0.08, p=0.538; VF-out-
come: r(62)=-0.06, p=0.618).

Quantity and quality of solution attempts

PF students generated M=2.95 (SD=1.25) solutions on average, and their solutions
included M=1.04 (§D=0.67) components of the canonical formula. Notably, these results
differ from previous research on PF. For instance, Loibl and Rummel (2014b), who used
the same materials, reported an average of 4.13 (SD=1.35) generated solutions, including
2.13 (§D=0.83) canonical components. Neither solution quality, »(55)=0.10, p=0.453,
nor quantity, r(55)=0.12, p=0.374 were significantly correlated with conceptual knowl-
edge acquisition.

Discussion

The aim of our experiment was to compare the effectiveness of students generating their
own solutions prior to instruction (PF) to students observing others attempting to generate
solutions (VF-process) and to students looking at others’ failed solution attempts (VF-out-
come). We hypothesized that: (1) observing the problem-solving process prior to instruc-
tion (VFE-process) would be as effective in terms of preparing students for learning from
the subsequent instruction as engaging in problem solving (PF), and (2) students in the PF
and VF-process conditions would show more conceptual knowledge in the post-test than
students who only looked at the outcome of the problem-solving process (VF-outcome).

With regard to our first hypothesis, we found that students in the VF-process condition
even outperformed students in the PF condition on the conceptual knowledge post-test. We
also found an interaction with prior knowledge, revealing that students in the VF-process
condition gained more from observing the process when they had higher prior knowledge.
Regarding our second hypothesis, we did not find that students in the PF and VF-process
conditions significantly outperformed students in the VF-outcome condition.

Our findings replicate and extend the results of research on example-based learning
in the PF paradigm. First and foremost, while past research seemed to indicate that VF
was less effective than PF Kapur (2014a, b), our findings show that it can be as effective
or even more effective when VF shows the entire process and not merely the outcome.
Moreover, our findings add to the results of previous studies on example-based learning,
which showed that studying erroneous examples may foster students’ conceptual knowl-
edge acquisition even better than students’ own problem solving (cf. McLaren et al. 2015),
and that examples can be effectively used prior to instruction (cf. Glogger-Frey et al. 2015;
Likourezos and Kalyuga 2017). Furthermore, our finding that students’ prior knowledge
moderated the effect on conceptual knowledge acquisition in the PF and the VF-process
conditions is in line with the results of GroBe and Renkl (2007), who also revealed that
prior knowledge affects learning from erroneous examples. However, the examples used
in the studies by Glogger-Frey et al. (2015) and Likourezos and Kalyuga (2017) allowed
students to study how to apply essential parts of the canonical solution prior to instruc-
tion. In contrast, the examples used in our study showed a student who was attempting and
failing to solve the problem. Our findings show that example-based learning can still be
effective in that case, and indeed even more effective than attempting to solve the problem

@ Springer



Preparatory effects of problem solving versus studying examples... 17

oneself, particularly for students with higher prior knowledge, and provided that students
get to observe the entire problem-solving process. The question therefore arises of which
mechanisms explain the superior effectiveness of the VF-process compared to PF.

The core mechanisms for the effectiveness of the PF approach that have been identified
are prior knowledge activation, awareness of knowledge gaps, and deep feature recogni-
tion (Loibl et al. 2017). Regarding prior knowledge activation, previous studies found a
positive correlation between the number of solution attempts generated during PF and con-
ceptual knowledge acquisition (e.g., Kapur 2012; Kapur and Bielaczyc 2012). However,
the findings are mixed, as Loibl and Rummel (2014b) did not confirm this correlation. We
expected that students would also effectively activate prior knowledge while observing
another student engaged in the problem-solving process. The model student displayed sev-
eral components of the canonical solution in the problem-solving attempts, which would
allow for extensive prior knowledge activation in VF. In contrast, students in the PF condi-
tion in the present study did not seem to engage in extensive prior knowledge activation,
and their prior knowledge activation did not correlate significantly with their performance
on the conceptual knowledge post-test. PF students in our sample generated less solution
attempts with less components of the canonical solution included, compared to a study by
Loibl and Rummel (2014b) and Hartmann et al. (2020), who used the same materials.

The fact that the PF condition in our sample produced less solution attempts with lower
quality was surprising, because PF was designed according principles formulated by Kapur
and Bielaczyc (2012). Even though we have implemented PF similar to previous studies,
however, in the most studies on the PF approach students were engaged in collaborative
problem solving. Accordingly, in some studies, students were spatially separated to enable
an effective small group collaboration (e.g., Loibil and Rummel 2014a, b). In our study,
approximately 20 students of a certain class first were randomly assigned to the experi-
mental conditions and then worked individually in one classroom. Although previous stud-
ies have shown beneficial effects of the PF approach even if students worked individually
(Kapur 2014a) in a classroom setting, it might have been easier for students to not continue
generating any more solution attempts if it became too demanding for them, without being
noticed.

Nevertheless, assuming that the quantity and quality of solution attempts reflects the
range (or diversity) of students’ prior knowledge activation (Kapur 2012), and assuming
that prior knowledge activation is important to benefit from subsequent instruction (Loibl
et al. 2017), this may explain why students in the PF condition did not acquire as much
conceptual knowledge as students in the VF-process condition. However — and this is a
limitation of the present study — we had no direct measure of prior knowledge activation in
all conditions, meaning that this explanation remains speculative.

We did measure students’ awareness of knowledge gaps, which is considered neces-
sary in order to learn more effectively from the subsequent instruction (Loibl and Rummel
2014a). However, these results do not help explain why students in the VF-process out-
performed those in the PF condition, because students in the PF condition reported more
awareness of knowledge gaps than did VF students, and additionally, we found no sig-
nificant correlation between the students’ self-reported awareness of knowledge gaps and
their performance on the conceptual knowledge post-test. This corresponds with results
by Glogger-Frey et al. (2015) showing that more knowledge gap awareness through prob-
lem-solving prior to instruction did not result in higher learning outcomes. Glogger-Frey
et al. (2015) argued that perhaps, during instruction, students might not have been able to
concentrate on the relevant information, which would have been essential to specifically
address their knowledge gaps. This might also explain our findings. Another explanation
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might lie in the fact that there is no linear relation between the students’ awareness of
knowledge gaps and how effectively they learned from instruction. Even though students
in the PF condition were more aware of their knowledge gaps, the awareness as triggered
by studying examples might have been sufficient to benefit from the subsequent instruction.

It should be noted, however, that the knowledge gap awareness items are rather unspe-
cific, and they do not assess explicit knowledge about why a particular solution attempt
did not adequately solve the problem (i.e., negative knowledge). While PF students might
have identified that their solution attempts led to erroneous results, thus becoming more
aware of their knowledge gaps, they may not have been able to explicitly identify why their
attempted solutions were ineffective (or incomplete). This brings us to the third mecha-
nism: deep feature recognition. An alternative approach to explaining why VF-process
reported less awareness of knowledge gaps, yet benefited more from their prior knowl-
edge and outperformed PF on the conceptual knowledge post-test, would be that observ-
ing another student’s solution attempts sets free resources to reflect more effectively on
the deep features of the solution attempts. In contrast to generating one’s own solutions,
studying another student’s solutions requires observers to face information, which might be
inconsistent with their own prior knowledge. This might potentially lead to cognitive con-
flict (Lim6n 2001), that is, identifying discrepancies between the model’s intuitive ideas on
how to solve the problem and the observer’s naive conceptions. Once the observer identi-
fies, attempts to explain, and solves such conflict, the observer can use his or her prior
knowledge to reflect on the rationale behind the model’s actions, in order to understand
why certain solutions do not work (i.e., negative knowledge). In this way, the observer may
gain insight into the deep features of the concept to be learned. In other words, because
VF-students did not have to generate their own solution attempts, they might have had
more cognitive resources available for gaining explicit knowledge about why (some) of the
components of the canonical solution are important, prior to the instruction. The fact that
more components of the canonical solution (i.e., better quality) were displayed to VF-stu-
dents could have increased this advantage, especially for students with higher prior knowl-
edge, as they would have been able to identify better solutions even if they could not have
generated them themselves. It has not yet been investigated, however, whether recognizing
deep features of a not-yet-known concept already plays a role during problem solving or
exclusively takes place during the subsequent instruction (Loibl et al. 2017). If students
already recognize some of these deep features of the concept to be learned during PF or
VF, it will be easier for them to understand and learn the canonical solution components
as taught during the instruction. This would also explain why the VF-process was par-
ticularly effective for students with higher prior knowledge. Higher prior knowledge both
reduces experienced cognitive load imposed by the task (Kalyuga 2011) and aids in the
deep feature recognition: When observers have lower prior knowledge, they might not be
able to identify and explain the discrepancies between their own and the observed concept
(Limén and Carretero 1997). This explanation also corresponds to a study by Koedinger
and Anderson (1990) showing that problem-solving experts (cf. students with higher prior
knowledge in our study) focus more on key features of a problem than individuals with less
expertise.

In contrast, PF students, who are generating their own solution attempts, can only gain
insight into deep features during the problem-solving phase by effectively comparing and
contrasting their own diverse solution attempts. This would not only require sufficient
working memory capacity available to do so, but would also require there to be something
to compare, and the low solution diversity observed in the present study suggests that this
was not the case. This might also explain why some previous studies reported a positive
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correlation between the students’ generated solutions during the problem-solving phase
and their performance on the conceptual knowledge post-test (Kapur 2014b; Kapur and
Bielaczyc 2012), while some did not (Loibl and Rummel 2014b), because the effective-
ness of the generated solutions might depend on further processes, like building negative
knowledge and deep feature recognition. From this point of view, however, it could also
be argued that the effectiveness of the PF approach would be explained not so much by
an activation of prior knowledge as by a process of knowledge building. The effectiveness
of being engaged in problem-solving attempts is, therefore, based less on an activation of
intuitive ideas than on deriving deep features of the problem as well as problem solutions
through an active exploration. Again, however, this explanation is rather speculative, and
tapping into these processes more directly during PF and VF is an important avenue for
future research.

Conclusion

In conclusion, our data support the assumption that observing someone else’s problem
solving can prepare students for the subsequent instruction more effectively compared to
one’s own problem solving. In contrast to the assumption that only by generating their
own solutions can students explore a not-yet-known concept Kapur (2014a, b), our experi-
ment revealed that observational (or example-based) learning also plays an essential role in
explaining the beneficial effects of problem solving prior to instruction. However, further
research is needed to examine how students utilize their prior knowledge to elaborate on
solution attempts during generation or observation. To examine why observing examples
of failure prepares students with higher prior knowledge even more effectively for instruc-
tion than engaging in one’s own (failed) problem-solving attempts, it would be fruitful to
understand why (observing or actually) ‘failing’ helps students to ‘productively’ gain con-
ceptual knowledge from subsequent instruction. Accordingly, to explore underlying pre-
paratory effects by the means of qualitative process analyses would be a fruitful methodo-
logical approach for future studies. As we found that generating one’s own solutions was
not essential for gaining more from the PF approach, our findings have an important impli-
cation for educational practice: Students might be supported in ‘failing productively’ by
observing examples, especially if they would otherwise struggle to generate diverse solu-
tion attempts. However, in general, we need to come to understand the underlying prepara-
tory mechanisms of the PF approach in more detail to be able to carefully design pedagogi-
cal practices, which effectively and sustainably prepare students for instruction.
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