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Abstract

In this paper we study the asymptotic behaviour of multivalued processes which are under
the influence of impulsive action. We provide conditions to guarantee the existence of a
pullback attractor and we illustrate the results with several examples.
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1 Introduction

The theory of attractors for nonautonomous dynamical systems has been well-studied in the
last few years (see for example [1-7]). An attractor usually gives us information about the
long-term behaviour of the solutions of the system. Here we will focus on the study of the
multivalued situation, that is, when we may have more than one solution for a given initial
data. These dynamical systems include, for example, some reaction-diffusion equations,
other models of physics or differential inclusions. Some results can be found on [1, 4, 7-11].

Furthermore, solutions can experience discontinuities, that is, continuous trajectories
could have perturbations or changes in their state when they reach a certain set in the phase
space. These changes can be interpreted as jumps or some forced corrections in order to
avoid undesirable situations. The analysis of systems with impulsive perturbations has been
studied during the last 30 years, see for example the monographs [12, 13]. The theory of
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impulsive dynamical systems can be traced back to the 1970’s, see [14, 15]. In [16, 17] it
was studied the evolution of such systems and in [18, 19] some results were obtained related
to the continuity of the impact time map (see (2) for the definition). More recently, there
have been results on the existence of different types of attractors and some properties for
different types of systems, most of them in the autonomous situation, see for example [20—
24]. There are also several results regarding the stability and control theory of these systems,
see for example [25-29]

In this paper we focus on the study of the dynamics of systems in the nonautonomous
and impulsive multivalued situation. For example, in [23, 30, 31] they consider autonomous
multivalued dynamical systems. We study the nonautonomous situation and we give con-
ditions in order to guarantee the existence of the pullback attractor. In order to do that,
we define the notion of impulsive generalized process, we state some properties, and later
we prove the existence of the pullback attractor. In Section 2 we recall some facts about
generalized processes and multivalued processes and we define the notion of impulsive gen-
eralized process (which consists of a generalized process ¢, an impulsive family of sets M
and a collection of multifunctions /). Then we study some properties of these processes.
In Section 3 we define the notion of pullback attractor for these systems and we give con-
ditions to guarantee its existence. In Section 4 we present some applications of the results.
Finally, in an appendix we include the proofs of some results of Section 3.

2 Impulsive Generalized Processes

Let (X, d) be a complete metric space. The following definitions can be found, for example,
in [6].

Definition 1 A generalized process ¢ = {¥(¢)};cr in X is a family of sets ¢ (¢) consisting

of functions ¢ : [t, +00) —> X satisfying:

(G1) (Existence) For eachz € R and x € X, there exists at least one ¢ € ¥ () such that
) = x.

(G2) (Translation) If ¢ € 4(¢) and s > 0, then the map ¢ € ¥ (t + ), with ¢ =

@ |[14s5,400)-
(G3) (Upper semicontinuity with respect to initial data) If {¢, }, C 4 (s) and ¢, (s) —> x,

then there exist a subsequence {gy, }x of {¢,}, and ¢ € ¥ (s) with ¢(s) = x such
that @, (t) — ¢(t) as k — oo foreacht > s.
In this work we will assume that:
(G4) (Continuity) Every map ¢ : [t, +00) —> X in ¢ (7) is continuous.
Definition 2 We say that a generalized process ¢ = {¥(1)};er is exact (or strict) if it
satisfies the following condition:

(G5) (Concatenation) If ¢ € 9 (1), ¥ € 4 (r) and ¢(s) = ¥ (s) for some s > r > t, then
0 € 9(t), with 0 defined as

(), telr,s],

R
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Definition 3 Let ¥ be a generalized process. A multivalued process {U (¢, )}, is a family
of multivalued operators U (¢, s) : 2 (X) —> 2 (X) defined as

U(t,s)D :={pt) : ¢ € 9(s), @(s) € D}.

This multivalued process satisfies:

1. U@, t)x=xforallt e Randx € X
2. U,s)x cU((,t)(U(r,s)x)foralls <t <tandx € X.

Furthermore, if we have an exact generalized process, then on the second property we have
an equality, that is,

Ut,s) =U(@, t1)U(t,s).

We recall for completeness the following result. Its proof can be seen, for example, in [32,
Theorem 2.2], for the autonomous case.

Proposition 1 Let & be an exact generalized process, s € R and {¢,},, ¢ elements of 9 (s)
such that ¢, (t) converges to ¢(t) for allt > s. Then @, (t) converges to ¢(t) uniformly for
t in compact subsets of (s, 00). In particular, we have the following property:

If {on}n C Y (s) and ¢, (s) —> x, then there exist a subsequence
{on Sk and ¢ € G (s) with ¢(s) = x and @y, (1) —> ¢(1)

uniformly for t in compact subsets of (s, 00).

This result, in general, is not valid for compact subsets of [s, co). Examples can be found
in [33] or in [32, Section 6.2].

Definition 4 Let ¢ be a generalized process and D= {D(t)};cr a family of sets. We say
that:

° l:) is positively invariant if U (¢, s) D(s) C D(t) forall t > s.
° Q is negatively inyariant if D(t) C U(t,s)D(s) forallt > s.
® D isinvariant if D is both positively and negatively invariant.

Definition 5 Let ® be a collection of non-empty families of sets. We say that © is
inclusion-closed if for any D = {D(t)}ier € © and any ﬁl = {D1(t)};er With @ #
Di(t) C D(¢) for all t € R, then 131 € ®. Any collection of non-empty family of sets
which is inclusion-closed is called a universe.

In applications, the two usual examples of universes are the “bounded universe” D p,
which consists of all the families {D(7)};er such that there exists B a bounded set with
D(t) C B forall t € R; and the “tempered universe”, consisting of families { D(¢)};cr such
that the map

t — sup{|lx|l : x € D(¢)}

grows subexponentially when t — —oo. See for example [3, 34].

From now on, ® will denote an arbitrary universe. We need to give some sense to the
word “attraction”. In order to do that, we consider the following definition of pullback
attraction, see [3, Chapter 1] for more information.
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Definition 6 Let A and B be two families of sets. We say that A pullback attracts B if
lim dy(U(z,s)B(s), A(t)) = Oforeacht € R,
§—>—00

where dy denotes the Hausdorff semidistance, which is given by

dy(C, D) = inf d(c, d).
u(C, D) sup inf (c,d)

ceC 4€

We remark that dgy (C, D) = 0 only implies that C C D. We recall here the definition
of upper semicontinuity of multifunctions, as well as a known result in set-valued analysis
which is useful in the study of the upper semicontinuity. The proof of this result can be
found in [35]

Definition 7 Let X and Y be two metric spaces. A multifunction F : X —> Z(Y) is
upper semicontinuous at x € X if for every open neighborhood V of F(x) there exists an
open neighborhood U of x such that F(U) C V.

Proposition 2 Ler X and Y be two metric spaces. A multifunction F : X — P(Y)
is upper semicontinuous and compact valued at x € X if and only if for every sequence
Xp —> x and every sequence y, € F(x,), there exist a subsequence {y,, }x and y € F(x)
such that {y,, }x converges to y.

Definition 8 A family of sets D = {D(t)};cr will be called collectively closed if for any
t, — t and x, € D(t,) with x, —> x we have x € D(z). It will be called collec-
tively compact if for any t, — ¢ and x,, € D(t,), the sequence {x,}, has a convergent
subsequence with limit in D (7).

After all these definitions, we are in position to define the notion of impulsive generalized
process. The goal of this paper is to study these type of processes.

Definition 9 An impulsive generalized process (¢, M., I) consists of a generalized process
4, a collectively closed family of sets M = {M (t)};cr such that for every s € R, x € M(s)
and ¢ € ¥ (s) with ¢(s) = x,

Je=e(p.s) > Osuchthat | J {p(s+r}NM(s+r) =0, (1)
re(0,¢e)

and collection of collectively upper semicontinuous multifunctions which are compact-
valued I = {I; : M(t) —> P (X)};er, that is:

for every sequences t, —> ¢, x, —> x and y, € I, (x,), there exists

a convergent subsequence {y,}, with limit in /;(x).

Remark 1 Condition (1) is different from some previous papers (cf. [24, 30]), which also
include a condition on ¢ “backwards” in time, that is, before “touching” the set M. See
also [36, Remark 2].

Let (¥4, M, 1 ) be an impulsive generalized process. For each s € R and ¢ € ¥ (s), we
define the impact time map by

d(p,s):=inf{t >0:9p(s+1) e M(s+1)}, 2)
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and we denote ¢ (¢, s) = coif (s +1) ¢ M(s +¢) forallt > 0.

Proposition 3 The map ¢ (¢, s) > 0foralls € R and ¢ € Y(s).

Proof Fix s € Rand ¢ € 9(s). If p(s) € M(s), then ¢(p, s) > ¢, with & given by (1).
If o(s) ¢ M(s) and ¢ (¢, s) = 0, then there exists a sequence {r,}, of positive numbers
convergent to O such that ¢(s + r,) € M(s + r,). As ¢ is continuous and M is collectively
closed, then ¢(s) € M(s), a contradiction. O

Remark 2 If ¢ (¢, s) # oo, then p(s + ¢ (p, s)) € M(s + ¢ (@, 5)).

This positive number, if it exists, is the smallest number such that (s +¢t) € M(s + 1),
meaning that if ¢(r) € M(r) for some r > s, then s + ¢(¢,s) < r. We note that this
is a generalization of the impact time map in the single-valued case (see [24]), which was
defined as a function from X x R. The properties of this map will help us understand better
the evolution of the impulsive trajectories, which will be defined next. This definition of
impulsive trajectories is a generalization from the single-valued case.

Definition 10 Given s € R, a map ¢ [s,w) — X, with w € (s, 400), will be called
an impulsive trajectory of (¢, M, I) if there exists a division of [s, w) into a family of
subintervals

[s,0) =[t0, 1) U[t1,2) U---

with 7o = s, tx < fx4+1 and the union could be finite or not finite. Furthermore, for each k,
there exists g € ¢ (1) satisfying:

(1) @ (gr, tx) = 00 or P(@k, tk) = tg1 — Ik,
(i) @) = gr(t) fort € [t, tkq1),
(i) if ¢ (gx, k) # 00, then @(tx+1) € Iy, (Pr (tet1))-

The times #; will be called jump times of ¢, the family of impulsive trajectories starting
at s will be denoted by ¥(s), and we will also denote & = {Z(s)}sek.

From the previous definition, our first result is existence of (local) impulsive impulsive
trajectories. It follows from the existence property (G1) in the definition of generalized
processes (see Definition 1).

Proposition 4 For each s € R and x € X, there exists ¢ € G(s), defined on an interval
[s, w), with w > s, such that with ¢(s) = x.

Proof By definition of impulsive trajectory and (G1), there exists ¢y € ¥ (s) with go(s) =
x. If ¢(@o, s) = o0, then ¢(t) = ¢o(¢) for all ¢+ > s. On the other hand, if ¢ (¢o, 5) # o0,
then ¢ (¢o, s) > 0. Denote t; := s + ¢ (o, s). We have that ¢o(t1) € M(t1). Take x1 €
I, (po(1)) and @1 € 4 (t1) with g1 (11) = x1. If ¢ (g1, 11) = 00, then we define

po(t), s=<t<ty,

o(t
i p1(t), 1 =t

If ¢(¢1, 1) is finite, we denote t» = #; + ¢(¢1, 1), and then @1(t2) € M(t2). Take x> €
I, (p1(12)) and @y € ¥ (12) with ¢2(r2) = x2. We continue analogously. O
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We introduce next a condition which will be used through the paper in order to prove the
main results.

LMT)NMGE)=0 VtekR @
With this condition, we are able to prove the following useful result.
Proposition 5 Let (4, M, 1 ) be an impulsive generalized process satisfying Condition (I).
Then, for each s € R, § € Y(s) and t € (s, w), with the interval (s, w) the domain of
definition of the impulsive trajectory ¢, we have ¢(t) ¢ M (t).
From now on we will assume:
Every impulsive trajectory is defined on [s, +00). 3)

From the definition of impulsive trajectories we can define a new family of multivalued
maps {U(z, §)}i>s, given by U (¢, s) : Z(X) — Z(X) and defined as

Ut,)D :={¢(t) : ¢ € 9(s), @(s) € D}.

Lemma 6 Let (9, M, 1 ) be an impulsive generalized process. Then
1. 9 satisfies (G2) and (G5),
2. U(t,s)=U(t, t)U(z,s) foranys <1 <'t.

The definitions of invariance and pullback attraction for U are analogous, just replace U
by U.

3 Existence of the Pullback Attractor
Definition 11 Let (4, M, ]I) be an impulsive generalized process. We say that a family
A € © is a pullback ®-semi attractor if:

(a) 4(t) is compact for all ¢ € R,
(b) A pullback attracts each D € ©.

When A satisfies
(c) the family A \ M= {A(®) \ M(t)};er is invariant
we will say that Aisa pullback D-attractor.
We remark that a pullback ®-semi attractor may not satisfy (c). An example on the

autonomous case can be found in [20] or in [30]. .
The following result tells us that the pullback ®-attractor is unique “up to M.

Proposition 7 Let (¥, M, 1) beA an i{npulAsive generalized process. If A and B are two
pullback ®-attractors, then A\ M = B\ M.

Proof Fixt € R. We know that B € ©, which implies that B \ M also belongs to ® because
® is a universe. Using the invariance of B \ M we have that

du(B() \ M(1), A(D)) = du (U (1, s)(B(s) \ M(5)), A(t))
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for any s < ¢. Using that Aisa pullback ®-attractor, taking s —> —oo we have that

dim dp (U2, 5)(B(s) \ M(5)), A(1)) = 0

sody (B(1) \ M(t), A(t)) = 0, which implies B(r) \ M (1) C A(t). Interchanging A and B
we get the desired result. O

We present the definition of impulsive pullback w-limit and the related concepts of pull-
back D-asymptotically compactness and pullback ®-dissipativeness. These definitions will
turn out to be very important on the construction of the pullback ®-semi attractors and
pullback D-attractors, and they are a little bit different that the continuous case.

Definition 12 Let D be a family of sets. The impulsive pullback w-limit set of D at time
t € R, denoted by J)(ﬁ t), is defined as the set of elements x € X such that there exist
sy —> —00, &8, —> 0and ¢, € %(s,,) with <pn(s,,) € D(s,) for each n € N such that
@n(t +&,) —> x. The impulsive pullback w-limit of D is the family a)(D) {a)(D H}ier.

Definition 13 We say that 9 is pullback ®-asymptotically compact if for each D € D,
t eR, s, — —00,8, —> 0and @, € Y(s,) with @,(s,) € D(sy), then the sequence
{@n(t + €,)}, has a convergent subsequence.

Definition 14 We say that 9 is pullback ®-dissipative if there exists Bye® collectively
closed such that for all D € D,t € R, s, — —ooand g, —> 0, there exists ng =
no(D t) € Nsuchthatlfn > np, P € g(s,,) and ¢(s,) € D(sp), then ¢(t+¢,) € Bo(t+ep).
The family By is called pullback D-absorbing family.

The main difference between these three definitions and the related ones in the
continuous case is the presence of the sequence of {g,},.

3.1 Existence of the Pullback semi Attractor

We present some properties of the impulsive pullback w-limit in combination with the
previous definitions.

Proposmon 8 Let G be a pullback ©-asymptotically compact zmpulswe genemllzed pro-
cess, D € © and t € R. Then the lmpulszve pullback w-limit ofD a)(D) is non-empty,
collectively compact and pullback attracts D.

Proof The non-emptiness is trivial. First we prove the collective compactness. Take
t, — tand y, € d)(ﬁ, t,). We want to prove that the sequence {y,}, has a convergent
subsequence with limit in &)(ﬁ, 1).

For each n € N, we have that y, € d)(ﬁ, t,). Then there exist s, <t—n, |e,| < 1/n and
@ € Y (sy) with ¢(s,) € D(sy) such that d (@, (t,+&,), yn) < 1/n. As Sy :=t,—t+&, —>
0, we have that {¢,(t + (t, — t + €,))}, has a convergent subsequence by pullback ©-
asymptotical compactness. Thus we may assume that ¢, (t + 8,) = @, (t, + &,) —> y for
some y € X. But this implies that y € (Z)(ﬁ, t). Furthermore,

d(yn, y) < d(yn, on(tn + €n)) +d(@(tn + €4), y) —> 0,

SO we can say y, —> .
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Finally, we prove that (D) pullback attracts D. If &(D) does not pullback attract D,
there existt € R, e > 0,5, — —oc and ¢, € g(sn) with ¢, (s,) € D(s,) foralln € N
such that d (¢, (1), d)(ﬁ, 1)) > e.But {¢, (1)}, has a convergent subsequence by the pullback
©-asymptotical compactness, so we may assume that ¢, (f) —> x for some x € X. But
this implies that x € @(D, 1), a contradiction with d(@, (), @(D, 1)) > €. O

Proposition 9 Let G bea pullback ©- -dissipative impulsive generalized process with Bo a
pullback ®-absorbing family. Then for any D € ® we have that a)(D) C Bo

Proof Fixt €e Rand x € c?)(ﬁ, t). Then there exist s, — —o0, &, —> 0 and ¢, € g(sn)
with ¢, (s,) € D(sy) such that ¢, (t + &,) —> x. The definition of pullback ®-dissipative
implies that there exists ng € N such that if n > ng we have that

On(t +&4) € Bo(t + &5).

As f)’o is collectively closed, this implies that x € By(¢). O

Theorem 10 Let ¥ be a pullback ©-asymptotically compact impulsive generalized process
and pullback O-dissipative. Then there exists a pullback ®-semi attractor.

Proof Take A= a)(Bo) w1th B() a pullback ©- absorblng family. The famlly A pullback
9-attracts Bo and A - Bo, by Proposition 9. Then A € D because Bo e Dand D isa
universe. The family Ais collectively compact by Proposition 8, so A(r) is compact for all
t € R. We have to prove that A pullback attracts every De®.

Fixr e R, D €D and e > 0. We want to prove that there exists » < ¢ such thatif s <r
and ¢ € Y (s) with @(s) € D(s), then d(¢(1), A(r)) < e.

We know that A pullback attracts ﬁ’g, so there exists so < ¢ such that if s < 50 and
¢ € g;(s) with ¢(s) € Bo(s), then d(¢(1), A(t)) < e. ~

By pullback D-dissipativity, there exists s; < sg such that if s < 51 and § € ¥ (s) with
@(s) € D(s), then ¢(s) € By(s). _

Finally, take r := s1. If s < r and ¢ € ¥(s) with ¢(s) € D(s), then we know that
@(s0) € Bo(s0), SO @|[59,00) € gZ(S()) and ¢(sp) € Bo(sp). This implies that d(¢(1), A(t)) <
¢ because A pullback attracts Bo. O

3.2 Invariance

In this subsection we find conditions to obtain the invariance of the impulsive pullback w-
limits. In particular we look for conditions to guarantee the invariance of A \ M when A is
a pullback ©-semi attractor.

First, we need a condition closely related to (G3) in Definition 1 and to Proposition 1,
but a little stronger.

(G3) Ift, — 1,9, € Y(1y) and @, (1,) —> x, then there is a subsequence {@n, }ic of
{on}n and ¢ € 4 (1) with ¢(t) = x and satisfying the following condition:

For every {t;}x with # > 7,,, and #x —> ¢, we have ¢, (tx) —> @(1).
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Furthermore, we need to add some conditions in order to get the invariance. The first
condition asks about the behavior of the trajectories near the impulsive family M.

Fix s € R,x € X \ M(s), {¢n}n a sequence in ¥ (s)
and ¢ € ¥4 (s) such that ¢(s) = x and @, (1) —> @(t) (NT)
for each t > s. Then liminf ¢ (¢,, s) < ¢ (@, s).
n—00
The second condition implies some restrictions on the jump times.
There exists £ > 0 such that ¢ (¢, s) > 2 foralls € R

5 . (H)
and ¢ € ¥ (s) with ¢(s) € I;(M(s)).

Remark 3 Condition (NT) generalizes other conditions in the literature, for example the
tubes conditions in [20-22] or Condition (T) in [30].

This means that if an impulsive generalized process satisfies the tubes conditions or
Condition (T) in [30], then it satisfies Condition (NT).

Remark 4 Condition (H) implies (3), that is, all impulsive trajectories are defined until
+00. It also implies that if § € ¥ (s) and 1] < 1, are two different jump times of @, then
t) —t; > 2&.

Theorem 11 Let 9 be a pullback ®-asymptotically compact impulsive generalized process
satisf;ying Conditions (G3’), (H), (I) and (NT). Then @& (D) \ M is negatively invariant for
any D € .

The proof of this result is shown in the appendix. The following result tells us that, in the
particular case that @(D) is a pullback ©-semi attractor, then negative invariance implies
positive invariance.

Theorem 12 Let ¥ be a pullback ®-asymptotically compact impulsive generalized process
and pullback D-dissipative, A a pullback D-semi attractor such that A \ M is negatively
invariant and ¢ satisfies Condition (I). Then A \ M is also positively invariant.

Proof Lett > s. The negative invariance of A \ M implies that
B(s) C U(s, s —n)B(s —n)

for any n € N, with B(r) = A(r)\ M (r). This implies that Ul(t,s)B(s) c U(t,s —n)B(s —
n), SO we can say

dr (0 9)B6). AW) = dy (0.5 = mBGs =), A®)).
We have that A \ M e ©, which implies that
lim dy ([/(z, s —n)B(s —n), A(t)) —0.
n—oo
As a consequence we can say that

du (01, 5) (AG)\ M), A®)) =0,
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thatis, U (t,5) (A(s) \ M(s)) C A(t). Finally, Proposition 5 implies the positive invariance.
O

Corollary 13 Let 4 bea pullback ©-asymptotically compact impulsive generalized process
and pullback D-dissipative, A a pullback @-{emi attractor such that A \ M is negatively
invariant and ¢ satisfies Condition (I). Then A is a pullback D-attractor.

Positive invariance can also be proved for impulsive pullback w-limits different from the
pullback ®-semi attractor, but it requires more work. However, the idea is similar as the
negative invariance case. The proof of the next result will be given in the Appendix.

Theorem 14 Let 9 be a pullback ®-asymptotically compact impulsive generalized process
satisj}ling Conditions (G3’), (H), (I) and (NT). Then &(D) \ M is positively invariant for
any D € ®.

Corollary 15 Let 4 bea pullback ®-asymptotically compact impulsive generalized process
satisfying Conditions (G3’), (H), (I) and (NT). Then (D) \ M is invariant for any D € 2.

4 Examples
In this section we provide some examples and applications of the previous results.

Example 1 Let F : R x R — Z(R) be given by

—|cos(t)|x, x| > 1,

x (Jcos(®)| —1/2) —1/2, —1<x <0,
F(t,x)=13x(cos(®)| —1/2)+1/2, 0<x <1,

[—Icos(2)], [cos(®)I], xe{-11}

[—1/2,1/2], x =0;

and consider the ordinary differential inclusion
x'(t) € F(t,x(1))

The solutions of the differential inclusion are absolutely continuous functions. Given an
initial data (7, x;), we will say that x : [t, +00) —> R is a solution with initial data (t, x;)
if x is absolutely continuous, it satisfies the inclusion for almost every ¢t > t and x(t) = x;.

We have uniqueness of solution if x; 7# 0. If x; ¢ {—1, 0, 1}, then the solution is given
by the solution of the differential equation until it reaches 1 or —1 (depending on the sign
of the initial condition). When it reaches 1 or —1, the solution of the differential inclusion
stays at that point. If |[x;| = 1, then the unique solution is the constant function x(¢) = x;
forallt > t.
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If x; = 0 then we have infinite many solutions. For any 7" > t we have the following
solutions:

x(t)=0forallt > 1
0, t<t=<T,
x()=a), T <t=<T*
1, T* <t.
0, t<t<T,
x@)=13B@), T <t<T*
1, T* <t.

where a denotes the solution of x’ = x(|cos(t)| — 1/2) + 1/2 with initial data x(T) = 0
and T* is the time that o reaches 1 (respectively for 8 and the equation defined for values
between —1 and O and the time it reaches —1).

We have an exact generalized process. In order to consider an impulsive generalized
process, we can define, for example, for any ¢ € R,

M, = { 6 + arctan(z)

2 } , I (x) = {5 +sin(2), 3},

and we consider the family of sets {M(¢)};ecr and the collection of multifunctions I =
{I;}tcr. We take ® the universe of all time-dependent families D such that there exists a
bounded set D with D(t) C D for all + € R. It is easy to see that all conditions of an
impulsive generalized process are satisfied, it is pullback ©-asymptotically compact and
pullback ©-dissipative. Furthermore, Conditions (H), (I) and (NT) are also fulfilled, so we
there exists a pullback ®-attractor. It is not hard to see that the pullback ®-attractor is given
by

6 + arctan(z)

A(t):[—l,l]U|: 1

,S5+ sin(t)] .

Example 2 The following example is a multivalued generalization of [24, Section 3.2]. Let
Q be an open and bounded subset of R with smooth boundary, and consider the problem

u; — Au =0, (x,1) € Q x (s, +00),
u(x,t) =0, (x,t) € 02 x (s, +00), )
ux,s) =ug(x), x € Q.

If uy € L?(2) we have uniqueness of solution in L2(2) which is defined for all ¢ > s.
Take {A,}, the eigenvalues of —A with Dirichlet boundary conditions and {e, },, the eigen-
functions, which are orthonormal. A classical result says that the eigenvalues are different,
positive, A, < A,4+1 and A, —> +o00. Furthermore, any u; € Lz(Q) is

00
Us = E Qpén,

n=1

and the unique solution of (4) is given by

o0
U, sug = Zoz,,ef}‘”(tﬂ)en.

n=1
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For each t € R we define

2 arctan(z)
M(t)=3veL (Q):||v||:T+1

o
and for any v € M(¢) with v = Zﬂnen,

n=1

I;(v) = (B1 + 10+ [—sin(), sin(t)De1 + Y _ Buen
n=2

We take © as the universe consisting of families D such that the union over all ¢+ € R
of all D(¢) is bounded. It can be checked that we have an impulsive generalized process,
Conditions (H), (I) and (NT) are satisfied and we also have pullback ®-asymptotically com-
pactness and pullback ®-dissipativeness. See [24, Section 3.2] for the proof of a similar
case. Then we have a pullback ®-attractor A.

Example 3 Consider the nonautonomous differential inclusion

ou 9%u
— — — € b(t)Ho(u) + w(t)u, on (7, +o0) x (0, 1),
ot ax2 (5)
u(0,1) =0=u(,1),
u(t, x) = ur(x),
where b : R — RT, w : R — R™ are continuous functions with
0<by<bt)<bh,0<wy<w@) <o

and Hy is the Heaviside function, that is,

-1, u <0,
Ho(w) = {[-1,1], u=0,
1, u > 0.

This problem and similar ones have been studied, for example, in [10, 11, 37], where some
results on the structure of the attractor were obtained.
We say that a continuous map u : [t, +00) —> L%(0,1)isa strong solution of (5) if

1. u(r) =u,

2. Foranyé > Oand T > t + §, u is absolutely continuous on [t + §, T] and u(t) €
H?(0,1) N Hy (0, 1) for almost all € (z, T)

3. there exists r : [t, +00) —> L2(0, 1) such that:

r(t) € L2(0, 1),

r(t)(x) € b(t)Ho(u(t, x)) + w(t)u(t, x) for almost all x € (0, 1),
relL*t, T; L*0,1) forany T > ©

du

. T Au = r(t), for almost all r € (r, +00)

Theorem 16 (Theorem 1 in [10]) For any u; € L2(0, 1), Problem (5) has at least one
strong solution.

It is also proved that we have a continuous and exact generalized process ¢ = {4 (¢)};cRr.-
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Let M = {M(t)};cr a collectively closed family of sets with M (t) C L?%(0, 1) for all
teRand = {I; : M(t) —> P(X)};er acollection of collectively upper semicontinuous
multifunctions such that (¢, M, 1 ) is an impulsive generalized process. We will assume that
M and I satisfy Conditions (H), (I) and (NT) and that the impulsive generalized process
is pullback ®-dissipative and pullback ®-asymptotically compact and it satisfies (G3’).
Then we can say that there exists a pullback ©-attractor A. For example, if we assume that
11 (u)||2 < C for some C > O and for all t € R and u € M(t) we would have the pullback
®-dissipativeness and the pullback ®-asymptotically compactness.

Appendix: Proofs of Theorems 11 and 14

Theorem Let & be a pullback ®-asymptotically compact impulsive generalized process
satisféiing Conditions (G3’), (H), (I) and (NT). Then (D) \ M is negatively invariant for
any D € ®.

Proof We restrict ourselves to the case where t > s and t — s € (0, £]. By recursion the
general case follows easily Take x € J)(ﬁ t) \ M(t). We want to prove that there exists
¢ € %(s) with (p(s) IS w(D s), (s) ¢ M(s) and ¢(t) = x.

Asx € a)(D t), there exist s, — —00, &, —> 0 and ¢, € %(s,,) with @, (s,,) € D(sy)
such that ¢, (t + €,) —> x. Each impulsive trajectory ¢,, which is defined on [s,, +00),
has N, > 0 jump times. We consider t, the last jump time on the interval [s,, ¢ + £/4]. If
there are no jump times in that interval, we take 7, = s,,. We will split the proof into three
different cases.

CASE 1. Up to a subsequence (denoted the same), there exists ¢ € (0, £/2) such that
T, <S5 —¢&.

We have that there exist ¥,, € ¥ (s —¢/2) such that @, (r) = ¥, (r) forr € [s—¢/2, t+&/4],
because 1, < s — ¢ and 7, was the last jump time of the trajectory ¢, in [s,, t + £/4].

The sequence {¢, (s — £/2)}, has a convergent subsequence by pullback ©-asymptotical
compactness, SO we can assume @, (s — £/2) —> y, or equivalently ¥, (s — £/2) —> y.
By the definition of generalized process, in particular (G3), there exist a subsequence (still
denoted the same) and ¥ € ¥ (s — ¢/2) such that (s — ¢/2) = y and ¥,,(r) —> ¥ (r)
for each r > s — ¢/2. We claim that ¥ (r) ¢ M(r) for r € [s — &/2,t]. Suppose that
Y (r) € M(r) for some r € [s — ¢/2, t]. This implies that ¢ (¥, s —e/2) <t — (s — &/2).
But ¢, has no jump timeson [s —&/2,t +&/4],s0 (t +&/4) — (s —€/2) < (Y, s —&/2).
Then Condition (NT) would imply that

(t+85/4)—(—¢/)<¢(W,s—¢e/2) <t — (s —¢/2),

which is a contradiction.
We have that ¢, (t + &,) = ¥, (t + &,) for n sufficiently large, so x = (). Consider
6 € 9 (1) such that 6(t) = x and define ¥ € ¥(s) as

50r) = v@r), s=<rc=it,
= é(r), t<r.

We have that ¢(s) = ¥ (s) ¢ M(s) and ¢(s) € a)(D s) because @,(s) = ¥, (s) and
Y, (s) —> ¥ (s). This implies that ¢ € g(s) o(s) € a)(D s) \ M(s) and ¢(t) = x.
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CASE 2. Up to a subsequence (denoted the same), there exists ¢ € (0, £/2) such that
s+e<T1.

We have that 7, € (s + &, ¢ + £/4], so we may assume that 1, — T € [s + &, + §/4].
The sequence {@, (t — 3£/2)}, has a convergent subsequence by pullback ®-asymptotical
compactness, so we may assume ¢, (f — 3§ /2) —> v. Note that t — 3§ /2 < 5. We have that
T, is the only jump time in [t —3& /2, t +& /4], because |(t +&/4) —(t —3&/2)| = T /4 < 2&
and Condition (H) applies (see Remark 4). This implies that there exist ¥, € ¥ (r — 3£/2)
and 0, € ¥(t,) such that

. Yn(r), t—=38/2<r <1,
Wn(r):
O,(r), T <r=<t+E&/4

By definition of generalized process, there exist a subsequence (still denoted the same)
and v € Y(t — 3£/2) such that ¢ (t — 36/2) = v and ¥,,(r) —> ¥ (r) forr > ¢ —
3& /2. This implies that ¥, (t,) —> ¥ (7) by Proposition 1. The fact that M is collectively
closed implies that ¥ (7) € M (7), because ¥, (t,) € M(t,). We also have that 6,(t,) =
¢n(ty) € Ir, (Yu(1,)). By the collective upper semicontinuity of /, there exist a subsequence
of {¢, (t,)}, (denoted the same) and y € 17 (¥ (7)) such that 6,(z,) = ¢, (7,) converges to
y. In particular this implies that y € J)(ﬁ, 7), because @, (t,) = ¢n (T + (1, — T)).

Using Condition (G3’), there exist a subsequence (denoted the same) and 6 € ¥ (7) such
that 6,,(r,) converges to 6(r) for any sequence {r,}, with r, > t, and r, converging to r.
In particular, 6, (t,) converges to 8(7), so 8(T) = y.

We claim that ¢ (rr) ¢ M(r) forr € (t — 3£/2, 7). If there exists r € [t — 3£/2, T) such
that ¥ (r) € M(r), then

Gt —35/2) <r—(t—38§/2) <7 —(t—3§/2).
But 7, was the only jump time of ¢, on [t — 3§/2,t 4+ £/4], s0o ¢ (Y, t —3E/2) = 1, —
(t — 3£/2). Finally Condition (NT) implies

T—(t—38/2) <, 1t —3§/2) <T —(t —3£/2),
a contradiction. .

First, take z = ¥ (s) € &(D, s) because @, (s) = Yn(s) and ¥, (s) converges to ¥ (s).
Then z ¢ M (s) by the previous claim. Consider & € ¢ (r+& /4) with @ (t+£& /4) = 0(t+& /4)
and define

V), s<r<rt,

P(r)=10@r), T<r=<t+§&/4
a(ry, t+&/4<r.
Then ¢ € Sé(s) with ¢(s) € c?)(ﬁ, s) \ M(s). We want to prove that ¢(t) = x.
Subcase 1. For a subsequence (denoted the same), 7, <t + ¢&,.
This implies that 7 < . Then ¢, (t + &,) = 6,,(t + &,) —> 6(t),s0 x = 0(t) = ¢(¢).
Subcase 2.  For a subsequence (denoted the same),  + &, < T,.

This implies that ¢+ < 7. On the one hand, if r = 7, then ¢, (¢t + &,) = ¥, (¢t + &,), Which
converges to V(1) = ¥ (T) € M(T) by Proposition 1, so x = () € M(t), a contradiction.
This implies that ¢ cannot be equal to 7 in this Subcase. On the other hand, if # < 7, then
On(t + &,) = Y (t + €,), which converges to ¥ () = ¢(t), so x = @(t).

CASE 3. 1, converges to s.
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We have that 7, is the only jump time of ¢, in (t — 3£/2,t + £/4) for n sufficiently large.
Then there exist v, € ¥ (t — 3£/2) and 6,, € ¥ (1) such that

Sy (W) 13825 <,
6w, mo<r<t+E/4

The sequence {@, (t — 3£/2)}, has a convergent subsequence by pullback ®-asymptotical
compactness, sSo we may assume @, (t —3&/2) — v, with v € X. By definition of general-
ized process, there exist a subsequence (still denoted the same) and ¢ € ¢ (r — 3£/2) such
that ¥ (t —3&/2) = vand ¥, (r) — ¥ (r) forr > t—3& /2. This implies that ¥ (s) € M(s),
because ¥, (1) € M (1), M is collectively closed and Proposition 1 applies. Furthermore,
0n(tn) = @n(tn) € Ir, (Y (7). By the collective upper semicontinuity of /, there exist a
subsequence of {@, (7,)}, (denoted the same) and y € I; (¥ (s)) such that 6, (t,) = @, (tn)
converges to y,so y € (D, s).

By Condition (G3’), there exist a subsequence (denoted the same) and 6 € ¥ (s) such
that 6, (r,) converges to 6(r) for any sequence {r,}, with r, > t, and r, converging to r.
This implies that 6, (t,) converges to (s) = y € I;(¥(s)), so y ¢ M(s) by Condition (I).
Furthermore ¢,,(t,) = ¢, (s + (7, — s)) convergesto y,s0 y € 5)(5, s).

We have that 60(r) ¢ M(r) for r € [s,t + &/4] because 0(s) = y € I;(¥(s)) and
Condition (H) applies. Take & € ¥ (t + &/4) with a(t + &/4) = 6(¢ + &/4) and define

0(r), s<r=<t+§&/4,

PO =60y, trEd<r

Then ¢ € g(s) and ¢(s) =y € oD, s) \ M(s). Finally,
On(t + &) = 0, (t + &) —> 0(t) = @(2),
which implies that x = @(¢). O

Theorem Let & be a pullback ©-asymptotically compact zmpulszve generalized process
sansfymg Conditions (G3’), (H), (I) and (NT). Then a)(D) \ M is positively invariant for
any De®.

Proof We restrict ourselves to the case where t >sandt —s € (0, &]. By recursion the
general case follows easily. Let x € a)(D s) \ M(s). We want to prove that there exists
¢ € 9 (s) with ¢ (s) = x such that g(2) € oD, 1)\ M(@).

Asx € a)(D s), there exist s, — —00, &, —> 0 and ¢, € %(s,,) such that ¢, (s,) €
D(sy,) and ¢, (s + &,) —> x. We may assume, without loss of generality, that s + &, < ¢
foralln € N.

Each impulsive trajectory ¢,, which is defined on [s,, +00), has N, > 0 jump times.
We consider 7, the last jump time of ¢, on the interval [s,, s + 5§ /4]. If there are no jump
times we take 7, = s,. We will split the proof into three different cases.

CASE 1. Up to a subsequence (denoted the same), there exists ¢ € (0, £/2) such that
T, <S5 —&.

We know that there exist ¥, € 4 (s — ¢/2) such that @, (r) = ¥, (r) forr € [s —&/2,s +
5&/4]. By pullback ©-asymptotical compactness, we may assume @, (s — £/2) —> y. We
may assume that there exists v € ¥ (s — ¢/2) with ¥, (r) —> ¥ (r) forr > s —¢/2, by
definition of generalized process. First, ¢, (s + &,) = ¥, (s + &), Which converges to ¥ (s),
so x = ¥ (s). This implies that ¢, (s) converges to x.
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We claim that {(r) ¢ M) forr € [s —e/2,s + &]. If ¥ (r) € M(r) for some r €
[s —¢&/2,s + &], then ¢p(,s — e/2) < r — (s — &/2). But ¢, has no jump times on
[s —e/2,5 + 5£/4], 50 ¢ (Y, s — €/2) > (s + 5&/4) — (s — &/2). Then Condition (NT)
would imply that

(s+55/4)—(—e/D)=p(W.s—¢/2) <r—(s—¢/2) <(s+§) — (s —¢/2),

a contradiction. _
We take @ € 9 (s + &) with @(s + &) = ¥ (s + £) and define

50r) = Y@r), s=<r=s+§,
o= a(r), s+E&E=<r.

Then ¢ ef!;(s), @(s) = ¥(s) = x and finally ¢,(t) = ¥, (t) — ¥ () = @), so
¢(1) € (D, 1) \ M(1).

CASE 2. Up to a subsequence (denoted the same), there exists ¢ € (0, £/2) such that
T, >S5+ €.

We know that t,, is the only jump time of ¢, in [s —& /2, s +5& /4] because of Condition (H),
and we can assume that 7, > s+¢ foralln € N. Foreachn € N there exist ¢, € ¥ (s—&/2)
and 6, € 9(t,) such that

Un(r), s—=§/2=r1 <1y,

(= {Gn(r), T <1 <5+ 5E/4.

We may assume that ¢, (s — §/2) —> y by pullback ®-asymptotical compactness, and
by definition of generalized process for v, we may assume that there exist a subsequence
(denoted the same) and ¢ € ¢ (s — &/2) such that ¥,,(r) —> ¥ (r) forr > s — &/2. Fur-
thermore we have that ¢, (s + &,) = ¥, (s + &,), which converges to ¥ (s) by Proposition 1,
so x = ¥ (s). This implies that ¢, (s) also converges to x.

Subcase 1. Up to a subsequence (denoted the same), there exists § > 0 such that 7, >
t+4.

We claim that ¥(r) ¢ M(u) forr € [s —&/2,t 4+ 8). If ¥ (r) € M(r) for some r €
[s —&/2,t+ ), then p(¢,s — &/2) < r — (s — &/2). But we know that 7, > ¢ + §, so
¢y, s —&/2) > (t +8) — (s — &/2) and Condition (NT) implies that
C+8)—G—-&§/D)<¢W,s—§/D)<r—(—-§/2) <@ +8) —(s—§/2),
a contradiction. _
We take @ € 9 (¢ + 8/2) with @(t + 8/2) = ¥ (¢t + §/2) and define
5r) = (), s<r=<t+34/2,
= a0, t+8/2<r.

Then ¢ € ?(S), @(s) = ¥(s) = x and @, (t) = ¥, (t), which converges to ¥ () = ¢(t), so
@) € w(D, 1)\ M(1).

Subcase 2. Up to a subsequence (denoted the same), there exists § > 0 such that 7, <
t—3é.

As 1, € (s + &t — §), we may assume that 7, converges to T € [s + &, — §]. We
have ¥, (t,) € M(1,), so ¥(T) € M(T) by Proposition 1. We also have that 6, (7)) =
¢(tn) € I, (Yn(1,)). By the collective upper semicontinuity of /, there exist a subsequence
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of {¢y, (tn)}a, still denoted the same, and z € I;7 (¥ (7)) such that 6, (t,) = @, (t,) converges
t0 7,807 € J)(ﬁ, 7).

Once again, we claim that ¥ (r) ¢ M(r) forr € (s —&/2, 7). If Y (r) € M(r) for some
re(s—E&/2,7),thenp(y,s —&/2) <r — (s —&/2). But we know that ¢ (¢,, s —&/2) =
7, — (s — £/2) and Condition (NT) implies that

T—(—-§/D)=9W.s-§/2)<r—(s—§/2) <T—-(s—§/D),

a contradiction.
We can assume by Condition (G3’) that there exists € ¢(T) such that 6, (u,) converges
to O (u) for any sequence {u,}, with u, > 1, and u, converging to u. Furthermore, 6(r) ¢

M(r) forr € [1, s+ 5& /4] because 0(7) € I:(M (7)) and Condition (H) applies.
We take @ € 9 (s + &) with @(s + &) = 0(s + &) and define
Y(r), s<r<t,
or)=30@r), T<r<s+E&,
a(r), s+E&E<r.

We have thAat ¢ € g(s), ¢(s) = x and ¢, (t) = 6,(t), which converges to 0(¢) = @(t), so
@) € (D, 1)\ M(2).
Subcase 3. 1, converges to ¢.

We have that ¥, (t,) € M(t,), so ¥ (t) € M(t) using Proposition 1 and that M is collec-
tively closed. We also have that 6, (t,) = @,(1,) € I, (¥, (1,)). By the collective upper
semicontinuity of 7, there exist a subsequence of {¢,(t,)},, still denoted the same, and
z € I; (Y (1)) such that 6, (t,) = @, (t,) converges to z, S0 z € &)(ﬁ, 1).

We claim that ¥ (r) ¢ M(r) forr € [s —&/2,t). If ¥ (r) € M(r) for some r € [s —
E/2,1),thenp (Y, s —&/2) < r—(s—£&/2). But we know that 7, is the only jump time of ¢,
in[s—&/2,s+5&/4],50 ¢ (Y, s —€/2) = 1, — (s —&/2), and Condition (NT) implies that

r—(—§/2)<¢(W,s—§/2)<r—(s—-§/2) <t —(s —§/2),
a contradiction. We take & € ¢ (t) with @(t) = z and we define

a(r), t=<r.

o) = {wm, s<r<t,

Thean Q€ ?(s), @(s) = x and ¢, (t,) = 6,(t,) converges to z = a(t) = ¢(t), so ¢(t) €
&(D, 1)\ M(1).

CASE 3. 1, converges to s

In this case 7, is the only jump time of ¢, in [s — &/2, s + 5&/4]. Then there exist ¥, €
9 (s — &/2) and 0, € 9 () such that

- Yn(r), s—§/2=<r <1y,
On(r) =
Ou(r), T <r <s+5&/4

By pullback ©-asymptotical compactness we may assume @, (s — &/2) converges to y, and
by definition of generalized process we may assume that there exists ¥ € ¥ (s — &/2) such
that ¥, (r) — Y (r) forr > s — £/2.

Subcase 1. Up to a subsequence, still denoted the same, s + &, < T,
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We have that ¢, (s + &,) = ¥, (s + &,), which converges to ¥ (s) by Proposition 1, so
x = ¥ (s). Furthermore, vy, (7,) € M(t,), so ¥(s) € M(s) by Proposition 1 and the
collective closedness of M. This implies that x € M(s), a contradiction. As a consequence,
this case cannot happen.

Subcase 2. Up to a subsequence, still denoted the same, 7, < s + &,.

We have ¥, (t,) € M(t,), so ¥(s) € M(s) by Proposition 1 and the fact that M is
collectively closed. Furthermore, @,(t,) = 6,(ty) € I, (¥ (7y)). Using the collective
upper semicontinuity of 7, there exist a subsequence {@, (7,)}, still denoted the same, and
z € I;(¥ (s)) such that 6, (t,) = ¢(t,) converges to z, 80 z € LT)(IA), s).

By Condition (G3”) we assume that there exists § € ¢(T) such that 8, (r;,) converges to
0(r) for any sequence {r, }, withr, > 7, and r,, converging to r. We have that 6 (u) ¢ M (u)
foru € [s, s +&] because of Condition (H). We take & € g;(s +&)witha(s+£&) =0(s+§&)
and define
o), s<r<s+§,

v = a(r), s+&E=<r.

A

Then ¢ € g(s), On(s + &,) = 0,(s + &,) converges to 0(s) = z,s0 x = z = ¢(s). Finally
@n(t) = 6, (t) converges to 0(r) = ¢(t), so ¢(t) € w(D,t) \ M(¢). O
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