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Abstract The closure of preimages (inverse images) of metric projection mappings to a
given set in a Hilbert space are investigated. In particular, some properties of fibers over
singletons (level sets or preimages of singletons) of the metric projection are provided. One
of them, a sufficient condition for the convergence of minimizing sequence for a giving
point, ensures the convergence of a subsequence of minimizing points, thus the limit of the
subsequence belongs to the image of the metric projection. Several examples preserving
this sufficient condition are provided. It is also shown that the set of points for which the
sufficient condition can be applied is dense in the boundary of the preimage of each set
from a large class of subsets of the Hilbert space. As an application of obtained properties
of preimages we show that if the complement of a nonconvex set is a countable union
of preimages of convex closed sets then there is a point such that the value of the metric
projection mapping is not a singleton. It is also shown that the Klee result, stating that only
convex closed sets can be weakly closed Chebyshev sets, can be obtained for locally weakly
closed sets.
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1 Introduction

Let (X, || - ||) be a real normed vector space. For every nonempty subset S C X the distance
Sfunction from the subset S is denoted by ds(-), that is,

ds(x) = inf |lu — x|, Vxe€X.
ues

For a given subset § C X we put

Dg/(S) :={x € X | ds(x) =dg(x)} ()
and define the fiber over s as
Dy(S) :={xe X | ds(x) =|x —sll}. 2)

Of course Dy (S) = Dy(S), whenever S’ = {s}. Moreover, it follows from the continuity of
ds(-) and dg () that Dg (S) is closed.
The metric projection mapping on S is defined by

Ps(x) :={s €clS | ds(x) =[x — s}, 3

where cl” stands for the strong topological closure.

We recall that a set S is said to be Chebyshev if Ps(x) reduces to exactly one element for
all x € X.

Let us denote the family of weakly closed subsets of cl “¢?K S as follows

C € W(S) < C is weakly closed and C C cl weak g 4)

where ”cl ¢® stands for the weak closure (the closure with respect to the weak topology).
Let us also observe that that for every x € X, s € cl S we have

(x,s) € gph Psg(-) <= (s,x) € gph D,,(9),

where gph Ps(:) = {(x,s) € X xclS|s € Ps(x)} and gph D)(S) = {(s,x) €
clS x H|x € Dy(S)}, thus we can treat D((S) as the inverse mapping to Ps(-), that
is Dy(S) = PS_] (). Let us notice that sets Dg/(S) and Ds)(S) can be different, where
Dg/(S) is defined in (1) and D(s/)(S) = {x € X | Is € §' : x € Ds(S)} is related to the
mapping defined in (2). However, if S € W(S), S’ C clS, and X is a reflexive Banach
space, then Dy (S) = D(s)(S). Moreover assuming that " is a closed subset of cl.S such
that cl Dg/(S) = clint Dg/(S), we have Dg/(S) = cl D(s/(S), whenever Pg/(-) # @ on a
dense subset of a Banach space (for example in the case of a reflexive locally uniformly con-
vex space, see [28, Theorem 5]). The equalities D/ (S) = D(s/)(S) or Dg/(S) = cl D(51(S),
which are valid in several important cases, allows us to investigate the preimages of the
metric projection on § using sets Dg/(S) instead of Pg ! (S8”) in several important cases. In
particular, if X is a real Hilbert space then Dg/ (S) = cl Py 1(8) for every closed subset S’
of cl S such that cl Dg/(S) = clint Dg/(S). That is the closure of the preimage of a subset
S’ of cl § for the metric projection mapping to a given set S is the set given in (1), whenever
cl Dy (S) = clint Dg/ (S).

One of the primary questions concerning the best approximation theory is the question
about the convergence of a minimizing sequence. In the language of preimages this ques-
tion can be expressed in the following way: assume that u ¢ c1S and {s;};cn is a sequence
of elements of S such that u € Dy 5, 1(S) and u & |J; oy Ds; (5), under which condi-
tions the sequence contains a convergent subsequence? In Section 3 sufficient conditions
for the convergence of a minimizing sequence are given, whenever u belongs to the bound-
ary of Dg/(S) and S’ has some properties, see Proposition 3.1. It is also checked that desired
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On Closures of Preimages of Metric Projection Mappings 583

properties of S’ can be guaranteed in several cases (they are listed in remarks in this sec-
tion). As a simple consequence of the sufficient condition it is obtained that any “smooth”
point u from the boundary of D, (S) has the property that any sequence of “almost” nearest
points from S has to converge to the nearest point to u, whenever the interior of the fiber
is nonempty. In Section 4 results showing the density of “smooth points” in boundaries
of some sets are presented. The nonemptiness of a fiber ensures that if the inverse map-
ping to the projection on § is injective (i.e. the mapping d = D,4(S), d € § is such that
Dg,(S) N Dg,(S) =@, di # da, di,d> € S), then s is a supporting point of S, see Corol-
lary 5.2 in Section 5. It is also observed that if the inverse mapping to the projection on S is
injective then § has no isolated point, see Corollary 5.4 . In Section 7 a result characterizing
those cases whenever a converging subsequece does not exist is provided, see Theorem 7.1.
In Section 2 basic information is gathered. Moreover, some basic properties of fibers can
be found there, for example like: convexity and closedness, see Lemma 2.3; the distance
function is Fréchet differentiable on int Dy (S), this is a direct consequence of Lemma 2.4.

Properties of the metric projection mapping are useful in investigating sets and differ-
ential properties of the distance function from a set. For example, it is known that if the
metric projection of a Chebyshev set is continuous then the set is convex, see [1, Corollary
page 237] for details in Hilbert spaces and to [34, Theorem 4] in smooth reflexive spaces.
The continuity of the metric projection mapping is closely related to the differentiability of
the distance function from a set, see [35, page 56] and also [33, 34] for more on the link
between the differentablity of the distance function and the continuity of the metric projec-
tion mapping. Several aspects of differentiability of the squared distance or the continuity
of the metric projection can be also found in [1-3, 5, 7, 11, 13, 14, 18, 19, 23, 30, 36].
Herein we use the L.P. Vlasov condition given in Section 6, see (22), to preserve the conti-
nuity of the metric projection in the case S is locally weakly closed or the complement of S
is included in a countable union of preimages of convex closed sets, see Theorems 8.7 and
8.10 in Section 8. Thus the convexity of S is preserved in these cases.

Let us recall that the convexity of Chebyshev sets in Hilbert space is regarded as one
of the most important problems of abstract approximation theory: see [24], where it was
posed: “However, even in a Hilbert space it remains unknown whether a Chebyshev set
must be convex, or, equivalently, whether it must be weakly closed”; see [22, Problem 5]
The Possible Convexity of a Chebyshev Set in a Hilbert Space, where a recent review of
some achievements in solving the problem is given.

The author would like to thank Prof. M. Turzanski for several stimulating discussions
during writing of this paper.

2 Preliminaries

In this section some properties of subsets of Hilbert space are gathered.

For every real r > 0 and every x € X we denote by Bx(x,r) (resp. Bx[x, r]) the
open (resp. closed) ball centered at x and of radius r, the unit sphere of X is denoted by
Sx[0, 1] :={x € X | ||x|| = 1}, the boundary of a subset D C X is denoted by fr D, where
frD := cID \ int D, and ”int” stands for the interior of D. For given x,y € X we put
[x,y] :={tx+ (A —1t)y|t € [0, 1]} and ]x, y[:= {tx + (1 — 1) y|t €]0, 1[}

The topological dual space of X is denoted by X*, its dual norm by || ||+, that is,

[x* 1l 2= sup [(x*,u)| = sup (x*, u),
lull<1 lull<1
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584 D. Zagrodny

where (-, -) is the duality pairing between X and X*. If X is a Hilbert space with a real
inner product (a real Hilbert space), then (x, y) = }‘(Hx + y| 12— |lx — y||2) see for example
[12, page 25, (1.9)]. When there is no risk of confusion, we will write ||x*| in place of
lx*|l«. The closed unit ball centered at the origin of X* (resp. X) is denoted by Bx+ (resp.
Bx).

In the Lemma below it is recalled that the distance function from a set S is a concave
function, whenever the complement of the set is convex, see for example [20, Proposition
1, p. 66] and comments following the Proposition.

Lemma 2.1 Let X be a Banach space, U C X be a convex open set, S := X \ U, and
z€U. Thenforeveryx,y e U a > 0,8 > 0suchthata + B =1, z = ax + By we have

ads(x) + Bds(y) < ds(2). ®)

Below the convexity of sets D, (S) is shown, whenever X is a real Hilbert space. Let us
start with a simple property of the norm.

Lemma 2.2 Let H be a Hilbert space, and let s,u,x,y € H, « > 0, 8 > 0 be given such
thata +B=1,z=ax+ By. If

lx = sl < llx —ulland ||y = sl < |y — ull, (6)

then

lz —sll < llz —ul.

Proof For x, y, s, u € H such that the inequalities in (6) are valid we have

=200, 8) + lIs11* < =2{x, u) + llull?,
—2(y,s) + lIsI® < =2{y, u) + lul?,

thus
a(=20x,s) + Is1?) + B(=2(y,s) + Is1?) < a (=20, u) + lull®) + B(=2(y, u) + |ul*),
which implies

liz = sl? = llzlI> = 2(z, s) + lIsI> < llzlI> = 2(z, u) + [lu]|® = Iz — u]®.

Lemma 2.3 Let H be a real Hilbert space, S C H and s € cl S be given. The set Dg(S) is
convex and closed.

Proof of the convexity: Let x,y € Ds(S), ¢ > 0,8 > 0,0+ 8 =1,z = ax + By,
ueS. If

ds(x) = |lx = sl =< [lx —ul,

ds(y) =y =sll < lly —ull,
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then it follows from Lemma 2.2 that
ds(z) < llz = sl < llz — ull,

thus
ds(z) < |lz — sl < inf [z — ull = ds(2).
ues

of closedness: Let {d;}icy be a sequence of elements of subset D;(S) such, that
lim; oo di = d. We have ds(d;) = ||d; — s|| for every i € N, so by the continuity of dg(-)
and || - —s|| we get ds(d) = ||d — s||, which implies d € Ds(S).

Let us assume that 5 € c1S, u € D5(S) \ {5}. It is of interest that each point u, € D5(S)
has the following property
lup = sill —> ds(up) = si —> 5, (7

where u, := pu + (1 — p)s, p € [0, 1[ and {s;};en is a sequence of elements from S, this
result was given in [38, Lemma 1.5]. In other words we have the continuity of the metric
projection mapping at each u, € D5(S), thus we have the Fréchet differentiability of the
distance function at each u,, € D5(S)\ (cl1 SU{u}), see [13, Theorem 3.1]. This property can
be also found in the proof of [23, Proposition 4.1]. For the sake of the reader’s convenience
we provide the result with a proof.

Lemma 2.4 Let H be a real Hilbert space, and S C H be a nonempty subset, s € cl S and
u € D5(S) with ds(u) > 0 be given. Then for all p € [0, 1] we have

0= 1iﬁl)sup{||§ —s|l | s€Sand|u, —sl| < \/dg(up) + w2,
n

where u, := pu + (1 — p)s.

Proof Fix p € [0, 1[. Suppose
§:=2"1 liir(l)sup{HE —sll | seSandllu, —s| < \/dg(up) +u?} > 0.
"

Take a sequence {u;}ien such that u; €]0, 1[ for all i € N and u; | 0, and a sequence
{si}ien elements of S satisfying
ey — sl < Jd2up) + a2 and [1si — 5] = 8
for all i € N. Observe that for each i € N we have
iy =512 + 42 =, — s
and

lu —sill = llu— 51,

so we obtain 2(u — 5,5 — s;) + ||I§ — s;|> > 0 and consequently
wi = 2up =55 —s) + 15 —sil> = (1= p)lIs —sil)> = (1 = p)?,

hence 0 > 1 — p, which is impossible.

@ Springer



586 D. Zagrodny

Corollary 2.5 Let H be a real Hilbert space, S C H be a nonempty subset and S’ C ¢l S be
a given closed nonempty subset such that int Dg/ (S) # 0; andu € Dg/(S) \int Dg/(S), u &
S, s € 8’ N Ps(u) are such that s, u[ N int Dg/(S) # @. Then u + t(u — s) ¢ Dy(S) for
allt €]0, ool.

Proof Let us suppose the contrary, namely u 4t (1 — s) € D;(S) for some ¢t €]0, oo[. Take
any sequence {u; }ien of elements of H \ Dg (S) such that u; —> u. There is a sequence
{si}ienin S\ {S’} such that

ds/(ui) > |lui — sill
for every i € N. Observe that for p := ]Jlrt we have

u=pu+tw—s)+0A-ps

and lim Ju—s;[| = lim [u; —s;ll = lim dy (u;) = dg (u) = ds(u),
i—>00 1—>00 I —>0

thus by Lemma 2.4 the sequence {s; };en is converging to s. Notice that since S’ is closed, so
dg/(s;) > 0, hence s; & cl D (S). Take b; € (clint Dy (S) \ intDS/(S)) N Isi, i+ a(u; —
si)], where au + (1 — a)s € int Dg/(S), o €]0, 1[. We have

lu; —sill <dg(ui) <dg(b;)+ llu; — b;l| = ds(b;) + llu; — b;||
< b — sill + lui — bill = llu; — s;||

for every i € N, which is impossible.

If a directional derivative of the distance function is equal to 1 for a unit vector at some
point outside the considered set, then any minimizing sequence is converging, this is a sim-
ple consequence of [15, Proposition 2.3]. Below it is shown that the diameter of the set of
minimizing points is related to the value of the directional derivative of the distance function
from the set.

Lemma 2.6 Let H be a real Hilbert space, and S C H be a nonempty subset, u ¢ cl S,
h € SulO0, 1] be given. If
. ds(u+th) —dg(u)
lim =
t}0 t

then for s == u — ds(u)h we have

)

limsup(|5 — || | s € S and lu— s|| < \Ja2w) + 12} = V201 = )ds@). ()
ul0

Proof Suppose that
V2(1 = y)ds(u) < Liir(l)sup{HE —s| | seSand|u—s| < \/df(u) + u?l).
Take any
§ €1V2(1 = y)ds o), limsup(s =51 | 5 € S and Ju —s|| < Jazw + w2,
€ >0, {ui}ien in ]O, 1] with &; | 0, and a sequence {s;};cn of elements of § satisfying

e = sill < \/d30) + p? and [lsi = 512 = 8% > ds ) 2(1 = y)ds(w) + €)
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for every i € N. Observe that for every i € N we have
e =512 + 1 = llu = sil1%,
and consequently
Wi =20 =55 = si) + 15 = sil) = 2ds@)(h.5 = si) + 15 = i,

The condition lim, o ds (”+tht)_d5 @ =y ensures that

lu + pih — il = llu = 511* = 2ui (y — 2ds ( ))ds(u)
fori € N large enough. Hence
w2y =, ( )>ds<u><||u+ul — il = llu—511* = llu—si |12+ 20 (hy u —5;) + i
—llu =5 < llu =517+ w1 +2mi (b u — i) + ui — llu — 501> = 247
_ Mi _
d L5 —si)) =2uf +2 d L5
+ d()<s<u)+< 5,5 —s) =2u2 + d<>(s(”>+< —5,5—s1)
L. 2 1 2 2 Mi 1 2
+ 5 =il = 15 = sil )szu,-+2d()<ds(u>+ T 5),
thus
12 V) <22 +2 M (u)+lu 82>
’V2d<>s—’d(>s ’

fori € N large enough, so
2 <21 = y)d§u) + eds(u)
which by the choice of § and € is impossible, thus (8) is valid.

In fact we have equality in (8). The reverse inequality is obtained in Lemma 8.1. Let us
also mention that we have the strong convergence of any minimizing sequence, whenever
y =1

It is known that norms of elements of a weakly converging sequence can be far from the
norm of its weak limit. This is a drawback of the weak convergence which sometimes can
be overcome, for example whenever the Kadec-Klee property is valid. Below a condition
allowing to estimate from below the norm of the weak limit of a sequence by norms of its
elements is provided.

Lemma 2.7 Let H be a real Hilbert space, X,Y C H be closed subspaces such that H =
X + Y, X has a finite dimension and (x,y) = 0 for every x € X,y € Y; and e > 0 be

k k
given. Then for all sequences {x;}iecn in H, {y;}ien in H such that xiuﬂ)x*, yiwﬁ)y* and
limsup; _, o [Py (xi — y)ll <€ limsup; . [[Py(yi)ll < € and 2¢ < limsup; __, , [lx; |l
we have

¥ = Timsup /i [ — 42,

i—> 00

where “ weak, > stands for the weak convergence.

Proof Assume that limsup;__, o [|x; ]| = lim; — « [|x; ||, if not then a proper subsequence
can be chosen. Observe that by the local compactness of X we can choose a subsequence
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588 D. Zagrodny

such that { Py (x;,) }xen is converging, again, without loss of generality we may assume that
{Px (x;)}ieN converges. We have

Il = PGl = Tim P ()]
= lm P COI? + 1Py IR = 1P )IP)
= [ Jim (bl = 1Pyl

> \/limsup(llxz' 12 = APy )l + 1Py (xi) = Py (3)1)?)

i—>00

> \/lim sup [lxi |12 — 4€2.

i—> 00

We finish this section with an observation, which is intuitively obvious, namely if D is a
set, u € fr D is a ”smooth” boundary point, then moving from u along a tangent direction to
D we are sufficiently close to the set D. For the sake of the reader’s convenience we provide
this property in the Hilbert space setting.

Lemma 2.8 Let H be a real Hilbert space with, D C H be a subset with nonempty interior.
Assume that for u € clint D \ int D there is x € int D such that dy\jn;p(x) = llu — x|.
Then there is u* € Sy[0, 1] such that

lim |7~ sup dp(u+1z) = 0.
1—0 2€Sul0, 11, (z,u*)=0

Proof Putu* := ||u —x||~'(u — x). For every z € Sg[0, 1] for which (z, u*) = 0 and every
t € R we have

dp(u +1z) < dpylx, ju—x|) (U +12)
lu — x|l
lu +tz — x|

§||u+tz—<x+ (u+tz—x)>||

llu — x|
=lu+rz—x||1- =lu+rtz—x|| - llu—x|
lu +tz — x||
\/ 2442 2 ?
=l =52 = flu = x? = ,
2fju — x|l
which implies
lim |¢|~! sup dp(u+1z) =0.
—0 2€8u[0,11, (z,u—x)=0

3 Points from the Set of Points of Approximate Compactness

Let S C Hand u ¢ S be given. We say that u is a point of approximate compactness
of § if each minimizing sequence, that is s; € S and |lu — s;|| — ds(u), contains a
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convergent subsequence to the nearest point to u. The set of the all points of approximate
compactness of S we denote AC(S), we refer to [2, page 1131] for more information on
the notion. Following [2, see page 1131] we say that S is approximately compact whenever
H\ S = AC(S), see [2] for historical references.

It was observed in (7) that for each u € fr Ds(S), p € [0, 1[ and each sequence {s;}; N of
elements of S such that ||pu + (1 — p)s —s;|| —> ds(pu + (1 — p)s), the sequence {s; };cN
has to converge to s, so pu + (1 — p)s € AC(S). It is also interesting that each ”smooth”
point u € fr Ds(S) is an element of AC(S), whenever int D (S) # ¢, this is a consequence
of the result below. In fact, in Proposition 3.1 a more general characterization of some points
from AC(S) is given. This characterization allows us to preserve the continuity of the metric
projection mapping at those ”smooth” points for which the metric projection is a singleton.
Of course, the question is when the assumptions of Proposition 3.1 are fulfilled. In Remarks
3.2,3.3,3.4,3.5 some results answering the question are presented.

Proposition 3.1 Let H be a real Hilbert space, S C H be a nonempty subset, S’ C H,
5 € 8" NclS with D;(S) # H be given. Assume that for a givenu € (H\ S) N AC(S") we
have 5§ € Ps(u) NS', Py (u) = {5} and there is u* € Sy(0, 1] such that

lim¢ ™! sup dDS,(S)(M—‘,-[z) =0.

0 280,11, (z,u*)=0
Assume that for a given sequence {t;}icN, t; > 0, t; —> 0 there is a function o : [0, co[—>
[0, ool such that 0(0) = 0, lim; —, ”(t'_f) = 0 with the property such that for everyi € N
and z € Sul0, 1] with (z, u*) = 0 there exists d € Dg/(S) \ {u} such that |u + t;iz — d|| <
o(t;), and there exists s’ € S’ such that |d — s'| < \/dg(d) +20(t) and ||s’ — u| >
s — ul|. Then each sequence {s;}icN of elements of S such that ||s; — u|| —> ||s — ul| has
a convergent subsequence, say s;, —> s € cl S, moreover ds(u) = ||s —u| = |5 — u|| and
s—5 € [=2|5s —ullu*, 2|5 — ullu*].

Proof Put
p(t) == max({1, 4d3(u)} | max{20(), sup dpys)u+12)}+1%),
zeSul0,1], (z,u*)=0

for every t > 0. Assume that {s;}; N is a sequence of elements from S such that ||s; —u| —
|Is — ul|. Take M > O such that ||s; — 5|| < M for all i € N. Let us suppose that

lim Supd[fMu*,Mu*](Si - 5) > 0.
I —> 00
We may assume that for some § > 0 and all i € N we have
di—mue mur)(si — 5) > Sand £ > ||s; — u|* =I5 — ul*.

If not then we can take a proper subsequence. Foreach i € N choose z; € Sg[0, 1] satisfying
(zi,u*) = 0, (s; — §,z;) > 6, and take d; € Dg (S) satisfying ||di — u — t;z;]| < o(t;).

There is a sequence {5;};cn such that §; € S’ and ||d; — 5| < \/df(di) + 20(t;), and
IIs; — ull > ||s — ul| for every i € N. For i large enough have also
415 —ul? =265 —w,z) + 17 + Tpt) = lsi — ul® = 2t (s —u,zi) + 17
+7p@) = llsi —u— 6zl +Tp@) = lIsi — di|I* +4p(@) = lld; — 511> + 3p ;)

2 = 2 - 2 = 2 - 2
> u+tizi =5ill” = si —ull” + 26w — 5, zi) + 17 > s —u|l” + 2t (u—5;, ) + 7,
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590 D. Zagrodny

consequently

2

7+ Tp(t;) _ - - 5

l z,pl > (si =5, 2i) + (5= 5i,2i) =8+ (si — 505 zi)
L

for every i € N large enough. We have
dim Ju —5;|| = lim ||d; —s;|| = lim dg(d;) = dg ().
1 —>00 1 —>00 1—> 00

Since u € AC(S’) we are able to find a subsequence of the sequence {5;};cy which is
convergent, say §;, —> §' € cl.§’ N Py (u) (keep in mind the assumption Pg (1) = {5}),
which implies 5;, —> § and

2
2 +7p(t;)
0= tim * PV s .

k—>00 ti,

a contradiction, so

. lim d[—Mu*,Mu*](Si — E) =0.

1—> 00
The compactness of the segment [—Mu*, Mu*] ensures the existence of a convergent sub-
sequence {s;, }xen, say s;, —> s € clS. Of course we have also [lu — s|| = [lu — 5| and
s—5 € [-Mu*, Mu™*], hence since ||s —5|| < 2|lu—35|| we gets—5 € [—2||s —u]|u*, 2||5—
ullu*].

In order to show that assumptions of Proposition 3.1 are not difficult to verify we present
several examples below. In the first example S’ is assumed to be convex. The convexity of
S’ gives the equality H \ 8" = AC(S’), so S’ is aproximately compact.

Remark 3.2 Let H be a real Hilbert space, S C H be a nonempty subset and S’ C cl S be a
nonempty convex closed subset. Assume that for a given u ¢ S we have

sePsu)Ns, 9)
and there is u™ € Si[0, 1] such that
limz™! sup dpys)(u+12) =0. (10)
110 2€8u[0,1], (z.u*)=0

Put o(r) = 4(sup,es, (0,17, (z.u*)=0 ADg (5) (U + 12) + £2) and fix a sequence {t;};eN such
that ¢; > 0,4 —> 0. Then for every i € N and z € Sy such that (z, u*) = 0 there
exists d € Dg/(S) \ {u} such that ||u + t;z — d|| < o(t;), and there exists s’ € S’ such that

ld —s'|| < \/dg(d) +20(t;) and ||s’ — u|| > ||S — u||. Moreover Pg(u) = {5}. Thus the
assumptions of Proposition 3.1 are satisfied.

Proof Take any z € Sy[0, 1] satisfying (z, u*) = 0 and fix i € N. Because of (10) we are
able to choose d € Dg/(S) \ {u} such that |[u + t;z — d|| < 27 'o(t;). There is a unique
s" € 8, see [16, Lemma 6.2.1, page 205] for example, such that ds(d) = dg'(d) = ||d— ||.
Additionally Pg () = {5}, since S’ is closed and convex.

Approximately compact sets have the property that any Chebyshev set which is approx-

imately compact has to be convex, see [2]. In Section 8 a local version of this result is
presented, see (11) and Theorem 8.7 below.
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Remark 3.3 Let H be a real Hilbert space, S C H be a nonempty subset, u ¢ S, S’ C cl S
be given and 5 € §’. Assume that

Ps(u) Nl S’ = {5} and (||s; — || —> dy(u) and 5/Ss e H=> 5 e cl S/) (11)

for every sequence {si’ }ien in 87, and that there is u* € Sy[0, 1] for which

limz™! sup dpys)(u+12) =0. 12)

10 zesy[0,1], (z,u%)=0
Put o(r) = 4(sup,es,0,1], (z.u*)=0 ADg (5) (U + 12) + £?) and fix a sequence {#;};en such
that ¢; > 0,4 —> 0. Then for every i € N and z € Sy such that (z, u*) = 0 there
exists d € Dg(S) \ {u} such that ||u + 1,z — d|| < o(%;), and there exists s' € S’ such that

ld —s'|| < \/dg(d) +20(t;) and ||s" — ul|| > ||S — u||. Moreover Pg(u) = {5}. Thus the
assumptions of Proposition 3.1 are satisfied.

Proof In order to show that u € AC(S’) let us take a minimizing sequence {s;};cy in S’
such that

llsi — ull — dg(u).
It is known that from each minimizing sequence we are able to choose a weakly convergent

subsequence, see [12, Theorem 3.139] for example, say {S,{k}keN such that si’k uﬁfs e H. It
follows from (11) that s € cl1S’, sos € Ps(u) and ||si’k —u|| — dg'(u) = ||s — ul|, hence
slfk —> s (the Kadec-Klee property of the norm in the Hilbert space setting is used to get
the strong convergence). Observe also that we have the inclusion Pg (1) C Ps(u), which
by (11) gives
5e Py(u)NclS c Psu)NeclS = {5},

hence Py (1) = {5}.

Take any z € Sg[0, 1] satisfying (z, u*) = 0 and fix i € N. Because of (12) we are able
to choose d € Dy (S) \ {u} such that ||u + t;z — d|| < 27 o(t;). There is s’ € S such that

ld = 5'll < \J3(d) +20() = \Jd3() +20() and 15" = ul] > [5 — ul.

It is known that Pg(u) is a singleton, whenever the distance function ds(-) is Fréchet
differentiable at u ¢ cl S, see also [13, Theorem 2.4], a part of the proof of the Remark
below can be also used to get it. We use the idea behind the result to get a local sequen-
tial weak closedness of S, that is we prove that (11) holds true, whenever dg(-) is Fréchet
differentiable at u & cl S.

Remark 3.4 Let H be a real Hilbert space, S C H be a nonempty subset, u & S, S’ C cl S be
given and § € §’. Suppose that the Fréchet derivative of the distance function dg (-) exists
at u, that is

do th) —dq — (x* th
Ix* € H:lim sup 5w +1h) 5 = {x ) =0,
130 pesy[o,1] t
then Pg (1) # @. Moreover, if dg(u) = dg(u) = ||lu — 5| then {s} = Ps(u) N S’ and
lsi —ull — ds(w) = s; —> 5, (13)

for every sequence {s;};en in §'. If additionally there is u* € Sg[0, 1] such that
lim¢ ™! sup dpgy(s)(u+1z) =0,
0 zesy[0,11, (z,u*)=0
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then for o(¢) := 4(SUP e 53410, 11, (z,u%)=0 dpgs)(w+1tz) + %) and any sequence {t; };en such
that ; > 0, t; —> 0 we have that for every i € N and z € Sy such that (z, u™) = 0 there
exists d € Dg/(S) \ {u} such that ||u + t;z — d|| < o(t;), and there exists s’ € S’ such that

ld —s'|| < \/dg(d) +20(t;) and ||s’ — u|| > |5 — u||. Moreover Pg (1) = {5}. Thus the
assumptions of Proposition 3.1 are satisfied.

Proof It follows from Lemma 2.6 that Py (u) # @, it is enough to apply Lemma 2.6 for
h := x* and observe that ||h|| = 1, see [23, Remark 3.1 and Theorem 3.2 or Theorem 4.2]
for example. Moreover, if {s;};cn is a sequence of elements from S’ such that ||s; — u| —>
ds(u) = dg(u), then the strong convergence s; —> § is again a consequence of Lemma
2,6.

Observe also that we have the inclusion Pg (1) C Ps(u), which implies

se Pyw)NclS c Ps(u)NeclS = {5},

hence Py (1) = {5}.
If additionally there is u™* € Sy[0, 1] such that

sup dpgs)(u+1z) = o(1),
2€85[0, 11, (z,u*)=0

then take any z € Sg[0, 1] satisfying (z, u*) = 0. As in the proof of Remark 3.3 we are able
to choose d € Dy (S) \ {u} such that ||u + t;z — d|| < 27 o(t;). There is s’ € § such that

Id = 5"l < \Jd3 @)+ 200) = \[d3(d) + 200) and [ls' — ull = 15 — ul.
Remark 3.5 Let H be a real Hilbert space, S C H be a nonempty subset, s € S, u & S,
S’ C cl S be given such that dg(u) = dg(u) = |lu — §|| and
vs'eS§ (u—s5,5 —5) <0. (14)
Then {5} = Ps(u) N S’ and
Isi —ull — ds(u) = si — 5, 15)
for every sequence {s; };en in §'. If additionally there is u* € Sg[0, 1] such that

lim¢~! sup dpg sy +1z) =0,
140 z&Su[0,11, (z,u*)=0

then for o(¢) := 4(SUPLe$4[0, 17, (z,u%)=0 dpgs)(+1tz) + %) and any sequence {t; };en such
that t; > 0, t; —> 0 we have that for every i € N and z € Sy such that (z, u*) = O there
exists d € Dg/(S) \ {u} such that ||u + t;z — d|| < o(t;), and there exists s’ € S’ such that
ld —s'|| < \/dg(d) +20(t;) and ||s’ — u|| > |5 — u||. Moreover Pg (1) = {5}. Thus the
assumptions of Proposition 3.1 are satisfied.

Proof Put x* := d;l(u)(u —3). If

. dy(u+1tx*) — dg(u)
lim =
tl0 t

L,

then it follows from Lemma 2.6 that condition (15) holds true, hence {5} = Ps(u) N S’.
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Let us exclude the case

li
t}0 t

. dy(u+1tx*) —dg(u)
m <l—pu

for some p > 0. Take sequences {s/};en in §" and {r/};en in 10, 1[, #/ | O for which
lu + £x* — /11> < 1/ + d2 (u + t/x*) and
/L% 2 <112 / 2
lu +t;x™ —s;1° — lu —s)17 < 26;(1 — wds (u) + ¢

for every i € N. Since |lu + #/x* — 5|| = dg/(u) + 1], using (14) we get

20/(1 — wyds (u) + 1% > |lu + t/x* — s> = |lu — 51> = |lu+ t/x* = 5|

1
+20u+tx* = 5,5 — )+ 15 — s/ 17 — llu— 51> > [lu+/x* 5]
= 2 -2 2 2
+ 15 = 5717 — llu = 5117 = (ds () + 1)) —dg (),

for every i € N. Hence

’ N2 _ g2
2(1 = wdy () = lim (dy' @) +1)7 = dg )

/
—>00 l‘l-

= 2dg (u),

a contradiction. In order to finish the proof it is enough to repeat the reasoning from Remark
3.4.

There are two natural examples for S’ to fulfill condition (14), namely if S’ C a + {h €
H | (x*, h) = 0} for some a € H, x* € Sy[0, 1] and u — § = ax™ for some o > 0, then it
is obvious that (14) is satisfied. Condition (14) is also satisfied, whenever S’ is convex and
ds(u) =dg(u) = lu — 5|

4 Density Properties

Let S, S” be a subsets of a real Hilbert space. ”Smooth points™ of the boundary of Dg (S)
have the “convergence property” as it is observed in the previous section. Of course the state
of the art in variational analysis allows us to expect that ”smooth points” of the boundary
are dense in the boundary. It seems that using ideas from [27], see also [38], we can get this
kind of density in every Banach space with the norm Fréchet differentiable and having the
Kadec-Klee property. Since we are interested only in the Hilbert space setting we provide
such a result in a Hilbert space. The key tool to get it is the Borwein-Preiss Variational
Principle, we use a form of the Variational Principle from [6, Theorem 2.5.2].

Definition 4.1 Let (X, d) be a complete metric space. We say that a continuous function
p: X x X — [0, 400] is a gauge-type function provided that

(i) px,x)=0forallx € X,
(ii) for any & > 0 there exists § > 0 such that

p(y,2) <8 implies d(y,z) <¢e forall y,z € X.
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Theorem 4.2 Let (X, d) be a complete metric space and let f : X — R U {400} be a
Isc function bounded from below. Suppose that p is a gauge-type function and (6;){2, is a
sequence of positive numbers, and suppose that € > 0 and xy € X satisfy

f(xp) < inf f(2) +e.
zeX
There exist x € X and a sequence (x;);2, C X such that

(1) )O(Xg,X) E 8607 p(xiv-x) f 2{680’

(i) fxX)+ D72 8ip(x,x) < f(xo),
(iii)  fO)+ 252, 8ip(y.xi) > f(xX)+ 252, 8ipx,x;) forall y € X \ {x}

Below we present a result which is a consequence of [28, Theorem 4]. It says that for
every given point # ¢ S there is a point u’ close to the given point such that Pg(u’) # @.
For the sake of the reader’s convenience a proof is provided.

Proposition 4.3 Let H be a real Hilbert space, U C H be an open nonempty subset such
that HH\ U # 0, and w € U be fixed. For every i > 0 there are x € U N Bylw, u],
s € fr U such that dy\y(x) = |lx — s|| and any sequence {w;}icn in H \ U such that
lw; — x|l —> dm\v (x) has a convergent subsequence (with respect to the norm topology),
say {w;, }neN for which s = lim,_, o w;, .

Proof Let us fix u > 0. Take any 6 €]0, min{u’dfw(w)}] andput K :=H\ U,

16%dk (x0)

o llz=xol® p(z,y) =l = I,

f@) =dk(@+

d
€:= f(x0),80:=1,x0:=w, § := K;L.XO) fori > 1.
It follows from Theorem 4.2 that there are x € By[xg, 156] (keep in mind that applying (ii)
162dg (xo) Ix
852

we have the inequality dg (x) + — x0|I? < dg(x,)), so x € U, and there are

x* € Hand M > 0 (apply (iii)) such that
¥y € H.dk () —dg(x) — (x*,y —x) = =M ||y — x|%, (16)
which forces ||x*|| < 1. Let {s;},en be a sequence in K such that ||s; — x|| — dg(x),
S; uﬂfs, where uﬂf stands for the weak convergence. By (16) we have
lbe + i (si = x) = sill = llx = sill = & 1i(si = 20) = =2MeF|lx —si |, (A7)

for a proper choice of t; > 0,#, —> 0 and i large enough, hence

=l = sill = (&%, (s = 2)) = —2Mii|lx — 511, (18)
It follows from (18) and the weak lower-semicontinuity of [|x — -|| that
liminf ||lx — s;]| > [lx —s[| = —(x*, (s —x)) = lm —{x*, (s; — x))
I —> 00 I—> 00

> limsup [|x — ;|| = [lx — s
i—>00

. k. .
thus ||s; —x|| — |ls—x| ands; —> s, since siwﬁ)s,m particulars € K, dg (x) = |ls—x]||
and x* = dgl(x)(x — s). It is easy to observe that s € K NclU,sos € clU \ U.
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Let us recall that x € Bylw, 1‘56], which implies the first part of statement. The choice
of a convergent subsequence, which is demanded in the second part of the statement, is
guaranteed by the above reasoning. In order to see it, let us fix a sequence {w;};en in K
such that [|w; — x|| — dk (x). Now take any weakly convergent subsequence {w;, },eN C
{wi}ien. Repeating the reasoning, which is presented above to get the strong convergence
of the sequence {s; };cn, we get the strong convergence of {w;, }neN to s (keep in mind that
x* =d () (x —5) = dg (x)(x — limy—, 00 w;,)).

Corollary 4.4 Let H be a real Hilbert space, U C H be a convex open set, S := H\U # 0,
and S’ C S be a closed and convex subset. Then Dg (S) is convex.

Proof 1t follows from Lemma 2.1 that (5) holds true. If x, y € Dg (S) then the convexity
of 8’ yields

ds(z) <dg(2) < ads/(x) + Bdyg/(y) = ads(x) + Bds(y) < ds(2),
which implies dg(z) = ds(z), where z = ax + By.

A convex set has the property that the closure of its interior recovers the closure of the
set, whenever the interior is nonempty. It is interesting that the set of supporting points is
dense in the boundary of a convex set with nonempty interior, this result was due to Bishop-
Phelps and it was an answer to an open problem by V. Klee. Of course the class of sets
having this property is larger than the class of convex sets with nonempty interior. Below it
is shown that the set of points from the boundary of some set, belonging to the boundary of
a ball contained in the set, is dense in the boundary of the set, whenever the considered set
belongs to the class.

Proposition 4.5 Let H be a real Hilbert space, U C H be an open nonempty subset, and
w € clU\U be fixed. Forevery i > O there areu € (cl U\U)ﬂ]B%H[w, ul, x € U such that
dm\u (x) = |lu — x|| and any sequence {w;}jen in H\ U such that ||w; — x| —> dmy (x)
has a convergent subsequence (with respect to the norm topology), say {w;, }nen C {W;}ien
forwhich dg\y (x) = ||x — lim, o0 w;, II.

Proof Let us fix u > 0,d € U N Bylw, ;1. We have dm\y(d) > 0. Take any § €

10, mi"{u"iH\U(d)]] and put K := H\ U. It follows from Proposition 4.3 that there are x €

Buld, 1‘36], u € clU \ U such that dg (x) = |lu — x| and if a sequence {w;};en in H \ U
is such that ||w; — x|| — dg(x) then it has a converging subsequence (with respect to
the norm topology), say {w;, }nen C {w;}ien for which dmy (x) = l|lx — lim, 00 w;, || ,
u = lim, o w;, . Itis easy to observe thatu € K NclU,sou € clU \ U. Let us recall
that x € Byld, 1‘36], d € Bylw, /], thus u € Bg[w, u], which implies the statement.

Remark 4.6 In the Hilbert space setting, Proposition 4.5 may be used to retrieve Lau’s
results [28, Theorem 4], [27] or those concerning the differentiability of lower semicontinu-
ous functions which were obtained in J.M. Borwein, S.P. Fitzpatrick and J. R. Giles [5]. For
this purpose it is enough to construct a new Hilbert space H := H x R and for a lower semi-
continuous function such that intdom f 7 @ apply Proposition 4.5 together with a result
concerning the differentiability of the Moreau envelope, for example see [23, Theorem 3.5],
to the open set U := {(x,r) € H | f(x) > r}. This is not the aim of this paper, so it is left
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to the interested reader. Let us also notice that intclU = U, whenever f is a continuous
function, so the set D := cl U has the property cl D = clint D.

Corollary 4.7 Let H be a real Hilbert space. Let S C H be a nonempty subset, u &€ cl S, s €
cl S be given such that |lu — s|| = ds(u); and € > 0 be fixed. Then int Dgy[5 cjns(S) # 9,
u € clint Dpys,eins(S) and if there is u' e (Cl int Dpy5,eins(S) \ int DIBH[§,5]GS(S)) such
that dmy\jns Diyi5.e1ns(S) (x) = |lu’ — x|| and the Fréchet derivative of the distance function
ds(-) exists at u', then Ps(u') is a singleton and ||s' — 5| = €, where s’ € Ps(u').

Proof It follows from Lemma 2.4 that (1 — p)u 4+ ps € int Dpy[s.¢ns(S) for all
o €10, 1[. Assume that u’ € (clint Dpy5,eins(S) \ int DBH[E,G]OS(S)) is such that
dm\int Diyi5.e1ns(S) (x) = |lu’ — x|| and the Fréchet derivative of the distance function dg(-)
exists at u’. Using Remark 3.4 we get ||u' — s'|| = ds(u’) for some s’ € By[5,e] N S. If
lls" — 5|l < €, then it follows from Remark 3.4 that there is d € (S \ {s’}) N Ps(u’), keep
in mind that u’ ¢ int Dpyj5,ejns(S), so there are u; € Hand s5; € S\ Bgl[3, €] such that
uj — u, ||lsi —u;ll — ds@’), s; —> d. However, the differentiability of the distance
function yields that Ps(u’) is singleton, so d = s’ a contradiction.

Below we provide another example of a possibly non-convex set having the following
property
cl D =clintD.
If a set has the property above, then it follows from Proposition 4.5 that there is a dense
subset of fr D, say F C fr D, such that for every u € F there is x € int D for which
di\inep () = |lu — x|

Lemma 4.8 Let H be a real Hilbert space. Let S C H be a nonempty subset, S’ C H,
5 € S NclS. Assume that u € D;5(S) and there is € > 0 for which

B[5, e]N(S\ ) =4, (19)
then u € clint Dg (S).

Proof Letus fix any p € [0, 1[. Putu, := pu+ (1 — p)s. Let us prove that u,, € int Dg/(S).
If there is a sequence {u;};en in H \ Dg (S) such that u; —> u,, then for every i € N put
ds(ui) + dg (u;
S = {s €S | fIs—uf < BWIT S(”’)}.
2
There is a sequence {s;}ien in S \ S’ such that |lu; — s;|| — ds(u,), s; € S; for every
i € N. It follows from Lemma 2.4 that s; —> 5 . Hence by (19) we obtain s; € S'NBy[s, €]
for i € N large enough, which contradicts the choice of the sequence {s;};en. Thus u, €
int D¢ (S) and consequently u € clint Dg/(S).

5 Sets for which there are Points at which the Metric Projection is not a
Singleton

In this section several results ensuring, for a giving set, the existence of points at which the
metric projection is not a singleton are presented.
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Corollary 5.1 Let H be a real Hilbert space, S C H be a nonempty subset and S’ C cl §
be a given closed convex nonempty subset such that int Dg/(S) # @; and u € clint Dg/(S) \
intDg(S), u & S, s € ' N Ps(u), u—+t(u—s) ¢ Dg(S) for every t €]0, oo[. If there is
x € int Dg/(S) for which dm\inr Dy (5)(x) = llu — x|l and {(u — s,u — x) # 0, then there
existsd € cl1S,d # s such that u € Dg4(S).

Proof Let us notice that if u + fo(u — s) € Dy (S) for some t €]0, oo, then u + 2~ Vg (u —
s) € D;(S), since the convexity of S’, but this contradicts to u + t(u — s) € Dy(S) for
every t €]0, oo[. Hence, there are sequences {¢; };cn in ]0, o[, {s;}ien in S \ {S’} such that
limj o€ =0, u+¢€llu—s|| " (u—s) & Dg(S), and

ds(u+€(u—5)) > [lu+e—s)—sill

for every i € N. By Proposition 3.1 (see Remark 3.2) and Lemma 2.8 the sequence {s; };en
has a convergent subsequence, say to d € clS, and consequently u € Dg(S) N D;(S).
We may assume that the sequence {s;};en is convergent, otherwise we choose a proper
subsequence. Let us suppose that d = s, then take b; € (cl int Dg/(S)\int Dgs (S)) N[s;, s;+
oa(u+€i(u—s)—s;)], where ou + (1 — a)s € int Dg/(S), @ €]0, 1[, and s; ¢ Dy (S) and
s; —> §5. We have

lu+e€i(u—s)—sill <dsg(u+e(u—s)) <dsg(b;)~+ lu+e(u—s)—b
=dsb;) + lu+€(u—s)—=bi|| < |bj —sill + llu +¢€;(w —s) — bl
= lu+e€@—s)—sill

for every i € N, which is impossible, thus d # s.
A simple consequence of the Corollary above is

Corollary 5.2 Let H be a real Hilbert space, S C H be a closed nonempty subset and s € S
be such that
sup (s—s,u—s)>0
seS,ueD;z(S)
and int D5 (S) # (. Then there exists d € S,d # 5 such that Dz(S) N Dg(S) # 0.

Proof Take any z € D;5(S) and s € S such that (s — 5,z —5) > 0 and ]5, z[C int D5(S).
Observe that 5 + 7(z — 5) € fr D;(S) for some t > 0 and § + t(z — 5) & fr D3(S) for every
t > t. Otherwise 5 + cone (z — §) = § + [0, co[(z — §) C D;5(S), and consequently

U Bals + 1 — 5.tz =510 S = (5},

t>0
which is impossible, since (s — 5, z —§) > 0. It follows from Proposition 4.5 that there exist
u € fr D;(S) (close to 5§ + £(z — 5)) and x € int D;3(S) such that dmnint D () (X) = llu — x|
and s, u[C int D5 (S) (otherwise 5§ + cone (z — §) = § + [0, oo[(z — §) C D;(S)), hence
(u —§,u —x) # 0, so it follows from Corollary 5.1 that u € D;(S) for somed € S, d #

S.

A direct consequence of Corollary 5.2 is that the existence of nonsmooth points in the
boundary of a set S can cause that images of the projection mapping Ps(-) are not singletons.

@ Springer



598 D. Zagrodny

Corollary 5.3 Let H be a real Hilbert space, S C H be a closed nonempty subset ands € S
be such that there are ¢ > 0 and v* € Sy[0, 1] for which

sup (s —5,v%) +ells =5 <0
seSNByl3.¢]

and

sup(s’ — 5, v*) > 0.
s'eS

Then there exists d € S,d # § such that Ds(S) N Dg(S) # 0.

Proof 1t is easy to show that u; := § + tv* € D;(S) for ¢ > 0 small enough, thus

sup (s —s§,u—35)> sup (s —5,u; —35) >tsup(s —5,v") >0
seS,.ueD;(S) seS,u;€D;(S) seS

for ¢+ > 0 small enough. In order to apply Corollary 5.2 let us show that int D;(S) # @. For
this reason fix § €]0, min{1, Z}[ and take z € By[v*, §]. Observe thatif s € S N Byls, €],
then
15+ 8z — sII> = 18201> + I — 511> + 28(z, 5 — 5) = 132> + |5 — s1)°
+28(v*, 5 —5) +28(z — v*, 5 —5) > [182])* + |I5 — s
+ 28¢5 — s|| — 2825 — sl > |I5 + 6z — 5%
We have also
I5 4 8z — s> = [18201> + 1§ — s> + 28(z. § — s) = [18z]1> + 1§ — s[> +26(v*, 5 — 5)
+28(z —v*, 5 —s) = 8z)” + 15 — s|I* — 28115 — s]| — 26|15 — 5]
> (18] + 15 — slI(II5 — 5[l — 48) = |5 + 6z — 5|1
whenever s € SN(H \ Byls, €]), thus 5+ Bp[v*, 8] C D3(S), so it follows from Corollary
5.1thatu € D;i(S) forsomed € S, d # 5.
Corollary 5.4 Let H be a real Hilbert space, S C S C H be closed nonempty subsets and
S’ € W(S), see (4), be suchthatit € Dg (S), |u—35|| =ds(@) > 0,5 € S, (S\S) # B and
38 > 0:Vs € By[5,8]N S, 3e > 0:Byls,e]N(S\ ) =0. (20)

If D5, (S) N Dy, (S) = @ forall s1,s0 € S, s1 # s2, then there exists d € S,d ¢ S’ such
that Dg/(S) N D4 (S) # 0.

Proof 1t follows from Lemma 4.8 and Proposition 4.5 that there are u € fr Dg/(S), s €
S’ N By[s, 8] and x € H \ S such that dm\int g (5)(X) = llu — x|, ds'(u) = |lu — sl > 0.
We recall that z € H \ Dg/(S) if and only if dg/(z) > ds(z), since S’ C S. Take sequences
{uilienin H\ Dg/(S), u; — u, and {s;};en in S such that ||u; — s;|| —> ds(u) and

ds(ui) > llui — sill 2

forevery i € N. It follows from (21) that s; € S\ S foreveryi € N. It is easy to observe that
weakly closed subsets are approximately compact, thus using Lemma 2.8 and Proposition
3.1 we infer that the sequence {s;};en has a convergent subsequence, say s;, —> d. If
d = s, then using (20) we obtain s;, € S’ for k € N large enough, but this is impossible in
view of (21). Of course u € D;(S), and consequently u € D;(S) N Dy (S).
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Corollary 5.5 Let H be a real Hilbert space, S C H be a closed nonempty subset, and
S’ C § be a closed convex nonempty subset such that int Dg/(S)\ S” # ¥ and clint Dg/(S) \
(int Dg(S)U S") # @. Then

(H\ 8) N (clint Dg/(S) \ (int Dg/(S) U §))) C cl U Dy(S)NDg(S) |\ S.
decl (S\S)

Proof 1t follows from Proposition 4.5 that for every w € clint Dg (S) \int Dg (S) and every
u > 0Othereis u € (cl int Dg/(S) \ int Ds/(S)) N Br[w, n] such that dmintpg (5) (X)) =
lu — x| for some x € int Dg/(S). Fix some u' € clint Dg/(S) \ (int Dg/(S) U §’) such
that dminepg (5)(x") = [lu’ — x'|| for some x” € int Dy (S). If there is # > 0 such that
u +1t'W — Py(u')) € Dpyw)(S), then u’ + t'(u’ — Py (u')) & int Dpy(S), oth-
erwise u’ € intD Py w)(S) by the convexity of Dg (S) which contradicts the choice of
u' € clint Dg/(S) \ (int Dg/(S) U S”). Thus there is a sequence {u}};cn in H \ Dg/(S) such
that u; —> u. There are s; € S\ S such that ||u’ — /|| —> ds(u’). It follows from Lemma
2.4 that the sequence {S;}[EN is convergent, say to d € cl (§\ S”), so we are done. Now let us
consider the case u’+1'(u'— Pg/(u')) ¢ Dpg ) (S) forevery t’ > 0 and apply Corollary 5.1
to get the statement. For this reason let us observe that if Pg/(u’) € cl (S \ §’), then we are
done, however if Pg(u') & cl1(S\ §’) then (u’ — x’, u’ — Pg/(u')) > 0, and all assumptions
of Corollary 5.1 are fulfilled, so the statement is a consequence of Corollary 5.1.

6 The Vlasov Condition

In this section we present some results related to the Vlasov condition, see (6.1) below. In
order to characterize the role of the Vlasov condition let us start with the following result
which was obtained by L. P. Vlasov [34, Theorem 3] in the setting of a Banach space
(X, | - II) whose dual norm || - ||, of X* was assumed to be strictly convex. It states that
in some Banach spaces the continuity of the metric projection on a set S preserves the
convexity of the set. A new proof of this result for X being a Banach space whose norm
is uniformly Gateaux differentiable is given in [23, Theorem 4.4]. In the next section the
Vlasov condition is applied to get convexity of Chebyshev sets in some new cases.

Theorem 6.1 Let X be a Banach space whose norm is uniformly Gateaux differentiable
and S C X be a Chebyshev set with continuous metric projection. Then S is convex.

The continuity of the metric projection can be also preserved by checking if the Vlasov
condition is satisfied, see [35, page 56] and also [33, 34], i.e.
d —d
Jim sup s(x+y) —ds(x) _ 22)
y—0 ”y ”
forall x & S.

Corollary 6.2 Let H be a real Hilbert space, S C H be a nonempty subset. Assume that

x & clS is such that there are {wy, w, ...} C clS, wiuﬁfs* € H, and x; € Dy, (S)
such that | 10 oof Blwi + t(xi — wi), tlxi —will1 NS = {w;} for every i € N, and
x = lim; _,  x;. Then the Vlasov condition is satisfied at x.
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Proof Since
U Blwi + (i —wi), el —wil NS = {w;)
t€]0,00[
forevery i € N, so
Vie N,Vs eSS, (xi —w;,s —w;) <O0. (23)

Hence
llx —s*)|1* > liminf x; —s*|1* = liminf [lx; — w; [|* +2(x; — wi, w; — ) + lw; — s*|1?
i—> 00 i—>00
> liminfds(x)* + lw; — s*[|* > d2(x) > 0,
1—>00
so x # s*. For every ¢t > O there is s, € S such that d%(x +t(x =)+ 12> |lx +t(x —
s*) — 512, so
PAdge+1(x —5%) = x + 10 =55 =57 =[x +1(x =) — s+ 5 — s,
=[x 4+ 1(x —5%) = s¥7 + 2(x + 1(x —5%) — 5%, 5% —5,) + 5% — 5,12
= (1+ 0% x = s*[2 + (1L +02(x — s*, 5% —5,) + |Is* — 5,1
= (1+0%(lx = s*1P +2(x — ™, 5% —s:)) + lIs™ — 511
—2t((x — 5%, 5% — ) + s = s l1P) — 12 Q2{x — s*, 5% — 1) + s — s,
we recall that x = lim; ., oo x;, ds(x) = lim; o ds(x;) = lim; _— ~ ||x; — w;]|, which

implies the inequality

2 k) g2
mdS(x—i—t(x §%)) —dg(x)

> 2dg(x), 24
110 tlx — s*] Z 245(x) @
whenever
limui)nf(x — st s =)+ st = s> <0, (25)
t

since ||x — s*|| < ds(x). Observe that (24) implies (22), so it is enough to get inequality
(25) in order to finish the proof. Suppose the contrary, that is

lirrl(iJnf(x — 5% 5" — s+ |IsF — 512 = 2e, (26)
t

for some € > 0. By (23) and (26) we have

3
(xj —w;i, s —w;) <0and (x — 5, 5% —5;) = 5€
for t > 0 small enough, so
2 2 * 3
llxi —will” + (x; —w;i, s —x;) <0and [|x — s |7+ (x — 57,8 —x) > €

hence
2 2
—llxi —will* = (xi —wi, s —x) + |x = s lI7 + (x — 51, 8" —x) > €,
which implies
€< 1iminf1iminf<(x — s s —wi) 4 (Ix = s> = xi — will®) + (x — 50, x; — x))
10 i—o0

_ lirtnui)nf<||x —sl? - dg(x)) —o,

a contradiction.
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7 Tangent Cones to Preimages of the Metric Projection on a Set of
Isolated Points

Let S C H be a subset of isolated points, # & S and {s} = Ps(u). In this section the tangent
cone to Py ! (5) is calculated, whenever § is not a weak cluster point of S. Let us recall that
for every nonempty subset A C H and a € cl A by

T(A,a):={zcH|VieN,a+1tz €A, wheret; | 0,z;, —> z}
we denote the tangent cone (Bouligand tangent cone or the contingent cone, see [6, Exercise
5.2.21, page 209]).
Theorem 7.1 Let H be a real Hilbert space, u € H be given, S = {5, s1,52,...} CHbea
closed subset of isolated points (this implies that S is a closed subset) such that:

Lo lu = sill —> llu— sl
2. Vi eH, flu—sill > llu—=sip1ll > [lu =5

k _
3. siZ%s* € Bulu, |lu — 5||1;

then T (D5 ({5, 51,52, ...}),u) ={z e H: (z,s* — §) < 0}.

Proof Observe that it follows from assumptions 1. and 3. that s* —§ = «(u —5) + w, where
a > 0and (w, u — §) = 0. Let us also notice that

int D5(S) # @ and u € fr D5(S). 27)
Assumption 2. gives u € D5(S) \ int D;(S). Fix any z € T (fr D5(S), u) and take sequences
{uilien in fr D5(S) and {x;};cn in int D5(S) such that
Vi €N, lu; — x;|| = dm\ineps(s)(xi) and z = lim |lu; — ul 7w —u),
1 —> 00

u= lim u;.
i—>00

The choice of the sequences is preserved by Proposition 4.5 and Lemma 2.8. It follows from
Proposition 3.1 that either there is a converging subsequence of the sequence {s;};en (but
this is impossible) or for each i there is k(i) € N such that (keep in mind that u#; € fr D3s(S)
is a “smooth” point)

lui — sei)ll = llui — sl
Because of assumption 2, there is a subsequence {i,},en such that k(i) < k(i,+1). Put
Yn = u;, and d,, := si(;,). For every n € N we have

Iyn =512 = llyn — dull® (28)

and

Iyn = dnll® = llyn — u+u —dpl* = Ilyn — ull® +2(yn — u, u — dy) + llu — dy||*
> Jlyn = wull® +2{yn —uyu —dy) + = 51* = llyn — ull® +2(yn — u, u — dy)
+ [l = yull? 4 24 = Yy Yo — 5) + llyn — 5117,
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thus by (28) we get
0= llu = yull + (Il = yul =" on — 1), = dy = yu +5).
Passing to the limit by assumption 3. we get
0> (z,5 —s"). (29)

In the next step we show that T (fr D;(S),u) = {z € H : (z,s* — 5) = 0}. First let us
establish the inclusion T (fr D5(S), u) C {z € H : (z, s* — §) = 0}. For this reason let us
suppose the contrary, i.e. there is 7 € T (fr D;(S), u) such that (z, s* —5) > 0 (keep in mind
(29)). Of course we have

limz~'dp, t7) = 0.

lim Ds(s) (u +£2)

If u — 17 € int D5(S) for some > 0, then there are 1 > 0, ; > 0, z; € H such thate; | 0,
z; — 7, and

u — tBylz, 1] C int D5(S), u + a;jz; € D5(S).
It follows from the convexity of Ds(S) that

o;t
ueu+  _(zi —7+Bgul0, 2]) C int Ds(S),
o +t

but this is impossible since (27). Thus there are sequences {¢;};cn in ]0, 0o], {§;}ien in
[0, oo] such that that #; | O and lim; o §; = S or B :=lim; __, » 1;6; < 1, and
VieNyu—1(zZ—268(—u)) e frD;(S). (30)

Soif § < oo, then —z + §(5 — u) € T(fr D5(S), u) and using (29) with —z 4+ 6(5 — u)
instead of z we get

0<(s"—35, 248G —uw)=(*—5,-2)+ (a(u—735)+w,8G —u))
= (s* =5, -2+ (@ —135),8G —u)) = (s* =5, —7) —adllu—35|> <0,

a contradiction, thus the inclusion T (fr D5(S), u) C {z € H : (z, s* — §) = 0} holds true. If
§ = oo, then by (30) (1 — B)u + B5 € fr D;(S), which is possible only for = 0. Hence,
by (30) we get s — u € T (fr D5(S), u), but this is impossible.

In order to establish the reverse inclusion {z € H : (z, s* —5) = 0} C T (fr D5(S), u), let
usfixanyh € {z e H: (z,s*—5) = 0}.If h & T(D5(S), u) then there are sequences {y; }ien
in ]0, oo] and {6; };en in [0, oo] such that that lim; . 8; = 6 or ¢ = lim;_, » yi6; < 1,
and

Vi e N,u—+ yi(h 4+ 60;(s —u)) € fr D;(S). 31)
Soiff <oothenh +6(s —u) € T(fr D;(S), u) and

O0=("-5,h+0G —u)=(s*—5h)+{aw—75)+w,0G —u)
=(s*—5h) +(@w—25),0G—u)=(s"—5,h) —ablu—5|* <0,

a contradiction, thus &z € T(Ds(S),u). If 6 = oo then by (31) we get (1 — {Hu +
¢s € fr Ds(S), which implies ¢ = 0, since § € int D5(S). Again using (31) we get
§ —u € T(fr D;(S), u), which is impossible. Similarly we have —h € T (D;5(S), u). If
h € intT(D5(S),u) (or —h € intT(D5(S), u)) then there is t,, > 0 such that u + t,h €
int D5 (S) (or u — t,h € int D5(S), respectively), then u € int D;(S), by the convexity of
Ds(S), since —h € T(D3(S),u) (or h € T(D;3(S), u), respectively) but this is impossible
since (27). Thus h € fr T (D5(S), u) = T (fr D5(S), u), which establishes the equality

{zeH: (z,s* —5) =0} = T(fr D;(S), u). (32)
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In order to finish the proof let us observe that for all t > 0, z € T(D5(S),u) andi € N
we have

d2(u+1z2) < (lu+tz — s;l| + 2dpycsyu +12))> = llu — s;|* + 2t (z, u — 5;) + 2|1z
+ ZdDg(S)(M + l‘Z)(deg(S)(u +t7) + 2|u +tz — sill).

Thus assumptions from 1. to 3. ensure that

d2(u + t2) < d2(u) + 21(z,u — 5*) + 12|z
+ 2dp;(s) (u + 12)2dpy(s) (u + 12) + 2sup [lu + tz — silD),
ieN
consequently
(Z,M—E) = (Z,M _S*> (33)
for every z € T (D5(S), u), so we have the inclusion

T(D;(S),u) C{zeH:{z,s" —35) <0}.

Observe that if (z, s* — §) < 0, then, by assumption 3., (s — u, § — s*) > 0, so using (32)
we get

2+ pu(u—5) efrT(Ds(S),u) =T {Ar Ds(S), u)

for some > 0. Since u(s — u) € T(Ds(S), u), the convexity of T(Ds(S), u) gives
z € T(D5(S), u). Hence

{zeH: (z,s" —3) <0} C T(Ds(S), u)

and the proof is finished.

8 Some Sufficient Conditions for the Convexity of Chebyshev Sets

The problem of convexity of Chebyshev sets of a Hilbert space is old, we refer to [26, K4
Farthest and Nearest Points in Hilbert Space, Comments by Griinbaum] for some histor-
ical aspects. In this section we exhibit some kinds of subsets in Hilbert space which are
convex whenever they are Chebyshev. First let us recall that due to V. Klee we know that
weakly closed Chebyshev sets are convex, see [24, 25]. Another way to get the convexity
of a Chebyshev set is to assume a differentiability of the distance function outside the set.
Namely, if the distance function to a Chebyshev set is Fréchet differentiable at all points
outside the set then the set is convex too, we refer to [13, 14, 18, 19] for details. Due to L. P.
Vlasov we know also that the continuity of the metric projection (which implies the convex-
ity) can be obtained by checking if the Vlasov condition is satisfied, see (22) and [35, page
56], we refer also to [33, 34]. The Vlasov result is also important in the proof of Theorem
8.10. At this moment it seems that this tool is essential in detecting whether a Chebyshev set
is convex or not. In order to shed light on the meaning of the Vlasov condition let us observe
that if it is violated in some special points then the set cannot be a Chebyshev set, namely

Lemma 8.1 Let H be a real Hilbert space with, S C H be a nonempty subset. Assume that
u € Dg(S), u # s is such that
ds(u+1t(u—s)) —ds@) _

y =lim 1.

10 tlu — s
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Then for all sequences {s;}icN in S, {€;}ien in 10, oo[ such that lim; _, « €; = 0 and

e+ el =171 = ) = sl < Jau + €l — 517 @ — 5)) + €2,

we have
liminfls; — s > v/2(1 — y)ds(u).
1 —> 00

Proof If
ds(u+1t(u —s)) — ds(u)
m =
110 Hu — sl
then the statement is obvious. Let us suppose that s € S, u € D;(S), and
ds(u +1t(u —s)) —ds(u)
im
t}0 tlu —s||

1

< 1.

Take sequences {€;}ien in ]0, oo[, {si}ien in S, {¢;}ien in [0, oo, {w;}ien in H such that
lim_ € =0,5; —s =a; (u —5) + w;, (w;,u —s) =0, and
diu+ellu—s| " w—1s) <r’+2rye + €
and lu + €flu — s|| 7" (w—s) = si|* <d5w+e€illu—s|" w—95))+e

for every i € N (we can assume this without loss of generality, otherwise we omit a finite

number of indices), where r := |u — s|| and of course u + €;||u — 5|~ (u — 5) & Dy(S),
otherwise lim, o ds (“"'tt("“u_jz?l_ds @) — 1. We have

. ds(u+1t(u—s)) —ds(u)

y = lim
10 tu —s||
< qim 1l =57 =) = sill = ds () -
i—>00 €

as well as

lu —sill® = r* = Ju —slI* +2(u — 5,5 —5;) + |Is — 51> > r?

= |ls —sil> = 2 — 5.5 —8) = |wi|* +ofr* = 2(u—s,5 —s)
= [lwil* > r*Qa; — o) (34)
and by the last inequality in (34) we obtain
267 +r2+2rye; > 6 +d5u+eillu—s)| T w—5) > llu+eiflu—sl| 7 @—s)—sill?
=lu+ellu—sl™"@—s)—s+s—s|*=llu+elu— s~ @—s)—s|?
2+ eillu—sIT w—s5)—s.s—si)+ s —sill> = (r + &) — 2ro;(r + &)

+oir + lwill® = 4+ €)” = 2rai(r + &) + a7 r? +r* Qe — )

thus
+o;>1- i
4 i = 2
so using (34) we get
€
lsi =51 = 20 — 5,50 = 5) = 2r%; =2 221 =y = )
r

for i € N, which implies the statement.
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Remark 8.2 Let H be a real Hilbert space, S C H be a nonempty subset, u € clS,s € cl S

be given such that dg (i) = ||u — §||. Then we have
d s+t —5)) —ds(u 2
Ve > 0. lim SNBy[5,e] (U +_ (M_ 5)) —ds(u) . 62 N 35)
140 tu —s|| 2d5(u)

Proof 1t follows from Lemma 8.1 that
d s+t —75))—d 5.e1(1
ve=0¢> [2(1—tim SNBy[5,e] (U + (u_ Sz) SNBy[5,e] (1) dsrngs e @),
0 tllu — 5| ’
which implies (35).

Remark 8.3 Let H be a real Hilbert space, S C H be a nonempty subset, u ¢ clS, s € cl S,
B > 0be given. If {u;};c is a sequence of elements from H such that

ds(u;) — ds (@
s =ds@) iy wy = and ds(@) = )i — 5,
i—oo  ||u; —ull i—>00

where u = i + B(u — 5), then we have
ds(it + tlia —5) 7" — §)) — dg(it) _

d = |ju — 5| and lim 1.
su) = llu—5]| i .
Proof Since lim; ., o dS({r:i?:gﬁ(ﬁ) =1,s0
ds(u) = lim dg(u;) = lim ds@u)+ |lu; — ull = ds(it) + [lu — ull
1 —> 00 1 —>00
= llu =5l + lu—ull = llu—s]|.

It follows from Lemmas 2.6 and 8.1 that lim, o dS('”’”‘_“EH_tl @=5)—ds@ _

Corollary 8.4 Let H be a real Hilbert space, S C H be a nonempty subset. Then if u €
frDs(S), u # s is such that there is x € int Dg(S) for which dy\jnt Dy(5)(x) = |lu — x|| then
the implication

d t(u— —d
lim s+ t(lT S)ﬂ SU) | s w e Dy(S) forsomed € 1S, d # s
t u—=s

holds true.

Proof Tt follows from Lemma 8.1 that there is a sequence {s;};cn in S such that
liminf||s; —s|| > \/2(1 —y)ds(u) andds(u) = lim |s; — ul.
I—>00 1—>00

By Proposition 3.1 and Lemma 2.8 the sequence {s; };cn has a converging subsequence, say
tod € S,d # s, and consequently u € Ds(S) N Dgi(S).

Definition 8.5 Let H be a real Hilbert space. We say that a set S C H is locally approxi-
mately weakly compact if for every u ¢ S and 5 € cl § there is § > 0 such that for every
sequence {s;}ien in By[s, §] N S we have the following implication

lIsi — ull —> ds(u) and 5;"“%s e H = 5 € §. (36)
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Corollary 8.6 Let H be a real Hilbert space, S C H be a nonempty subset and 5 € S,
u € D5(S) \ S be given such that for every sequence {s;};eN elements of S we have

lIsi — ull —> ds(u) and 5;°*%s c H=> s € §. (37)
Then the implication

d t(u — —d
lim s+ 1 SE) sw) < 1 = u € Ds(S) for somes € S, s 5§
0 tu — 5|

holds true.

Proof 1t follows from Lemma 8.1 that there is a sequence {s; };en elements of S such that
liminf ||s; — 5] > \/2(1 —y)ds(u) and dg(u) = lim |ls; —ul|.
1—> 00 1 —> 00

. . k .
Since the sequence {s;};cn is bounded we may suppose that siuﬂ)s € S (if not we choose
a proper subsequence). Observe that

2 2 2
lsi —ull” =lls —ull” +2(si —s,5 —u) + llsi — sl

= ds(u) = lim |s; —ul* > ||s — ul* + limsup [|s; — s||*
=00 i—> 00

= 0= lim |s; —s|>
1 —> 00
Thus
lIs = 5[l = liminf |s; — 5| > /2(1 — y)ds(u) > 0,
1—>00
and consequently s # 5, u € D3(S) N D(S).

Below a generalization of the V. Klee result is provided in the Hilbert space setting,
we refer to [24, Theorem 4.1, page 301] for the Klee result. Namely we show that every
Chebyshev set, which is locally approximately weakly compact, is convex.

Theorem 8.7 Let H be a real Hilbert space, S C H be a nonempty closed and locally
approximately weakly compact subset. If S is Chebyshev then it is convex.

Proof Letus fix any u ¢ S. There are § > 0, 5 € § such that (36) holds true and
dpyis.sins () = ds(u) = ||lu — s|| > 24.
1. Claim:
Ju €10, 8[: Yu € Bylu, n] N cl Dpy5,51ns(S), || Peyrs,s1ns@) — 51l < 8. (38)
In fact, if {u; };en in cl Dpy[s,51ns(S) is such that || Pgy[s,51ns (i) — 5|l > &, forevery i € N
and PBH[X’S]ns(ui)uﬂicd € S (keep in mind (36)), u; — u, then
I Pogets 10 (i) — @1 = lld — @l + 2( Py s10s (i) — d, d — it)
+ 11 Pey(s.ins (i) — dI> = d5(@) = 1im_ || Prygs sins (ui) — al®
i—>00
> |ld — @|* + lim sup || Pag s, 5105 (i) — d|I*
i—>00

= 0= lim || Ppyjs.sins) (i) —d|°,
1 —> 00
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so ||d — 5| =6, ||d —ull = |5 — ul|, a contradiction (keep in mind that S is a Chebyshev
set). Thus Claim I holds true, and we can choose &t €]0, §[ satisfying (38). Let us observe
that for every u € Bylu, it] N Dpy[s,51ns(S) (19) is satisfied with Pgy 5 sjns () instead of
5 and By[s, 8] N S instead of S” and properly chosen € > 0 (keep in mind that Claim I is
valid), so it follows from Lemma 4.8 that u € clint Dy (5 51ns(S) for every u € Bylu, 1] N
Dy 5,505 (S).
Claim II:
. ds(u+1t(u—5)) —ds(u)
lim o =
110 tu — 5|

1.

Case I:
u € int DIB%H[E,(S]OS(S)~

In this case i + ¢ (u — 5) € int Dpy[5,51ns(S) for ¢ > 0 small enough, so ds(uu +t(u —5)) =
dy(5,5ns (@ +t(u — 5)) for t > 0 small enough. It follows form Corollary 8.6 that

lim dpys.sins(@ + 1 —5)) — dpgs.oins @)
10 tlu — s||

1

)

so Claim II holds true in this case.
Case II:

i & int D (5,515 (S).

It follows from Proposition 4.5 and Claim I that there are ug € clDpys,s1ns(S) \
int Dy (5,505 (S) is such that I PBy(s5,51ns (o) — SI| < 8 and xo € int Dy (5,515 (S) such
that dyine D3yi5,515(S) (x0) = |lug — xol|. Thus we have

Ps(ug) N (BH[E, 51N S) = {PBy[5,51ns (40)}, Bulxo, luo — xoll1 C cl Dpy(5,51ns(S),

lim 7|7 sup Dy s 50s(5) (0 +12) = 0. (39)

t—0 2€Su0,11, (z,u0—x0)=0
Since ug & int Dpy5,51ns(S), so there are u; & Dpy(5,5)ns(S) such that u; — u. For every
i € Ntake d; € S\ Byls, 8] N S such that ||u; — d;|| —> |lug — Ps(up))|. It follows from
Proposition 3.1 that there is subsequence {d;, }xen C {d;}ien such that d;, — d* € S,
lluo —d*|| = lluo — Ps(uo)|l and ||s —d*|| > &, hence d* # Ps(uo) since |5 — Ps(uo)|| < 4,
and ug € Dg+(S) N Dpguy) (), thus S is not Chebyshev. This contradiction excludes Case
II and Claim II holds true, which implies that (22) is satisfied, so by The Vlasov result we
get the convexity of §.

It is obvious that (36) is satisfied whenever S is weakly closed. Hence the Klee result
is an immediate consequence of Theorem 8.7. Because of this, it is of interest which sets
are locally approximately weakly compact. Below we indicate some of them in the Hilbert
space setting, of course the interested reader can provide examples of such sets in a more
general setting. First let us note that if S = | ;. Si, where S; are weakly closed and S\ §;
is closed for every i € N then (36) is satisfied. In fact, let us fix i € N and s € S;. There
is €; > 0O such that By[s, €;] N S = Buls, €;]1 N S;, hence (36) holds true. It is also easy to
notice that if F : L — H is a one-to-one operator weakly continuous and F(S) is locally
weakly closed subset, then S is locally weakly closed too, so it is locally approximately
weakly compact.
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Remark 8.8 Let H be a real Hilbert space, S = {sy, s2,...} C H be a closed subset such

that s; %s* € H then
Vs € 5,38 > 0: Byls, 51N S = cl“**Byls, 51N ),

consequently (36) is satisfied.

Proof 1If s* € S, then forall y ¢ S we have
lim (y =%,y —si) = |y = s*|* > 0,

1—> 00

s0 y is not in the weak closure of S, hence S is weakly closed and we are done. If s* & §
then
Vs € 8,38 >0:s5* ¢ Bpls, 6],

so Brls, 81N S = cl ¥ (By[s, 81N S), since if s’ € c1¥¢% By[s, 1N S\ S, then s’ = s*
but ||’ — 5| < & and ||s* — s|| > 8, a contradiction.

A direct consequence of Lemma 2.6 is

Remark 8.9 Let H be a real Hilbert space, S C H be a nonempty closed subset such that

dsnpyls,s1(u +1(u —5)) —ds(u)

, 1L (40)
tlu = 5]

Yu & S, Vs € Ps(u),36 > 0: lif(}
t

then
Yu & S,Vse Ps(u),36 >0:|s; —ul| — ds(u) = s €S,

whenever {5;};en is in By[s, §] N S, and consequently (36) is satisfied.

Below it is stated that if S = | J; .y Si, where S; are closed convex nonempty subsets,
then S can not be Chebyshev set, whenever it is not convex.

Theorem 8.10 Let H be a real Hilbert space, S be a closed nonempty subset such that
H\S C U;en Ds; (5), where S; C S are closed convex nonempty subsets. If S is not convex,
then there are d1, dy € S, dy # da such that Dg, (S) N Dy, (S) N (H\ S) # 0.

Proof Let us suppose that for every di,d> € S,dy # dp we have Dy, (S) N Dy, (S) N
(H\ S) = 0, otherwise we are done. By by the Baire Category Theorem, see [37, Baire’s
Category Argument, The Baire-Hausdorff Theorem, page 11] there is i1 € N such that

int Ds, (8) N (H\ S) # 0.

Observe that (cl DS"I S \intDSl.] (S)) N M\ S) = 0. If not then for every u €
clint Dg; (S) N (H\ S) such that | Ps, (u), u[C int Dy, (S) and Bulx, |lu — x|[] C Ds, (5)
for some x € int DS"I (S), it follows Corollary 5.1 that there is d € S\ {PS"I (u)} such that
u € D;(S), which contradicts our supposition. Hence (cl DS,-] (8) \ int DS"I (S))O(H\S) =
¢ and consequently
vx' eintDs (H\ S, |J BIPs, &) +1(' = Ps, ().’ = Ps, ()]
1€10,00[

NS ={Ps, ().
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It is easy to observe that if
int (H\ (int Ds, (8) U S)) — g,

then
(H\S) c D5, (5).

sods(u) = ds,-] (u) for every u € H\ S. Hence it follows from Theorem 6.1 that S is convex,
a contradiction. Suppose that

int (H\ (int Dy, ($) U S)) £ 0.
Again by the Baire Theorem choose i € N\ {i;} such that
int Ds,_($) N (H\ (int Ds;, ($) U S)) £ 0.

By a similar reasoning as above we get

Vx' e intDs )\ Sy, | BIPs, @) +1( = Ps, (). 1llx’ = Ps, ()]
t€]0,00[

n's = (Ps, ().

It
int (]HI\ (int Dy, ($) Uint D, (8) U S)) — g,

then
(H\ 5) c Ds, (5)U Ds, ().

Hence it follows from Theorem 6.1 that S is convex, a contradiction.
By the Kuratowski-Zorn Lemma we find / C N such that j; # j,, whenever ji, jo € I;
and int Dy, S)NH\ S) # @ and

Vx' € int Dg, (S)\ S}, U B[Py, (x") +1(x" = Py, (x)), t]lx" = Py; (XN 1NS = {Py; (x))}

te]0,00[

for every j € N, and int (]HI \ (S U U,e; int Dg, (S))) = . It follows from Corollary 6.2

that (22) holds true for all x & S, and by the L.P. Vlasov results the set S is convex, but this
is impossible.

Theorem 8.10 when compared with [2, Theorem 2.19] has the following differences:
first, it is given in a Hilbert space, while [2, Theorem?2.19] is given in a more general space,
namely in the smooth Efimov-Stechkin space; second, it is not assumed that its boundary
is included in a countable union of hyperplanes, as it was done in [2, Theorem]. So, it is
natural to expect a result combining advantages of both theorems, but this is not the aim of
this paper.

Let us recall the following problem raised by K. Goebel and R. Schoneberg: Does there
exist a convex body Y C H such that the boundary of Y is a Chebyshev set with respect to its
convex closure, in other words is S := H \ intY a Chebyshev set for some convex bounded
set Y C H having nonempty interior, see [17, Problem 1, page 466]? A. P. Bosznay gave the
answer in the negative the question, whenever the boundary of Y is included in a countable
union of hyperplanes, see [4, Theorem, page 143], see also [2, Theorem 2.19], where a
generalization of this result was given and several results on the convexity of Chebyshev
sets can be also found. In view of Corollary 8.11 it is enough to know that a part of the
boundary is flat in order to answer the question in the negative, the details are presented
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in the Corollaries below. First, is shown that condition (14) can be used to have S in some
halfspace.

Corollary 8.11 Let H be a real Hilbert space, S C H be a nonempty closed subset, s € S,
u ¢S, e > 0begiven such that ds(u) = ||lu — 5| and Byls,elN{h e H|(u —5,h —5) =
0} C S, and
Vs' € Buls, e]lNS, (u —35,s" —5) <0 and Ps(Dpys.clnihel | (u—s.h—5)=0} (S))
C Buls,elN{heH|(u—35,h—5)=0}. (41

Then {s} = Ps(u) N Byls, €] N S and

Isi —ull — ds(u) = si —> s, (42)
for every sequence {s;}icn in S, and

VseS, (u—s,s—s5)<0. 43)

Proof Put S’ := By[s,e]N{h e H|(u — 5, h — 5) = 0}. It follows from Corollary 4.7 that
u € clint Dgy[s5.¢1ns(S). If u € int Dg () then (42) is a consequence of Lemma 2.4. Let us
consider the case u € clint Dg/(S) \ int Dg/(S). It follows from Corollary 5.5 that

u e (H\ S) N (clint Dy (S) \ (int Dy (S) U S))) C cl U Dy(S) N Dy (S)

decl (5\S")
However, the inclusion above is not valid, since it contradicts to (41). Indeed, if u; —> u,
di € c1(S\ S, ui € Dg,(S) N Dy (S) for every i € N, then by the inclusion in (41) we
getd; € S’ forevery i € N. Observe thatd; € cl(S\ §') and d; € S" imply ||d; — 5| = €,
which contradicts the continuity of Py, that is we should have had d; = Py (u;) — 5§
since u; —> u. Thus u + t(u — 5) € int Dg/(S) for every t > 0, otherwise we repeat the
reasoning above to get a contradiction with u; := u + 7(u — §), where > 0 is such that
u+1t(u—3) € clint Dg (S) \ int Dg/ (S). The condition u + ¢ (u — §) € int Dg(S) for every
t > 0, implies (43).

Corollary 8.12 Let H be a real Hilbert space, U C H be an open nonempty and convex
subset, and S := H \ U be a nonempty Chebyshev subset such that for some s € S, u € U,
€ > 0we have ds(u) = |lu — 5| and By[s,e]N{h e H|(u—5,h—5) =0} C S, and

Vs’ € Buls,elNS, (u—35,5 —35) <0.
ThenU ={h e H|{(u —5,h —5) > 0}.

Proof Since S is a Chebyshev set we have
Ps(Dpys,e1n(hel | u—5,n—5=0}(S)) C Buls,e]lN{h € H|{u —5,h —5) =0},
hence by Corollary 8.11 we get
VseS, (u—s5,5s—35) <0, (44)

which implies the inclusion {# € H| (¢ — 5, h —5) > 0} C U. The convexity of U and (44)
ensure the reverse inclusion U C {h e H| (u — 5, h — 5) > 0}.
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