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Abstract

This paper explores the concept of a social evaluation functional in the case of an
arbitrary set of alternatives. In the first part, a characterization of projective social
evaluations functionals is shown whenever the common restricted domain is the set
of all bounded utility functions equipped with the supremum norm topology. The
result makes a crucial use, among others, of a continuity axiom. In the second part, a
comparison meaningful property is introduced for a social evaluation functional
which allows us for obtaining a more general result with no continuity requirements.
Finally, an impossibility theorem, which is reminiscent of that is obtained by Chi-
chilnisky in (Q J Econ 97:337-352, 1982) but without using topological conditions,
is offered.

Keywords Social evaluation functionals - Continuity - Comparison
meaningfulness - Projective rules

1 Introduction

This paper deals with aggregation of utility functions. In particular, we examine what
is called a Social Evaluation Functional (SEF) which is, basically, a specification of a
Social Welfare Functional (SWF) in which the range is a subset of the set of all real-
valued functions defined on the alternative set, henceforth denoted by X. Thus, we
pay attention to the social choice problem consisting in the aggregation of individual
utility functions into social utility functions. In a series of classical works by Sen
(1970a, 1970b, 1977) and others (see, e.g., Roberts 1980a, b; d’Aspremont and
Gevers 2002; Bossert and Weymark 2004), the range includes ordinal preferences,
not real-valued functions (see Roberts 1983). Of course, one can get a real-valued
function from a preference as long as the preference is continuous. However, having
a numerical function from the beginning is giving us the possibility of formulating
axioms that cannot be treated without a numerical function in the range. As will be

Extended author information available on the last page of the article

@ Springer


http://orcid.org/0000-0002-3841-8774
http://crossmark.crossref.org/dialog/?doi=10.1007/s11238-022-09923-7&amp;domain=pdf
https://doi.org/10.1007/s11238-022-09923-7

256 J. C. Candeal

seen later, the ordinal-scale-preserving property, the continuity and the projectivity
are some of such axioms. Thus, for a SEF (social) numerical evaluations, associated
to profiles of individual utilities, of the alternatives do matter whereas for a SWF do
not. It should be also remarked that this approach is closely related to a line of works
started by Chichilnisky where, usually, the set of alternatives has certain (topological)
structure.

Many of the SWFs that appear in the literature are implicitly defined in terms of
corresponding SEFs. For example, the Borda rule and other scoring rules are defined
in terms of numerical evaluations of the candidates which yields the corresponding
social ordering among them. Note that, in elections, the number of votes obtained by
each party not only determines the (possible) winner but also the number of seats or
representatives got in the parliament. Thus, numerical evaluations have relevance in
this context. The same happens with social rules that allow for certain kind of inter/
intra-personal comparability such as the utilitarian rule, the Rawlsian one and other
rules that arise in consumer theory and welfare economics [for instance, those related
to inequality measurement as can be seen in Fleurbacy and Hammond (2004)].
Moreover, if one intends to reflect the intensity among distinct alternatives in both
individual and social preferences, a scenario built upon SEFs seems to be more
plausible than the one based on merely SWFs.

For a more concrete example, think of a situation where a finite number of
individuals have to express their utilities derived from establishing a facility or a
public service in their neighborhoods. Significant variables to determine such a utility
may include those of the distance to the facility, the kind of services offered, the
environmental impact and so on. Thus, we are facing with a spatial location problem.
In this context, it is natural to demand that the social ranking among the vectors of
the distinct characteristics be carried out as a certain average of the individual utilities
over these vectors. Therefore, numerical evaluations of the alternatives provide a
more appropriate framework to collect individuals’ assessments than merely ordinal
rankings among them.

Given a finite set X of alternatives (of size m) and a finite number #z of individuals,
a SEF is a mapping F :U" — U, where U = R is the set of all real-valued
functions from X into the reals R. A SEF can be interpreted as a function mapping
m X n real-valued matrices into column vectors with m components. This view
allows us for introducing the concept of continuity in a natural way in the social
aggregation problem and, in particular, enables us to study the trade-off betweeen
continuity and certain classical axioms of the social choice literature such as the
axiom of the Independence of the Irrelevant Alternatives (IIA). An account of all this
was done in Candeal (2015) for X finite. However, it is also natural to extend the
study for an arbitrary set X because in many economic models both the social
alternatives and the individual utilities exhibit considerable structure. For example,
alternatives could be vectors of public goods with individual utility functions
required to be continuous, monotonic and quasi-concave. For other significant
examples in economic environments see LeBreton and Weymark (2002) and
Campbell and Kelly (2002).
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Three main results are shown in the paper. The first one (Theorem 1) is a
characterization of the SEFs that are projective; i.e., functionals F for which there is
an individual, say #, such that F(ui,...,u;,...,u,) =u; for all u; in a certain
common subdomain of RY. Because individual 7 dictates over all profiles, this result
entails the existence of a (single) strong dictator. This conclusion strongly depends
upon the continuity axiom but it should be noted that IIA is not required as an
assumption. It is assumed that all individuals have a common domain restriction.
Indeed, the domain should include all real-valued bounded functions defined on X
and be equipped with the supremum norm topology.

The second main result (Theorem 2) introduces the concept of comparison
meaningfulness with respect to (henceforth, w.r.t.) certain scales as a key assumption
to deal with the aggregation problem. For this concept to be consistent, the codomain
of the social rule must be formed of real-valued functions. So, the framework of
SEFs really justifies its use. Theorem 2 characterizes those SEFs which have a very
particular functional form; to wit, for each alternative there is an individual so that,
for any profile of utility functions, the value that society assigns to that alternative
coincides with the value that the referred individual gives to that alternative. In
particular, this means that the individual may, or may not, vary with the alternative
but not with the profile. In addition to comparison meaningfulness, the result requires
two more axioms; namely, unanimity and monotonicity. An interpretation of such
rules in the context of social choice theory would tell about the existence of a
committee of experts taking all social evaluations. Although the result is, in a sense,
more flexible than the (negative) conclusion stated in the classical Arrow’s theorem,
it is somewhat reminiscent of both Gibbard’s oligarchy theorem (see Gibbard 2014;
Weymark 2014) and certain results about the existence of local dictators in the
context of social welfare functions. The domain is also restricted; in concrete, it has
to content all constant functions and has to be stable under the set of all strictly
increasing real-valued transformations of one real variable. It is well known that
comparison meaningfulness is a core concept in measurement theory (see, e.g.,
Krantz et al. 1971; Roberts 1979). Moreover, it also has great significance in social
choice theory because its interpretation in terms of utility measurability and inter/
intra-comparability of well-being among individuals (see Luce and Raiffa 1957; Sen
1970a, b, 1977; Roberts 1980a, b; d’Aspremont and Gevers 2002; Bossert and
Weymark 2004).

The third result shown (Theorem 4) is linked to Chichilnisky’s topological model
of preference aggregation. Specifically, it is reminiscent of Chichilnisky’s theorem
about the nonexistence of social aggregation rules that are continuous, anonymous
and respect unanimity in certain preference domains. After presenting the main
features of Chichilnisky’s model, an alternative framework, which makes no use of
topological assumptions, is proposed. The result obtained turns out to be an
impossibility theorem provided that the common domain is a superset of the set of all
affine real-valued functions defined on a bounded set of R”. Because Theorem 4
requires a strong form of interpersonal noncomparability, based on cardinal utilities,
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it can also be related to certain variants of Arrow’s impossibility theorem in this
context (see, e.g., Sen 1970a, b; d’Aspremont and Gevers 2002).!
All proofs of the results stated in the paper are relegated to an “Appendix”.

2 Preliminaries

In this section some basic background is presented in connection with SEFs.

Let N :={l,...,n}and M := {1,...,m}, where n,m € N. Throughout the paper
N refers to the set of individuals and M to the set of alternatives provided that it is
finite. As usual R" is the n-dimensional Euclidean space, i.e.,
R"={a= (a_,-)jeN ta; € R}

Let X be a nonempty set. A typical utility function from X to R will be denoted by
v. The notation V refers to the set of all utility functions (also denoted by R”Y).

A profile (or an n-tuple) of utility functions will be denoted by V' = (v;) e and V"
will be the set of all possible profiles. A profile V = (v)) ey € V" can also be viewed
as a real-valued map defined on X XN in the following manner:
(x,/) € X x N — V(x,j) = vj(x) € R. Note that V(i, j) can be interpreted as the
value that individual j assigns to alternative i. When X = M a profile V = (v)) ey Can
be identified with an m x n matrix whose entries are the real numbers (v;(7)) ;s jen-

We now present some basic notations that will be useful later. For a given x € X
and V= (v)ey €V, Vx) will denote the following  vector
V(x) == (v(x));ey € R". Let Q:= R¥={¢:R— R} and a = (a)jey € R IF
¢ € Q, then ¢(a) is the vector P(a) == (¢(a))),cy € R". In a similar way, if
® = (¢;),cy € ', then ®(a) := (¢;(4;)),cy € R". For now on, and if no confusion
is possible, subscripts will be usually omitted.

Let there be given @&=(¢;)€Q" and V=(y)eV" Then
DoV :=(¢;0v) € V", where “o stands for the usual composition operation, i.
e, ¢ ovi(x) = ¢;(vi(x)), Vx € X,V j € N. Also, and to make the notation as easy
as possible, sometimes it will be used @(V) instead of @ o V. Note that, with the
notation introduced, it holds that ¢(V)(x) = ®(V(x)), V x € X. Moreover, if =
(¢;) € Q" is such that ¢; = ¢, for some ¢ € Q, V j € N, then we will write ¢(V)
instead of o V.

For a given v € V, V, will stand for the following profile 7, := (v,...,v) € V". A
constant utility function, with value ¢ € R, will be denoted by cx (i.e., cx(y) = ¢,
Yy € X).

The subdomain of Q which consists of all strictly increasing real-valued functions
defined on R will be denoted by 4. An important subdomain of 4 is 4;,, the set of all
increasing affine real-valued functions. That is, 4, ={¢p € 4:¢(t)=
at+b,a>0,b € R}. In economics and social sciences a function ¢ € 4;, is

! The relationship of our work with Gibbard’s oligarchy theorem, with the existence of local dictators and
with the contributions of Sen and d’Aspremont and Gevers mentioned above, when individuals’ utilities
are cardinally measurable and interpersonal noncomparable, were suggested us by two anonymous
referees.
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usually referred to as a cardinal scale while the term interval scale is more frequently
used in measurement theory.

Let there be given ©® C Q and & C V. Then U is said to be @-stable provided that
QouclU,YVuecl,VvVoeco.

Given a permutation ¢ of N and a profile V' = (v;) € V", we will denote by
V7 € V" the following profile: '? := (v,(;). The set of all permutations from N onto
N will be denoted by S(N).

Let U be a subset of V. A Partial Social Evaluation Functional or, for brevity, a
Social Evaluation Functional (SEF) is a rule F : " — V that assigns a real-valued
function F(U) € V, viewed as a social evaluation, to any profile of individual
utilities U in the domain U".

Let there be given a SEF F and x € X. Then the pair (F, x) induces a real-valued
function defined on U”, which will be denoted by F*, in the following way:
Uel" — F(U)=FU)x) €R.

The following definition presents some of the main concepts that will appear later.

Definition 1 Assume U/ C V is a A-stable domain. A SEF F : /" — V is said to be,
or satisfies:

(i) Ordinal-Scale-Preserving (OSP) if F(¢p(U)) = ¢(F(U)), Y ¢ € 4,
VUelUu,

(1)  Ordinal-Measurability-Interpersonal-Noncomparability (OMIN) if
YUeU", ¥V &ecA" there is ¢ € A, which depends on U and @, such
that F(®(U)) = p(F(U)),

(i)  Unanimous (Una) if F(U,) = u, V u € U,

(iv)  Anonymous (A) if F(U°) =F(U),Y U e U",V o € S(N),

(v)  Projective (Pro) if it is a projection, i.e., if there is an individual i € N such
that F(U) =u;, VU = (u;) € U".

Remark 1

(i) If cardinality of X is one (i.e., if #X = 1), then a SEF reduces to a real-valued
function of # real variables. In this case, the terms unanimity and anonymity
are often referred to as idempotency and symmetry, respectively.

(i) If in the definition of OMIN above @ € 4], then F is said to satisfy

Cardinal-Measurability-Interpersonal-Noncomparability (CMIN).

In our context, Pro axiom turns out to be the functional form of a strong dictatorial
social rule because it requires the social utility function to be exactly the utility
function of one individual (the dictator). Now, whereas Una and A conditions are
clear for a normative point of view, both OSP and OMIN need a more detailed
justification. Indeed, OSP means that if all individuals use the same scale to measure
the corresponding utilities, then so does the social utility associated with each profile.
Thus, it can be viewed as a unanimity principle over the type of scale used to
measure both individual and collective utilities. Note that OSP allows for
interpersonal comparability of utilities across individuals. OMIN conveys that a
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SEF is consistent in terms of preferences. Recall that two profiles U;, U, € U" are
said to be informationally equivalent provided that U, = @ o Uy, for some ¢ € A".
A similar concept applies to utility functions. Then, OMIN tells us that informa-
tionally equivalent profiles are mapped into informationally equivalent social
utilities. In the social choice theory setting, and from an ordinal point of view, this is
often an appealing property.

3 Projective SEFs

In this section there is a common domain restriction for both individuals and society.
Indeed, the set of utility functions considered is the set of all bounded real-valued
functions defined on X, henceforth, denoted by B. Thus, and according to the
previous notations, in this section &/ = V = B. It should be noted that, a priori, this is
not a severe restriction because, viewed as preference relations defined on X, both
individual and collective utility functions can be assumed to have the range on the
open unit interval (0, 1). The main reason for doing this is due to the fact of
introducing a topology on the corresponding set of functions. We will consider that B
is equipped with the supremum norm topology which is given by the metric induced
by the supremum norm. That is, d(u,v) = |lu—V||, = sup.ylu(x) —v(x),
(u,v € B). With this norm, actually, B becomes a Banach space with the usual
binary operations of addition and multiplication by scalars defined pointwise. Note
that if X = M, then B can be identified with R™. On the Cartesian B" we will
consider the product topology.

Let m € N. A partition of X is a finite collection of pairwise disjoint subsets of X
whose union is X. A typical partition of X will be denoted by E = (E;),.,,. Let there
be given E = (E;);cp, F = (F}) ey two partitions of X. Then F'is said to be finer than
E, denoted by EF, whenever for every F; there is E; such that F; C E..
Equivalently, for eachi € M, E; = UjngN Fj. It is easy to see that < is a reflexive
and transitive binary relation defined on the set of all the partitions of X.

The indicator function of a subset £ C X will be denoted by lg. That is,
1g(x) = 1, whenever x € E, and 1z(x) = 0, otherwise. Let m € N. A simple function
s € Bis one of the forms = ) .., a;1,, where, foreachi € M, ¢; € R, E; C X, and
E = (Ej);cy, is a partition of X. So, a simple function is identified by means of a
natural number m, a vector a = (a;) € R", and a partition E = (E;),.,, of X. The
subsets of the partition are said to be the support of the corresponding simple
function. The subset of 5 which consists of all simple functions will be denoted by S.
Given a partition E = (E;),.,, of X the subset of S consisting of all simple functions
supported on E  will  be denoted by  Sg. In formula,
Sg = {5a = ey @il - a = (a;) € R"}. Note that S = | J; Sg, where E runs over
the set of all partitions of X. Thus, for every partition £ of X, it holds that
S CSCB

The natural concept of continuity in this framework is now in order.

Definition 2 A SEF F : B" — B is Continuous (C) if, for all open set B of B,
F~'(B) :={U € B": F(U) € B} is an open set of B".
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The continuity axiom is a very technical requirement. Roughly speaking, if the
values of two profiles of individual utility functions are close to each other and
continuity is satisfied, then the corresponding social utilities are also close to one
another. Moreover, and because B is endowed with the supremum norm topology,
this occurs uniformly on all alternatives. Although certain preference spaces can also
be topologized, hence the continuity axiom could also be introduced in the context of
SWFs, is in the framework of SEFs where is defined in a more natural way. As far as
I know, Chichilnisky (1982) pioneered the introduction of certain topologies in
spaces of utility functions (see also Sect. 5).

Now the main result of this section is shown.

Theorem 1 Assume #X > 1 and n > 1. Then a SEF F : B" — B fulfils OMIN, OSP,
C and Una iff it is Pro.

Remark 2

(1) It can be shown that all the conditions given in the statement of Theorem 1
are, in fact, independent.

(i) The assumptions #X > 1 and n > 1 are essential in the statement of
Theorem 1. Indeed, if #X = 1, then B = R. If, in addition, n = 1, then a SEF
F' is Pro if and only if it satisfies OSP. In the case that #X =1 and n > 1
OMIN axiom is obviously satisfied and the fulfilment of the other axioms
does not guarantee the rule to be Pro. This is the case for the SEF F : R? —
R defined by F(a,b) = max {a,b}, a,b € R.If#X > 1 and n = 1, then B
can be identified with the space of column vectors of one component. In
addition, note that Una turns out to be a superfluous assumption. Moreover,
OMIN follows from OSP. In this case there are SEFs satisfying OSP and C
which are not Pro. For example, let X = {x,y}, n=1, and F: B — B
defined by F(U)(x) = max {U(x),U(y)}, and F(U)(y) = min {U(x),
U(y)}, ¥V U € B. Anyway, the cases #X = 1 or n = 1 lack of interest in
the social choice setting [for more details, see De Miguel et al. (2017)].

4 Comparison meaningful SEFs

We begin this section by introducing the axioms of monotonicity and comparison
meaningfulness for SEFs. It should be noted that axioms similar to these ones had
already been formulated for real-valued functions of several real variables and
aggregation operators in the context of measurement theory (see, e.g., Marichal 2002;
Marichal and Mesiar 2009; Ovchinnikov and Dukhovny 2002; Candeal and Indurain
2015). Further, and in contrast to what was stated in Theorem 2 of the previous
section, here the assumptions #X > 1 and n > 1 can be dispensed with.

Definition 3 Assume U C V is a A-stable domain. A SEF F : /" — V is said to be:
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(i)  Monotonic (M) if YU,V elu, Ul(z,)) <V(z.j), Y z,j
= F(U)(x) <F(V)(x), ¥ x,

(i) Comparison Meaningful w.r.t. independent ordinal scales or, for brevity,
(CM), itV U,V el Vx, FO)x)<F(V)(x) = F(®(U))(x) <F(®(V))
(x),V &€ A"

Remark 3

(i) Note that the two conditions above can be equivalently stated by saying that,
for all x € X, each component F* is monotonic or comparison meaningful w.
r.t. independent ordinal scales, respectively.

(i) If, in Definition 3(ii) above, @ € A}, then F is said to be comparison

meaningful w.r.t. independent interval scales.

Monotonicity is a very natural condition which is often encountered in the social
choice literature. It tells us that the dominance, according to the large-small relation
of the numbers assigned, between profiles entails the same kind of dominance
between the corresponding social utilities. That is, for all pair of profiles U, V € U"
such that for any individual j € N and any alternative z € X, the individual j, by
choosing the alternative z, is better in 7 than she is in U, then the social value that F'
(V) assigns to any alternative is greater than the corresponding assigned by F(U).

CM states that the large-small relation of the values assigned to any two social
utilities at each alternative is preserved for informationally equivalent profiles. From
the point of view of utility comparisons, CM entails that utilities are measured into
(independent) ordinal scales and, therefore, only intrapersonal comparisons of utility
are allowed.

The main result of this section is now presented. Note that the statement below has
a direct application into group decision-making. Indeed, it provides a characterization
of those SEFs having a very particular functional form; namely, there is a set of
individuals, say y/(X) C N, who take all social evaluations. That is, attached to each
alternative x € X there is a member of this set, say y(x), so that, for any profile of
individual utilities, the value that the society assigns to the alternative x coincides
with the value that this member (x) gives to x. The subset 1/ (X) could be interpreted
as a certain expert committee being each one of its members the corresponding expert
attached to each alternative. The result could be somehow reminiscent of Gibbard’s
oligarchy theorem and certain results in the social choice literature related to the
existence of local dictators. However, our framework largely differs from these two.
Indeed, Gibbard’s oligarchy theorem is obtained by weakening the collective
rationality assumption which is implicitly assumed in our setting. Local dictators for
social welfare functions appear whenever the corresponding social rule is Arrow-
consistent over some restricted preference domains. In our context, the members of
the expert committee do not dictate over alternatives simply provide numerical
evaluations of the alternatives.

Theorem 2  Assume U C V is a A-stable set which includes all constant functions.
Then, for a SEF F : U" — V the following statements are equivalent:

@ Springer



Social evaluation functionals with an arbitrary... 263

(i) F satisfies CM, M and Una,

(ii)  There is a function  : X — N such that F(U)(x) = U(x,¥(x)), V U € U",

VxelX.

Remark 4

(i) The conclusion of Theorem 2 remains true if comparison meaningfulness
refers only to interval scales and U is a subset of B. This assertion follows
from the proof of Theorem 2 given in the “Appendix”. Moreover, if #X = 1,
then the monotonicity assumption can be ruled out and F is, in fact, Pro.

(i) As a direct consequence of Theorem 2 and Remark 4(i) the following
impossibility result holds true: Assume &/ C B. Then, no SEF F can exist
that satisfies M, Una, A and CM w.r.t. independent interval scales.

(iii)  No topological conditions are required in the statement of Theorem 2. As
was already argued in the Introduction, if X is finite, say X = M, then a SEF
can be viewed as a vector-valued function defined on the space of all m x n
real matrices having, as codomain, the space of all real column matrices of
size m x 1. In this context, a natural topology to consider is the Euclidean
one. Note that, in this case, the SEFs provided in Theorem 2 are
continuous.”

We finish this section by including some examples which show that Una, M and

CM are independent assumptions. Note that, in none of the three cases presented
below, F fits the functional form established in Theorem 2. For simplicity, the
examples are given for #X =3 and n = 2.

Examples Let X = {x,y,z}, F :U* =V, and U = (uy,uy) € U*.

1.

2.

Define the SEF as follows: F(U)=cx =cly, VU € U?, where ¢ e R.
Obviously, F satisfies M and CM but it is not Una.

Consider the SEF given by F(U) = u, provided that the vectors U(-, 1) :=
(uy(x),u1(y),u1(2)) and U(-,2) := (u3(x), u2(y), u2(z)) are comonotonic,” and
FO)x) =u1(y), F(U)(y) =ui(x), F(U)(z) =u1(z), otherwise. F satisfies
Una and CM. However, it is not M.

Define  the following SEF: F(U)(x) = max {u;(x),uz(x)}, and
F(U)(y) = min {u(y),u2(»)}, and F(U)(z) = u;(z). It is clear that F satisfies
M and Una but fails to be CM.

2 The assumption X finite is essential for this claim. To this respect, it can be proved that if X C R" is a
compact and convex subset with at least two points (hence an infinite set), and U/ is the space of all
continuous functions defined on X equipped with the supremum norm topology, then the only continuous
SEFs that satisfy Una, M and CM are the projections.

® That is, u; (r) <ui (k) & uy(r) <ua(k), V r, k € X. Alternatively, it is also said that U(-, 1) and U(-,2)
belong to the same rank-ordered set.
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5 Chichilnisky’s topological social choice model revisited

In the late seventies, Chichilnisky initiated the topological approach to social choice
theory. In order to present her model some basic definitions and concepts are needed.
Suppose that there are a finite number of individuals, say #, in the society. The first
important issue to consider is the description of the space of individual preferences in
Chichilnisky’s model. To that end, let X be a cube in R”, which is called in this
context the choice space. There is a common restricted domain in Chichilnisky’s
setting. Indeed, the space of individual and collective preferences, henceforth
denoted by P, is the set of all C' (continuously differentiable) integrable unit vector
fields defined on the choice space X (see Chichilnisky 1982, 1983). A social
aggregation rule is then a map F : P" — P assigning to each profile of individual
preferences (p1,...,p,) € P" another preference F(py,...,p,) € P which is inter-
preted as a social preference. A social aggregation rule F': P" — P is said to be
anonymous if F(py,...,pn) = F(Ps1)s- - Po(n)> V(P1,---,pn) €EP", a € S(N). It
respects unanimity if F(p,...,p) =p,V p € P.
Under this framework Chichilnisky established the following result.

Theorem 3 (Chichilnisky 1982) There is no social aggregation rule F : P" — P
that is continuous,’ anonymous, and respects unanimity.

We now comment on the argument supporting the proof of this result as appears in
Chichilnisky (1982). A key fact used in Chichilnisky (1982) is the following
identification. A preference p € P can be viewed as a map assigning to each
alternative x € X, a vector p(x), which is the gradient of a (differentiable) utility
function defined on the choice space X, i.e., it is a vector field on X. The direction of
the vector p(x) is interpreted as the “most desirable” direction because it is the
direction of the largest increase in utility. Thus, it is required that each vector be
normalized with unit length, which implies that the gradient vector field before
normalization should not be vanished in the interior of X because, otherwise, the
normalized gradient would be left undefined.’ Therefore, each preference p € P must
be a unit vector field on X. Under these considerations, the proof runs, by
contradiction, as follows. Suppose that there is a continuous social aggregation rule
F :P" — P that is anonymous and respects unanimity. Let x € X be fixed. Then, the
existence of such a rule would induce a continuous, symmetric and idempotent
function i : (S™7!)" — §™~1, where $™~! denotes the m — 1-dimensional sphere of
R™. Continuity refers to the (relative) Euclidean topology on the sphere and the
product topology on the Cartesian. Symmetry and idempotency have the usual
meanings. However, by using certain arguments of algebraic topology (specifically,
of degree theory) such a function y cannot exist. Therefore, a contradiction is
reached and the result follows.

4 Continuity refers to the uniform convergence in P and the corresponding product topology in P" [for
details, see Chichilnisky (1982)].

> This technical condition can be somehow relaxed (see Section IV in Chichilnisky 1982). See also Jones
et al. (2003) for a detailed discussion of some difficulties that appear in Theorem 2 of Chichilnisky (1982).
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The fact of using normalized gradient vectors of unit length is essential in
Chichilnisky’s proof. However, this entails that the model does not allow for
considering intensity of preferences. Recall that a preference model is responsive to
intensity of preferences provided that the utilities are measured in an interval scale.

We now present a variation of Chichilnisky’s model which is inspired by the ideas
of the previous section and does allow for introducing preference intensities. Quite
surprisingly, no topological conditions are required in its formulation. It is just based
on the approach followed in Sect. 4. In Remark 5 below both similarities as well as
differences between the two approaches are briefly discussed.

Let X C R™ be a bounded subset. Denote by A the set of all affine real-valued
functions defined on X; ie., A={u:X - R:u(x)=ax+b=73 . ax +b,
Vx=(x;) € X, where a = (a;) € R",b € R}. Note that A contains all constant
functions defined on X and is 4;,-stable. Moreover, A is responsive to intensities.

Before presenting the next theorem a new concept, which strengthens that of
CMIN, is introduced. Indeed, this strong form of CMIN entails that CMIN should be
satisfied uniformly on all profiles of individual affine utilities.

Definition 4 Assume A CD. A SEF F:D" —V satisfies Strong Cardinal-
Measurability-Interpersonal-Noncomparability (SCMIN) provided that there is a
map R:A47 — A such that the following functional equation is met:
F(®(4)) = R(®)(F(4)),VA€ AN ®cA°

Because Arrow’s impossibility theorem extends to the setting where individuals’
utilities are cardinally measurable and interpersonally noncomparable (see, e.g., Sen
1970a, b, Theorem 8*2); d’Aspremont and Gevers (2002, Theorem 3.16)) our next
result not only is reminiscent of Chichilnisky’s but also of variants of Arrow’s
impossibility theorem established based on cardinal utilities.

Theorem 4 Assume A C D. Then there is no SEF F : D" — V that satisfies SCMIN,
M, Una and A.

Remark 5 1t is instructive to compare Theorem 4 to both Theorem 3 above and
Theorem 2 of Chichilnisky (1982) where the assumption of nonvanishing gradients is
slightly relaxed. First of all, the model presented here is established in terms of SEFs
instead of social aggregation rules like Chichilnisky is. Specifically, the common
individual domain in our result is restricted and includes the set of all affine funtions.
Thus, preferences are exactly utility functions and both /inear preferences as well as
the rivial one take part of the model.” In contrast, in Chichilnisky’s setting
preferences are unit vector fields and this requires that they are normalized gradients
at each point of the choice space X. As a consequence, the model shown here is more
general than Chichilnisky’s. Moreover, unlike Chichilnisky’s framework, it allows
for considering preference intensities. Further, Theorem 4 is stated without assuming

® Note that if a SEF F : D" — V satisfies SCMIN, then, when restricted to A", it satisfies CMIN and the
function ¢ € A that appears in Definitionl(ii) only depends on @.

7 A preference defined on X is said to be linear if it can be represented by a (non-null) linear utility
function. In terms of gradients they agree with those preferences having non-null constant gradients. The
trivial preference is the one for which all alternatives have the same utility.
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any topological condition. In what concerns the assumptions imposed, note that
unanimity and anonymity are present in both statements. The key difference can be
found in the continuity condition (together with the Pareto condition given in
Chichilnisky (1982, Theorem 2) to cover certain cases where the gradients could
vanish) given in Chichilnisky’s result in contrast to the assumptions of monotonicity
and SCMIN appearing in our Theorem 4.

Appendix

This section includes the proofs of the results stated in the paper. We begin with two
technical lemmata which will be useful for the proof of Theorem 1. Let n,m,k € N.
Recall that N =: {1,...,n}, M =: {1,...,m}, and K =: {1,.. .. k}.

Lemma 1 Let there be given E = (E;);c), F = (F}),cy two partitions of X. Then
there is a partition G = (G )cx such that E,F <G.

Proof Let K C N be an enumeration of {(i,j) : i € M,j € N}. Then, for each k € K,
it is sufficient to consider Gy = E; N F}. O

The second lemma is folklore and is included here for the sake of completeness.
Recall that S C U denotes the set of all simple functions, i.e., S = {s = >,  ailf :
(a;) € R™,(E;) is a partition of X, m € N}.

Lemma 2 S is dense in U.

Proof Let u € U and € > 0 be fixed. Then there are reals a, b such that a <u(x) <b,
for all x € X. Take a positive integer n such that bl;l” <e. Define, for each
j=0,...,n—1, the numbers o; = a —|—jbl;1", and consider the subsets of X defined as
follows: E; = {x € X : a; <u(x) <oy}, for every j. Note that (E;) is a partition of
X. Finally, define the simple function s = Zi ol Then,

d(u,s) = |[u — s||.. =supxex|u(x) — s(x)| < 4 <e¢, which proves Lemma 2. [

Proof of Theorem 1 The “if* part is easy to prove. So, we will only show the “only if”
part which will be carried out in several steps.

Step (1). Let E = (E;),.,, be a partition of X. Consider the subset of U consisting
of all simple functions supported on (E), ie.,
Sg ={5a =) ey ailg, : a = (a;) € R"}. Note that Sp can be identified, both
algebraically and topologically, with R™. The first step consists in proving that,
when restricted to S%, F turns out to be a projection. To that end, let C = (x;) C X
be a collection of points such that x; € E;, for every i € M. Define the function
F§ : Sf — S as follows: F (sg, . Sar) = > jers F(Sa, -y Sar ) (x;) 1, where
a',...,a" € R™. Let us see that this definition is consistent in the sense that,
actually, it does not depend on the collection C chosen. Indeed, note that since F
satisfies OMIN, Una, C and OSP, so does FEC. So, by Theorem 2 in Candeal
(2015), there is j € N such that FE(su,...,Sw) = Sais ¥V (Sa1, -, Sw) € Sp. In
particular, it holds that F (s, ..., 8. )(x;) = sz (x;), for all i € M. Let D = () C
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X be a collection of points such that y; € E;, for every i € M. Define D| =
(zi)jers € X as follows: z; = yy, and z; = x;, V i > 1. Then, by the same argument
as above, Fg‘ turns out to be a projection. Thus, there is kK € N such that
F,?‘ (Saty - s8an) =Sgty ¥ (Sa1,...,84) € Sp. In particular, it holds that
F(sg,..80)(1) =sa(1) and F(sg1, ..., 800) (%) = sg(x;), for i > 1. The latter
equality clearly entails that k = j. So, F(s,1,...,8»)(01) =84 (1) = s4(x1), the
latter equality being true because y; € E; and s, is constant on E;. Thus,
Fg‘ = Fg Now, by letting D> = (1;),.,, € X be defined as: #; = yi, &, = y», and
t; = Xx;, V i > 2 and arguing as above, it follows that F,?Z = F£. By repeating the
process (m — 2)-times it holds that F2 =FS and so F(sg,...,Sx) € Sk,
V (Saty- .-, Sa) € Sk Moveover, we have proved that the restriction of F to S,
F| s> turns out to be a projection. From now on we will denote such a restriction
by FE.

Step (2). Let E, E’ be two partitions of X such that E<FE’. Then Fg| st =Fp. To
see this, note that each profile (s,1, . . .,s,) € Sk can be viewed as a profile in S
Now, by Step (1), both Fg, and Fg are projections. Since, by Step (1) again,
Fp/(S%) C Sg, it follows that FE’|Sg = Fg.

Step (3). Let E, E' be two arbitrary partitions of X. Then, for the j € N existing
from Step (1), it holds that F(s,i,...,8¢) =58z, ¥ (Sg1,...,8») € Sg, and
F(spt,...,80) =8y, ¥ (Spt,...,5m) € Sp. Indeed, consider a partition E” such
that E<E”, and E' <E". Lemma 1 above ensures the existence of such a partition.
Then, by Step (1), Fgr, is a projection. In addition, by Step (2), it holds that
Fprl s = Fg, and Fpr| s, = Fg. Therefore, the conclusion clearly follows.

Step (4). Let S be the set of all simple functions. Then, for the j € N of Step (1), it
holds that F(sgi,...,801) =S4, ¥V (Sa1,...,5:) € S". Indeed, by Step (3), the latter
equality holds true provided that all the entries of the profile are supported over the
same partition. Suppose now that the simple functions s,1,...,s, are supported
over partitions £, . . ., E", respectively. Then, by considering a partition J such that
E',... E"<J it follows that F(s,,...,50) = Fs(sg,...,5s) = sy, where the
latter equality holds true by Step (1).

Step (5) For the je€N of Step (1), it holds that F(uy,...,u,) =uj,
Y (uy,...,u,) €U". Indeed, let (uy,...,u,) €U" an arbitrary profile. Consider
corresponding sequences (Sa iens - Sap)jey €S such that
(sq1) = w1, ..., (sa) — un. The existence of such sequences is guaranteed by
Lemma 2 above. Then, clearly, (sa}7 .. .,sa;r) — (uy,...,u,). Hence, since F
satisfies C, F(sa} S -,Sa,") — F(uy,...,u,). Now, by Step (4), F(sa} S .,sa[n) =S4
Vv [ € N, and, by hypothesis, (Sa',) — u;. Therefore, F'(ui,...,u,) = u;, as desired,
and the proof is over. U
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Proof of Theorem 2 * (ii) entails (i) is easy to check. So, we will focus on (i) implies
(i1) which is developed in five steps. Denote by O := U/ N B and note that O is a
nonempty A-stable subset of ¢/. We first show that the implication holds whenever F
is restricted to @". Thus, we have to prove that, for each x € X, the function U €
Q" — F*(U)=F(U)(x) € R is a projection. So, and in order to simplify the
notation, let us denote such a function by W; i.e., W(U) = F*(U), where x € X is
fixed.

Step (1). We first compute the value of W in the following subset of Q"
T:={UeQ": there is a=(aq;) € R" such that U(z,j) =q;, VzeJX,
Vj e N}. For that purpose, consider the real-valued function of n variables,
h R — R, defined by letting, for each a=(a)€eR",
he(a) = W(U*) = F*(U“), where U® € T is such that U“(z,j) =a;, Vz € X,
YV j € N. Note that the domain of A, is R” because Q contains the constant
functions. Now, since F satisfies Una and CM so does /,. Hence, by Corollary 6.1
in Marichal and Mesiar (2009) (see also Proposition 8.55 in Grabisch et al.
(2009)), there is W(x) € N such that h.(a) =aym), Va=(q)cR" So,
W(U?) = ayx, ¥V a= () € R".

Step (2). Consider the set 7 () € Q" defined as follows 7, := {U = () €
Q": there is r € R such that u;(t)=r, VeieX,VjeN\{y(x)}}. We
show that W(U)=Ww(V), for all U= (), V = (v;) €Ty for which
Uy(x) = Vy(x)- That is, when restricted to 7 (), W only depends upon the values
of the functlon Uy Let then U = (), V = (v]) € T y(x) such that uy) = vy,
and let 7, s € R be such that u; = ry,v; = sy, Vj € N\{y/(x)}. First, note that, by
Una, W(U) = W(Up ), ), (remember that W(U)y(¢) = W(U), V t € X). Let
now @ = (¢;) € 4" where ¢, is the identity function (i.e., ¢y (c)=c,
Ve € R) and, for each j € N\{y/(x)}, ¢,(c) = ¢+ (s —7), V ¢ € R. Then, since F
satisfies CM, it holds that W (® o U) = W(® o Uy (), ). But ®o U = (¢; o ),
hence Py x) © Uy(x) = Uyp(x)» and, for each JEeEN\{y(x)},
(¢jou)(t) = qﬁj(uj(t)) =¢(r)=s, VteX. SO, PoU=V  and
WV)=Ww(@oU)=W(@o Upu),) Now, ®o Upw), = (¢;c W(U)y). But
by o W(U)y = , and, for each JjeN\{y(x)},
(6,0 W(U))(0) = W (U)y (1) = (W (V) = W(U) +5—r,  ViIEX.
Hence, @ o Uy, € T. So, W(® o Uy),) = hi(a), where a = (a;) is such
that ay ) = W(U) and a; = W(U) +s —r, ¥ j € N\{y/(x)}. Hence, by Step (1),
W(® o Uyw),) = h(a) = ay = W(U). Therefore, W(V) = W(U).

Step (3). The conclusmn of Step (2) is now extended to all U € Q" by using a
proof by contradiction. If # does not only depend on the values of the function
uy(y), there must exist profiles U = (ujl), U, = (ujz) € Q" such that
u}/]m = uzl//(x) = u, for some u € B, and W(U,) <W(U,). Define now two profiles

& This proof closely follows that appearing in Candeal (2016, Theorem 4.12) [see, also Khmelnitskaya and
Weymark (2000)]. However, it is more general because the common individual and collective domain
consists not only of bounded utilities.
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Ui, Uy € Ty by letting ﬁl}/(x) = ﬁzw(x) =u, and, for each j € N\{y(x)} and
teX, ﬁ]l (t) = sup {u]l(z) czeX,je N\{¥(x)}}, and 12]2(1) = inf {ujz(z) :
z€ X,j € N\{y(x)}}. Note that, so-defined, U;, U, € T y(v)- Moreover, clearly,
U, <U, and U, < U,. Now, since F satisfies M, so does W, hence W(Uz) =
F(U2)(0) SF(U () = W(U) <W(U) = F(U)) <FO)) () = W(0)).
Therefore, W(U,) <W(U,), which contradicts the conclusion of Step (2).

Step (4). Let now U € Q". Then, by Step (3), W(U) = W(Uuw)). But, by Una
again, W(U,,,) = uyw(x) = U(x,¥(x)). So, W(U)=F(U)=F(U)x)
=U(x,y(x)), V U € Q". Therefore, F(U)(x) = U(x,¥(x)), VU € Q".

Step (5). It remains to show that the conclusion also holds true for every U € U".
To that end, let U € U" be fixed and note that, by Una, F(U) = F(Up(y)). Thus,
by CM, it follows that F(®oU) = F(®o Urwy)), ¥V @ = (¢;) € 4". Take a
profile @ = (¢;) € 4" of bounded functions. Then ® o U, ® o Ur(y) € Q". So, by
Step (4), Py (U(x,¥(x))) = ¢y (F(U)(x)), for every x € X. Now, since
by € 4, it follows that U(x,y(x)) = F(U)(x), for every x € X. Therefore,
U(x,y(x)) = F(U)(x), holds true VU e€U", Vx €& X which concludes the
proof. td

Proof of Theorem 4 Suppose, by contradiction, that such a SEF F does exist. Con-
sider the restriction of F to A", which is denoted by G. Clearly, G satisfies M, Una
and A. We now prove that G is CM w.r.t. independent interval scales. Indeed, let
there be given x € X, 4,B € A" such that G(4)(x) < G(B)(x), and @ € A%, Then,
because F satisfies SCMIN, it holds that G(®(4))(x) = F(®(4))(x) =
R(®)(F(4))(x) <R(®)(F(B))(x) = F((B))(x) = G(B(B))(x), the inequality
being true because R(®P) is increasing. Thus, G is CM w.r.t. independent interval
scales. Now, by Remark 4(iii), such a function cannot exist. Therefore, a contra-
diction is reached and the proof is ended. O

Acknowledgements Thanks are given to two anonymous referees for providing us with some insightful
comments and remarks which have led to a substantial improvement of the paper. This work has been
partially supported by the Research Project PID2019-108348RA-100 of the Spanish Ministry of Science
and Innovation.

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature.
Data availability Data supporting the sentence are available through the references provided in the paper.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article's Creative Commons licence, unless indicated otherwise in a credit line to
the material. If material is not included in the article's Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

270 J. C. Candeal

References

Arrow, K. J. (1963). Social choice and individual values (2nd ed.). New York: Wiley.

Bossert, W., & Weymark, J. A. (2004). Utility in social choice. In S. Barbera, P. J. Hammond, & C. Seidl
(Eds.), Handbook of utility theory (Vol. 2, pp. 1099-1177). Amsterdam: Kluwer Academic
Publishers. Chapter 20.

Campbell, D. E., & Kelly, J. S. (2002). Impossibilty theorems in the arrovian framework. In K. J. Arrow,
A. K. Sen, & K. Suzumura (Eds.), Handbook of social choice and welfare (Vol. 1, pp. 35-94).
Amsterdam: North Holland. Chapter 1.

Candeal, J. C. (2015). Social evaluation functionals: A gateway to continuity in social choice. Social
Choice and Welfare, 44, 369-388.

Candeal, J. C. (2016). Aggregation operators, comparison meaningfulness and social choice. Journal of
Mathematical Psychology, 75, 19-25.

Candeal, J. C., & Indurain, E. (2015). Comparison meaningful operators and ordinal invariant preferences.
Journal of Mathematical Analysis and Applications, 432, 806-819.

Chichilnisky, G. (1982). Social aggregation rules and continuity. Quarterly Journal of Economics, 97,
337-352.

Chichilnisky, G. (1983). Social choice and game theory: Recent results with a topological approach. In P.
K. Pattanaik & M. Salles (Eds.), Social choice and welfare (pp. 103-120). Amsterdam: North-
Holland. Chapter 6.

De Miguel, L., Campion, M. J., Candeal, J. C., Indurain, E., & Paternain, D. (2017). Pointwise aggregation
of maps: Its structural functional equation and some applications to social choice. Fuzzy Sets and
Systems, 325, 137-151.

d’Aspremont, C., & Gevers, L. (2002). Social welfare functionals and interpersonal comparability. In K.
J. Arrow, A. K. Sen, & K. Suzumura (Eds.), Handbook of social choice and welfare (Vol. 1, pp. 459—
541). Amsterdam: North Holland. Chapter 10.

Fleurbaey, M., & Hammond, P. (2004). Interpersonally comparable utility. In S. Barbera, P. J. Hammond,
& C. Seidl (Eds.), Handbook of utility theory (Vol. 2, pp. 1179-1285). Amsterdam: Kluwer Academic
Publishers. Chapter 21.

Gibbard, A. F. (2014). Intransitive social indifference and the Arrow dilemma. Review Economic Design,
18, 3-10.

Grabisch, M., Marichal, J. L., Mesiar, R., & Pap, E. (2009). Aggregation functions. Encyclopedia of
mathematics and its applications (Vol. 127). Cambridge: Cambridge University Press.

Jones, M., Zhang, J., & Simpson, G. (2003). Aggregation of utility and social choice: A topological
characterization. Journal of Mathematical Psychology, 47, 545-556.

Khmelnitskaya, A. B., & Weymark, J. A. (2000). Social choice with independent subgroup utility scales.
Social Choice and Welfare, 17, 739-748.

Krantz, D., Luce, R. D., Suppes, P., & Tversky, A. (1971). Foundations of measurement. Vol. I: Additive
and polynomial representations. New York: Academic Press.

LeBreton, M., & Weymark, J. (2002). Arrovian social choice theory on economic domains. In K. J. Arrow,
A. K. Sen, & K. Suzumura (Eds.), Handbook of social choice and welfare (Vol. 2, pp. 191-299).
Amsterdam: North Holland. Chapter 17.

Luce, R. D., & Raiffa, H. (1957). Games and decisions: Introduction and critical survey. New York: Wiley.

Marichal, J. L. (2002). On order invariant synthesizing functions. Journal of Mathematical Psychology, 46,
661-676.

Marichal, J. L., & Mesiar, R. (2009). A complete description of comparison meaningful aggregation
functions mapping ordinal scales into an ordinal scale: A state of the art. Aequationes Mathematicae,
77(3), 207-236.

Ovchinnikov, S., & Dukhovny, A. (2002). On order invariant aggregation functionals. Journal of
Mathematical Psychology, 46(1), 12—18.

Roberts, F. S. (1979). Measurement theory with applications to decision-making, utility and social
sciences. Reading, MA: Addison-Wesley.

Roberts, K. W. S. (1980). Possibility theorems with interpersonally comparable welfare. The Review of
Economic Studies, 47, 409-420.

Roberts, K. W. S. (1980). Interpersonal comparability and social choice theory. The Review of Economic
Studies, 47, 421-439.

@ Springer



Social evaluation functionals with an arbitrary... 271

Roberts, K. W. S. (1983). Social choice rules and real-valued representations. Journal of Economic Theory,
29, 72-94.

Sen, A. K. (1970). Collective choice and social welfare. San Francisco: Holden-Day.

Sen, A. K. (1970). On weights and measures: Informational constraints in social welfare analysis.
Econometrica, 45, 1539-1572.

Sen, A. K. (1977). Interpersonal aggregation and partial comparability. Econometrica, 38, 393—409. A
correction (1972), Econometrica 40:959.

Weymark, J. A. (2014). An introduction to Allan Gibbard’s oligarchy theorem paper. Review Economic
Design, 18, 1-2.

Publisher's Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Authors and Affiliations

Juan C. Candeal’

D4 Juan C. Candeal
candeal@unizar.es

Departamento de Analisis Econdmico, Facultad de Economia y Empresa, Universidad de
Zaragoza, Gran Via, 2, 50005 Zaragoza, Spain

@ Springer


http://orcid.org/0000-0002-3841-8774

	Social evaluation functionals with an arbitrary set of alternatives
	Abstract
	Introduction
	Preliminaries
	Projective SEFs
	Comparison meaningful SEFs
	Chichilnisky&#x2019;s topological social choice model revisited
	Appendix
	Data availability
	References




