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Abstract

We consider the problem of a society that uses a voting rule to choose a subset from
a given set of objects (candidates, binary issues, or alike). We assume that voters’
preferences over subsets of objects are separable: adding an object to a set leads to a
better set if and only if the object is good (as a singleton set, the object is better than
the empty set). A voting rule is strategy-proof if no voter benefits by not revealing
its preferences truthfully and it is false-name-proof if no voter benefits by submitting
several votes under other identities. We characterize all voting rules that satisfy
false-name-proofness, strategy-proofness, and ontoness as the class of voting rules
in which an object is chosen if it has either at least one vote in every society or a
unanimous vote in every society. To do this, we first prove that if a voting rule is
false-name-proof, strategy-proof, and onto, then the identities of the voters are not
important.
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1 Introduction

Societies make decisions by means of voting rules, mapping profiles of voters’
preferences into social alternatives. However since individual preferences are private
information, voters may behave strategically by not submitting their preferences
truthfully. Voting rules that are immune to this kind of manipulation are called
strategy-proof. Another way of behaving strategically, especially when the identities
of the agents cannot be verified, is by voting several times under other identities.
This is in fact a real and growing phenomenon in anonymous online mechanisms
where agents can participate several times. Many social decisions processes are held
online worldwide, particularly during the Covid-19 lockdowns. Selection processes
for Massive Open Online (MOO) Courses or MOO Schools, rating systems for
goods and services, Internet auctions (a popular part of Electronic Commerce), or
Facebook allowing users to vote on its future terms of use (see (Zuckerberg, 2009)),
are all examples where an agent could vote multiple times. As many institutions or
websites may not have enough resources to correctly identify each agent in these
kinds of situations, repeated participation can be a highly relevant issue. An online
anonymous poll on a specific political issue, run by a popular news website, although
not binding, may lead to overwhelming pressure on the government. A voting rule
where voters cannot benefit by voting several times is usually known in the literature
as false-name-proof (see (Yokoo et al., 2004)).!

When voters’ preferences do not have a specific structure, results on voting
rules satisfying some form of false-name-proofness are rather negative, even for
random voting rules. Nanyang (2013) shows that, under unrestricted domains of
voters’ preferences, if a voting rule is strategy-proof, anonymous, and population
monotonic, then it is strongly false-name-proof; moreover, under strict preferences,
the converse also holds.”

Conitzer (2008) characterizes all anonymous-proof and neutral randomized
voting rules under strict preferences over a finite set of alternatives.’ Each element
in the class identified by Conitzer (2008) is described by a probability p € [0, 1]
with which an alternative is chosen with uniform probability and with probability
1 — p a pair of alternatives is chosen with uniform probability and if all voters
unanimously prefer one alternative over the other, this preferred alternative is

! Here, we shall say that a voting rule is false-name-proof if no voter can benefit by repeating the same
vote several times, while a voting rule is strongly false-name-proof if no voter can benefit by casting sev-
eral votes (not necessarily the same). The proof of our main result (Theorem 1) shows that, in our setting
with separable preferences, the class of false-name-proof and the class of strongly false-name-proof vot-
ing rules do coincide on the family of voting rules satisfying strategy-proofness and ontoness.

2 A voting rule is anonymous if the names of the voters are not important. Population monotonicity is
a strong requirement: when new voters arrive and vote, each voter initially present should not be strictly
better off than she was before.

3 A randomized voting rule is anonymous-proof if it is anonymous and satisfies strong false-name-proof-
ness and participation (namely, all voters prefer to vote than to abstain), which all together imply strat-
egy-proofness (see Proposition 8 in Sect. 3.4). A randomized voting rule is neutral if it does not depend
on the names of the alternatives.
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chosen, and otherwise a fair coin is used to decide between the two. These voting
rules are perceived as being very unresponsive to voters’ preferences.

Nevertheless, in many applications, the particular structure of the set of
alternatives suggests that not all voters’ preferences are conceivable. An extensive
literature on social choice presumes that a natural restriction on the domain of
voters’ preferences holds, one that is meaningful with respect to that structure. A
prominent example of this kind of domain restriction is when the set of alternatives
has a linear order structure relative to which single-peaked preferences can be
naturally defined. Then, the median voter rule (that selects the median of the profile
of voters’ best alternatives relative to the linear order) is strategy-proof (see (Moulin,
1980)). However, the median voter rule is not false-name-proof since a voter with
the lowest best alternative can manipulate the voting rule by casting several votes
for her own best alternative. The latter was shown by Todo et al. (2011), who also
characterize the class of all strongly false-name-proof, efficient, and anonymous
voting rules as those that, for each set of voters N (with cardinality n), the voting
rule selects the median of the n reported best alternatives together with n — 1 fixed
ballots for a given a priory alternative.* Some form of false-name-proofness has
also been studied in other settings, often under the name of duplication as in Congar
and Merlin (2012) and Garcia-Lapresta and Martinez-Panero (2017). For instance,
in social networks (see (Brill et al., 2016)), in matching problems (see (Todo &
Conitzer, 2013)), in sybil attacks (see (Shahaf et al., 2019) and Meir et al. (2020)),
or together with other properties (see (Wagman & Conitzer, 2008) and Waggoner
et al. (2012)). What most of these papers have in common, is that they assume
that voting rules are anonymous, so anonymity does not appear explicitly in their
characterizations. Since we are considering problems where voters’ identities are
not easily verifiable, anonymity is a very natural requirement. However, we show
that in our setting with separable preferences, anonymity follows from false-name-
proofness, strategy-proofness, and ontoness (see Proposition 3).

In this paper, we consider social choice problems where societies have to choose
a subset from a given set of objects (candidates, binary issues, or alike), and voters
have separable preferences over subsets of objects. A voter’s preference is separable
over the family of all subsets of objects if the ranking of subsets is guided by the
partition separating the set of objects into the set of good objects (as singleton sets,
objects that are better than the empty set) and bad objects (as singleton sets, objects
that are worse than the empty set). Adding a good object to any set leads to a better
set while adding a bad object leads to a worse set. Note that the best subset of objects
of a separable preference is the union of all good objects and that all additively rep-
resentable preferences are separable. This is the setting considered by Barbera et al.
(1991), where they characterize the family of all strategy-proof, anonymous, onto,

4 Todo et al. (2011) and Todo et al. (2020) extend the analysis to the case where the set of alternatives
has a tree structure.
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and neutral voting rules as the class of all voting by quota.” A (neutral) voting by
quota for N specifies (and it can be identified with) an integer g, between 1 and n,
where n = |N|. Then the choice of the subset of objects made by the voting by quota
qy at a profile of separable preferences is done object-by-object as follows: object x
belongs to the chosen set if and only if the set of voters for which x is a good object
has cardinality larger or equal to gy. Hence, voting by quota can be seen as a family
of qualified majority voting where the two alternatives at stake (in each voting) are
whether or not x belongs to the collectively chosen subset of objects.

We want to identify here, for this setting under separable preferences, simple vot-
ing rules that are simultaneously immune to two types of manipulations: not vot-
ing according to the true preferences (strategy-proofness) and voting many times
(false-name-proofness). Observe that our notion of false-name-proofness is weaker
than most of the notions that can be found in the literature (for example in Conitzer
(2008), Todo et al. (2011), and Nanyang (2013)). We consider situations where each
agent must submit one vote under its identity, but it can also repeat this vote using
other identities, while the most common notion allows each agent to additionally
vote several times submitting any kind of vote, not necessarily equal to the vote cast
by the agent under its identity. Our notion of false-name-proofness protects against
an extremely easy way to manipulate an election by a (not necessarily human) voter:
clicking several times to submit the same vote seems easier than voting several
times, changing the vote each time.

On the way to our characterization result, we prove some auxiliary results. The first
one is important by itself since it states that any false-name-proof, strategy-proof, and
onto voting rule is indeed anonymous. Hence, anonymity does not have to be explicitly
imposed (as most of the literature does). This implication is also very intuitive: if no
voter has the incentive to use other identities to repeat her vote, then voters’ identities
should not matter at all. Additionally, we prove two propositions that identify
implications that false-name-proofness has in this setting: an object should be chosen
if either it has at least one vote in every possible set of voters or if it has a unanimous
vote in every possible set of voters. These results help us to build the proof for our main
result (Theorem 1) that characterizes all voting rules that satisfy false-name-proofness,
strategy-proofness, and ontoness as the class of voting by quota where to be chosen,
each object needs either at least one vote or a unanimous vote. This means that each
voter can either impose the object (by voting for it) or veto the object (by not voting for
it). Our proof of Theorem 1 shows that false-name-proofness in this characterization
can be replaced by strong false-name-proofness (Corollary 1). Moreover, we show in
Proposition 6 that if a voting rule is strategy-proof, false-name-proof, and onto, then it
satisfies participation. In Proposition 8, we establish that, in any setting and any domain
of preferences, if a voting rule is strongly false-name-proof and satisfies anonymity
and participation, then it is strategy-proof as well. Finally, Example 1 indicates that the

> They characterize the larger family of all strategy-proof and onto voting rules as the class of voting by
committees.
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statement of Proposition 8 does not hold if strong false-name-proofness is replaced by
false-name-proofness, even under the domain of separable preferences.

The rest of the paper is organized as follows. Section 2 contains preliminaries, the
definition of separable preferences, properties of voting rules, and the definition of
voting by quota. Section 3 contains the results. In Sect. 3.1 we state Theorem 1, the
main result of the paper. Section 3.2 contains preliminary results that are used in the
proof of Theorem 1. In Sect. 3.3, we prove Theorem 1 and state two of its Corollaries.
Section 3.4 contains additional results. Finally, in Sect. 3.5, we show that the axioms
used in Theorem 1 are independent. Section 4 contains a final remark.

2 Preliminaries and definitions
2.1 Voters, alternatives, separable preferences, and voting rules

We are interested in studying social choice procedures under which societies choose
a subset from a given set of objects, as in Barbera et al. (1991). Our aim is to identify
those which are simultaneously immune to voters’ manipulations by revealing non-
truthful preferences and by providing additional preferences under other identities.
While the first property does not require that the society be variable, the second one
requires to consider different societies. For this reason, we consider societies with a
variable set of voters. Let A/ be the family of all finite and no-empty subsets of the set
of positive integers Z,. An element N € N is interpreted as a society. We denote the
cardinality of N by n and refer to an elementi € N as a voter. Each set of voters N € N
has to collectively choose a subset from a given finite set M = {1, ..., M} of objects.
Then, the set of alternatives from which any society has to choose from is the family of
all subsets of objects 2",

For each voter i, let P; be voter i’s preference over 2. We assume that P; is a
strict linear order and denote by D a generic set of strict preferences over 2, which
we will refer to as a domain. We denote the weak counterpart of P; by R;. A profile
(for N € N) is an ordered list of preferences P = (P;),cy € D", one for each voter
in N. By convention, we set D? = ¢. For N,N' € N (with NN N’ = ) and two pro-
files of preferences P = (P,);cy € D" and P’ = (Picy € DV, we denote the profile
(P)ien (Pien) € DYV by (P, P'). Let P = (P,);ey € D" be a profile, let i € N be
a voter, and let S C N be a subset of N, we denote by P_; € D the profile obtained
from P after deleting P; and by P € DS and by P_; € DY\ the profiles obtained from
P restricted to S and to NV \ S, respectively.

Let P, be a preference over 2. An object is good (respectively, bad) according to
P, if as a singleton set is strictly preferred (respectively, less preferred) to the empty
set. A preference P; is separable if the division between good and bad objects guides
the ordering between some pairs of subsets: adding a good object to any set leads
to a better set, while adding a bad object to any set leads to a worse set. Formally, a
preference P; € D is separable if for all T € 2Mand x & T,

T U {x} P; T if and only if {x} P; .

@ Springer



F. Fioravanti, J. Mass6

Let S be the set of all separable preferences over 2\
A preference P; € D is additive if there exists a function u : M U {J} - R such
that (@) = 0 and for all T, T’ € 2M,

T P, T' if and only if Z u(x) > Z u(x),

xeT xeT’

where by convention we set erf u(x) = 0 for T= @. In this case, we say that u
(additively) represents P;. Of course, all additive preferences are separable. Let A be
the set of all additive preferences over 2M.

Given P; € D, let b(P;) and w(P;) be, respectively, the best and the worst subsets
of 2M according to P;; namely, b(P;)) P; T for all T € 2M\b(P,-) and T P; w(P;) for all
T € 2"\ w(P;). It is easy to see that if P; € S, then b(P;) = {x € M | {x} P,#} and
w(P)={xe M|@BP;{x}}

A voting rule for N € A/ on a domain D selects a subset of M for each pro-
file P € DV. Namely, given a domain D, a voting rule for N is a mapping
fv @ DV = 2M A voting rule f = {fy : DY — 2M}yep (on D) is a family of vot-
ing rules, one for each N € N.

2.2 Properties of voting rules

We define desirable properties for voting rules.

The first property states that all possible subsets of objects should be feasible to
be selected; that is, for each N € N/, [y 1s onto. Barbera et al. (1991) refer to onton-
ess as voters’ sovereignty.

Definition 1 A voting rule f : DY = 2M for N is onto if, for all T € 2M, there
exists a P € D" such that fy(P)=T. A voting rule f = {fy : DV — 2M}, o is
onto if fy is onto for each N € N.

The following two properties are very natural in online environments, and state
that no voter nor object should receive a differential treatment.

Definition 2 A voting rule f = {fy : DN - oM Yven 1 anonymous if, for each
bijection 6 : Z, — Z,, each N € N and each P € D", f,(P) = f,,(c(P)), where
o(P) = (P,;)ien- A voting rule fy : DV — 2M for N is anonymous if, for each
bijection 6y, : N — N and each P € D", f(P) = fy(oy(P)).°

Definition 3 A voting rule fy : DV — 2™ for N is neutral if, for each bijec-
tion y: M —> M and each Pe D", u(fy(P)) = fy(u(P)), where u(T) and

% The latter part of Definition 2 is the notion used in Barbera et al. (1991). Of course, any anonymous
voting rule f = {fy : DV = 2M} ~en has the property that, for each N, the voting rule fy, for N is anony-
mous.
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u(P) = (P;)iE y are the subset of objects and the preference profile obtained, respec-
tively, from 7 € 2M and P € D" by permuting the objects according to y; namely,
u(T)={x e M |x=u(y) for ye T} and, for each i € N and pair S,T € 2M,
u(S) P; u(T)if and only if SP; T. A voting rule f = {fy : DV - oM }ven 18 neutral
if fy is neutral for each N € V.

The first manipulation property that we are interested in is the one that requires
that the voting rule does not give incentives to report non-truthful preferences.

Definition 4 A voting rule fy, : D" — 2Mfor N is strategy-proof if for all P € DV,
alli € N and all P; e D,

Sn(Pis P_) R, fy(Pl, P_)).

A voting rule f = {fy : DV - 2My nen 18 strategy-proof if f, is strategy-proof for
each N € V.

Another important requirement, especially in online voting, is that a voter should
never have incentives to cast repeated votes.

Definition 5 A voting rule f = {fy : DN - oM Inen 18 false-name-proof if for all

(N,P)e NxD", all i€ N and all (W',P") € Nx D" such that NN N’ =@ and
P;:PiforalljeN’,

Fv(P) R, fyon (P P).

Conitzer (2008) refers to false-name-proof (randomized) voting rules as those
satisfying a stronger version of our notion for non-randomized voting rules.
Conitzer’s (Conitzer, 2008) condition imposes stronger restrictions on the voting
rule by not requiring that the additional preferences submitted by voter i € N
coincide with agent i’s original preference P,.” For this reason, we refer here to
Conitzer’s (Conitzer, 2008) original notion as strong false-name-proofness.

Definition 6 A voting rule f = {f}, : DV - oMy Nen 18 strongly false-name-proof if
forall (N, P) € N'x D", alli € N and all (N', P') € N'x D" such that N N N’ = §,

InP) R, fyun (P, P").

Moreover, Conitzer (2008) also requires that (randomized) voting rules induce
voters to vote. We shall show that, in our context, this participation property follows
from false-name-proofness, strategy-proofness, and ontoness. For non-randomized
voting rules, participation is as follows.

7 Even more, in Conitzer (2008) it is not required that the voter in N submits its true preference at all.
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Definition 7 A voting rule f = {f} : DN - oM Iwven satisfies participation if, for
all (N, P) € Nx D" such thatn > 2 and alli € N,

InP)R; fon 5y (P

Conitzer (2008) refers to a voting rule as anonymous-proof if it satisfies strong
false-name-proofness, anonymity, and participation. We shall show in Proposition 8
below that, in any domain of preferences, strategy-proofness follows from these
three properties.

2.3 Voting by committees and voting by quota

To define a class of anonymous voting rules required to state our main result, we
need the concept of a committee.

Definition 8 A committee VW, is a non-empty family of non-empty coalitions of N,
which satisfies coalition monotonicity; that is, if / € Wy, and I C J, then J € W),,.
Such coalitions are called winning. A minimal winning coalition is an I € W), such
that for every J C I, J & Wy We denote by YWy the family of minimal winning coa-
litions of W,.

Following Barbera et al. (1991), we introduce voting by committees.

Definition 9 A voting rule f,, : DY — 2Mis voting by committees for N if, for each
X € M, there exists a committee W) , such that, for every P € D",
x € fy(P)if and only if {i € N | x € b(P))} € Wy ,.

A voting rule f = {fy : DV — 2M Ynen 18 voting by committees if for each N € N,
Sy 1s voting by committees for N.

Let N € N be a given set of voters with cardinality n, and let x € M be an object.
A quota for N and x is an integer gy , € {1,...,n}. Setqy = (qy Jrerr

Definition 10 A voting rule f}, : DV — 2Mfor N is voting by quota ay = @y, Dxem
if, for all P € D",

x € fy(P) if and only if |{i € N | x € b(P)}| = gy .-

A voting rule f = {fy : DN - oM }nen 18 voting by quota if, for each N € N, fy is
voting by quota gy.

Note that by definition, a voting by quota rule is very simple. It can be seen as

a family of extended majority voting, one for each object x, where voters have to
decide whether x is chosen or not; specifically, it is anonymous, as the voting rule
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only takes into account the number of votes that each object receives, not the voters’
identities.

For a fixed society, Barbera et al. (1991) characterize the class of strategy-proof
and onto voting rules when the preferences are separable or additive representable.
The following proposition follows from their results.

Proposition 1 Let D be a domain such that AC D CS. Then, a voting rule
f=1{: DY - 2My Nen is strategy-proof and onto if and only if f is voting by
committees.

Adding anonymity to the requirements gives us, also from Barbera et al. (1991),
the following result.

Proposition 2 Let D be a domain such that AC D CS. Then, a voting rule
f=1{y: DN - 2My Nen 1S Strategy-proof, anonymous, and onto if and only if f is
voting by quota.

3 Results
3.1 Main result

We now state our main result characterizing the family of all false-name-proof,
strategy-proof, and onto voting rules, on any separable domain that contains all
additively representable preferences.

Theorem 1 Let D be a domain such that ACDCS. Then, a voting rule
f=1{y: DN - oMy nen 1S false-name-proof, strategy-proof, and onto if and only
f is a voting by quota such that, for each x € M, either qy = 1for all N € N or
gy =nforallN e N.

3.2 Preliminary results for the proof of Theorem 1

In this Subsection, we introduce additional notation and obtain some preliminary
results that will be useful to prove Theorem 1.

Given x € M, we denote by u*: MuU{f#} > R any function such that
w*(x) > |u*(y)| > uw'(@) =0 for all ye M\ {x}, and if x€T and x & T’ then
2ier w0 > X u*(y); accordingly, if u* represents P, then x € T and x & 7"
imply T P; T'. Similarly, given y € M, we denote by u, : M U {#} — R any func-

tion such that |uy(y)’ > uy(x)| > u,(#) = 0> u,(y) for all x € M\{y}, and if y € T
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and y ¢ T’ then Y _,u,(x) < X v u,(x); accordingly, if u, represents P;, then
yE€Tandy & T imply T’ P; T.

We first show that in our context, false-name-proofness, strategy-proofness, and
ontoness imply anonymity.

Proposition 3 Let D be a domain such that ACDCS and let
f=1{: DY - 2My Nen be a false-name-proof, strategy-proof, and onto voting
rule. Then, f is anonymous.

Proof Let D be a domain such that A C D C Sand let f = {fy : D" — 2™}y be
a false-name-proof, strategy-proof, and onto voting rule. Then, by Proposition 1, for
each N € NV, fy is voting by committees for N. Let Wy ), be the family of com-
mittees associated with fy. Before going on with the proof, we present the following
useful result.

Lemma 1 Let S,N,N' € N be such that NNN' =@ and S C N, and let x € M.
Then, S € Wy, if and only if S € Wy ..

Proof of Lemma 1 (=) To obtain a contradiction, let S € Wy , and assume that
S & Wy, holds. Then, there exists a profile P € D" such that x € b(P;) for alli € §
and x ¢ fy(P). Consider voter i € S and any additive preference Plf € A such that (i)
b(P:) = b(P;) and (ii) Pl’. is represented by u*. Since fy is voting by committees, it
depends only on the profile of tops. Accordingly, x & fN(P; s P\ (iy) = fy(P). Con-
sider the profile PeD where, for each j € N, f’j = P:. Since f is false-name-
proof, fy(Pl, Py (i) R fyon (Pl Py iy P) which, by (i) in the definition of P,
implies that x ¢fNuN,(P;,PN\{i},f’). Define P’ = (P;,PN\{i},f’) e D"V, Hence, at
profile P/, SC{jEeNUN' |x € b(P/’/)} & Wyuw: - Coalition monotonicity of the
committee implies that S & Wy nr . which is a contradiction.

(<) To obtain a contradiction, let § € W, , and assume that S &€ Wy , holds.
Then, there exists a profile P/ € DY such that x € b(P)) for all i€ S and
x & fyon(P"). Consider the profile P € D" such that P; = P} for all i € S and P;is
represented by u, for all j € N\S. Observe that the assumption S C N implies
N\S # @. Since S € Wy _,, x € fy(P) holds. Consider now the profile P* € DV
such that P¥ = P} = P;for alli € S and each j € (N U N")\S has the same preference
P;f € A represented by u,. Since f is false-name-proof, we have that x € fy,  (P*),
otherwise an agent j € N\S # @ has the incentive to replicate its vote under the
identities of voters in N’. Now, for a given j € (N U N')\S, we have by strategy-
proofness that x € fy (Pij,PJ’.). Otherwise, agent j has the incentive to misreport
her vote. By repeating this procedure for each j € (N UN')\S and by strategy-
proofness, we obtain that x € fy, - (P"), a contradiction. O

We now proceed with the proof of Proposition 3.
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Suppose f is not anonymous. Then, there exists a bijection ¢ : Z, — Z_, a soci-
ety N € N and a profile P € DV such that Jv@P) #fG(N)(a(P)). Since ¢ is a bijec-
tion we can assume, without loss of generality, that there exist x € M and S € N
such that (i) x € fy(P) and x & f,,(c(P)). Hence, there is S € W)y, such that
T :=0(S) € W, As the whole society always is a winning coalition, we have
that T C 6(N), and thus S C N. Define N* = ¢(N) UN and N’ = N*\S. We proceed
by distinguishing between two cases.

Case 1: T # S.

Since o is a bijection, T\ S # . To obtain a contradiction, suppose 7\S & Wy ..
As T\S € (6(N) UN)\S we have, by Lemma 1, that T\S & W, .. This means that
there is a profile P’ € DV such that x € b(P)) for all t € T\S and x & fy,(P'). By
Lemma 1, as S € Wy . and S C N, we have that S € Wy. .. As S C(T\S)U S, by
coalitional monotonicity, we have that (T\S) U S € Wj. .. Now, consider a profile
P" € D" such that b(P) = b(P)) and P! is represented by u* for all t € T\ S, and
P/ =P, forall k & T\S. As fy, is voting by committees, it depends only on the pro-
file of tops, so x & fi»(P") = f\»(P"). But then any agentz € T\S has the incentive to
replicate her vote under the identities of voters in S, to obtain x € f.(P", P), where
P; = P/ for all i € S, violating false-name-proofness. So we have that T\S € Wy. ..
As T\S # 0, by Lemma 1, we obtain that T\S € W, , and thus, by coalition
monotonicity, 7 = 6(S) € W,y ,» a contradiction with our initial hypothesis.

Case2:T=S

Since we have that S € N, by Lemma 1, § € WN*,X, Then, as T € o(N), and again
by Lemma 1, we obtain that 7" € W, ,, a contradiction with our initial hypothesis
that f'is not anonymous.

This finishes with the proof of Proposition 3 |

The second preliminary result shows the effect that false-name-proofness has on
the quotas of a voting rule.

Proposition 4 Let D be a domain such that ACDCS and let
f=1{: DY - 2My ~Nen be a false-name-proof, strategy-proof, and onto voting
rule. Then, f is voting by quota q = (qy_)nen.xem Where, for each x € M, either
gy = lforallN € N orqy . =nforallN € N.

Proof Assume f = {fy : DN - oMy ~ey 1s a false-name-proof, strategy-proof, and
onto voting rule. By Propositions 1, 2, and 3, for each N € NV, f,, is a voting by
quota gy = (gy.)xer- FOr an object x € M, a set of voters /N, and a profile P € DN,
define xy(P) = [{i € N | x € b(P,)}|. Before going on with the proof, we present the
following relevant result.

Lemma 2 Let N,N' € N be such that NNN' =@. Then, qy . < qyon ., for all
xeM.

Proof of the Lemma 2 To obtain a contradiction, suppose that gy , > gyyy: , for an

object x € M. Hence, gy , > 1. Consider i € N and P € DY such that P, € A is
additively represented by u* and xy(P) =gy ,— 1. Observe that x € b(P;) by
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definition of u*, and x & f,(P) by definition of voting by quota g,. Consider now a
profile P’ e DV such that PJ’. =P, for all jeN'. Since NnN =4,
Xyon' (Po P') = xy(P) + xp(P)) = gy — 1+ 1" > gy » by our contradiction
hypothesis and n’ > 1. Since fy - is voting by quota gy . X € fyon (P, P') and, by
definition of u*, fi (P, P") P, fy(P), a contradiction with false-name-proofness.[]

To proceed with the proof of Proposition 4, first observe that by the definition
of voting by quota, anonymity, and Lemma 2, for a given x, ¢; , =1<¢q, , <2
holds, where ¢, . = g5, for any S € N with |S| = k. Fix x € M. We distinguish
between the two possible cases and, for each of them, we show that the statement of
Proposition 4 holds by induction on 7 (the number of voters).

Case l: gy =, =1

Induction hypothesis: Assume g, , = =g, , =L

Consider the case n + 1, where n > 2. We want to show that g,,,; , = 1. To obtain
a contradiction, suppose ¢,,,1 , > ¢, , = 1. Consideri € N and a profile P € D" such
that P; € A is additively represented by u, and xy(P) = 1. Observe that x & b(P;)
by definition of u,, and x € f(P) by definition of voting by quota ¢, .. Let j € N
and P; =P, Then, xy,;(P,P)=1<gq,, , and, accordingly, x & fy,;;(P.P)),
which is a contradiction with false-name-proofness because, by definition of u,,
oy (P Py P fy(P).

Case2iq,=1<2=g¢q,,

Induction hypothesis: Assume g, , = t = |T|for every T € N such that1 <1 < n.

Consider the case n+ 1, where n > 2. We want to show that g,,, , =n+1
By the definition of quota, Lemma 2, and the induction hypothesis we have
that n<gq,,, ,<n+1 Suppose that g, , ,=n. Consider i€N, xeM
and a profile P € DV such that P; e A is additively represented by u* and
xy(P)=¢q,,—1=n—10Observe that x &€ b(P;) by definition of u*, and
x & fy(P) by definition of voting by quota g,. Let j&N and P; =P, Then,
xNU{_i}(P,P-) =n-1+1=g¢q,,;, and, accordingly, x efNUm(P,P_-), which
is a contradiction with false-name-proofness because, by definition of u*,
Taoy (P Py Pify(P).

Thus, f is voting by quota g = (gy )yen.em Where, for every x € M, either
gy = 1forevery Ne N orgy , =nforevery N e N. |

The third preliminary result states that voting by quota in this subclass satisfies
false-name-proofness.

Proposition 5 Letr D be a domain such that ACDCS and let
f=1{: D > ZM}NEN be a voting by quota q = (qy . Inen.xem SUch that, for
every x € M, either qy , = 1for every N € N or qy.x = nforevery N € N. Then f
is false-name-proof.

Proof Let f={fy : D' —»2M}yc\ be a voting by quota g = (gy_)ven: xem-
Assume first that, for a given x € M, gy =1 for all NeN. We show
that f is strongly false-name-proof, which would imply that f is false-name-
proof. Let (N,P)e NxDV, ieN, and (N',P) € N'x DV be arbitrary, and
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assume NNN' =@. As fy and fy w are quota n and n+n', respectively,
In(P) = Njenb(P)) 2 NigyunrB(P)) = fyon (P, P'). Therefore, fy (P, P') = fy(P)\B
for some B C b(P;). By iteratively applying separability to each object in B and tran-
sitivity of P;, we obtain that fy(P) R; fyun (P, P") and so f is strongly false-name-
proof. Therefore f'is also false-name-proof.

Assume now that, for a given x € M, qn x = 1 for all NeN. We
show that f is strongly false-name-proof, which would imply that f is false-
name-proof. Let (N,P)e NxD", ieN, and (N',P') e Nx DV be arbi-
trary, and assume NNN =@. As fy and fy » are both quota one,
b(P;) C fy(P) = Ujenb(P)) € Uienunb(P)) = fyon (P, P'). Therefore,
SFvon (P, P) = fy(P)u W for some W C w(P;), where LI stands for the disjoint union.
By iteratively applying separability to each object in W and transitivity of P;, we
obtain that fy,(P) R; fy n (P, P") and so fis strongly false-name-proof. Therefore, fis
also false-name-proof. O

3.3 Proof of Theorem 1 and two corollaries

Proof of Theorem 1 (<) Let f a voting by quota such that, for each x € M, either
gy =1forall N €N or gy = n for all N € N. By Proposition 2, f is strategy-
proof and onto and, by Proposition 5, fis false-name-proof.

(=) Let f be a false-name-proof, strategy-proof and onto voting rule. Then, by
Proposition 4, fis voting by quota g = (qy. )yen xer Where, for each x € M, either
gy = lforall N e Norgy  =nforallN e N. O

Since strong false-name-proofness implies false-name proofness, we obtain, as a
consequence of the proof of Proposition 4, that the statement in Theorem 1 still
holds under this stronger notion.

Corollary 1 Let D be a domain such that ACDCS. Then, a voting rule
f=1{: DN - oM Inven is strong false-name-proof, strategy-proof, and onto if
and only f is a voting by quota such that, for each x € M, either qy . =1 for all
NeNorqgy,=nforallNeN.

Finally, asking for neutrality means that all objects need to have the same
quota.

Definition 11 Let f={fy : D' —>2M}ycy be a voting by quota
q = (gn.Inen: xesm- We say that fis voting by quota one if, for each x € M, gy , =1
for every N € M. We say that fis voting by full quota if, for each x € M, qy x=n
forevery N € N.

These two voting by quota are very extreme, and each of them can be seen
as the dual of the other. Voting by quota one gives to each voter i the power
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of imposing x (i.e., i is decisive for x), while voting by full quota gives to each
voter i the power to veto x, or imposing that x is not selected (i.e., i is decisive
for not x).

Corollary 2 Let D be a domain such that ACDCS. Then, a voting rule
f=1{: DY - 2M) Nen U8 strategy-proof, false-name-proof, onto and neutral if
and only if f is either voting by quota one or voting by full quota.

3.4 Additional results

In this subsection, we present additional results. We first show that if objects
only need one vote or a unanimous vote to be chosen, then the rule must verify
participation. Hence, participation follows from false-name-proofness, strategy-
proofness, and ontoness.

Proposition 6 Let D be a domain such that A C D C S and assume the voting rule
f=1{y: DN — oMy Nen 1S false-name-proof, strategy-proof, and onto. Then, f sat-
isfies participation.

Proof Let f be a voting rule that satisfies false-name-proofness, strategy-
proofness, and ontoness. Then, by Theorem 1, f is a voting by quota such
that, for each xe€ M, either gy =1 for all NeN or gy, =n for all
N e N. Let O, be the subset of objects that have quota 1 and Q, be the sub-
set of objects that have quota n. Let (N,P) € N'x D" be such that n>2 and
let i € N be arbitrary. Since each object has either quota 1 or quota n, we have

that fy(P) = [U_jeN(b(Pj) noplu [ﬂjeN(b(Pj) N Q,)]. Accordingly, we also
have  fi\(y(P_) = [UjeN\{i}(b(Pj) nopIu [ﬂjeN\{i}(b(Pj) NnQ,)].  Therefore,
In®) = [y P_) U (6(P)) N Q11U [(fyy(y(P_) N b(P))N Q,],  which  means

that fN\{i}(P_,-) = (fy(P)\ Byu W for some B C b(P;) and for some W C w(P;). By
iteratively applying separability to each object in B and W, and transitivity of P;, we
obtain that fy(P) R; fy(;;(P_;) and so f satisfies participation. O

For the case of a unique object, which corresponds to the general setting where
there are only two alternatives (identified as {x} and {§), participation implies
strategy-proofness.®

Proposition 7 Let D be a domain such that ACDCS. Let

f=1{: DV - oM Inven be a voting rule and assume M = {x}. If f satisfies par-
ticipation, then f is strategy-proof.

8 This result can be seen as an indirect consequence of Lemma 1 in Wagman and Conitzer (2008) when
submitting an extra vote does not convey any cost. For completeness, we state and prove directly this
result as Proposition 7.
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Proof Assume f satisfies participation and, to obtain a contradiction, suppose fis not
strategy-proof. Let N € N, P € DN.ie N and P; € D be such that Plf # P;and

fN(P;7P—i) P; fy(P;, P_)). (D

Since M = {x}, D contains only two preferences and so either {x} P, @ or @ P, {x}.
Suppose that the first hold. Then,

0P (x). )

Observe that with only one object, the chosen alternative is either fy(P) = {x} or
fy(P) = @. In the former case, it is clear that fy(P,, P_,) R, fy (P}, P_;), which contra-
dicts (1). Therefore, we must have that f,,(P) = @ and, according to (1) and {x} P; @,

fN(P:’P—i) ={x} P,@ =fy(P,P_) 3)

holds. By participation, fy(P)R;fy(;;(P_;), and so by (3), fy\(y(P_) = @. Apply-

ing now participation to agent i with preference P/, fy(P., P_;) R, fyn (;;(P_;) holds as
well. But then, by (3), we have {x} Rl’. @, a contradiction with (2). The proof is analo-
gous for the case when  P; {x}. O

It is easy to see that if there are two or more objects, participation does not imply
strategy-proofness: the Borda count, combined with a tie-breaking that selects one
among the potentially many subsets of winners, is an example of a voting rule that
satisfies participation and it is not strategy-proof.

We now show that in any setting (and, in particular, in any domain of preferences)
strong false-name-proofness, anonymity, and participation imply strategy-
proofness.” Let A be any set of social alternatives, let / be any set of complete and
transitive preferences over A, and adapt the properties of a rule f : U" — A for N
as previously defined for our setting. Denote by R; a generic (and possibly weak)
preference of voter i over A in U and let R = (R;);cy € U" be a profile.

Proposition 8 Let U be any domain of preferences over A and let
f=1{: U - A) nen be a strongly false-name-proof voting rule that satisfies
anonymity and participation. Then, f is strategy-proof.

Proof Fix Ne N, RelU",i e N, and let R; € U be arbitrary. Consider any j & N
and set R; = Rl’.. Then,

9 Conitzer (2008) already observes that this holds in his setting as a consequence of his characterization.
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INRLR_) R; fyu) (R, R;) by strong false-name-proofness
= faug (RZ;, R)), R;) by anonymity
R; fvugniy(R-i- R) by participation
= fniputy (R=is R)) by anonymity
= fontinotiy (R-is ) by anonymity
= fy(R_,R) sinceR; = R).
Hence, f1is strategy-proof. O

Therefore, Corollary 3 below follows from Corollary 1 and Propositions 3, 6 and
8.

Corollary 3 Let D be a domain such that ACDCS. Then, a voting rule
f=1{y: DN — oM Ynen IS strong false-name proof, onto, anonymous and veri-
fies participation if and only f is voting by quota such that, for each x € M, either
gy . = 1forallN € N orqy . = nforall N eN.!?

Example 1 below shows that the statement of Proposition 8 does not hold if strong
false-name-proofness is replaced by false-name-proofness, even if the domain of the
voting rule is restricted to be the set of separable preferences.

Example 1 For P; € S denote by s(P;) the most-preferred singleton set from the set
of good objects or the empty set if there is none. Let f* = {f} : SV - oMy Nen be

the voting rule where, for each N € NV, fzi/ : 8V = 2M s defined by setting, for
each P e SV, fjfl(P) = U,ens(P)). It is easy to check that f* is false-name-proof and
verifies participation. The following example for N = {1,2} and M = {x, y} shows
that f* is neither strategy-proof nor strongly false-name-proof. Consider the separa-
ble profile (P, P,, P}) € SVVB) where

{x.y} Py {x} Py {y} P10, {x} P, Py {x,y} P, {y} and {x,y} P} {y} P| {x}
P} @. Then, by definition of fy, fx (P}, Py) = {x,y} P {x} = fy (P}, P,), which means
that f 1is not strategy-proof, so neither is f*. Moreover, f{sl’2’3}(P1,P2,Pg)
={x,y} P, {x} = ffl ,2}(P1,P2), which means that f* is not strongly false-name-proof.

3.5 Independence of the axioms of the main result

We conclude by showing that the axioms in Theorem 1 are independent. For each of the
axioms in the statement of Theorem 1, we exhibit an example of a voting rule, different
from the voting by quota characterized in Theorem 1, that satisfies all axioms but one.

Let D be a domain such that A C D C S and let f = {fy : DV —» 2M}c\ be a
voting rule.

10 1t is easy to check that every voting by quota verifies participation.
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e All but STRATEGY-PROOFNESS: The voting rule f* defined in Example 1.

e All but FALSE-NAME-PROOFNESS: Fix m € Z, with m > 2. For each N € N,
let fy be voting by quota n if n <m and quota n—1 if n>m, and let
f=1fy:D" =2M} ~en be the voting rule defined accordingly. By Proposi-
tion 2, f'is strategy-proof and onto. To see that fis not false-name-proof, consider
the case where m = 3, N = {1, 2,3}, and the profile P = (P, P,, P5,P,) € phui4l
with b(P;) = {x} for i=1,2,4, P,=P,, and b(P;)=@. Then, since
fvoiay(Prs> Py Py, Py) = {x} Py fy(Py, Py, P3) = @, fis not false-name-proof.

e All but OnToNEss: For each (N, P) € N'x DV, define Sfy(P) = M. Then, fis trivi-
ally false-name-proof and strategy-proof but it is not onto.

4 Final remark

Our characterization shows that the notion of false-name-proofness, together with
strategy-proofness, is indeed very strong, even for the particular setting where the
set of alternatives is the family of all subsets of a given set of objects and voters have
separable preferences over all subsets of objects: Only voting rules that require extreme
forms of unanimity can accommodate the stringent incentive requirements of no
misrepresentation by either submitting non-own preferences or by submitting several
times the own preferences under other voters’ identities. The two incentive requirements
allow only for voting rules that are not appealing and reasonable, especially in the
context of social choice problems with a large number of voters, where unanimity is
very unlikely to ever occur. Furthermore, observe that our result can not be seen as a
direct extension of Conitzer (2008)’s result for at least two reasons. First, in our setting,
the set of alternatives has a very special structure that suggests the natural restricted
domain of separable preferences, which admits, by Barbera et al. (1991), a rich and
appealing class of strategy-proof and onto voting rules. Since smaller domains may
admit larger strategy-proof, false-name-proof, and onto voting rules, it is not obvious
whether or not the domain of separable preferences does admit interesting onto voting
rules. However, our result says that this is not the case; but this is a new result, not
a consequence of Conitzer (2008)’s result. Second, Conitzer (2008)’s result uses, in
addition to anonymity (which is embedded in the definition of a voting rule), neutrality
and anonymity-proofness (which implies strategy-proofness, strong false-name-
proofness and participation), while our characterization result uses strategy-proofness,
false-name-proofness and ontoness (which together imply anonymity).
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