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Abstract
Herding is a deterministic algorithm used to generate data points regarded as random samples satisfying input moment
conditions. This algorithm is based on a high-dimensional dynamical system and rooted in the maximum entropy principle
of statistical inference. We propose an extension, entropic herding, which generates a sequence of distributions instead of
points.We derived entropic herding from an optimization problem obtained using themaximum entropy principle. Using the
proposed entropic herding algorithm as a framework, we discussed a closer connection between the herding and maximum
entropy principle. Specifically, we interpreted the original herding algorithm as a tractable version of the entropic herding,
the ideal output distribution of which is mathematically represented. We further discussed how the complex behavior of the
herding algorithm contributes to optimization. We argued that the proposed entropic herding algorithm extends the herding
to probabilistic modeling. In contrast to the original herding, the entropic herding can generate a smooth distribution such that
both efficient probability density calculation and sample generation become possible. To demonstrate the viability of these
arguments in this study, numerical experiments were conducted, including a comparison with other conventional methods,
on both synthetic and real data.

Keywords Herding · Probabilistic modeling · Maximum entropy principle · Complex dynamics

1 Introduction

In a scientific study, we often collect data on the study object;
however, its perfect information cannot be obtained. There-
fore, we often have to perform statistical inference based on
the available data, assuming a certain background distribu-
tion. One popular approach to statistical inference consists of
adopting a distribution with the largest uncertainty, consis-
tent with the available information. This is referred to as the
maximum entropy principle (Jaynes 1957) because entropy
is often used to measure uncertainty.

Specifically, for a distribution that has a probability mass
(or density) function p(x), the (differential) entropy is
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defined as

H(p) = Ep
[− log p(x)

]
, (1)

where Ep denotes the expectation over p. Assume that the
collected data are a set of averages μm of feature values
ϕm(x) ∈ R for m ∈ M, where M is a set of indices. Based
on the maximum entropy principle, we make the smallest
assumption on the probability distribution p that the expec-
tations of the feature valuesEp [ϕm(x)] are equal to the given
values μm . Thus, the maximum entropy principle can be
explicitly represented as the following optimization problem:

max
p

H(p) (2)

s.t. Ep [ϕm(x)] = μm ∀m ∈ M. (3)

We can also represent it as the equivalent minimization prob-
lemminp KL(p‖q)with the sameequality constraints,where
KL(p‖q) ≡ Ep

[
log p(x)/ log q(x)

]
denotes the Kullback–

Leibler (KL) divergence.
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The distribution p that the maximum entropy principle
adopts is known as the Gibbs distribution:

πθ (x) = 1

Zθ

exp

(

−
∑

m∈M
θmϕm(x)

)

, (4)

where θ is the vector consisting of parameters θm form ∈ M,
and Zθ is the coefficient that makes the total probability mass
one (refer to Chen and Welling 2016 for further details).
The parameters can be chosen by maximizing the likeli-
hood of the data. However, if the distribution is defined in
a high-dimensional or continuous space, parameter learning
becomes difficult because approximations of the averages
over the distribution are required.

The herding algorithm (Welling 2009b;Welling and Chen
2010) is another method that can be used to avoid parameter
learning. This algorithm, which is represented as a dynam-
ical system in a high-dimensional space, deterministically
generates an apparently random sequence of data, where the
average of feature values converges to the input target value
μm . The generated sequence is treated as a set of pseudo-
samples generated from the background distribution in the
following analysis. Thus, we can bypass the difficult step of
parameter learning of the Gibbs distribution model. A study
by Welling (2009b) describes its motivation concerning the
maximum entropy principle.

In this study, we propose an extension of herding, which
is called the entropic herding. We use the proposed entropic
herding as a framework to analyze the close connection
between the herding and maximum entropy principle. The
entropic herding outputs a sequence of distributions instead
of points that greedily minimize the target function obtained
from an explicit representation of themaximumentropy prin-
ciple. The target function is composed of the error term of the
average feature value and entropy term. We mathematically
analyze the minimizer, which can be regarded as the ideal
output of the entropic herding. We also argue that the origi-
nal herding is obtained as a tractable version of the entropic
herding and discuss the inherent characteristics of the herd-
ing concerning its complex behavior.

We further discuss the advantages of the proposed
entropic herding, compared to the original, whichwe call the
point herding. The advantages include the smoothness of the
output distribution, availability of model validation based on
the likelihood, and feasibility of random sampling from the
output distribution.

This paper is organized as follows: We first introduce the
original herding algorithm and notations in Sect. 2. Then, we
derive the proposed entropic herding in Sect. 3. Using it as a
framework, we discuss the relationship among the entropic
herding, original herding, andmaximum entropy principle in
Sect. 4. Particularly in Sect. 4.5, we argue the advantages of

the proposed entropic herding to the point herding. In Sect. 5,
we show numerical examples using synthetic and real data.
In Sect. 6, we further discuss its applications, its relationship
to other existing methods, and future perspectives. Finally,
we conclude our study in Sect. 7.

2 Herding

Let X be a set of possible data points. Let us consider a set
of feature functions ϕm : X → R indexed with m ∈ M,
where M is the set of indices. Let M be the size of M,
and let the bold symbols denote M-dimensional vectors with
indices inM. Let μm be the input target value of the feature
mean, which can be obtained from the empirical mean of the
features over the collected samples. The herding generates
a sequence of points x (T ) ∈ X for T = 1, 2, . . . , Tmax

according to the following equations:

x (T ) = arg max
x∈X

∑

m∈M
w(T−1)
m ϕm(x), (5)

w(T )
m = w(T−1)

m + μm − ϕm(x (T )) (∀m ∈ M), (6)

where w
(T )
m are auxiliary weight variables, starting from

initial values w
(0)
m . These equations can be regarded as a

dynamical system for w
(T )
m in M-dimensional space. The

average of the features over the generated sequence con-
verges as

1

Tmax

Tmax∑

T=1

ϕm(x (T )) → μm (7)

at the rate of O(1/Tmax) (Welling 2009b). Therefore, the gen-
erated sequence reflecting the given information can be used
as a set of pseudo-samples from the background distribution.
This convergence is derived using equationw

(Tmax)
m −w

(0)
m =

Tmaxμm − ∑Tmax
T=1 ϕm(x (T )) and the boundedness of w(Tmax).

The equation is obtained by summing both sides of Eq. (6)
for T = 1, . . . , Tmax. The boundedness of w(Tmax) is guar-
anteed under some mild assumptions using the optimality of
x (T ) in the maximization of Eq. (5) (Welling 2009b).

The probabilistic model (4) is also regarded as a Markov
randomfield (MRF). The herding can be extended to the case
in which only a subset of variables in an MRF is observed
(Welling 2009a). Furthermore, it is combined with the kernel
method to generate a pseudo-sample sequence for arbitrary
distribution (Chen et al 2010). The steps of the herding can
be applied to the update steps of Gibbs sampling (Chen et al
2016) and the convergence analysis is provided byYamashita
and Suzuki (2019).
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3 Entropic herding and its target function
representing the maximum entropy
principle

In this section, we derive the proposed algorithm, which
we refer to as the entropic herding. We introduce the tar-
get function in Sect. 3.1 and derive the algorithm from its
optimization in Sect. 3.2.

Before deriving the proposed algorithm, we first present
its overview. Let us suppose the same situation as in Sect. 2.
For simplicity, we assume thatX is continuous, although the
arguments also holdwhenX is discrete. Letϕm be the feature
functions and μm be the input target value of the feature
mean. Additionally, two parameters, the step size ε(T ) and
scale parameter �m for each condition m ∈ M, were also
introduced to the algorithm. As described below, �m also
works as controlling the penalty for condition Ep [ϕm] =
μm . The proposed algorithm is an iterative process similar to
the original herding; it also maintains time-varying weights
am for each feature. Each iteration of the proposed algorithm
indexed with T is composed of two steps as in the herding:
the first step is to solve the optimization problem, and the
second is the parameter update based on the solution. The
proposed algorithmoutputs a sequence of distributions (r (T ))

instead of points as is the case with the original herding. The
two steps in each time step, which will be derived later, are
represented as follows:

r (T ) = arg min
q∈Q

((
∑

m∈M
a(T−1)
m ηm(q)

)

− H(q)

)

, (8)

a(T )
m = a(T−1)

m

+ ε(T )
(
�m(ηm(r (T )) − μm) − a(T−1)

m

)
,

(9)

whereQ is the set of candidate distributions of the output for
each step and ηm(q) ≡ Eq [ϕm(x)] is the featuremean for the
distribution q. The pseudocode of the algorithm is provided
in Algorithm 1. The exact solution for the optimization prob-
lem Eq. (8) sometimes becomes computationally expensive.
Thus, as will be described later, we can modify the algorithm
by changing the set of candidate distributions Q and opti-
mization method to reduce the computational cost, allowing
a suboptimal solution for Eq. (8).

3.1 Target function

The proposed procedure summarized above is derived from
the minimization of a target function as presented below.

Let us consider the problem of minimizing the following
function:

L(p) = 1

2

(
∑

m∈M
�m(ηm(p) − μm)2

)

− H(p). (10)

This problem minimizes the difference between feature
means over p and the target vector, and simultaneously max-
imizes the entropy of p. �m can be regarded as the weights
for moment conditions ηm(p) = μm . When �m → +∞ for
all m ∈ M, the problem becomes an entropy maximization
problem that requires a solution to satisfy themoment condi-
tion exactly. Thus, this can be interpreted as a relaxed form
of the maximum entropy principle. Function L is convex
because the negated entropy function −H(p) is convex.

Let πθ be the Gibbs distribution, whose density function
is defined as Eq. (4). Suppose that there exists θ∗ that satisfies
the following equations

θ∗
m = �m(ηm(πθ∗) − μm). (11)

The conditions for the solution existence are provided in
“Appendix C”. The functional derivative δL

δ p (x) of L at πθ∗
is obtained as follows:

δL
δ p

(x)

∣∣∣∣
p=πθ∗

=
∑

m∈M
�m(ηm(πθ∗) − μm)ϕm(x)

+ logπθ∗(x) + 1 (12)

=
∑

m∈M
θ∗
mϕm(x) + logπθ∗(x) + 1 (13)

= − log Zθ∗ + 1. (14)

Suppose that we perturb the distribution πθ∗ to p. Then,
because

∫
X (πθ∗(x)− p(x))dx = 1− 1 = 0, the inner prod-

uct 〈 δL
δ p , p − πθ∗〉 becomes zero, where the inner product is

defined as 〈 f , g〉 = ∫
X f (x)g(x)dx . Therefore, πθ∗ is the

optimal distribution for the problem owing to the convexity
of L. If �m is sufficiently large, the feature mean ηm(πθ∗)
for the optimal distribution is close to the target value μm

from Eq. (11).

3.2 Greedyminimization

Let us consider the following greedy construction of the
solution for the minimization problem of L. Let r (T ) be a
distribution that is selected at time T and p(T ) be the dis-
tribution to be constructed as the weighted average of the
sequence of distributions {r (t)}Tt=0:

p(T )(x) =
∑T

t=0 ρ(t)r (t)(x)
∑T

t=0 ρ(t)
, (15)
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Algorithm 1 Pseudocode of the entropic herding
Input:

set of feature functions ϕm : X → R
∀m ∈ M,

target values of the feature means μm
∀m ∈ M,

weight parameters �m
∀m ∈ M,

a sequence of step size ε(T ) for T = 1, . . . , Tmax

1: choose an initial distribution r (0) and let η(0)
m = Er (0) [ϕm(x)] and a(0)

m = �m(η
(0)
m − μm)

2: for T = 1, . . . , Tmax do
3: perform several optimization steps for minq∈Q

(∑
m∈M a(T−1)

m Eq [ϕm(x)]
)

− H(q) (Eq. (8))

4: let r (T ) be the obtained distribution
5: update a(T )

m = a(T−1)
m + ε(T )

(
�m(Er (T ) [ϕm(x)] − μm) − a(T−1)

m

)
(Eq. (9))

6: end for

where ρ(t) are given as a fixed sequence of parameters. We
greedily construct tentative solution p(T ) by choosing r (T )

for each time step T = 1, . . . , Tmax by minimizing the loss
value L(T ) ≡ L(p(T )) for

p(T )(x) =
T∑

t=0

ρt,T r (t)(x), (16)

where ρt,T = ρ(t)/(
∑T

t=0 ρ(t)). Feature mean ηm(p(T )) for
each step is also represented as a weighted sum:

ηm(p(T )) =
T∑

t=0

ρt,T ηm(r (t)). (17)

For particular types of weight sequences (ρ(T )), the feature
means can be iteratively computed based on previous time
instances as follows:

ηm(p(T )) = ηm(p(T−1))

+ ε(T )(ηm(r (T )) − ηm(p(T−1))).
(18)

For example, if the coefficients geometrically decay at rate
ρ ∈ (0, 1) as ρ(T ) = ρTmax−T for T > 0 and ρ(0) =
ρTmax/(1 − ρ), we can update the feature mean with ε(T ) =
1 − ρ. If ρ(T ) is constant over T , then we set ε(T ) = 1

T+1 .

Weapproximate the entropy termH(p(T ))by theweighted
sum of the components:

H̃ (T ) =
T∑

t=0

ρt,T H(r (t)). (19)

Similarly, the update equation for H̃ is obtained as

H̃ (T ) = H̃ (T−1) + ε(T )(H(r (T )) − H̃ (T−1)). (20)

The minimization problem to be solved at time T is given as
follows:

L̃(T ) =
(

∑

m∈M

1

2
�m(ηm(p(T )) − μm)2

)

− H̃ (T ). (21)

From the convexity of negated entropy, H̃ (T ) is the lower
bound of H(p(T )); hence, L̃(T ) is the upper bound of the
original target function L(T ).

The step of Eq. (8) is derived from the greedy construction
of the solution that minimizes L̃ as follows. Using Eqs. (18)
and (20), the target function can be rewritten as

L̃(T ) =
(

∑

m∈M

1

2
�m

(
(ηm(p(T−1)) − μm)

+ ε(T )(ηm(r (T )) − ηm(p(T−1)))
)2)

−
(
H̃ (T−1) + ε(T )(H(r (T )) − H̃ (T−1))

)
.

(22)

For all T , let us define

a(T )
m ≡ �m(ηm(p(T )) − μm). (23)

Subsequently, L̃(T ) also follows the update rule similar to
Eq. (18) up to the linear term regarding ε(T ):

L̃(T ) =
(

∑

m∈M

1

2�m

(
a(T−1)
m

+ ε(T )�m(ηm(r (T )) − ηm(p(T−1)))
)2)

−
(
H̃ (T−1) + ε(T )(H(r (T )) − H̃ (T−1))

)

(24)

= L̃(T−1)

+ ε(T )
∑

m∈M
a(T−1)
m (ηm(r (T )) − ηm(p(T−1)))

− ε(T )(H(r (T )) − H̃ (T−1)) + O((ε(T ))2)

(25)
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= L̃(T−1)

+ ε(T )

(
∑

m∈M
a(T−1)
m ηm(r (T )) − H(r (T ))

)

− ε(T )

(
∑

m∈M
a(T−1)
m ηm(p(T−1)) − H̃ (T−1)

)

+ O((ε(T ))2).

(26)

If ε(T ) is small, byneglecting thehigher-order termO((ε(T ))2),
the optimization problem at time T can be reduced to a min-
imization of F (T−1)(q) for q ∈ Q, where

F (T−1)(q) =
(

∑

m∈M
a(T−1)
m ηm(q)

)

− H(q). (27)

From Eq. (18) and (23), the coefficients a(T )
m follow the

update rule as

a(T )
m

= a(T−1)
m + ε(T )�m(ηm(r (T )) − ηm(p(T−1))) (28)

= a(T−1)
m + ε(T )

(
�m(ηm(r (T )) − μm) − a(T−1)

m

)
, (29)

which is equivalent to Eq. (9).
In summary, the proposed algorithm is derived from

the greedy construction of the solution of the optimiza-
tion problem minL(q): it selects distribution r (T ) in each
step by minimizing the tentative loss. The minimization can
be reduced to the minimization of F (T−1)(r (T )) that has a
parametrized form, and the algorithm updates the parame-
ters by calculating their temporal differences. The algorithm
thus derived, referred to as the entropic herding, has a form
similar to the original herding.

4 Entropymaximization in herding

Let us further study the relationship between the entropic
herding, the original herding, and themaximumentropy prin-
ciple. First, in Sect. 4.1,we compare the entropic herdingwith
the parameter learning of the Gibbs distribution in terms of
the maximum entropy principle. We then discuss the simi-
larities and differences between the two herding algorithms.
By introducing a tractable version of the entropic herding by
restricting the search space in Sect. 4.2, we show that it is an
extension of the original herding algorithm in Sect. 4.3. We
investigate the roles of each component of the two herding
algorithms by comparing them in Sect. 4.4, and we compare
them from an application perspective in Sect. 4.5.

4.1 Target functionminimization and parameter
learning of the Gibbs distribution

Figure 1 is a schematic of the relationship and difference
between the entropic herding and parameter learning of the
Gibbs distribution. Each point in the figure represents a prob-
ability distribution in the space of all distributions onX . The
vertical axis, which is represented by the dotted arrow, rep-
resents the entropy value.

If we fix the value of the moment vector μ, we can find
various distributions that satisfy all the moment conditions
ηm(p) = μm (∀m ∈ M), which are represented by the verti-
cal dotted line. The top-most point of the line represents the
distribution with the highest entropy value under the moment
condition. Thus, for moment vector μ, Gibbs distribution
π

θ̂
is obtained by entropy maximization (red arrow) whose

search space is represented by the dotted line.
The family of Gibbs distributions represented as Eq. (4)

are denoted by the black solid curve. We can also try to find
π

θ̂
by the parameter learning of θ represented by the green

arrow along this curve.
The process of entropic herding, or more specifically, the

sequence of tentative solutions p(T ), is represented by the
arrowed blue curve. Contrary to the parameter learning of
the Gibbs distribution, it approaches the target π

θ̂
by mini-

mizing target function L that simultaneously represents both
moment condition and entropy maximization. The search
space, which is represented by Eq. (15), is different from
the above two.

4.2 Tractable entropic herding

Weneglected O((ε(T ))2) terms in Eq. (26) because we are
assuming that ε(T ) is small. Then, we have

L̃(T ) ≤ L̃(T−1)

+ ε(T )
(
F (T−1)(r (T )) − F (T−1)(p(T−1))

) (30)

because H̃ (T−1) ≤ H(p(T−1)). If we can find the opti-
mum distribution at time T , then F (T−1)(r (T )) is less than
F (T−1)(p(T−1)) unless p(T−1) is the optimum. Then, L̃(T )

will be smaller than L̃(T−1). This corresponds to the theorem
of the herding (Corollary, Welling 2009b Section 4) stating
that

∑
((1/Tmax)

∑Tmax
T=1 ϕm(x (T )) − μm)2 is bounded if we

can find the optimum x (T ) in each optimization (Eq. (5)).
Letπa(T−1) be theGibbs distributiondefined asEq. (4)with

parameters θ = a(T−1). The optimization problem of mini-
mizing F (T−1)(q) is equivalent tominimizingKLdivergence
KL(q‖πa(T−1) ), the solution of which is given by q = πa(T−1)

as follows:

KL(q‖πa(T−1) )
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Fig. 1 Schematic of the
discussion in Sect. 4.1, which
describes the relationship and
difference between the entropic
herding and maximum entropy
principle

=
∫

q(x) log
q(x)

πa(T−1) (x)
dx (31)

=
∫

q(x)

( ∑

m∈M
a(T−1)
m ϕm(x)

+ log Za(T−1) + log q(x)

)
dx

(32)

=
∑

m∈M
a(T−1)
m ηm(q) − H(q) + log Za(T−1) (33)

= F (T−1)(q) + log Za(T−1) . (34)

However, the Gibbs distribution is known to produce diffi-
culties in applications such as the calculation of expectations.
Fortunately, a suboptimal distribution r (T ) may be sufficient
for decreasing L̃, such as the tractable version of the herding
introduced in Welling (2009a). Practically, we can perform
the optimization on a restricted set of distributions, as in
variational inference, and allow a suboptimal solution for
the optimization step (Eq. (8)). Let Q denote the set of can-
didate distributions. We refer to this tractable version of the
proposed algorithm as the entropic herding, contrary to the
algorithm using the exact solution r (T ) = πa(T−1) .

4.3 Point herding

Subsequently, we show that the proposed algorithm can be
interpreted as an extension of the original herding. Recall
that, in the original herding in Sect. 2, the optimization prob-
lem to generate sample x (T ) and the update rule of weight
w

(T )
m are represented in Eq. (5) and (6), respectively.
Let us consider the proposed algorithmwith the candidate

distribution set Q restricted to point distributions. Then, the
distribution r (T ) is the point distribution at x (T ), which is
obtained by solving

x (T ) = arg min
x∈X

∑

m∈M
a(T )
m ϕm(x), (35)

because the entropy term of the optimization problem Eq. (8)
can be dropped. Let us further suppose that ε(T ) = 1

T+1 and
�m are the same for all features. We introduce the variable
transformation of weights as w′(T+1)

m = − T+1
�m

a(T )
m . Then,

the above optimization problem is equivalent to Eq. (5) with
relationship wm = w′

m .
The update rule for w′(T )

m is

w′(T+1)
m = −T + 1

�m

(
a(T−1)
m +

ε(T )
(
�m(ηm(r (T )) − μm) − a(T−1)

m

)) (36)

= − T

�m
a(T−1)
m − (ηm(r (T )) − μm) (37)

= w′(T )
m + (μm − ηm(r (T ))). (38)

Because ηm(r (T )) = ϕm(x (T )) holds, this update rule is also
equivalent to Eq. (6).

Therefore, the original herding can be interpreted as the
tractable version of the proposed method by restricting Q
to the point distributions. In the following, we refer to the
original algorithm as point herding. In this case, weights ρ(T )

in Eq. (15) are constant for all T because we set ε(T ) = 1
T+1 .

This agrees with the fact that the point herding puts equal
weights on the output sequence while taking the average of
the features, the difference of which with the input moment
is minimized (see Eq. (7)).

4.4 Diversification of output distributions by
dynamic mixing in herding

Theminimizer of Eq. (10) is Gibbs distributionπθ∗ , where θ∗
is given byEq. (11), but there is a gap between the distribution
obtained from the tractable entropic herding and minimizer.
This is because it solves the optimization problem with the
approximate target function and by using sub-optimal greedy
updates, as described in Sects. 3.2 and 4.2. Here, we dis-
cuss the inherent characteristics of the entropic herding to
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decrease the gap, which cannot be fully described as greedy
optimization.

The target function for greedyoptimization in the (tractable)
entropic herding is L̃ (Eq. (21)).While deriving L̃ fromL, we
introduced an approximation for the entropy term H(p(T ))

by its lower bound H̃ (T ), which is theweighted average of the
entropy values of the components as defined in Eq. (19). The
gap between H and H̃ can be calculated using the following
equations:

H(p(T ))

= −
∫

p(T )(x) log p(T )(x)dx (39)

= −
∫ T∑

t=0

ρt,T r (t)(x) log p(T )(x)dx (40)

= −
∫ T∑

t=0

ρt,T r (t)(x)

(
log(ρt,T r (t)(x))

− log
ρt,T r (t)(x)

p(T )(x)

)
dx

(41)

=
T∑

t=0

ρt,T H(r (t)) −
T∑

t=0

ρt,T log ρt,T

+
∫

p(T )(x)
T∑

t=0

ρt,T r (t)(x)

p(T )(x)
log

ρt,T r (t)(x)

p(T )(x)
dx,

(42)

= H̃ (T ) + H (T )
ρ − Ep(T )

[
H (T )
c (x)

]
, (43)

where H (T )
ρ = −∑T

t=0 ρt,T log ρt,T , H (T )
c (x) = −∑T

t=0
ρt,T r (t)(x)
p(T )(x)

log ρt,T r (t)(x)
p(T )(x)

. Then, the gap is represented by

H(p(T )) − H̃ (T ) = H (T )
ρ − Ep(T )

[
H (T )
c (x)

]
. (44)

If the coefficients ρt,T are fixed, the gap is determined by
H (T )
c . If this gap is positive, we have an additional decrease

in the true target function L compared to the approximate
target L̃ of the greedy minimization.

Suppose that t ′ is a random variable drawn with a proba-
bility of ρt ′,T , and x is drawn from r (t ′). Then, H (T )

c (x) can
be interpreted as the average entropy of the conditional distri-
bution of t ′, given x . If the probability weights assigned to x
by components t , represented as ρt,T r (t)(x) are unbalanced
over t , then H (T )

c (x) is small such that gap H(p(T ))− H̃ (T )

is large. Contrarily, if r (t) are the same for all t such that
r (t) = p(T ), then H (T )

c (x) = H (T )
ρ for all x . Then, gap

H(p(T ))− H̃ (T ) becomes zero, which is the minimum value.
That is, we achieve an additional decrease in L if the gener-
ated sequence of distributions r (t) is diverse. This can happen
if a(t) are diverse, as the optimization problems in Eq. (8),
defined by the parameters a(t), become diverse. In the origi-

nal herding, theweight dynamics is weakly chaotic, and thus,
it can generate diverse samples. We also expect that the cou-
pled system of Eqs. (8) and (9) in the high-dimensional space
exhibits complex behavior as the original coupled system of
the herding (Welling 2009b) does, and that it achieves diver-
sity in {a(t)} and {r (t)}. The extra decrease is bounded from
above by H (T )

ρ , which usually increases as T increases. For

example, if ρt,T is constant over t , then H (T )
ρ = log(T + 1).

In summary, the proposed algorithm, which is a general-
ization of the herding, minimizes loss function L using the
following two means:

(a) Explicit optimization: greedy minimization of L̃, which
is the upper bound of L, by solving Eq. (8) with the
entropy term.

(b) Implicit diversification: extra decrease of L from the
diversity of components r (T ) achieved by the complex
behavior of the coupled dynamics of the optimization
and the update step (Eqs. (8) and (9), respectively).

The complex behavior of the herding contributes to the opti-
mization implicitly through an increase of gap H − H̃ by
diversification of the samples. In addition, the proposed
entropic herding can improve the output through explicit
entropy maximization.

Thus, we can generalize the concept of the herding by
regarding it as an iterative algorithm having two components
as described above.

4.5 Probabilistic modeling with entropic herding

The extension of the herding to the proposed entropic herding
expands its application as follows.

The first important difference introduced by the exten-
sion is that the output becomes a mixture of probabilistic
distributions. Thus, we can consider the use of the entropic
herding in probabilistic modeling. Let π

θ̂
be the distribution

obtained from themaximum entropy principle. For each time
step T , the tentative distribution p(T ) = ∑T

t=0 ρt,T r (t)(x) is
obtained by minimizing L, which represents the maximum
entropy principle. Then, we can expect it to be close toπ

θ̂
and

use it as probabilistic model poutput derived from the data. It
should be noted that the model thus obtained poutput = p(T )

is different fromπ
θ̂
. It includes the difference betweenπ

θ̂
and

minimizer πθ∗ of L by the finiteness of weights �m in Eq.
(10) and the difference between πθ∗ and poutput because of
the inexact optimization. We can also obtain another model
poutput by further aggregating tentative distributions p(T ),
expecting additional diversification. For example, we can use
average poutput = 1

Tmax

∑Tmax
T=1 p

(T ) as the output probabilistic

model. This is again a mixture of output sequence (r (T )) that
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only differs from p(Tmax) in the coefficients. A more specific
method for output aggregation is described in “Appendix A”.

If Q is set appropriately and the number of components
is not significantly large, the probability density function of
output poutput can be easily calculated. The availability of
the density function value enables us to use likelihood-based
model evaluation tools in statistics and machine learning,
such as cross-validation. This can also be used to select the
parameters of the algorithm such as �m .

If X is continuous, we cannot use the point herding to
model the probability density because the sample points can
only represent the non-smooth delta functions. Even if X
is discrete, when the number of samples T is much smaller
than the number of possible states |X |, the zero-probability
weight should be assigned to a large fraction of states. The
zero-probability weight causes infiniteness when the log-
likelihood is calculated. Moreover, the probability mass can
only take a multiple of 1/T , which causes inaccuracy, par-
ticularly for a state with a small probability mass. Many
samples are required to obtain accurate probability mass val-
ues for likelihood-based methods. Conversely, the output of
the entropic herding has sample efficiency because each out-
put component can assign non-zero probabilitymass tomany
states. This is demonstrated by numerical examples in the
next section.

Another important difference is that the entropic herding
explicitly handles the entropy in each optimization step, not
depending only on the complex behavior of herding. In each
optimization step, because entropy term H(p) is included
in the target function and the search space Q is extended
from the point distribution, it can generate a distribution r (T )

that has a higher entropy value than the point distribution
of point herding. Thus, we can expect that final collection
poutput of the output also has a higher entropy value than that
of the point herding. Further, we can control how it focuses
on the entropy or moment information of the data by chang-
ing parameter �m in the target function. While the point
herding diversifies the sample points by its complex behav-
ior, the optimization problem solved in each time step does
not explicitly contain �m such that the balance between
entropy maximization and moment error minimization is not
controlled.

Moreover, if we restrict candidate distribution setQ to be
appropriately simple, we can easily obtain any number of
random samples from poutput by sampling from r (t) for each
randomly sampled index t . This sample generation process
can also be parallelized because each sample generation is
independent. For example, we can use independent random
variables following normal distributions or Bernoulli distri-
butions as Q, as shown in the numerical examples below.

Theoretically, the exact solution of problem Eq. (8) is
obtained as πa(T−1) . However, we can enjoy the advantages
of the entropic herding described above whenQ is restricted

to simple, analytic, and smooth distributions, although the
optimization performance is suboptimal.

In summary, the entropic herding has the merits of both
the herding and probabilistic modeling using the distribution
mixture.

5 Numerical examples

In this section,we present numerical examples of the entropic
herding and its characteristics. We also present comparisons
between the entropic herding and several conventional meth-
ods.

We show the numerical results for three target distri-
butions. The first two distributions, the one-dimensional
distribution in Sect. 5.1 andmulti-dimensional distribution in
Sects. 5.2–5.3 are synthetic, and the last distribution in Sect.
5.4 is from real data. A detailed description of the experimen-
tal procedure is provided in “Appendix A”. The definitions of
the detailed parameters, not described here, are also provided
in the “Appendix”.

5.1 One-dimensional bimodal distribution

As a target distribution, we took a one-dimensional bimodal
distribution

pbi(x) = exp(−(x4 − 3x2 + 0.5x))/Z , (45)

where Z is the normalizing factor. This distribution is indi-
cated by the orange curves in each panel of Fig. 3. For this
distribution, we consider a set of four polynomial feature
functions for the herding as follows:

ϕi (x) = xi ∀i ∈ {1, 2, 3, 4}. (46)

From the moment values μm = Epbi [ϕm(x)], the maxi-
mum entropy principle reproduces the target distribution pbi.
Using this feature set, we ran the point herding and entropic
herding. Figure 2 shows the time series of the generated
sequence, and Fig. 3 shows the output compared to target
distribution pbi. For the entropic herding, we set the candi-
date distribution set Q as

Q = {N (μ, σ 2) | μ ∈ R, σ > 0.01}, (47)

where N (μ, σ 2) denotes a one-dimensional normal distri-
bution with mean μ and variance σ 2.

Figures 2a and 3a are for the point herding. We observed
the periodic sequence, and this caused a large difference
between the distributions around x = 0. The point herding
exhibits complex dynamics of the high-dimensional weight
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Fig. 2 Output sequences of a the point herding and b entropic herding
for the one-dimensional bimodal distribution pbi. The horizontal axis
represents the index of the step denoted by t in the text. The color rep-
resents the probability mass for each bin, where yellow corresponds to

a larger mass. The probability mass values were normalized to [0, 1]
in each plot before being colorized. Panels c, d show output sequences
of the point herding and entropic herding with stochastic optimization
steps, respectively. (Color figure online)

vector that achieves random-like behavior even in the deter-
ministic system. However, in this case, the dimension of the
weight vector was only four. This low dimensionality of the
system can be a cause of the periodic output.

Contrarily, Figs. 2b and 3b show the results of the entropic
herding. Although this trajectory is periodic as well, the out-
put in each step is a distribution with a positive variance such
that it can represent a more diverse distribution. The differ-
ence between the distributions reduced, as shown in Fig. 3b.

Additionally, the periodic behavior of the point herding
can be mitigated by introducing a stochastic factor into the
system. Figures 2c and 3c show the results of the point herd-
ing with the stochastic Metropolis update (see “Appendix
A” for details). We observed some improvements in the
difference between the distributions. The stochastic update
increases the diversity of samples, as described in (b) in
Sect. 4.4. Thus, this algorithm is conceptually in line with
the entropic herding, although not included in the proposed
mathematical formulation. The entropic herding, which gen-
erates a sequence of distributions, can also be combined
with a stochastic update. The results of this combination

are shown in Figs. 2d and 3d, respectively. Clearly, the
periodic behavior of the point herding is diversified. The
improvements in the difference between the distributions are
significant particularly for the point herding (Fig. 3a,c).

5.2 Boltzmannmachine

Next, we present a numerical example of the entropic herd-
ing for a higher dimensional distribution. We consider the
Boltzmann machine with N = 10 variables. The state vec-
tor was x = (x1, . . . , xN ), where xi ∈ {−1,+1} for all
i ∈ {1, . . . , N }. The target distribution is defined as follows:

pBM(x) = 1

Z
exp

⎛

⎝−
∑

i< j

Wi j xi x j

⎞

⎠ , (48)

where Wi j are the randomly drawn coupling weights, and Z
is the normalizing factor. For simplicity, we did not include
bias terms. For this distribution, we used a set of feature
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Fig. 3 Output distribution of a the point herding and b entropic herding
compared to the one-dimensional bimodal target distribution pbi. The
horizontal axis represents spaceX = R. The vertical axis represents the
probability mass of each bin. Panels c, d show the output distributions

of the point herding and entropic herding with stochastic optimization
steps, respectively. The length of the output sequence used in the plot
was Toutput = 1000 (a, c) or Toutput = 100 (b, d)

functions {ϕi j | i < j}, as follows:

ϕi j (x) = xi x j . (49)

The dimension of the weight vector was N (N − 1)/2. With
this feature set, we ran the entropic herding and obtained the
output sequence of 320 distributions. The input target valueμ

was obtained from feature mean EpBM

[
ϕi j

]
calculated with

definition Eq. (48). We used candidate distribution set Q,
defined as the set of the following distributions:

xi =
{+1 (with probability pi )

−1 (with probability 1 − pi )
∀i ∈ {1, . . . , N },

(50)

where pi ∈ [0, 1] are the parameters and x1, . . . , xN are
independent. We also generated 320 identically and inde-
pendently distributed random samples from target pBM for
comparison.

Figure 4 is a scatter plot comparing the probability mass
between the output and target distribution for each state.
Figure 4a shows the result of the empirical distribution of

random samples. The Boltzmann machine had 1,024 states
for N = 10, but we generated only 320 samples in this
experiment. Therefore, the mass values for the empirical dis-
tribution had discrete values. Furthermore, there were many
states with mass values of zero. There was a large difference
in mass value between the empirical distribution and target
distribution.

Contrarily, Fig. 4b shows the results of the entropic herd-
ing. As in the above example for bimodal distribution, each
output of the entropic herding can represent a more diverse
distribution than a single sample. For most of the states that
have large probability weights, the difference in mass value
was within a factor of 1.5. This is significantly smaller than
that in the case of random samples.

5.3 Model selection

Using the Boltzmann machine above, we present a numeri-
cal example of the dependency of parameter choice on output
and model selection for the entropic herding. In the experi-
ment, �m for all m was proportional to the scalar parameter
λ. Figure 5 shows the moment error and entropy of the
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Fig. 4 Probability mass values of a the empirical distribution of ran-
dom samples and b output distribution of the entropic herding for the
Boltzmann machine compared to the target distribution. Each state of
the target Boltzmann machine is represented by a point. The states with
zero probability mass are represented by a small value of 10−5 and
in red-plus signs. The vertical axis represents the probability mass of
the obtained distribution, whereas the horizontal axis represents those

of the target distribution. A logarithmic scale was used for both axes.
The point on the dashed diagonal line indicates that the two probability
masses are identical. The point between two dotted lines indicates the
difference in mass value is within a factor of 1.5. The result with λ = 13
was chosen bymodel validation. The length of the output sequence used
in the plot is Toutput = 320. (Color figure online)

output distribution for different values of λ and number of
samples. The error is measured by the sum squared error
between the feature mean of the output and target distri-
bution. The results of the identical number of samples are
represented by points connected by black broken lines. By
comparing these results, we observe that the error in the fea-
ture means mostly decreases with increasing λ. Conversely,
we can obtain amore diverse distributionwith a large entropy
value by decreasing λ. Therefore, there is a trade-off between
accuracy and diversity when choosing parameter values.

Wecan compare the output for various parameters by com-
paring the KL-divergence

KL(pBM‖poutput) =
∑

pBM(x)
log pBM(x)

log poutput(x)
, (51)

between target distribution pBM and output distribution
poutput, where value poutput(x) can be easily evaluated for
each x . Note that if we have a validation dataset instead of
the target distribution, we can also compare the negative log-
likelihood for the validation set. Figure 6 shows the KL-
divergence for various values ofλ and the number of samples.
Clearly, optimal λ depends on the number of samples.

5.4 UCI wine quality dataset

Finally, we present an example of an application of the
entropic herding to real data. We used a wine quality dataset
(Cortez et al 2009) from the UCI data repository1. It was
composed of 11 physicochemical features of 4,898 wines.
The wines are classified into red and white, which have
different distributions of feature values. We applied some
pre-processing to the data, including log-transformation and
z-score standardization. A summary of the features and pre-
processing methods is provided in Table 1.

A simple model for this distribution is a multivariate nor-
mal distribution, defined as follows:

p(x) = 1

Z
exp

⎛

⎝−1

2

∑

i, j

Wi j (xi − μi )(x j − μ j )

⎞

⎠ , (52)

where x = (x1, . . . , x11) is the vector of the feature values,
and Z is the normalizing factor. Parameter W in this model
can be easily estimated from the covariance matrix of the
features. This model is unimodal and has a symmetry such
that it is invariant under transformation x ← −(x−μ)+μ.

1 https://archive.ics.uci.edu/ml/datasets/Wine+Quality, Accessed
November 16, 2021

123

https://archive.ics.uci.edu/ml/datasets/Wine+Quality


31 Page 12 of 26 Statistics and Computing (2023) 33 :31

10−3 10−2 10−1 100
SSE

5.4

5.6

5.8

6.0

6.2

6.4

6.6

en
tr
op
y

T = 20
T = 80
T = 320
λ = 8
λ = 9
λ = 10
λ = 11
λ = 12
λ = 13
λ = 14
λ = 15
λ = 16

Fig. 5 Moment error and the entropy value of the output distribu-
tion poutput for various values of weight parameter λ and output length
Toutput ∈ {20, 40, 80, 160, 320}. Themean values of 10 trials are shown,
and the standard errors of the mean are represented by error bars. The
horizontal axis represents the sum squared error of the feature on a log-
arithmic scale, which is defined as SSE = ∑

m(ηm(poutput) − μm)2.

The vertical axis represents the entropy value, H(poutput). The hori-
zontal dashed line represents the entropy of target pBM. The results for
each λ are represented as points with the same color and are connected
by lines. The points corresponding to identical Toutput are connected by
black lines. (Color figure online)

However, as shown in Fig. 7a, b, the distribution of this
dataset is asymmetric, and bimodal distributions can be
observed in the pair plots. To model such a distribution, we
improved the model by introducing higher-order terms as
follows:

p(x) = 1

Z
exp

⎛

⎝−1

2

∑

i, j

Wi j (xi − μi )(x j − μ j )

−
∑

i

θ
(3)
i (xi − μi )

3 −
∑

i

θ
(4)
i (xi − μi )

4

)

.

(53)

The direct parameter estimation for this model is difficult.
However, the entropic herding can be applied to draw infer-
ences from the feature statistics of the data. We used the
following feature set:

{ϕ(1)
i | i = 1, . . . , 11}

∪ {ϕ(2)
i j | i, j = 1, . . . , 11, i < j}

∪ {ϕ(3)
i | i = 1, . . . , 11}

∪ {ϕ(4)
i | i = 1, . . . , 11},

(54)

where each feature is defined as

ϕ
(1)
i (x) = xi − μi , (55)

ϕ
(2)
i j (x) = (xi − μi )(x j − μ j ), (56)

ϕ
(3)
i (x) = (xi − μi )

3, (57)

ϕ
(4)
i (x) = (xi − μi )

4. (58)

We added ϕ
(1)
i to control themean of each variable. Using the

maximum entropy principle with the moment values taken
from an assumed background distribution Eq. (53), we repro-
duce the distribution where the coefficients corresponding to
ϕ

(1)
i are zero.
We used candidate distribution set Q, defined as a set of

the following distributions:

xi ∼ N (μi , σ
2
i ) ∀i ∈ {1, . . . , 11}, (59)

where μi ∈ R and σi > 0.01 for all i ∈ {1, . . . , 11} are the
parameters and x1, . . . , x11 are independent.

Figure 7 shows the pair plot of the distribution of the
dataset and distribution obtained from the entropic herding.
We picked three variables in the plot for ease of compari-
son. The plot for all variables is presented in “Appendix B”.
We observed that the distribution obtained well represents
the characteristics of the dataset distribution. Particularly,
the asymmetry and two modes were well represented by the
output. Figure 8 illustrates some components in the output
distribution poutput.
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Fig. 6 KL-divergence
KL(pBM‖poutput) for different
values of weight parameter λ

and output length
Toutput ∈ {20, 40, 80, 160, 320}.
The mean values of 10 trials are
shown, and the standard errors
of the mean are represented by
error bars. The horizontal and
vertical axes represent Toutput
and KL-divergence,
respectively. The logarithmic
scale was used for both axes.
The results for each λ are
represented as points and are
connected by lines. For λ = 16,
we also made a linear fitting of
logKL on log T and the fitted
line is represented by the black
dotted line
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Table 1 Summary of the UCI
wine quality dataset and the
pre-processing applied

Variable Name Range Log-transformation z-score

x1 Fixed acidity [3.80, 15.90] – �
x2 Volatile acidity [0.08, 1.58] – �
x3 Citric acid [0.00, 1.66] �* �
x4 Residual sugar [0.60, 65.80] � �
x5 Chlorides [0.01, 0.61] � �
x6 Free sulfur dioxide [1.00, 289.00] � �
x7 Total sulfur dioxide [6.00, 440.00] � �
x8 Density [0.99, 1.04] – �
x9 pH [2.72, 4.01] – �
x10 Sulphates [0.22, 2.00] – �
x11 Alcohol [8.00, 14.90] – �

The columns “variable” and “name” show the correspondence between the indices and names of the features.
The column “range” shows the minimum and maximum values in the dataset before pre-processing. The
rightmost two columns represent the applied pre-processing. The checkmark (�) indicates that pre-processing
in the column was applied. “Log-transformation” means transformation x ← log10 x . The checkmark with
an asterisk (�*) indicates that there exist data such that log10 x → −∞. We assigned −5.0 instead to these
cases. Linear transformation was applied to each variable to make the average zero and the variance one, as
represented in the column “z-score”

We can use the herding output as a probabilistic model.
Figure 9 shows the negative log-likelihood of the validation
data. Clearly, the model corresponding to the true class of
wine assigns larger likelihood values than the other models.
We used the results for the classification of red and white
wines using the difference in the log-likelihood as a score.
The AUC for the validation set was 0.998. The score was
close to the AUC value obtained using the log-likelihood
of fitted multivariate normal distribution (0.995) and linear
logistic regression (0.998).

The simple analytic form of the output distribution can
also be used for the probabilistic estimation of missing val-
ues. We generated a dataset with missing values by dropping

x4 from the validation set for white wine. The output distri-
bution is poutput(x) = 1

Tmax

∑Tmax
T=1 r

(T )(x), where r (T ) ∈ Q
is given by the parameter (μ(T )

i , σ
(T )
i ) for i = 1, . . . , 11. Let

ri (xi ;μ
(T )
i , σ

(T )
i ) denote the marginal distribution of xi for

r (T ), which is a normal distribution. The conditional distri-
bution of x4 on the other variables is expressed as follows:

poutput(x4 | {xi | i �= 4})

= 1

Z

Tmax∑

T=1

w(T )r4(x4;μ
(T )
4 , σ

(T )
4 ),

(60)
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Fig. 7 Pair plot of the distribution of the dataset and distribution
obtained from the entropic herding. For ease of comparison, we selected
three variables (x1, x4, x8), which are shown from top to bottom and
from left to right in each panel. The plots for all variables are presented
in the “Appendix”. The plots on the diagonal represent the marginal
distribution of each variable. The vertical axis has its scale of probabil-
ity mass and does not correspond to the scale shown in the plot. The

other plots represent the marginal distribution of two variables for each.
The horizontal and vertical axes represent the variables corresponding
to rows and columns, respectively. The left (a, c) and right (b, d) pan-
els correspond to the red and white wine, respectively. The top (a, b)
and bottom (c, d) panels are for the dataset and entropic herding with
Toutput = 500, respectively. (Color figure online)
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Fig. 8 Distribution of x4 (horizontal axis) and x8 (vertical axis)
obtained by the entropic herding with Toutput = 500 for white wine.
The red circles represent 20 distributions r (T ) randomly drawn from
the output. The sizes of the circles along the vertical and horizontal
axes represent the standard deviations of x4 and x8, respectively. (Color
figure online)

wherew(T ) = ∏
i �=4 ri (xi ;μ

(T )
i , σ

(T )
i ) and Z = ∑Tmax

T=1 w(T ).
Figure 10a shows a violin plot of the conditional distribu-
tion for 50 randomly sampled data. Figure 10b shows the
results of the multivariate normal distribution. The standard
deviations of the estimations shown in Fig. 10b are identical
because they are from the same multivariate normal distribu-
tion. Comparing these plots, clearly, the entropic herding is

better for the more flexible model than the multivariate nor-
mal distribution. The dotted horizontal line shows the true
value, and the short horizontal lines show the [10, 90] quan-
tile of the estimated distribution. We counted the number of
data with true values in this range. The proportion of such
data was 79.7% for the entropic herding and 51.1% formulti-
variate normal distribution. We can conclude that estimation
by the entropic herding was better calibrated.

6 Discussion

In this section, we further discuss the proposed algorithm
compared to other algorithms to place this study in the con-
text of previous research. First, in Sect. 6.1, we highlight the
uniqueness of the entropic herding that differs from both the
point herding and other mixture methods. We further focus
on the difference between the entropic herding and mixture
models in Sect. 6.2. In Sect. 6.3, we give remarks and future
perspectives on the practice of the entropic herding. Finally,
we refer to studies fromdifferent research areas in Sect. 6.4 to
show the similarities in the dynamical mechanisms between
the herding and these different algorithms,which is insightful
for future study.

6.1 Comparison of entropic and point herding

Themost significant differencebetween theproposed entropic
herding and original point herding is that the entropic herding
represents the output distribution as a mixture of probability
distributions. As for the applications of the entropic herd-
ing, some of the desirable properties of density calculation
and sampling, discussed in Sect. 4.5, are the results of using

Fig. 9 Negative log-likelihood
for the validation data. The
red-crossed marks and
green-plus signs represent the
red and white wines in the
validation data, respectively.
The horizontal and vertical axes
represent the negative
log-likelihood − log poutput(x)

for models obtained by the
entropic herding with
Toutput = 500 for red and white
wines, respectively. The dashed
line represents where the two
negative log-likelihoods are
identical. (Color figure online)
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Fig. 10 Violin plots of the conditional distribution of x4 given other
variables for 50 randomly sampled validation data. The horizontal axis
represents the data index. The vertical axis corresponds to the value
of x4. The dotted horizontal line represents the true values in the data.

The short horizontal lines represent the [10, 90] quantile of the esti-
mated distribution. a Output distribution of the entropic herding with
Toutput = 500. bMultivariate normal distribution

the distribution mixture for the output. Many probabilis-
tic modeling methods use the distribution mixture, such as
the Gaussian mixture model and kernel density estimation
(Parzen 1962). All of these methods, including the entropic
herding, share the above characteristics.

The most important difference between the entropic herd-
ing and other methods is that it does not require specific data
points and only uses the aggregated moment information of
the features. The use of aggregated information has recently
attracted increasing attention (Sheldon and Dietterich 2011;
Law et al 2018; Tanaka et al 2019a, b; Zhang et al 2020).
Sometimes, we can only use the aggregated information for
privacy reasons. For example, statistics, such as population
density or traffic volumes, are often aggregated to mean val-
ues by spatial regions, which often have various granularities
(Law et al 2018; Tanaka et al 2019a, b). In addition to data
availability, features can be selected to avoid irrelevant infor-
mation depending on the focus of the study and data quality.
These advantages are common to the entropic and point herd-
ingmethods, but nonetheless distinctivewhen comparedwith
other probabilistic modeling methods. Notably, the kernel
herding (Chenet al 2010) is a prominent variant of the herding

that has a convergence guarantee; however, it does not share
the aforementioned advantages because it requires individ-
ual datapoints to use the features defined in the reproducing
kernel Hilbert space.

Note that the entropic herding has a drawback, com-
pared to the point herding, that the optimization step becomes
more intricate and costly. Particularly, the calculation and
optimization with Eq [ϕm(x)] are more complicated and
computationally intensive than those for ϕm(x). The evalu-
ation of the probability density value on output distribution
poutput can also be in practice computationally demanding,
although it is not available for the point herding (particularly
in the case that X is continuous).

6.2 Comparison of entropic herding to other
methods

The proposed entropic herding estimates the target distri-
bution with mixture models. We assumed use cases for the
entropic herding that differ from other existing mixture mod-
els.
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For estimated mixture models, we often expect that each
component represents a cluster of datapoints with a common
characteristic. Therefore, the number of components used for
the mixture model is usually relatively small.

Nevertheless, in the learning process of mixture models,
we have to jointly optimize many parameters whose num-
ber linearly grows with the number of components. Then,
the optimization algorithm and hyperparameters should be
carefully designed to ensure the numerical stability of the
algorithm and avoid the problem of local optima.

Contrarily, for the entropic herding, even if the number of
components and their parameters increase, the optimization
problem for each component is independent of the others,
and the algorithm design is kept simple. Therefore, we sup-
pose that the entropic herding is more suited when the target
distribution is more complicated such that it requires a larger
number of components, although the interpretation of each
component is less informative.

A method of moments (MoM) is another approach that
has a similarity to the entropic herding. It shares its concepts
of matching moment information with the entropic herding.
It chooses a distribution from an assumed family of dis-
tributions such that the moments of statistics Ep [ϕm(x)]
match the given input. To fit with the complexity of the target
distribution, we require a complex model of distributions.
Such a model is likely to have many degrees of freedom,
but this must be smaller than the number of input moments
(μm) to avoid an ill-posed problem in MoM. For example,
when we model the bimodal distribution in Fig. 3 by the
mixture of two normal distributions, we have five degrees of
freedom, including the mean and variance for each compo-
nent and mixture weight. However, we only have four input
moments μm for m = 1, . . . , 4. Even when we can use a
complex model with a sufficiently large number of inputs,
the optimization process of MoM is more complicated than
the entropic herding. Conversely, we can use simple Q and
a large number of components even in such cases for the
entropic herding. It is because, to satisfy the complexity
of the output, we can resort to the complex behavior of the
herding.

6.3 Remarks for application of entropic herding

The framework of entropic herding in this study is written
in a general form such that it does not depend on a choice
of feature functions ϕm and candidate distribution Q. In the
application of the entropic herding,wehave to specify param-
eters including these components. Specifically, we should
focus on the choice of Q and T because the characteristics
of the output largely depend on them. Although we can say
little about the expressive power and convergence behavior
of the output, we present a general idea for choosing Q and
T below.

In one respect, larger Q, which is large as a set of distri-
butions and has larger expressive power, can be considered
a desirable choice, because we can obtain a better solution
for the optimization (Eq. (8)) and then a better output mix-
ture poutput. However, in another respect, simple Q is also a
better choice. This is because it simplifies the optimizations
in the algorithm and use of the output. The extremum choice
in the former respect is Q that includes Gibbs distributions
{πθ }. However, in this case, the problem is simply reduced
to the parameter learning of the Gibbs distribution. The other
extremum choice in the latter respect is using the set of point
distributions forQ; however, as argued above, it is equivalent
to the existing point herding. The framework of the entropic
herding allows us to choose Q in an intermediate of these
two extrema.

The choice ofQ is also relevant to the required number of
components or, equivalently T . For example, suppose that the
target distribution has a large number ofmodes. IfQ is simple
such that it only includes unimodal distributions, required
number T of components from Q to represent the target is
at least as large as the number of its modes. We expect that
it is reduced by using larger Q. Generally, choosing simple
Q will increase the number of components, and the compu-
tational cost of the use of the output mixture increases only
linearly to T . However, with simple Q, each computational
process becomes simple. Thus, choosing simple Q is some-
times worth increasing the number of components T .

Summarizing the above, we can enjoy the merits of the
entropic herdingwhenwe use relatively simpleQ. The com-
plexity of the target distribution such as multimodality and
dependency is handled by increasing T , although the optimal
choice depends on applications. The numerical examples in
this study, where we used the distributions of independent
random variables forQ, are also informative from this view-
point.

In general, determining the optimal T value in advance
from the data is difficult. It is similar to the problem of choos-
ing the number of mixtures when using mixture models. In
the case of multimodal distribution as above, running the
entropic herdingwith enough large T and clustering obtained
distributions {rt } may help estimate the optimal number of
components or T if the computational budget is enough.Note
that this clustering of the collection of distributions is not
identical to that of samples, which may not even be possible
when we only have moments (μm). We can also quantita-
tively validate the output distribution like in Sect. 5.3 as other
probability models when we have sample points or target
density function.

Additionally, we made two remarks about the future
improvement in the optimization step of the entropic herd-
ing, which is one of the most computationally intensive parts
at present.
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First, the gradient descent in the entropic herding is easily
realizable if the analytic form of entropy and expectation
of the feature over the candidate distribution q ∈ Q are
available. However, if the analytic form is not available, we
should resort to more sophisticated optimization methods.
The problem solved in the optimization step is equivalent to
obtaining the distribution approximation by minimizing the
KL-divergence (see Eq. (34)). This problem often appears in
the field of machine learning, such as in variational Bayes
inference. To extend the application of the herding, it can be
combined with recent optimization techniques developed in
this field.

Second, it is observed that slightly different optimization
problems, which are modified by the weight dynamics, are
repeatedly solved in the algorithm. If the amount of weight
update in each step is small, we can assume that the prob-
lems in the consecutive steps are similar. As described in the
“Appendix”, we used gradient descent from the latest solu-
tion for the optimization of the experiment and demonstrated
its feasibility. We expect that exploiting the characteristics of
repetitive optimization will produce further improvement.

In this study, we proposed the framework of entropic herd-
ing in a general formwith the expectation of future extension.
In recent years, many methods have been developed for the
generative expression of a probability distribution with high
expressive power and simultaneously equipped with stable
and efficient optimizing algorithms. For example, we can
find studies that used neural networks (Goodfellow et al
2014; Kingma and Welling 2014) and decision trees (Cri-
minisi 2012). We also expect that this study will serve as a
theoretical framework for the more advanced use of these
sophisticated generative models, which can use them as a
mixture.

6.4 Algorithmic roles of dynamical feature
weighting in herding and other research areas

The herding requires the complex behavior of the process to
obtain a random-like sequence. However, we currently have
to only rely on the empirical observation that the coupled sys-
tem of Eqs. (5) and (6) or Eqs. (8) and (9) exhibits complex
behavior in high-dimensional space. Theoretical understand-
ing of the behavior of the herding as a nonlinear dynamical
system is a challenging but important direction for future
study.

In the optimization step (Eq. (5)), the herding used the
weighted average of features, whose weights were changed
dynamically depending on the process state. The combina-
tion of dynamically changing weights and optimization of
functions weighted by them, which we call the dynamical
feature weighting, has also been employed in other research
areas that are not directly related to the herding, as in the fol-
lowing examples. In these examples, the weight dynamics is

combined with the process that takes the weighted sum of
functions as the energy and is interpreted as minimizing the
energy, such as the gradient flow.

The first example is from the field of machine learning
similar to the herding. The maximum likelihood learning of
MRF (4) is often performed using the following gradient:

∂

∂θm
log p(y) = −ϕm(y) + Ep [ϕm(x)] . (61)

The expectation in the second term can be approximated
using the Markov chain Monte Carlo (MCMC) (Hinton
2002; Tieleman 2008) on the potential function E(x) =
− log p(x) + const. However, it is known that MCMC often
suffers from slow mixing because of the sharp local min-
ima of the potential. In the case of MRF (4), the potential
function is E(x) = ∑

m∈M θmϕm(x), which also has the
form of a weighted sum of the features. Parameters θm were
updated during the learning process. Tieleman and Hinton
(2009) demonstrated that the efficiency of learning can be
improvedby adding extra timevariation to parameters θm .We
can interpret this as that the dynamics of MCMC on energy
E(x) is combined with dynamical weights θm to increase the
complexity of the MCMC dynamics and improve its mixing.

Combinatorial optimization is another example of the
application of dynamical featureweighting. TheBoolean sat-
isfiability problem (SAT) is the problem of finding a binary
assignment to a set of variables satisfying the given Boolean
formula. A Boolean formula can be represented in a con-
junctive normal form (CNF), which is a set of constraints
called clauses combined by logical conjunctions. This prob-
lem can be regarded as the minimization of the weighted sum
of features, where the features are defined by the violations
of the constraints in the CNF. Several methods (Morris 1993;
Wu and Wah 2000; Thornton 2005; Cai and Su 2011) solve
the SAT problem by repeatedly improving the assignment
for the target function and changing its weights when the
process is trapped in a local minimum. Ercsey-Ravasz and
Toroczkai (2011), Ercsey-Ravasz and Toroczkai (2012) pro-
posed a continuous-time dynamical system to solve the SAT
problem, which implements the local improvement and time
variation of theweight values. It is also shown that this system
is effective in solving MAX-SAT, which is the optimization
version of SAT problem (Molnár et al 2018). One advantage
of using deterministic dynamics is the possibility of efficient
physical implementation, as suggested by Welling (2009b)
and demonstrated by Yin et al (2018). In these cases, to avoid
the search process halting, the technique of dynamical fea-
ture weighting was used to increase the complexity of the
search process.

As illustrated in these examples, the technique of dynam-
ical feature weighting underlies various computational
methods not limited to the herding. Thus, theoretical stud-
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ies of the herding can lead to a better understanding of such
methods. We expect that the arguments in this study, which
connect the herding and entropy, also work as the first step
of the research from this perspective.

7 Conclusion

In this study, we proposed an entropic herding algorithm as
an extension of the herding.

By using the proposed algorithm as a framework, we dis-
cussed the connection between the herding and maximum
entropy principle. Specifically, the entropic herding is based
on the minimization of target function L. This function,
which is composed of the feature moment error and entropy
term, represents the maximum entropy principle. The herd-
ing minimizes this function in two ways: The first is the
minimization of the upper bound of the target function by
solving the optimization problem in each step. The second is
the diversification of the samples by the complex dynamics of
the high-dimensional weight vector.We also investigated the
output of the entropic herding through a mathematical analy-
sis of the optimal distribution of this minimization problem.

We also clarified the difference between the entropic and
point herding for application both theoretically and numeri-
cally.Wedemonstrated that the point herding canbe extended
by explicitly considering entropy maximization in the opti-
mization step using distributions rather than points for the
candidates. The output sequence of the entropic herding has
more efficiency in the number of samples than the point herd-
ing because each output is a distribution that can assign a
probability mass to many states. The output sequence of
the distribution can be used as a mixture distribution that
enables independent sample generation. The mixture distri-
bution also has an analytic form. Therefore, model validation
using likelihood and inference through conditional distribu-
tion is also possible.

As discussed in Sect. 6, the entropic herding enables
flexibility in the choice of the feature set and candidate dis-
tribution. We expect the entropic herding to be used as a
framework for developing effective algorithms based on the
distribution mixture.
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Appendix A Details of optimization algo-
rithms and experiments

Here, we present detailed descriptions of the methods used
for the experiments in this study.

The pre-processing applied to the feature functions is
detailed below. Let ϕm be the mth feature function provided
to the algorithm. Let x1, . . . , xD be the input data vector.
We calculated the mean μm and standard deviation σm of
the feature values, namely, ϕm(x1), . . . , ϕm(xD). We then
standardized the feature values as follows:

ϕ′
m(x) = 1

σm
(ϕm(x) − μm). (62)

The feature value for the distribution is defined as η′
m(p) ≡

Ep
[
ϕ′
m(x)

]
. After standardization, the average of the feature

values used for the target value became zero, and we used
the same �m for all m. Namely, we used

a(T )
m = λη′

m(p(T )) (63)

instead of using Eq. (23). Note that this is equivalent to
a(T )
m = λ

σm
(ηm(p(T )) − μm), which can also be obtained

by substituting �m = λ/σm into Eq. (23). Here, the parame-
ter tuning of�m was simplified to optimize the single global
parameter λ. Note that the pre-processing simplifies param-
eter tuning and is not generally necessary. When we do not
have information on the standard deviation, we can still use
the entropic herding by tuning each �m .

The optimization problem in Eq. (8) was solved using the
gradient method. A different parameterized candidate dis-
tribution set Q was used for each case, and the parameter
was optimized by repeating a small update following the
target function gradient. The optimization for each T was
performed by iterating the number kupdate of optimization
steps. The obtained state r (T ) was used as the initial state for
the next optimization at T + 1. The amount of updates in
each optimization step wasmodified using the Adammethod
(Kingma and Ba 2015) to maintain the numerical stability of
the procedure. The hyperparameters in Adam were set to
(β1, β2, ε) = (0.8, 0.99, 10−8) (see Kingma and Ba 2015).
The gradient after the modification was multiplied by the
learning rate, denoted by ηlearn. At the beginning of the inner
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loop of optimization, for each T , the rolling means main-
tained by Adam were reset to the initial value of zero.

In some cases, we usedmodified weight values depending
on the optimization state. Instead of a(T−1)

m , we used weight
values a

′
m defined as follows:

a
′
m ≡ a(T−1)

m + ε(T )�m(ηm(qcur ) − ηm(p(T−1))) (64)

= a(T−1)
m

+ ε(T )
(
�m(ηm(qcur ) − μm) − a(T−1)

m

)
,

(65)

where qcur denotes the current state in the inner loop of the
optimization. Note that this is different from r (T−1), except
for the beginning of the inner loop. This modification was
also used for numerical stability. The justification was as
follows: Eq. (24) was equivalent to

L̃(T ) =
( ∑

m∈M

1

2�m

(
a

′
m

+ ε(T )�m(ηm(r (T )) − ηm(qcur ))

)2)

−
(
H̃ (T−1) + ε(T )(H(r (T )) − H̃ (T−1))

)
. (66)

The terms dependent on r (T ) are

ε(T )

((
∑

m∈M
a

′
mηm(r (T ))

)

− H(r (T ))

)

+ O((ε(T ))2). (67)

By neglecting small higher-order term O((ε(T ))2), the
minimization was reduced to solving r (T ) = arg min

q∈Q((∑
m∈M a

′
mηm(q)

)
− H(q)

)
, which is equivalent to Eq.

(8) with the substitution of am by a
′
m .

We introduced a stochastic jump in the optimization step
in some cases. In this case, a jump was proposed with a
probability of pjump in each optimization step. The candidate
distribution q ′ ∈ Q was drawn randomly and accepted as
the next state if it had a better target function-value than
the distribution of the current state. The method of candidate
generation is described for each problem in the following
sections.

The amount of the update in each step, denoted by ε(T ),
was set to the same value. Namely, we set ε(T ) = εherding
for each T . This means that distribution weights ρt,T in Sect.
3.2 geometrically decayed at the rate of ρ = 1 − εherding.

To eliminate nonstationary behavior depending on the ini-
tial condition, we set a burn-in period in the algorithm similar
to conventional MCMC algorithms. After the herding ran
with Tmax = Tburnin + Toutput, the output sequence, except

for the burn-in period, was aggregated into an outputmixture
distribution. The output mixture was obtained as follows:

poutput(x) = 1

Toutput

Tburnin+Toutput∑

t=Tburnin+1

r (t)(x). (68)

We implemented the method above using the automatic dif-
ferentiation provided by the Theano (Bergstra et al 2010)
framework. The default settings for the above parameters are
summarized in Table 2. The values in the table were used
unless explicitly stated otherwise.

A.1 One-dimensional bimodal distribution

Using the Metropolis–Hastings method, 10,000 samples
were generated and used as the input. We used candidate
distribution set Q defined as

Q = {N (μ, σ 2) | μ ∈ R, σ > 0.01}. (69)

The four feature means over the candidate distribution,
denoted by ηi (q) = Eq [ϕi (x)] = Eq

[
xi

]
, are obtained as

follows:

η1(q) = Eq [x] = μ, (70)

η2(q) = Eq

[
x2

]
= μ2 + σ 2, (71)

η3(q) = Eq

[
x3

]
= μ3 + 3μσ 2, (72)

η4(q) = Eq

[
x4

]
= μ4 + 6μ2σ 2 + 3σ 4. (73)

As they all have analytic expressions, the gradients regarding
the parameters can be easily obtained.

We applied variable transformation l = log σ and opti-
mized parameter set (μ, l) ∈ R × [log 0.01,+∞) in the
algorithm. We reported the results for λ = 100 in this study.

For the case of the entropic herdingwith stochastic update,
pjump = 0.1 was used. When a random jump was proposed,
the candidate distribution was determined using the current
value of l and drawingμ randomly from [μmin, μmax ], where
μmin and μmax are the minimum and maximum values of μ

that have so far appeared in the procedure, respectively.
Point herding with Metropolis updates was implemented

for comparison. In this case, a random jumpwas proposed in
each step (pjump = 1). The candidate was accepted based on
the Metropolis rule. That is, it is accepted with a probability
min(1, exp(−�F)), where �F is the increase in the target
function Fa(T−1) (x). In this case, modified weight values a

′
m

were not used.
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Table 2 Default settings for
each experiment in this study εherding Toutput Tburnin ηlearn kupdate a

′
m pjump

Bimodal distribution 0.02 100 50 0.2 50 � 0

Bimodal distribution (point herding) 0.002 1000 500 0.2 50 � 0

Boltzmann machine 0.05 320 100 0.2 50 – 0.1

UCI wine quality data 0.01 500 100 0.2 20 � 0.1

A description of these parameters is in “Appendix 1”. Checkmark (�) in column a
′
m indicates that themodified

weight value (Eq. (64)) is used

A.2 Boltzmannmachine

Parameters Wi j (i < j) for pBM were drawn from a nor-
mal distribution with mean zero and variance (0.2)2/N . We
then added some structural interactions to increase nontrivial
correlations; we assigned W45 = 0 and Wi(i+1) = −0.3 for
i �= 4. We obtained the values of μm and σm used for feature
standardization by calculating the expectation following the
definition of target model pBM.

Weused candidate distribution setQ, defined as consisting
of the following set of random variables:

xi =
{+1 (with probability pi )

−1 (with probability 1 − pi )
∀i ∈ {1, . . . , N },

(74)

where pi ∈ [0, 1] are the parameters and x1, . . . , xN are
independent.

The feature means over the candidate distribution have an
analytic expression such that the gradient can be obtained
easily:

ηi j (q) = Eq
[
ϕi j (x)

] = Eq
[
xi x j

]

= (2pi − 1)(2p j − 1).
(75)

We applied variable transformation si = log pi
1−pi

and opti-

mized parameter set (s1, . . . , sN ) ∈ R
N in the algorithm.

This variable transformation states the relationship between
the gradients as ∂

∂si
f = dpi

dsi
∂

∂ pi
f . However, coefficient

dpi
dsi

= pi (1 − pi ) can be significantly small if |si | is large.
We dropped this coefficient, which did not affect the sign of
the update, and used ∂

∂ pi
f as the gradient.

The candidate distribution for the random jump was
obtained by setting the sign of each si randomly, maintaining
absolute value |si |.

A.3 UCI wine quality data

The input data were split into training and validation sets.
Twenty percent of the data for red and white wines each
were randomly selected as the validation set. The remaining
training set was used to obtain the feature statistics required

by the algorithm. After model validation, we reported the
results for λ = 200 in this study.

The parameterization of candidate distributions Q was
similar to the case of the bimodal distribution above. We
used candidate distribution set Q, defined as consisting of
the set of the following random variables:

xi ∼ N (μi , σ
2
i ) ∀i ∈ {1, . . . , 11}, (76)

where μi ∈ R and σi > 0.01 for all i ∈ {1, . . . , 11} are the
parameters and x1, . . . , x11 are independent.

The means of features ϕ
(1)
i , ϕ(3)

i , and ϕ
(4)
i over the candi-

date distribution can be obtained in the same manner as in
the case of the bimodal distribution above. Further, the mean
of ϕ

(2)
i j was calculated as follows:

η
(2)
i j (q) = Eq

[
ϕ

(2)
i j (x)

]
= Eq

[
x2i

]

= μ2
i + σ 2

i

(i = j), (77)

η
(2)
i j (q) = Eq

[
ϕ

(2)
i j (x)

]
= Eq

[
xi x j

]

= μiμ j

(i �= j).

(78)

They also have analytic expressions, allowing the gradients
to be obtained easily.

The variable transformation li = log σi was applied to the
optimization algorithm. The candidate distribution for the
random jump was taken for each (μi , li ) as in the case of
the bimodal distribution above.

Appendix B Full plot of the UCI wine quality
data

The pair plot for all variables of the UCI wine quality data is
depicted in Figs. 11 and 12.

Appendix C Optimum for theLminimization

In this section, we present the conditions for the existence of
a solution for Eq. (11). Let us assume that X is discrete or
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Fig. 11 For the red wine, the
pair plot of the distributions of
the dataset and distribution
obtained from the entropic
herding is shown. a Dataset. b
Distribution obtained by the
entropic herding. The meaning
of the plot is the same as that of
Fig. 7, but all variables in the
model are displayed. (Color
figure online)
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Fig. 12 For the white wine, the
pair plot of the distributions of
the dataset and the distribution
obtained from the entropic
herding is shown. a Dataset. b
Distribution obtained by the
entropic herding. The meaning
of the plot is the same as that of
Fig. 7, but all variables in the
model are displayed
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X ⊂ R
N , and let ϕm : X → R be a measurable function

for eachm ∈ M. Let Eθ , Zθ , and πθ be the energy function,
partition function, and probability density function, respec-
tively. Further, let ηm(θ) ≡ ηm(πθ ) denote the expectation
of the feature on πθ for simplicity, because we only consider
the Gibbs distribution in this section. Namely, for X ⊂ R

N ,
we define

Eθ (x) =
∑

m∈M
θmϕm(x), (79)

Zθ =
∫

X
exp (−Eθ (x)) dx, (80)

πθ (x) = 1

Zθ

exp (−Eθ (x)) , (81)

ηm(θ) = 1

Zθ

∫

X
ϕm(x) exp (−Eθ (x)) dx . (82)

Let D ⊂ R
M be the set of parameter vectors θ such that

the integrals in Eq. (80) and (82) are finite. For discrete X ,
we similarly define them by replacing the integral with the
summation. For an M-dimensional closed rectangle D =
[α1, β1] × · · · × [αM , βM ], let

D−
m = {θ ∈ D | θm = αm},

D+
m = {θ ∈ D | θm = βm}. (83)

Assume that �m > 0 for each m ∈ M. The main results of
this section are as follows:

Theorem 1 Let D ⊂ D be an M-dimensional closed rectan-
gle such that D = [α1, β1] × · · · × [αM , βM ], and let ηm be
continuous on D for each m ∈ M. Let Am, Bm be such that

ηm(θ) ≥ Am for all θ ∈ D−
m and

ηm(θ) ≤ Bm for all θ ∈ D+
m (84)

for each m ∈ M. Then, for μ ∈ R
M such that

Bm − βm

�m
≤ μm ≤ Am − αm

�m
(85)

holds for all m ∈ M, there exists a solution of

θm = �m(ηm(θ) − μm) ∀m ∈ M. (86)

Example 1 [Normal distribution] Let X = R, M = 2
and (ϕ1(x), ϕ2(x)) = (x, x2). Let D = [−C,C] ×
[1/(2s2max ), 1/(2s

2
min)], where C > 0 and 0 < smin < smax .

Let (m, s2) = (−θ1/(2θ2), 1/(2θ2)). Then, the mean and
variance of x for distribution πθ are m and s2, respectively,
because the energy function is

Eθ (x) = θ1x + θ2x
2

= −m

s2
x + 1

2s2
x2

= 1

2s2

(
(x − m)2 − m2

)
.

Then, for θ ∈ D, it holds

η1(θ) = Eπθ [x] = m

=
{

C
2θ2

≥ 0 (θ1 = −C),

− C
2θ2

≤ 0 (θ1 = C),

η2(θ) = Eπθ

[
x2

]
= m2 + s2

=
⎧
⎨

⎩

θ21 s
2
max + s2max ≥ s2max (θ2 = 1

2s2max
),

θ21 s
2
min + s2min ≤ (1 + C2)s2min (θ2 = 1

2s2min
).

Subsequently, we can use Theorem 1 with parameters
(A1, B1, A2, B2) = (0, 0, s2max , (1+C2)s2min); conditionEq.
(85) becomes

− C

�1
≤ μ1 ≤ C

�1
,

(1 + C2)s2min − 1

2s2min�2
≤ μ2 ≤ s2max − 1

2s2max�2
.

For any (μ1, μ2) ∈ R
2, because we can select D to satisfy

these conditions, there exists a solution of Eq. (86).

To prove Theorem 1, we used the Poincare–Miranda the-
orem, which was first studied Poincare (1883, 1884) and
proved by Miranda (1940) (see also Kulpa 1997; Granas and
Dugundji 2003), as follows:

Theorem 2 (Poincare-Miranda ((C.3) inGranasandDugundji
2003, p.100))) Let JN be an N-dimensional cube
{x = (x1, . . . , xN ) | |xi | ≤ 1 for i = 1, . . . , N }, the i th face
{x ∈ JN | xi = +1} is denoted by J+

i , and opposite face
{x ∈ JN | xi = −1} is denoted by J−

i . Let f1, . . . , fN be
continuous real-valued functions on JN such that for each
i = 1, . . . , N,

fi (x) ≥ 0 for x ∈ J+
i , fi (x) ≤ 0 for x ∈ J−

i , (87)

then, there exists x̂ such that fi (x̂) = 0 for each i =
1, . . . , N.

Proof of Theorem 1 Let θ x be a vector such that (θ x)m =
αm + (βm −αm)(xm +1)/2. Then, it holds that θ x ∈ D−

m for
x ∈ J−

i and θ x ∈ D+
m for x ∈ J+

i . Let fm(x) = (θ x)m −
�m(ηm(θ x)−μm) for eachm ∈ M. Then, for eachm ∈ M
and for x ∈ J−

m , it holds

fm(x) = αm − �m(ηm(θ x) − μm)

≤ αm − �m

(
Am −

(
Am − αm

�m

))
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= 0, (88)

and for each m ∈ M and for x ∈ J+
m , it holds

fm(x) = βm − �m(ηm(θ x) − μm)

≥ βm − �m

(
Bm −

(
Bm − βm

�m

))

= 0. (89)

Then, by Theorem 2, there exists x̂ such that fm(x̂) = 0 for
each m ∈ M; therefore, θ x̂ is the solution of Eq. (86). ��
Conditions (85) are likely to be relaxed by decreasing αm

and increasing βm . However, it is not always the case because
Am , which is the lower bound of the feature value on the face
of D = [α1, β1] × · · · × [αM , βM ], may decrease when D
is expanded. Conditions (85) are satisfied if we can suffi-
ciently expand D without changing bounds Am and Bm that
appear in the condition. Based on this strategy, the following
condition ensures the existence of a solution for anyμ ∈ R

M .

Theorem 3 If D = R
M and, for each m ∈ M, it holds both

• there exists Ām ∈ R such that ηm(θ) ≥ Ām for all θ ∈
R

M, and
• there exists B̄m ∈ R such that ηm(θ) ≤ B̄m for all θ ∈

R
M,

then, there exists a solution of Eq. (86) for any μ ∈ R
M.

Proof Let α′
m, β ′

m be such that α′
m < β ′

m for each m ∈ M.
Let Am = Ām , αm = min{�m(Am − μm), α′

m}, Bm = B̄m ,
and βm = max{�m(Bm − μm), β ′

m} for each m ∈ M. Let
D = [α1, β1] × · · · × [αM , βM ] ⊂ D be an M-dimensional
closed rectangle. Then, the existence of a solution of Eq.
(86) for any μ ∈ R

M is assured by Theorem 1 because the
conditions are satisfied as follows: Note that ηm(θ) ≥ Am

for θ ∈ D−
m under the assumption. Because αm ≤ �m(Am −

μm), it also holds that

μm ≤ Am − αm

�m
, (90)

which is the second inequality of Eq. (85). Similarly, note
that ηm(θ) ≤ Bm for θ ∈ D+

m under the assumption. Because
βm ≥ �m(Bm − μm), it also holds that

Bm − βm

�m
≤ μm, (91)

which is the first inequality of Eq. (85). ��
The following are simple cases for Theorem 3, where both
X and ϕm are bounded.

Corollary 4 If either

• X is discrete and finite, or
• X is a bounded closed subset ofRM and, for all m ∈ M,

ϕm(x) is a bounded function on X ,

then, there exists a solution of Eq. (86) for any μ ∈ R
M.

Note that if X is unbounded, distribution Eq. (82) is not
well-defined for all θ ∈ R

M , that is, D �= R
M . Therefore,

the existence of the solution of Eq. (11) is not guaranteed for
all μ ∈ R

M , because D ⊂ D that satisfies the conditions
of Theorem 1 for all μ ∈ R

M may not exist. However, we
still have a chance to assure the existence of a solution by
explicitly obtaining D,whichmaydepend onμ, as illustrated
in Example 1.
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