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Abstract

The paper extends the radius of metric regularity theorem by Dontchev, Lewis and Rockafellar
(2003) by providing an exact formula for the radius with respect to Lipschitz continuous
perturbations in general Asplund spaces, thus, answering affirmatively an open question
raised twenty years ago by loffe. In the non-Asplund case, we give a natural upper bound for
the radius complementing the conventional lower bound in the theorem by Dontchev, Lewis
and Rockafellar.

Keywords Metric regularity - Strong metric regularity - Radius of regularity - Stability -
Lyusternik-Graves theorem

Mathematics Subject Classification (2010) 49J52 - 49J53 - 49K40

1 Introduction

Study of the “radius of good behaviour” was initiated in 2003 by Dontchev, Lewis and
Rockafellar [7]. They aimed at quantifying the “distance” from a given well-posed problem
to the set of ill-posed problems of the same kind. The topic is obviously about stability
of problems with respect to perturbations of the problem data, but it goes further than just
establishing stability; the goal is to provide quantitative estimates (ideally exact formulas) of
how far the problem can be perturbed before well-posedness is lost. This is of significance,
e.g., for computational methods.

It is common to describe “good behaviour” of problems in terms of certain regularity
properties of (set-valued) mappings involved in modelling of the problems, and talk about
the radius of regularity. Not surprisingly, the first radius theorems were established in [7]
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for the fundamental property of metric regularity, followed in [8] by the corresponding
statement for the strong metric regularity. The definitions of the mentioned properties are
collected below (cf. [9, 16, 24]). Here F : X = Y is a set-valued mapping, and Fl.y=xXx
denotes its inverse, i.e., F‘l(y) ={xeX|yeFx)}forallyeY.

Definition 1.1 Let X and Y be metric spaces, F : X =% Y, and (x, y) € gphF.
(1) F is metrically regular at (x, y) if there exist numbers « > 0 and § > 0 such that

ad(x, F~'(y)) <d(y, F(x)) forall x € Bs(%), y € Bs(¥). (1.1)

(ii) F is strongly metrically regular at (¥, y) if it is metrically regular at (X, y), and F~! has
a single-valued localization around (y, X), i.e., there exist neighbourhoods U of x and V
of ¥ and a function ¢ : V — U such that gph¢ = gphF~! N (V x U).

The (possibly infinite) supremum of all « satisfying (1.1) for some 6 > 0 is called the
regularity modulus of F at (x,y) and is denoted by rg F(x, y). It is also known as the
modulus (or rate) of surjection [16], and rg F(x,y) = 1/reg F(x|y), where reg F(x | y)
is the regularity modulus employed in [7-9]. The case rg F(x,y) = 0 (or equivalently,
reg F(x | y) = +o00) indicates the absence of metric regularity.

In [7, 8], the authors considered perturbations of a set-valued mapping over the classes
Fiin of affine (linear) functions and F;;;, of single-valued functions f : X — Y, which are
Lipschitz continuous near the reference point x, and used the Lipschitz modulus

d(f (), f(x")

lipf(x) = limsup dx. 1)

x,x' =X, x#x'
to measure the size of perturbations.

The next theorem combines [7, Theorem 1.5] and [8, Theorems 4.6]; see also [9, Theo-
rems 6A.7 and 6A.8].

Theorem 1.1 Let X and Y be Banach spaces, F : X = Y, (x,y) € gphF, and gphF be
closed near (x, y). The following estimates hold true:

rad[R]jin F (¥, y) = rad[R];ip F (%, y) = 1g F(X, ), (1.2)
If F is strongly metrically regular at (x, y), then
rad[sR]jin F(X, y) = rad[sR]iip F(X,y) = 1g F(x, y). (1.3)

If dimX < oo and dimY < oo, then all the inequalities in (1.2) and (1.3) hold as equalities.
Moreover, the equalities remain valid if 7;,, is restricted to affine functions of rank 1.

In (1.2), rad[R]y;p £/ (X, y) stands for the radius of metric regularity of F" at (x, y) € gphF
over the class F;;, of Lipschitz continuous perturbations:

rad[R]p F(x,y) := inf {lipf(x)| F + f isnot metrically regular at (x, y)}. (1.4)

feFip

The notation rad[R]i, F (X, y) corresponds to replacing F;;;, in (1.4) with the class Fy;;, of
affine perturbations, while rad[sR];jp (X, y) and rad[sR]j, F'(x, y) in (1.3) are defined in
a similar way for the property of strong metric regularity (‘sR’ for brevity). We assume
everywhere without loss of generality that perturbation functions f satisfy f(x) = 0. (Thus,
the functions in Fj;, are actually linear.) For a more general definition of the radius
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rad[Property]p F (x, ¥) allowing for other properties and other classes of perturbations, we
refer the readers to [10].

The critical inequality rad[R];ip F(x, y) > rg F(x, y) in (1.2) has its roots in the fun-
damental theorems of Lyusternik and Graves, and is sometimes referred to as the extended
Lyusternik—Graves theorem. The latter theorem has a long and rather well known history;
cf. [4, 5, 7-9, 12, 16, 20]. The version below relates the regularity moduli of set-valued
mappings and the Lipschitz modulus of the perturbation function; cf. [8, Corollary 2.4], [4,
Theorem 1].

Theorem 1.2 Let X and Y be Banach spaces, F : X = Y, (x, y) € gphF, gphF be closed
near (x, y), and let f € Fj;p. Then

g (F+ f)(x,y) =g F(x,y) —lipf(%). (1.5)

There have been several attempts to study stability of metric regularity with respect to
set-valued perturbations under certain assumptions either of sum-stability or on ways of
measuring the distance between set-valued mappings [1, 11-13, 21, 22].

In finite dimensions, Theorem 1.1 gives exact formulas for the radii of the two regularity
properties from Definition 1.1 in terms of the regularity modulus, while in general Banach
spaces it provides lower bounds for the radii and hence, sufficient conditions for the stability
of the properties. This observation naturally raises the following important question:

(A) Can any of the inequalities in (1.2) and (1.3) hold as equalities in infinite dimensions?
Closely related is the following question posed by loffe [14]:

(B) Is the bound (1.5) sharp? In other words, in the setting of Theorem 1.2, if
rg F(x,y) <+oo and r € [0,1g F(x,y)], is there a function f € Fj, such that
lipf(x) =randrg(F + f)(X,y) =1g F(x,y) —r?

Note that, from a positive answer to the latter question, the equality rad[R]y, F(x, y) =
rg F(x, y) follows by taking r = rg F(x, ).

A partial positive answer to question (A) was given already in [7] (see also [9, Theo-
rems 6A.2]): equalities hold in (1.2) when F is positively homogeneous. For the special case
when Y is finite dimensional, equalities in (1.2) were shown for a certain class of mappings
in [19]. Next, equalities in (1.2) were established in [3] for a special mapping defined by
a semi-infinite system of linear equalities and inequalities. However, this is not the case
for general set-valued mappings: as shown in Ioffe [15] (see also [16, Theorem 5.61]), the
inequality rad[R]jin F (X, y) > rg F(x, y¥) in (1.2) can be strict even when X = Y is a Hilbert
space, and F is a single-valued function having reasonably good differentiability properties.

Question (B) was positively answered by loffe [14] for general set-valued mappings in
the finite dimensional setting and for single-valued continuous functions from a metric space
X into a Banach space Y. With respect to the latter result, loffe stated that “The question of
whether or not a similar fact is valid for set-valued mappings remains open.”

To the best of our knowledge, there has been no further progress in addressing the two
questions stated above. In the current note we make another step to close the gap. We show
that in Asplund spaces the bound (1.5) is sharp for general closed graph set-valued mappings,
thus, giving a positive answer to question (B) and showing the equality rad[R]yp F (X, y) =
rg F/(x, y). We also obtain the relation rad[sR]yip F (X, y) = rg F'(x, y) in the case when F
is strongly metrically regular. In the non-Asplund case, we provide natural upper bounds for
the radius complementing the conventional lower bound in (1.2) and (1.3).
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In the aforementioned paper [8] by Dontchev and Rockafellar, besides metric regularity
and strong metric regularity, the properties of metric subregularity and strong metric subreg-
ularity were considered. It was shown that the radius of strong metric subregularity (under
calm perturbations) in finite dimensions follows the same pattern as that of (strong) metric
regularity, i.e., it equals the modulus of metric subregularity. However, the radius of (not
strong) metric subregularity fails to satisfy the paradigm promoted in [7, 8], and the property
requires new approaches. In the recent papers [6, 10], the radius of metric subregularity has
been analyzed for various classes of perturbations in finite and infinite dimensions. Lower
and upper bounds for the radius have been established which are different from the modulus
of metric subregularity, and can differ from each other by a factor of at most two. The radius
of strong metric subregularity has also been examined in [10], and the corresponding result
in [8] has been extended to infinite dimensions.

After some preliminaries in the next Section 2, the main results are formulated in Section 3.
Theorem 3.1 states that the estimate (1.5) is precise in the Asplund space setting. Theorem 3.2
provides the missing equality rad[R];ip (X, y) = rg F'(x, y) in the Asplund space setting,
and combines it with the other estimates for the radius. The main tools used in the proofs
of these theorems are encapsulated in a separate Lemma 3.1. It gives a little more general
relations which can be of independent interest. The proof of Lemma 3.1 makes a separate
Section 4. Itis partially based on our recent work on the radius of (strong) metric subregularity
[6, 10].

2 Preliminaries

The note follows the style and (rather self-explanatory) notation of [10]. X and Y are normed
spaces. In most statements, they are additionally assumed to be Banach or even Asplund. Their
topological duals are denoted by X* and Y*, respectively, while (-, -) denotes the bilinear
form defining the pairing between the spaces. Recall that a Banach space is Asplund if every
continuous convex function on an open convex set is Fréchet differentiable at all points of
a dense subset of its domain, or equivalently, if the dual of each its separable subspace is
separable [23]. All reflexive, particularly, all finite dimensional Banach spaces are Asplund.

The open unit balls in a normed space and its dual are denoted by B and B*, respectively,
while S and S* stand for the unit spheres (possibly with a subscript denoting the space).
Bs(x) and B;(x) denote, respectively, the open and closed balls with radius § > 0 and centre
x. Norms and distances (including point-to-set distances) in all spaces are denoted by the
same symbols || - || and d (-, -), respectively. A subset 2 C X is said to be closed near a point
x € Qif QNU is closed for some closed neighbourhood U of x. Symbols R, Ry and N
denote the sets of all real numbers, all nonnegative real numbers and all positive integers,
respectively, and Ry, := R U {+00}. We use the following conventions: inf g = +o00 and
supfr, = 0, where § (possibly with a subscript) denotes the empty subset (of a given set).

Products of primal and dual normed spaces are assumed to be equipped with the sum and
maximum norms, respectively:

G = lxl+lyll, . y)eX xY,
G, YOI = max{Ix*[l ™I}, (%, y%) € X x Y™

@ Springer



The Radius of Metric Regularity Revisited Page50f13 20

Given a subset Q2 C X, a point X € 2, and a number ¢ > 0, the set

_ . (x*,x = X)
N (x)=3x" € X"| limsup ——— <¢ 2.1
Qox—X, x#X lx — x|l

is called the set of Fréchet e-normals to Q at X, while No (%) = (),. Na,s(X) is the Fréchet
normal cone to 2 at x.

The graph of a set-valued mapping F : X =2 Y is defined as gphF = {(x,y) €
X xY | y € F(x)}. Given a point (x,y) € gphF, and a number ¢ > 0, the mapping
D}F(x,y): Y* = X* defined for all y* € Y* by

DIF(x, y)(y*) = {x" € X* | (x*, =y") € Ngphr e (¥, )}, (2.2)

is called the Fréchet e-coderivative of F at (x,y). If ¢ = 0, it reduces to the Fréchet
coderivative D* F (X, y) (with the convention in (2.2) that Ngphr,0(X, ¥) := Ngphr (¥, ¥)).

Remark 2.1 The set of Fréchet e-normals is often defined [17] with the non-strict inequality
in (2.1). Then it allows also for the case ¢ = 0in (2.1) directly. Whether the strict or non-strict
inequality is used in definition (2.1) does not affect definition (2.3) and the estimates in the
current paper, but, as observed by a referee, using the strict inequality in (2.1) leads to slight
simplifications in some proofs.

Employing (2.2), we define another nonnegative quantity characterizing the behaviour of
F near (x, y) and closely related to the regularity modulus rg F (x, y):

gt F(x,y) = liminf lx*|| := sup inf  [lx*|. (2.3)
gphF>(x,y)—(x,)), €]0 >0 (x,y)€gphFN B (X,y)
x*eD}F(x,y)(Sy*) x*eD} F(x,y)(Syx)
Observe that
gt F(x,y) < liminf  |lx*]. (2.4)
gphF3(x,y)—(¥.5)

x*e€D*F(x,y)(Syx)

Lemma2.1 Let X and Y be Banach spaces, F : X =% Y, and (x,y) € gphF. Then
g F(x,y) <rgt F(X, y).

If X and Y are Asplund, and gphF is closed near (X, ¥), thenrg F(x, y) =rgt F(x, y).
Proof If rg F(x,y) = 0 or rg™ F(X,y) = oo, then we trivially have rg F(¥,y) <
rg™ F(%,y). Thus, we may assume that rg F(¥,y) > 0 and rg* F(X,y) < oo. Pick any
a € (0,rg F(%,y)) and B € (rg" F(x, y), +00). Then condition (1.1) is satisfied for some
8 > 0, and, given an arbitrary number & € (0, §), there exist (x, y) € gphF N B:(x, y),
y* € Syx, and x* € D;‘F(x, v)(y*) such that ||x*|| < B. Consider a sequence {vi} in Y
’ ”311:7;”
large k € N, we have vr € B;s(y) and, by (1.1), one can find a uy € F~1(vy) such that
aflux — x|l < (1 + 1/k)|Jvx — y||, and consequently,

lloe = ¥l < s vi) = Ge, < (A + 17K + Do — yll.

By definition of the Fréchet e-coderivative, using the notation p4 := max{u, 0}, we obtain:

such that y # v — y and (y* ) — —1 as k — oo. Then, for each sufficiently

. (" e —x) = (Y v —yDg (e = vl = llx* lug — x1) 4
& > limsup > lim sup 1
k00 | (e, vi) — (e, W k—oo ((1+1/k)a=" + Dllvg — yll
. L= A +1/ket 1= |x* e~  «—8
> lim sup = > .
oo I+ 1/k)a=l+1 a l+1 a+1

@ Springer



20 Page6of13 Gfrerer and Kruger

Since £ > 0 can be arbitrarily small, it follows that « < B. Letting @ 1 rg F(x, ¥) and 8 |
rg™ F(x,9), we arrive at rg F(x, y) < rg™ F(x, y). The equality rg F(x, y) =rg™ F (%, y)
in the Asplund space setting is a consequence of [20, Theorem 4.5] and (2.4). O

Remark 2.2 The above proof of inequality rg F(x, y) < rgt F(X, y) is a modification of the
corresponding parts of the proofs of [18, Theorem 3.1 and Theorem 5.1 (i)]. It can also be
deduced from [20, Theorem 1.43(i)]. In view of [20, Theorem 4.5], it follows from Lemma
2.1 that (2.4) becomes equality if the spaces are Asplund.

The next statement from [10] extends [20, Theorem 1.62 (i)] which addresses the case ¢ = 0.

Lemma22 let F: X =2 Y, f: X — Y, (x,y) € gphF, and ¢ > 0. Suppose that f is
Fréchet differentiable at x. Set £1 := (||[Vf ()| + 1)"'e and &2 := (||[Vf(¥)| + 1)e. Then,
for all y* € Y*, it holds

D F(X, y)(y") C D{(F + H(E, 3+ fE)NGT) = V&) y* C DL FE, (5.

3 Radius of Metric Regularity

We start this section with a lemma which constitutes a key ingredient for the proofs of our
main results. Recall from [14, p. 552] that a function f : X — Y between Banach spaces
is Lipschitz rank one on an open subset U C X if, for any x € U, there is a neighborhood
Uy C U of x, on which f can be represented in the form

J) =&y (ueU),

where & : U, — R is Lipschitz continuous and y € Y.

Lemma3.1 Let X and Y be Banach spaces, F : X = Y, (x,y) € gphF, and gphF be
closed near (X, ¥). Suppose that rg™ F (X, y) < +o00. Then there exists a function f € Flips
Lipschitz rank one on X \ {x}, such that lip f (X) < re™ F(x, y), and

g™ (F+af)E,5) < (1 —oyrg" F(X,5) forall «el0,1];
in particular, rg™ (F + f)(%, y) = 0.

The proof of Lemma 3.1 is given in the next section. We are now in a position to extend
[14, Theorem 4.1] to set-valued mappings and, thus, to answer positively question (B) in
Section 1 in the Asplund space setting.

Theorem 3.1 Let X and Y be Asplund spaces, F : X == Y, (x,y) € gphF, and gphF be
closed near (x, y). If rg F(x,y) < +00, then, for every real r € [0, rg F (X, y)], there is a
function f € Fj;p, Lipschitz rank one on X \ {x}, such that lip f (x) = r and

g (F+ f)x,y) =g F(x,y) —r.

Proof If rg F(x,y) = 0, then r = 0, and we take f = 0. Let rg F(x,y) < 400 and
r e[0,rg F(X,y)]. Seta :=r/rg F(x, y). Thus, o € [0, 1]. By Lemma 2.1, rg* F (X, y) =
rg F(x,y) < 400, and by Lemma 3.1, there is a function f € Fiip, Lipschitz rank one on
X \ {¥}, such that lip f (¥) < rgt F(X, ¥), and

rgt (F+af)(E,5) < (1 —aorgh F(&,5) =1g F(X, 5) —r.
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The function f := af is also Lipschitz rank one on X \ {x}, and

lipf (%) = alipf(¥) < arg” F(%,§) = arg F(X, ) =r.
Since f is continuous near X, the graph of F + f is closed near (X, y) and, by Lemma 2.1,
gt (F + f)(X,y) =12 (F + f)(X, 7). Thus,

g (F+ )E5) =1g"(F+af)F ) <1gFE,5) —r.
On the other hand, by Theorem 1.2,rg (F+ f)(x,y) > rg F(x, y)—lipf(x) > rg F(x, y)—r.
Hence, lipf(x) =r andrg (F + f)(x,y) =rgF(x,y) —r. ]

Remark 3.1 The single-valued version of Theorem 3.1 in [14, Theorem 4.1] claims the exis-
tence of a perturbation function with the properties as in Theorem 3.1 and being Lipschitz
rank one on the whole space X. However, a close look at the proof of [14, Theorem 4.1]
shows that the function constructed there is proved to be Lipschitz rank one only on X \ {x}.

Below is our main radius theorem for metric regularity. It employs regularity constant
(2.3) as an upper bound for the radius of metric regularity and extends Theorem 1.1.

Theorem 3.2 Let X and Y be Banach spaces, F : X =2 Y, (¥, y) € gphF, and gphF be
closed near (x, y). Then

rg F(%, y) < rad[Rip F (X, 3) <rg* F(X, ). (3.D

If X and Y are Asplund, then all inequalities in (3.1) hold as equalities. If, in addition, F is
strongly metrically regular near (x, y) then we also have

rad[sR]yip F(X,y) =1g F(Z,y) =1g".

Proof The first inequality in (3.1) is the second inequality in (1.2) in Theorem 1.1. The
equalities in Asplund spaces are direct consequences of Lemma 2.1. The remaining second
inequality in (3.1) follows from Lemma 3.1 together with the definition (1.4) of the radius
of metric regularity. Indeed, by Lemma 3.1, there is a function f € F;; such that lip f (x) <
rg” F(%,9),and 0 < 1g (F+ f)(x,y) <rgt(F+ f)(x, )= 0,1i.e., F + f is not metrically
regular at (x, y), and therefore rad[R]yp (X, y) < lipf(x) < rg™ F(%, y). Finally, the last
assertion follows from rad[sR]jip F'(x, y) < rad[R]yp F'(X,y) = rg F(x, y) together with
the bound rad[sR]ip F (¥, y) > rg F'(x, y) in (1.3) in Theorem 1.1. ]

4 Proof of Lemma 3.1
We assume that rg™ F (X, y) > 0; otherwise the statement trivially holds with f = 0. By

definition (2.3), there exist sequences gphF > (xx, yk) — (x,¥), & | O, y,f € Sy+, and

x; € DF F(xk, yi)(yf) such that

rg" F(x,y) = lim ||lxf|. (4.1)
k—o00

Consider any real y > rg* F (X, y). Without loss of generality, we assume that

inf [|x;]| > 0 and sup|x{| < y. 4.2)
keN keN
We have to consider two cases.
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Case 1: x; # x for infinitely many & € N. Denote #; := ||xx — X||. Thus, tz — 0 as
k — oo. By passing to subsequences and then relabeling appropriately, we can ensure that
0 < tx41 < ty/2forall k € N. As aconsequence, fy —tyy1 > tg4+1 > fr+1 —tk+2. Hence, {t}
and {f; — tx4+1} are both strictly decreasing sequences of positive numbers. For each k € N,
define px = (tx — tx+1)/2. Thus, {px} is also a strictly decreasing sequence of positive
numbers. Moreover,

E,Hpk(i) ﬂﬁpi (x;)) =@ forall i,keN, i <k. 4.3)
Indeed, leti, k € Nandi < k. Then

_inf k=X ==X~ sup fx =Xl = sup [Ix" — x|
X€By 4p; (X), x'€Bp; (xi) X€By 4 p (¥) x'€B,; (xi)

> ti—(tk+pk) — pi > 1 — (i1 + piv1) — pi = pi — pi+1 > 0.
Since B, (xx) C By 1p, (X), it follows from (4.3) that
By (xx) N By (x;) =9 forall i #k. 4.4)

For each k € N, choose a point vx € Sy such that

(Vi o) > 1= 1/k. (4.5)
Forall k €e Nand x € X, set
s s= max {1 = (lx = xell /o0 0} (4.62)
gk(x) = (X, x — xp) v, (4.6b)
Si(x) == s (x) gk (x). (4.6¢)

Observe that s¢(x) = 0 and f;(x) = 0 for all x ¢ B, (xx). In view of (4.4), the function

f) ==Y fikx), xeX, .7
k=1

is well defined, f(x) = —fx(x) for all x € By, (xx) and all k € N, and f(x) = O for all
x ¢ U,fiprk (xx). In particular, f(x) = 0. Observing that s; (xx) = 1, g« (xx) = 0, and the
function sy is differentiable at x; with Vs (x;) = 0, we have

fx) =0 and Vf(xx) = —(x, v forall keN. 4.8)

. - . . 1
Given any x, x" € B, (xx), by the mean-value theorem applied to the function ¢ > "% on
R, there is a number 6 € [0, 1] such that

_ 1
se) — sex) = — (14 17k) o T @lx = x|

1
+(1 =) 1x" = xell) * (e — el = 1" = x|,
and consequently, assuming without loss of generality that ||x — x¢| < ||x" — x¢||, we have

1+

— 1
Isk(x) = s ()| < (1 + 1/k) py llx" = el [lx = x"]l.
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If x # x/, then

Il fie(x) — fl/c(x i < Isx (x) — Sk/(x ) 12k Ol + 56 llgx(x) — gi:(x/)ll
llx — x| flx —x"l llx — "1l

1 1
A+17k) (Ix"=xell /o) F 1l + <1 — (I —xkn/pk)”k) x|

IA

1 1
= (E (IIx’ _xk“/pk)Hk + l) gl < (4 1/k) Ixg - 4.9)

By (4.2), thereisak € Nsuchthat (1 + 1/k) |lx}| < y forallk > k. Thus, forany k > k, the

function f% is Lipschitz continuous on ﬁpk (xz) with modulus less than y. As a consequence,
we also have

1fx@ON < v (ox — llx — xill) forall x € By, (xk). (4.10)

Indeed, given any x € B, (xx) with x # xi, we set x := x; + pkﬁ € B, (x). Then
fr(x") =0, and consequently, || fx(x)|| < vIx" — x| = y(ox — lIx — x¢||). If x = x, then,
in view of (4.8), inequality (4.10) holds true trivially.

Claim 1: For any k > k, the function f is Lipschitz continuous on By, (X) with
modulus y.

Indeed, letk > k,x,x’ € Byyp (¥)andx # x'. 1) If x, x" € B, (x;) forsome i > k, then
[f ()= fODI < ylx—x'|| since f = —fi on By, (x;). 2) If x € By, (x;) and x" € B, (x;)
for some i, j > k with i # j, then, thanks to (4.4), we have |lx; — x|l > p; + pj, and using
(4.10), we obtain

If ) = FEDI < IFI+HNFCDN < voi +pj = llx = xill = lIx" = x; 1)

< ylxi —xjll = llx = xill = lx" = x;[D) < yllx —x"|I.
3)If x € B, (x;) for some i > k, and x’ ¢ Uio:k By, (x;), then [|x" — x;[| > p;, and, thanks

to (4.3), we also have x’ ¢ Ulj;i By, (x;), implying f(x") = 0. Using (4.10), we obtain

If ) = FOOI < yUx" = xill = llx = xi 1) < yllx = x").

HIf x,x" ¢ U?O:kBpj (xj), then f(x) = f(x’) = 0. Thus, in all cases, | f(x) — f(x)] <
y|lx — x’||. This completes the proof of Claim 1. <

Hence, f € Fj;, with lipf(x) < y and, since y can be chosen arbitrarily close to
rg™ F(%,9), we have lipf (X) <rg™ F(%, y).

Claim 2: The function f is Lipschitz rank one on X \ {x}.

Indeed, letx € X\ {x}.Ifx € Epk (xx) for some k € N, then, thanks to (4.4), (4.6b), (4.6c)
and (4.7), there is a px > pi such that f(u) = —sg(u)(x}, u — xi)vy for all u € Bj, (xx).
Note that Bj, (x¢) is a neighbourhood of x. If x ¢ UkeNEpk (xx), then, thanks to (4.4),
f(u) = 0for all u in a sufficiently small neighborhood of x. Hence, f is Lipschitz rank one
on X \ {x}. This completes the proof of Claim 2. <

Next, consider any a € [0, 1]. In view of (4.8), for all k € N, we have D* f (x;) (y{) =
—(y{, vr)x}. Thanks to the first inclusion in Lemma 2.2, we have

(1 = a(yf, vo) x¢ € DI F (i, yi) () + D* (@ fH(xi) () C D:;(F +a f) G, D)6

where g := (a||V f (xx) ||+ 1)ex. Thanks to (4.8) and (4.2), &, = (er|lx ||+ Dex < (v +Dex.
Thus, el/c — 0 as k — oo and, in view of (4.5), we conclude that

gt (F+af)(x,5) < Jim (1 — o= 1/k) Il = (1 —yrg® F(F, ).
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This completes the proof of Case 1.

Case 2: x; # x for not more than finitely many & € N. Then x; = x for all sufficiently
large k and, replacing the sequences by their tails, we can assume that x; = x for all k € N.
We are going to reduce this case to the previous one. For that, we now construct new sequences
gphF > (X, yx) — (x,y) and & | O such that X; # X and x € ng (G, Yi) (yyf) for all
keN.

Claim 3: There are not more than finitely many k € N with the property

dp>0: gphFNB,(x,y) C{x}xY. 4.11)

Indeed, if (4.11) is true with some p > 0 for some k € N, then, by the definition of the -
coderivative, we can finda p € (0, p) such that, forall (x, y) € gphF N B;(x, yi) \ {(X, o)}
we have

=y = k) = x = X) = (0, y — k) < erllx — I+ Hly — yelDs

verifying that O € D;‘k F(X, yo) (y{). If there were infinitely many k € N fulfilling (4.11), this
would contradict the assumption that rg™ F (¥, y) > 0. This completes the proof of Claim 3.
<

Thus, we can assume that (4.11) fails for all k € N. C@ose any number k € N and find a
number p; € (0, 1/k) such that, for all (x, y) € gphF N B, (x, yi) \ {(X, yt)}, it holds

(s x = X) = (i y = ) < ellx =X+ Ny = yel)- (4.12)
Next, we define the function ¢ : (0, px] — R by

{(x,f,x —X) = g,y — k) — ey — wll | (x,¥) € By(%, yx)
x#x,yeF(x)

By the assumption, ¢r(p) > —oo for all p € (0, px]. On the other hand, condition (4.12)
implies @i (pr) < &k. Since ¢y is nondecreasing on (0, px], we have

ox(p) 1= sup } (@.13)

llx — x|

= inf ¢y = limgy < &. 4.14
Ski= inf ¢ (p) lime (p) (4.14)

Claim 4: limg_, oocr = 0.

Since ¢ | 0, in view of (4.14), it remains to show that lim inf;_, 5, ¢x > 0. Assume on
the contrary that lim inf;_, », ¢ < 0, i.e., for some number 1 > 0 and a subsequence of ¢, it
holds, without relabeling, that ¢ < —n forall k € N. For every k € N, by (4.14), we can find
ap € (0, px] with g (or) < —n,i.e., by definition (4.13), forall (x, y) € gphF N B, (x, yi)
with x # X, we have

(g, x = %) — (e y — i) < elly = yell = nllx — x|l (4.15)

Moreover, thanks to (4.12), condition (4.15) is satisfied also forall (x, y) € gph FNBj, (X, yk)
with x = X and y # yx. Hence, in view of the first inequality in (4.2), we have for all

(x,y) € gphF' N Bp, (x, yi) \ {(X, yo)}:
(T =n/lxg ) xg x —X) < (xfox — %) +llx — %1 < (v y — ) +exlly — vl
Thus, (1 —n/llx; 1) x¢ € DE F(X, yi)(y;) forall k € N, and, by the definition, we obtain

rg® F(x,y) < liminf (1 — n/[lx; ) [lx; || = liminf ]| —
k— 00 k— 00

which contradicts (4.1). This completes the proof of Claim 4. «
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Fix any number k£ € N. Next, we choose a number p; € (0, px/2), and then some
Xk, yr) € gphF N Bﬁk (x, yr) with X; # x and
(f, X = X) — 0 e — yi) — exllFe — vl
X — %Il

- 1 1
> ‘Pk(/)k)_% > Sk % 4.16)

Consider the (continuous) function v, : gphF N Epk (x, yxr) — R given by

Yk (x, ) = exll(x, y) — (%, y)ll = g, x = %) + (v, v — wi)- 4.17)
By (4.12), Yri(x, y) > O for all (x, y) € gphF N Epk (¥, yr), while from (4.16) we obtain:

Vi (X, 1) < e llxx — X,

where & := & + 1/k — ;. Observe that &, > 0, and lim;_oce;, = 0 by Claim 4. By
Ekeland’ivariational principle (see, e.g., [20, Theorem 2.26]), we find a point (X, yx) €
gphF N By, (X, yx) such that Y (Kk, &) < ¥ (Xk, i), and

| Xk, ¥1) — G, IO < %k — X1, (4.18)
Vi (x, y) + e ll(x, ) — Gres YOl > Y (X, i) (4.19)

for all (x, y) € gphF N Eﬂk (x, k) \ {(Xk, yx)}. From (4.18), we obtain:

G, 30 — &yl < I1Gr, I8) — G, yoOll + 1Bk, 1) — G, 30
< NGk, 1) — &, yoll + 1%k — x|
< 20| (&, k) — (&, vl <20k < px-

Finally, using (4.17) and (4.19), we have for all (x, y) € gphF N Epk &, vi) \ {Xk, Yo }:

(X x = X)) — Ly =) = (0 x = X) — (V5 y — yi) — (f X — %) + (s Ik — )
= (1, y) — Gyl = 1Gk, Yi) — (&, y)ll) — Y (x, y) + ¥ (X, y)
< (ex + e ll(x, y) — G, T

Since (Xx, Yk) € intEpk (¥, yr), we have x € Dg‘kF(ik, Vi) (yg), where & := g + 8]/{ -0

as k — oo. Thus, we have constructed the desired sequences (Xx, yx) and &; hence, Case 2
reduces to Case 1, and the proof of Lemma 3.1 is complete. O

Remark 4.1 The above proof is constructive. The function f with the desirable properties is
defined by formulas (4.6) and (4.7) which involve special sequences {x}, {ox} and {vr}. The
procedure adopted here follows that used in [10]. It is not unique. One could try to adjust the
techniques used, e.g., in [2, Proof of Lemma 2].
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