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Let F be an algebra of subsets of €2. A full conditional probability on F is a real-valued
function on F x (F — {&}) such that:

(C1) P(-| B) is afinitely additive probability function
(C2) P(ANB|C)=PA|C)P(B|ANC).]

If G is a group (intuitively, a group of symmetries, such as rigid motions on R")
acting on a set Q* containing €2, we say that P is G-invariant provided that P(gA |
B) = P(A | B) whenever A, gA and B are all in 7 with B nonempty, g € G, and
A U gA C B. (There is no assumption here that F is itself G-invariant.)

One of the main theorems in Pruss (2021) characterized when exactly a G-invariant
full conditional probability on the powerset P2 exists. Unfortunately, the proof of
Lemma 2 was erroneous. The proof used the claim
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which it was erroneously said “follows” from the identity % =5
There does not seem to be a simple fix for this, but there is a new proof using the

Rényi order in a way inspired by ideas in Armstrong (1989).

! Prugs (2021) also includes the condition that if P(A | B) = P(B | A) = 1,then P(C | A) = P(C | B),
but that follows from (C1) and (C2).
2Tam grateful to Grzegorz Tomkowicz for comments on the proof.

The original article can be found online at https://doi.org/10.1007/s11229-021-03173-w.
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Lemma 1 Let G acton Q* 2 Q. Suppose that for every nonempty subset E of 2, there
is a G-invariant finitely additive measure v : PQ2 — [0, oo] with w(E) = 1. Let F
be a finite algebra on Q2. Then there is a G-invariant full conditional probability on
F.

Proof All the measures in the proof will be finitely additive. If u and v are measures
on the same algebra, say that © < v provided that for all A € F, if v(A) > 0, then
W(A) = oo. Say that a measure u is non-degenerate provided that 0 < pu(A) < oo
for some A. Then < is known as the Rényi order (Armstrong, 1989; Rényi, 1956) and
is a strict partial order on non-degenerate measures.

Choose a G-invariant probability measure (¢1 on F (there is one on PS2, so restrict
itto F).

For n > 1, supposing we have chosen a G-invariant measure (4, on P, let

Ene1 = JIB € F: jun(B) = 0}.

Note that u, (E,+1) = 0 since F is finite, so E, 4 is the largest i,,-null member of
F.If E,41 =, let N = n, and our construction of 1, ...,y is complete.

If E, 11 is nonempty, choose a G-invariant measure v on P2 with v(E, 1) = 1.
For A € F,let up41(A) =v(A)if A C E,4 and py4+1(A) = oo otherwise.

I claim that ft,,+1 is a G-invariant measure on J. To check finite additivity, suppose
A and B are disjoint members of F. Then if A or B fails to be a subset of E,, 11, so
does A U B, and s0 t;+1(A) + tp4+1(B) = 00 = up+1(A U B), and if A U B fails
to be a subset of E, 41, so does at least one of A and B. Butif A, B and A U B are
all subsets of E, 1, then ;4 agrees with v as applied to these sets, and v is finitely
additive.

It remains to check G-invariance. Suppose that A, gA € F. If both A and gA are
subsets of E, 1, the identity p,+1(A) = un+1(gA) follows from the G-invariance
of v. If neither is a subset of E,, 41, then u,4+1(A) = 00 = up+1(gA). It remains to
consider the case where one of A and gA is a subset of E,; and the other is not.
Without loss of generality, suppose that A is a subset of E,,+1 and gA is not (in the
other case, let A’ = gAand g’ = g~ !, s0o A’ is a subset of E,, | and g’ A’ is not). Since
A C E,y1, we have i, (A) = 0. By G-invariance, u,(gA) = 0,and so gA C E, 41,
and thus the case is impossible.

Next note that that p,+1 < w,. For if 1, (A) > 0, then A is not a subset of Ej, 4
and so t,+1(A) = oo.

The finiteness of F guarantees that the construction must terminate in a finite
number N of steps, since we cannot have an infinite sequence of non-degenerate
measures on a finite algebra F that are totally ordered by <.

We have thus constructed a sequence of G-invariant measures [(1, ..., Uy such
that uy < --- < wq. I claim that for any nonempty A € F, there is a unique n = nz
such that 0 < w,(A) < oo. Uniqueness follows immediately from the ordering
UN < +-- < 1, so only existence needs to be shown. By our construction, the only
uy-null set is &, so uny(A) > 0. Let n be the smallest index such that u, (A) > 0.
If u, (A) < oo, we are done. So suppose i, (A) = oco. We cannot have n = 1, since
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W1 is a probability measure on F. Thus, n > 1. By minimality of n, we must have
Un—1(A) = 0. Thus, A C E,, and so u,(A) < u,(E,) = 1, a contradiction.

Now, for any (A, B) € F x (F —{@}),let P(A | B) = pn()(AN B)/n(3)(B).
Then P (- | B) is finitely additive since ji,(p) is.

Next, suppose we have A, B and C with A N C nonempty. If n(A N C) = n(C),
then let u = Hn(C) = Hn(ANC)> SO We have

WANC) u(BNANC)

P(A|C)P(B|ANC) =

u(C) u(ANC)
_HANBNO _ pans o).
u(C)

Now suppose that n(A N C) # n(C) so uyc)(ANC) ¢ (0,00). Since wycy(AN
C) < unc)(C) < oo, we must have 1, c)(ANC) = 0. But then P(A | C) =
Hn(@)(ANC)/pnc)(C) =0and P(ANB | C) = puc) (ANBNC)/pun(cy(C) =0,
and so both sides of (C2) are zero.

Finally, G-invariance of P follows immediately from G-invariance of the u,,. O

We then get the following which is the same as the Lemma 2 in Pruss (2021) whose
proof was flawed.

Corollary 1 Let G act on Q* 2 Q. There is a G-invariant full conditional probability
on P if and only if for every nonempty subset E of Q2 there is a G-invariant finitely
additive measure p : PQ — [0, co] with u(E) = 1.

Proof First suppose there is a G-invariant full conditional probability P on P<2. Then
if £ were a nonempty paradoxical subset of Q*, we could partition E into disjoint
subsets A and B that could be decomposed under the action of G to form all of E,
sothat | = P(E | E)y=P(A| E)+ P(B|E)=P(E | E)+ P(E | E)=2
by the finite additivity and G-invariance of P(- | E). But if E is not a paradoxical
subset, then by Tarski’s Theorem (Tomkowicz and Wagon 2016, Cor 11.2) there is
a G-invariant finitely additive measure © on PQ* with w(E) = 1, and we can then
restrict i to PQ.

Conversely, suppose for every nonempty E there is a u as in the statement of the
Corollary. For a finite algebra F on €2, let P be a G-invariant full conditional probability
on F by Lemma 1. Let P-(A | B) = P(A | B) for (A, B) € F x (F — {@}) and
Pr(A | B) = 0 for all other (A, B) € PQ x (PQ — {@}). The set F of all finite
algebras F on €2, ordered by inclusion, is a directed set. Since [0, 1]PQX(PQ’{®}) is
a compact set by the Tychonoff Theorem, there will be a convergent subnet of the net
(Pr)Frer, and the limit of that subnet then satisfies the conditions for a G-invariant
full conditional probability. O
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