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Abstract
Discrete hazard models are widely applied for the analysis of time-to-event outcomes that are intrinsically discrete or grouped
versions of continuous event times. Commonly, one assumes that the effect of explanatory variables on the hazard can be
described by a linear predictor function. This, however, may be not appropriate when non-linear effects or interactions between
the explanatory variables occur in the data. To address this issue, we propose a novel class of discrete hazard models that
utilizes recursive partitioning techniques and allows to include the effects of explanatory variables in a flexible data-driven
way. We introduce a tree-building algorithm that inherently performs variable selection and facilitates the inclusion of non-
linear effects and interactions, while the favorable additive form of the predictor function is kept. In a simulation study, the
proposed class of models is shown to be competitive with alternative approaches, including a penalized parametric model
and Bayesian additive regression trees, in terms of predictive performance and the ability to detect informative variables. The
modeling approach is illustrated by two real-world applications analyzing data of patients with odontogenic infection and
lymphatic filariasis.

Keywords Discrete time · Hazard models · Non-parametric regression · Recursive partitioning · Time-to-event analysis

1 Introduction

The terms time-to-event data or survival data refer to data sets
where the outcome variable corresponds to the time to the
occurrence of a certain event of interest. In clinical research,
for example, the time to death, the time to disease progression
or the duration of hospitalization are widely applied time-to-
event outcomes (Klein and Moeschberger 2003).

When building a regression model that relates the event
time T to a set of explanatory variables x = (x1, . . . , xp)
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one must account for certain characteristics that are unique
to time-to-event data. In particular, event times are usu-
ally subject to censoring, that is, the event of interest is
not observed for all individuals under study. An appropriate
approach for modeling time-to-event outcomes is to consider
the hazard for the occurrence of an event at time t given by
ξ(t) = lim�t→0{P(t < T ≤ t + �t | T > t, x)/�t}. The
most popular hazard model is the Cox proportional hazards
model by Cox (1972), which assumes that the effects of the
explanatory variables on the hazard are constant over time.
An alternative that does not require the proportional hazards
assumption are accelerated failure time models (Kalbfleisch
and Prentice 2002). This class of models is not dealt with
here, but we refer to Kuss and Hoyer (2021) for recent devel-
opments in this field.

The classical Cox model assumes that the effects of the
explanatory variables can be described by a parametric term
(that is, by a linear function of x). This assumption, which
is too restrictive in many applications, can be relaxed by the
specification of smooth, non-linear functions (Sleeper and
Harrington 1990; LeBlanc and Crowley 2004) or the use of
recursive partitioning techniques also called tree-structured
modeling, see, for example, Segal (1997), Zhang and Singer
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(1999), and Bou-Hamad et al. (2011a). Tree-structured mod-
els are strong tools that relate the explanatory variables to
the outcome in a non-linear way and automatically detect
relevant interactions between the explanatory variables if
they are present. The visualization as a hierarchical tree
makes the model easily accessible for practitioners and sim-
ulatable (Murdoch et al. 2019). In addition, tree-structured
models inherently perform variable selection, which is par-
ticularly useful in high-dimensional settings. Within the
scope of hazard models, Gordon and Olshen (1985) for-
merly extended classification and regression trees (CART,
Breiman et al. 1984) and proposed to partition time-to-event
data based on different measures of distance between two
survival curves. Segal (1995) illustrated the application of
tree-structuredmodeling for the analysis of HIV patient data,
and Carmelli et al. (1997) applied tree-structured time-to-
event analysis to investigate the relationship between obesity
and mortality from coronary heart disease and cancer. More
recently, Wallace (2014) applied conditional inference trees
(Hothorn et al. 2006) to model time-to-event data, and Ran-
coita et al. (2016) proposed to use a Bayesian network for
survival tree analysis with missing data.

All of the aforementioned methods have in common that
they assume time to be measured or approximated by a
continuous scale. In many applications, however, the event
times are intrinsically discrete, or the exact continuous event
times were not recorded and it is only known that the events
occurred in a certain time interval (this is also referred to
as the case of grouped event times). Grouped event times
are typically observed in clinical and epidemiological stud-
ies with fixed prespecified follow-up times. Then time is
recorded on a discrete time scale t = 1, . . . , k. Two exam-
ples, whichwill be dealt with here, are days of hospitalization
after jaw surgery in patients with acute odontogenic infec-
tion and time to an acute attack caused by infections through
skin lesions in patients with lymphatic filariasis measured
in months. In these cases, in which grouping effects are
present, the application of statistical models designed for
continuous time-to-event data is considered inappropriate
by many authors (e.g. Tutz and Schmid (2016) and Berger
and Schmid (2018)). Therefore, we consider the class of
discrete hazard models that has prevailed for the analy-
sis of discrete time-to-event outcomes (Willet and Singer
1993; Hashimoto et al. 2011; Tutz and Schmid 2016). A
comprehensive introduction to parametric discrete hazard
models and semi-parametric extensions was recently given
by Berger and Schmid (2018). In this article, we propose
novel alternatives to the widely used class of parametric dis-
crete hazard models. More specifically, we propose different
non-parametric extensions, where (part of) the parametric
term is replacedby a tree structurewhile the commonadditive
form of the predictor function is kept. As will be illustrated,
the models are highly flexible and combine the advantages

of classical parametric and tree-structured discrete hazard
models.

Tree-structuredmodels for discrete time-to-event analysis
were so far proposed by Bou-Hamad et al. (2009) and Bou-
Hamad et al. (2011b). Their method first grows a tree and
then fits a covariate-free discrete hazard model in each termi-
nal node separately. Schmid et al. (2016) suggested a CART
approach where both the explanatory variables and the time
t are considered as candidates for tree building. Sparapani
et al. (2016) expanded the Bayesian additive regression tree
(Chipman et al. 2010) for binary outcomes to time-to-event
outcomes considering grouped survival times. In addition,
Tiendrébéogo et al. (2019) applied a model-based recursive
partitioning approach based on the algorithm by Hothorn
et al. (2006) toHIVpatient data to identify characteristics that
are associated with risk of death. For overviews on existing
tree-structured methods for discrete-time hazard modeling
and extensions for dynamic predictions, see also Kretowska
(2019) and Moradian et al. (2021).

Our proposed approach differs from previous methods, as
we do not apply a traditional recursive partitioning algorithm,
but fitting and tree building is performed within the classical
framework of additive discrete hazard models. When grow-
ing the trees, in each step the best split is selected among
all current non-internal and non-terminal nodes, yielding a
sequence of nested subtrees of different size.

The remainder of this article is structured as follows: In
Sect. 2 the notation and general methodology for the anal-
ysis of discrete time-to-event data are described. In Sect. 3
we propose three different novel tree-structured regression
models for time-to-event outcomes. The performance of the
different models was assessed in a simulation study, which
is presented in Sect. 4. In Sect. 5, we show the results of two
applications using the proposed models to analyze data of
patients with odontogenic infection and lymphatic filariasis.
Finally, our findings and conceptual aspects are discussed in
Sect. 6.

2 Notation andmethodology

In the following, let Ti denote the event time and Ci denote
the censoring time of individual i , i = 1, . . . , n. We
assume that Ti and Ci are independent and take discrete
values in {1, . . . , k}. It is further assumed that the censor-
ing mechanism is non-informative for Ti , in the sense that
Ci does not depend on any parameters used to model the
event time. Considering right-censored data, the observa-
tion time for individual i is given by T̃i = min(Ti ,Ci ),
and �i := I (Ti ≤ Ci ) indicates whether the event of
individual i was observed (�i = 1) or not (�i = 0). In
case continuous time-to-event data has been grouped, the
discrete event times t = 1, . . . , k refer to time intervals
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[0, a1), [a1, a2), . . . , [ak−1,∞), where Ti = t means that
the event occurred in time interval [at−1, at ).

An essential tool for modeling discrete time-to-event data
is the discrete hazard function. For time-constant explanatory
variables xi = (xi1, . . . , xip) it is given by

λ(t | xi ) = P(Ti = t | Ti ≥ t, xi ), t = 1, . . . , k, (1)

which is the conditional probability for the occurrence of an
event at time t given that the event has not occurred until t .
From (1) it follows that the discrete survival function, which
denotes the probability that an event occurs after time t , can
be written as

S(t | xi ) = P(Ti > t | xi ) =
t∏

s=1

(1 − λ(s| xi )). (2)

Based on the definition of the hazard function in (1), for a
fixed time t , the discrete hazard represents a binary variable
that specifies whether an event occurs at time t or not, given
that Ti ≥ t . Hence, strategies for modeling binary outcome
data can be adapted to discrete hazard modeling.

A class of regression models that relates the discrete haz-
ard function to the explanatory variables xi is defined by

λ(t | xi ) = h(η(t, xi )), t = 1, . . . , k − 1, (3)

where h(·) is a strictly increasing distribution function and
η(·) is a real-valued predictor function depending on the
explanatory variables and time. A commonly assumed semi-
parametric form of the predictor function is given by

η(t, xi ) = γ0(t) + xi�γ , (4)

where γ0(t) describes the hazard over time (for any given
values of xi , called baseline hazard) usually by the use of
dummy variables for each time point or a smooth, non-linear
function. The effects γ ∈ R

p of the explanatory variables on
the hazard are assumed to be linear and independent of time.
Using the logistic distribution function for h(·), Equation (3)
yields the logistic discrete hazard model

λ(t | xi ) = exp(η(t, xi ))
1 + exp(η(t, xi ))

, (5)

which is also called the proportional continuation ratio
model (cf. Tutz and Schmid 2016, Chapter 3). The continu-
ation ratio at time t is given by

�(t | xi ) = P(T = t | xi )
P(T > t | xi ) = exp

(
γ0(t) + xi�γ

)

and denotes the ratio comparing the probability of an event
at time t to the probability of an event after t . Comparing the

continuation ratios of two individuals u and v at time t yields

� (t | xu)
� (t | xv)

= exp
(
(xu − xv)

�γ
)

.

Hence, proportionality is given in the sense that the com-
parison of two individuals with regard to their continuation
ratios is independent of time. This facilitates interpretation of
the estimated effects (see our applications in Sect. 5). For the
remainder of this article, we will focus on the model using
the logistic distribution function and refer to Sect. 6 for a
discussion on the characteristics of models with other link
functions.

As mentioned above, discrete hazard models can be fitted
by means of binary response models. This is because the
log-likelihood of Model (3) can be expressed as

� =
n∑

i=1

T̃i∑

t=1

(1 − yit ) log(1 − λ(t |xi ))

+ yit log(λ(t |xi )), (6)

which is equivalent to the log-likelihood of a binomial model
with independent observations yit . In order to derive coeffi-
cient estimates, one has to define the binary outcome values
for each individual i as

(yi1, . . . , yi T̃i ) =
{

(0, . . . , 0, 1), if �i = 1,

(0, . . . , 0, 0), if �i = 0.

Hence, before fitting the model with software for binary out-
comes, the original time-to-event data has to be converted
into an augmented data matrix that contains the binary out-
come values. This results in a design matrix with T̃i rows for
each individual i , where the vector of explanatory variables is
repeated row-wise, and with a total number of ñ = ∑n

i=1 T̃i
rows. Further details on data preparation and estimation of
discrete hazard models can be found in Berger and Schmid
(2018). Note that, in the following, the term individual will
be used to refer to one row in the original, non-augmented
data matrix, and the term observation to refer to one row of
the augmented data matrix.

3 Tree-structured discrete hazardmodels

The logistic discrete hazard model with predictor function
(4) assumes that the effect on the hazard can be described by
a linear combination of the explanatory variables. This may
be too restrictive, in particular when non-linear effects or
interactions between the explanatory variables are present. To
address this issue, we propose to incorporate tree-based splits
into the predictor function of the discrete hazard model (3).
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Specifically, either the effects of the explanatory variables x
or the effects of x as well as the effect of the time t on the
hazard are replaced by a tree structure.

3.1 Smooth baseline coefficients

A tree-structured predictor function that allows for more
flexibility, but still preserves the additive structure of the
semi-parametric model (4) has the form

η(t, xi ) = γ0(t) + tr(xi ), (7)

where the function tr(·) is determined by a common tree
structure. This means that the function tr(·) sequentially
partitions the observations into disjoint subsets Nm,m =
1, .., M , based on the values of the explanatory variables and
assigns a regression coefficient γm to each subset Nm . Hence,
this function can be written as

tr(xi ) =
M∑

m=1

γm I (xi ∈ Nm) , (8)

where I (·) denotes the indicator function. When growing
the tree, analogously to CART a binary split partitioning the
observations of one parental node into two child nodes is
performed in each step (cf. Hastie et al. 2009).

The function γ0(t) in Model (7) is determined by a P-
spline (Eilers and Marx 1996). More precisely, a number
of B-spline basis functions (de Boor 1978) are used, and a
term to penalize differences between adjacent coefficients is
included in the likelihood function. Then the coefficients are
fitted by maximizing the penalized log-likelihood

�p = � − εJ , (9)

where ε ∈ R
+ is a penalty parameter and J ∈ R

+ is the
penalty term preventing the estimated function from becom-
ing too rough. When using a P-spline, J is a difference
penalty on adjacent B-spline coefficients. For details, see
Wood (2011, 2017).

The tree tr(·) is constructed in a stepwise procedure, start-
ing from the model with baseline coefficients, only. Then the
first split yields a model with predictor

η[1](t, xi ) = γ0(t) + γ
[1]
1 I (xi j ≤ c j ), (10)

where x j is the explanatory variable selected for the first

split, c j is the corresponding split point, and γ
[1]
1 is the effect

for the first subset. Note that the second node defined by
I (xi j > c j ) needs to serve as reference node with γ

[1]
2 := 0

to ensure parameter identifiability. Secondly, a different or
the same variable and a corresponding split point is selected
to further split one of the current nodes. Assuming that the

left node is split based on variable xk with split point ck yields
the predictor

η[2](t, xi ) =γ0(t) + [
γ

[2]
1 I (xi j ≤ c j ∧ xik ≤ ck)

+ γ
[2]
2 I (xi j ≤ c j ∧ xik > ck)

]
, (11)

where γ
[2]
1 and γ

[2]
2 are the effects for the two new sub-

sets built after the second split. Further splits are performed
analogously until a predefined stopping criterion is met (see
Sect. 3.4 for details). The design of the augmented datamatri-
ces for fitting the model with predictor (10) is illustrated in
Online Resource Supplement 1, see Equations (S1) and (S2).

3.2 Piecewise constant baseline coefficients

Model (7) allows for non-linear effects of the explanatory
variables aswell as (higher-order) interactions between them.
Moreover, the effects of the explanatory variables can easily
be interpreted from the tree structure. Modeling the baseline
coefficients by a smooth (P-spline) function may, however,
not be adequate, as abrupt changes of the effect strength
appear particularly plausiblewhen considering discrete event
times (Puth et al. 2020). Therefore, in the following, we
assume that the baseline hazard does not vary over the whole
range of t , but is constant within several time intervals.

An alternative tomodel (7) that also preserves the additive
structure of parametric discrete hazard models, but allows to
fit piecewise constant baseline coefficients is a model with
predictor

η(t, xi ) = tr0(t) + tr(xi ), (12)

where tr0(·) is a second tree partitioning the observations
into subsets N0m0 ,m0 = 1, . . . , M0, with regard to the time
t , and assigning a parameter γ0m0 to each subset N0m0 , and
tr(·) is a tree structure defined as in (8). More formally, we
have that

tr0(t) =
M0∑

m0=1

γ0m0 I
(
t ∈ N0m0

)
, (13)

which represents a piecewise constant function over time.
Both trees tr0(·) and tr(·) are constructed using a similar
stepwise procedure as described in Sect. 3.1. Assuming now
that a split in t at ct is selected in the first step yields the
predictor

η[1](t, xi ) = [
γ

[1]
01 I (t ≤ ct ) + γ

[1]
02 I (t > ct )

]
. (14)

Then, a split in explanatory variable x j at split point c j , in
the second step, results in a predictor of the form

η[2](t, xi ) =[
γ

[2]
01 I (t ≤ ct ) + γ

[2]
02 I (t > ct )

]
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+ γ
[2]
1 I (xi j ≤ c j ), (15)

where the node I (xi j > c j ) serves as reference node. In each
iteration of the algorithm (see Sect. 3.4 for details), a split in
either t or in one of the explanatory variables is performed,
expanding tr0(·) or tr(·), respectively. As a result, the pre-
dictor comprises piecewise constant effects over time and
tree-structured effects of the explanatory variables. Note that
the algorithm treats t as an ordinal variable. Thus, the total
number of possible splits in tr0(·) is k−2.When treating t as
nominal variable instead, certain forms of the effects of time
(e.g. U-shapes) might be detected more easily, particularly
in small samples. Yet, this approach would be much more
computationally expensive, as the number of possible splits
grows exponentially with the number of time points. More
specifically, 2(k−1)−1 − 1 possible binary partitions would
have to be considered for the first split in tr0(·). The design
of the augmented data matrices for fitting the model with
predictor (15) is illustrated in Online Resource Supplement
1, see Equations (S3) and (S4).

3.3 Modeling the effects of t and x by one single tree

The proposed models (7) and (12) are an attractive choice,
as the effects can be captured in a very flexible way and
the representation as a tree facilitates their interpretation. At
the same time the common additive structure of parametric
models (separating the effects of x and t) is kept.

If one suspects that interactions between time and explana-
tory variables are present, the use of a discrete hazard model
with predictor

η(t, xi ) = tr(t, xi ), (16)

may bemore appropriate.Here, the function tr(·, ·) partitions
the observations based on the time t and the values of the
explanatory variables xi , that is,

tr(t, xi ) =
M∑

m=1

γ j I ((t, xi ) ∈ Nm) . (17)

The construction of the tree tr(·, ·) is performed in the same
manner as described in Sect. 3.1, but now in each step the time
t (treated as an ordinal variable) and the explanatory variables
are treated together. Essentially, this modeling approach is
equivalent to the survival tree proposed by Schmid et al.
(2016), as in both cases a single tree is built, where the time t
and the explanatory variables are simultaneously considered
as candidates for splitting. Schmid et al. (2016) proposed to
use theGini impuritymeasure for the selection of split points,
whereas our approach selects the splits based on likelihood
ratio (LR) test statistics (see Sect. 3.4), which is equivalent

to the entropy criterion (Breiman et al. 1984). If the same
splitting criterion is chosen, the model with predictor (16)
and the survival tree yield the same results.

Model (16) is highly flexible, as an interaction between x
and t implies the presence of time-varying effects on the haz-
ards. This, however, comes at the price that the tree structure
is harder to interpret, because each terminal node corresponds
to a subset defined by the explanatory variables and to a time
interval. An example of the augmented data matrices for fit-
tingModel (16) is given in Equations (S5) and (S6) in Online
Resource Supplement 1.

3.4 Fitting procedure

In each step of the tree-building algorithm, the best split
among all candidate variables (that is, one component of
x or t) and among all possible split points is selected. In
order to do so, the two parameters corresponding to the two
subsets resulting from the new split, γ

[�]
q and γ

[�]
q+1 (where

q is the current number of terminal nodes and � = q − 1
is the current number of splits), are tested for equivalence.
More specifically, one examines all the null hypotheses H0:
γ

[�]
q = γ

[�]
q+1 against the alternatives H1: γ

[�]
q 	= γ

[�]
q+1 by

means of likelihood ratio (LR) tests. For a model with pre-
dictor (7), the splitting variable xq and split point cq related
to the largest LR test statistic are selected. For models with
predictor (12) and (16), the split is also selected based on the
largest LR test statistic but can either be in t or in one of the
explanatory variables (in the second or the same tree struc-
ture). Note that in each step of the algorithm all observations
(of the augmented data matrix) are used to derive estimates
of the model coefficients. That means, all parameters are
refitted in each iteration and no previously estimated param-
eters are kept. Consequently, in case of the models with two
components (introduced in Sects. 3.1 and 3.2), the parameter
estimates of either of the two components are adjusted for
the change through a split in the other. For the model with
only one tree component described in Sect. 3.3, an additional
split, however, does not change the parameter estimates in the
remaining nodes (i.e. there would be no necessity to consider
all the observations). Hence, the mechanism is equivalent to
the fitting of a common tree, where only the subset of all
observations in one node are used to guide the next split.

Three approaches for determining the size of the tree(s)
are considered:

(i) The first alternative, which is based on the algorithm
proposed by Berger et al. (2019), applies permutation tests.
Let xq be the variable selected for splitting. Then, the p-value
obtained from the distribution of the maximally selected
test statistic Tq = maxcq Tq,cq provides a measure for the
dependence between the time-to-event outcome and vari-
able xq while accounting for the number of possible split
points (Hothorn and Lausen 2003). Therefore, one explic-
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itly accounts for the involved multiple testing problem with
regard to the number of split points for xq . The construction of
the tree(s) is terminated when the null hypothesis of indepen-
dence between the time-to-event outcome and the selected
explanatory variable (or the time t) cannot be rejected (based
on a prespecified error level α). To determine the asymptotic
distribution of Tq under the null hypothesis and to derive a
test decision, a permutation test is performed. Thatmeans one
permutes the values of the splitting variable xq (or t) in the
original augmented datamatrix and computes the value of the
maximally selected LR test statistic based on the permuted
data. When this procedure is done repeatedly, an approxima-
tion of the distribution of Tq under the null hypothesis can be
derived. Each permutation test is performed with local type
I error level αl = α/s, where s is the number of candidate
variables for splitting in the selected node. Hence, for each
tree the probability of falsely identifying at least one variable
as splitting variable is bounded by α (i.e. on the tree level the
family-wise error rate is controlled by α). To determine the
corresponding p-values with sufficient accuracy, the number
of permutations should increase with the number of candi-
date splitting variables.

(ii) A second alternative is a minimal node size criterion,
which iswidely used in tree-building algorithms (Probst et al.
2019). With the minimal node size criterion, the minimal
number of observations in the nodes is considered as the
main tuning parameter for tree construction. If the number
of observations in a current node falls below a prespecified
threshold, the node is flagged as terminal node and is no
longer available for further splits. The construction of the
tree(s) is terminated when all current nodes are flagged as
terminal nodes. To find the optimal minimal node size we
propose to use the predictive log-likelihood of the model
(evaluated on a separate validation sample or by cross-
validation). It appears to be a natural choice, because split
selection is also based on the likelihood. Note that, for the
model with predictor (12), the optimal minimal node size
must be determined for both trees, which requires optimiza-
tion on a two-dimensional grid.

(iii) The third alternative is a post-pruning strategy, where
a large tree is grown first and is then pruned to an adequate
size to avoid overfitting. More specifically, after building
the large tree, the sequence of nested subtrees is evaluated
with regard to its predictive performance, for example, by
using a validation sample or a k-fold cross validation scheme.
Finally, the best-performing subtree is selected. As with the
minimal node size criterion, we propose to consider the
predictive log-likelihood as evaluation criterion. Note that,
also for model (12) with two tree components, this strategy
requires a one-dimensional optimization only.

To prevent the algorithm from building extremely small
nodes (with only a few observations), an additional mini-
mal bucket size constraint may be applied. With the minimal

bucket size constraint, the minimum number of observations
required in any terminal node is limited downward.

To summarize, the following steps are performed during
the fitting procedure, if the permutation test is applied:

1. Initial model: Fit the model without any explanatory
variables, yielding a single estimate of the intercept γ̂0
(or a P-spline function modeling the baseline effects).

2. Tree building:

(a) Fit all candidate models with one additional split
regarding one of the explanatory variables (or t in
case of a model with predictor (12) or (16)), that ful-
fill the minimal bucket size constraint, in one of the
already built nodes. If none of the additional splits
meets the minimal bucket size constraint, terminate
the algorithm.

(b) Select the best model based on the maximal LR test
statistic.

(c) Carry out the permutation test for the variable asso-
ciated with the selected split with error level αl . If
significant, fit the selected model and continue with
step (2a). Otherwise, terminate the algorithm.

If the minimal node size criterion is used, the algorithm can
be summarized as follows:

1. Initial model: Fit the model without any explanatory
variables.

2. Tree building:

(a) Fit all candidate models with one additional split
regarding one of the explanatory variables (or t), that
fulfill the minimal bucket size constraint, in one of
the already built nodes. If none of the additional splits
meets the minimal bucket size constraint, terminate
the algorithm.

(b) Select the best model based on the maximal LR test
statistic considering the already built nodes that ful-
fill the minimal node size criterion, only. If none of
the already built nodes meets the minimal node size
criterion, terminate the algorithm.

(c) Fit the selected model and continue with step (2a).

Using the post-pruning method, the fitting procedure is as
follows:

1. Initial model: Fit the model without any explanatory
variables.

2. Tree building:

(a) Fit all candidate models with one additional split
regarding one of the explanatory variables (or t), that
fulfill theminimal bucket size constraint, in one of the
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already built nodes. If none of the additional splits
meets the minimal bucket size constraint, continue
with step (3).

(b) Select the best model based on the maximal LR test
statistic.

(c) Fit the selected model and continue with step (2a).

3. Pruning: Select the best model with the minimal predic-
tive log-likelihood from the sequence of models built in
steps (1) and (2). Terminate the algorithm.

In R, the augmented data matrix for fitting discrete time-
to-event models can be obtained by applying the function
dataLong() of the package discSurv (Welchowski et al.
2022). Technically, the proposed algorithm can be embed-
ded into the framework of tree-structured varying coefficients
models (TSVC; Berger et al. 2019). The models can there-
fore be fitted by the eponymous R add-on package TSVC
(Berger 2021), where the explanatory variables (and the time
t) serve as effect modifiers, modifying the effect of a constant
auxiliary variable. Online Resource Supplement 2 contains a
collection of code examples demonstrating how the proposed
models can be fitted using TSVC.

4 Simulation study

To assess the performance of the proposed tree-structured
models and to illustrate their properties, we considered dif-
ferent simulation scenarios. In all scenarios, the aimswere (i)
to evaluate how the performance of the approaches is affected
by the degree of censoring and the number of noise variables,
(ii) to compare the three approaches for determining the size
of the tree(s), and (iii) to compare the proposed approaches
to alternative methods, in particular to penalized maximum
likelihood (ML) estimation and Bayesian additive regres-
sion trees. In addition, the computation times of the models
were considered. The scenarios were based on a true model
with predictor (12) composed of a piecewise constant base-
line function and tree-structured effects of the explanatory
variables (scenario 1), a true model with predictor (4) com-
posed of a smooth baseline function and linear effects of
the explanatory variables (scenario 2), and a true model with
predictor (16) including interaction effects between time and
explanatory variables (scenario 3). More details on the data-
generatingmodels will be given in the following subsections.

In each scenario, the following models were fitted to the
simulated data:

(i) the tree-structured model with smooth baseline effects
as described in Sect. 3.1, referred to as SB,

(ii) the tree-structured model with piecewise constant
baseline coefficients as described in Sect. 3.2, referred
to as PCB,

(iii) the tree-structured model including t and x in a single
tree as described in Sect. 3.3, referred to as ST,

(iv) a parametric model (4) with a LASSO penalty on each
of the regression coefficients and a group LASSO
penalty on the baseline coefficients, referred to as
LASSO,

(v) a nonparametricmodel usingBayesian additive regres-
sion trees with logistic link function, referred to as
BART,

(vi) a fully specified parametric model (4) including
dummy-coded baseline coefficients and all explana-
tory variables (Full),

(vii) a model without any explanatory variables and a con-
stant baseline coefficient only (Null), and

(viii) the true data-generating model (Perfect).

For the SB, the PCB and the ST model, permutation tests
(PT ), the minimal node size criterion (MNS) as well as
the post-pruning method (PR) were applied to determine the
optimal sizes of the trees. The baseline coefficients of the SB
model were estimated by a P-spline comprising five cubic
B-spline basis functions and using a second order difference
penalty. The optimal penalty parameter ε was determined by
generalized cross-validation (see Wood 2017).

The LASSO model contains a penalty term for each
explanatory variable and for the time t . The group LASSO
penalty on the baseline coefficients guarantees that either all
or none of the corresponding estimates are equal to zero.
The degree of regularization is controlled by a joint penalty
parameter ε. See Yuan and Lin (2006) andMeier et al. (2008)
for details.

The BART model, as introduced for survival analysis by
Sparapani et al. (2016), is built of a sum of trees model-
ing the effects of time and the explanatory variables jointly
(analogously to the STmodel) and is fitted within a Bayesian
framework. To achieve maximum comparability, we used a
logistic link function (instead of the default probit link) and
set the number of trees to one. Following Sparapani et al.
(2016), the posterior distributions were estimated based on
2000 draws using a Markov chain Monte Carlo (MCMC)
algorithm with 100 burn-in draws, a thinning factor of 10,
and the default priors (see Sparapani et al. 2021).

In all simulation scenarios, the time-to-event outcomewas
related to one binary explanatory variable x1 ∼ B(1, 0.5)
and two continuous explanatory variables x2, x3 ∼ N (0, 1).
We considered a low-dimensional settingwith five additional
binary noise variables (∼ B(1, 0.5)) and two additional
standard normally distributed variables, as well as a high-
dimensional setting with 90 additional binary noise variables
and seven additional standardnormally distributednoise vari-
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ables. In each scenario we performed 100 replications and
simulated a training sample, a validation sample and a test
sample of size n = 500, respectively. The number of discrete
timepointswas set to k = 11.Thevalidation samplewasused
to determine the optimal minimal node sizes and best per-
forming subtrees (post-pruning) for the SB, the PCB and the
STmodel and the optimal penalty parameter ε for theLASSO
model by maximization of the predictive log-likelihood. The
permutation testswere basedon1000permutationswith error
level α = 0.05. The censoring times Ci were sampled inde-
pendently of the event times Ti using the probability mass
function P(Ci = t) = bk+1−t/

∑k
j=1 b

j , t = 1, . . . , k.
This resulted in censoring rates of approximately 30% (b =
0.7), 50% (b = 1) and 70% (b = 1.3).

To assess the performance of the different approaches, the
predictive log-likelihood was calculated on the test samples.
In addition, we considered prediction error (PE) curves as a
time-dependentmeasure of prediction error. In case ofBART,
we used themean (predicted) hazards over theMCMCdraws
to calculate the predictive log-likelihood values and the PE
curves. The PE at time point t is given by

P̂ E(t) = 1

n

n∑

i=1

wi (t)
(
Ŝi (t) − S̃i (t)

)2
,

where Ŝi (t) = ∏t
s=1(1 − λ̂(s|xi )) denotes the estimated

survival function, S̃i (t) = I (t < T̃i ) denotes the observed
survival function of individual i at time t , and wi (t) are
inverse-probability-of-censoring weights, see van der Laan
andRobins (2003).Wealso computed the integratedPEgiven
by

P̂ Eint =
k−1∑

t=1

P̂ E(t) · P̂(T = t).

The marginal probabilities P(T = t) were estimated using
a logistic discrete hazard model with dummy variables for
each time point. For more details on PE curves, see Tutz and
Schmid (2016).

Furthermore, true positive rates (TPR) and false positive
rates (FPR) for the explanatory variables were considered.
The true positive rate specifies the proportion of explanatory
variables that were correctly identified to have an effect on
the hazard (that is, correctly selected for splitting). It is given
by

T PRX = 1

#{ j : ϑ j = 1}
∑

j :ϑ j=1

I
(
ϑ̂ j = 1

)
,

where ϑ j = 1 if x j has an effect on the hazard and ϑ j = 0
otherwise. The false positive rate describes the proportion

of all noise variables that were falsely identified to have an
effect on the hazard and is given by

FPRX = 1

#{ j : ϑ j = 0}
∑

j :ϑ j=0

I
(
ϑ̂ j = 1

)
.

In case of BART, TPR and FPR were determined by aver-
aging over the MCMC draws.

For the settings with tree-structured effects of time, we
also determined a true positive rate for the thresholds in t ,
which is given by

T PRT = 1

#{k : δt = 1}
∑

t :δt=1

I
(
δ̂t = 1

)
,

where δt = 1 if there is a split at t and δt = 0 otherwise.
Analogously, the false positive rate for the thresholds in t is
given by

FPRT = 1

#{k : δt = 0}
∑

t :δt=0

I
(
δ̂t = 1

)
.

4.1 Model with piecewise constant baseline effects
and tree-structured effects of the explanatory
variables

In the first scenario, the predictor of the true data-generating
model had the form

η(t, xi ) =γ0(t) + [
γ1 I (xi2 ≤ 0 ∧ xi1 = 0)

+ γ2 I (xi2 ≤ 0 ∧ xi1 = 1)

+ γ3 I (xi2 > 0 ∧ xi3 ≤ 0)

+ γ4 I (xi2 > 0 ∧ xi3 > 0)
]

with γ1 = −2.5, γ2 = −1.5, γ3 = −0.5, γ4 = 0.5, and
baseline function

γ0(t) = − 1.5I (t ≤ 3) − I (3 < t ≤ 5)

− 0.5I (5 < t ≤ 8).

Figure S1 inOnlineResource Supplement 3 shows the effects
of the explanatory variables represented as a tree structure.

From the results in Table 1 it is seen that all the pro-
posedmodels were very efficient in detecting the informative
variables. The TPR (upper panel) were higher than 0.6
throughout all settings, even for high-dimensional data with
strong censoring. Compared to the tree-structured mod-
els, LASSO yielded much higher FPR, indicating that the
selectedmodelswere far too large,whileBARTyieldedmuch
lower TPR. This also resulted in a considerably worse pre-
dictive performance of LASSO and BART compared to the
proposed models (see Fig. 1, which show the results for the
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Table 1 Results of the
simulation study: Explanatory
variables (scenario 1)

Model Stopping Low-dimensional High-dimensional
criterion

Censoring rate 0.3 0.5 0.7 0.3 0.5 0.7

TPR_X SB PT 0.987 0.940 0.813 0.970 0.863 0.720

MNS 0.923 0.903 0.833 0.913 0.910 0.730

PR 0.983 0.926 0.823 0.980 0.917 0.773

PCB PT 0.990 0.940 0.810 0.953 0.857 0.660

MNS 0.930 0.913 0.860 0.910 0.917 0.750

PR 0.983 0.930 0.837 0.983 0.943 0.777

ST PT 0.923 0.883 0.757 0.853 0.750 0.617

MNS 0.950 0.870 0.760 0.910 0.813 0.670

PR 0.980 0.907 0.790 0.927 0.853 0.747

BART – 0.784 0.761 0.666 0.562 0.477 0.430

LASSO – 1.000 0.997 0.980 0.997 0.880 0.740

FPR_X SB PT 0.017 0.028 0.010 0.004 0.003 0.004

MNS 0.081 0.040 0.011 0.007 0.004 0.003

PR 0.014 0.016 0.010 0.001 0.001 0.001

PCB PT 0.011 0.020 0.009 0.004 0.003 0.003

MNS 0.073 0.047 0.020 0.007 0.005 0.004

PR 0.023 0.019 0.020 0.001 0.001 0.002

ST PT 0.004 0.004 0.004 0.002 0.001 0.001

MNS 0.041 0.036 0.021 0.005 0.005 0.002

PR 0.020 0.011 0.009 0.001 0.001 0.001

BART – 0.119 0.099 0.119 0.013 0.015 0.011

LASSO – 0.637 0.627 0.504 0.201 0.470 0.183

Average true positive rates (TPR_X) and false positive rates (FPR_X) of the explanatory variables for the
low-dimensional settings (left) and high-dimensional settings (right) and different degrees of censoring
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(a) Low-dimensional setting
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(b) High-dimensional setting

Fig. 1 Results of the simulation study: Predictive performance (sce-
nario 1). The figure shows the predicted log-likelihood obtain from
fitting the different models for the low-dimensional setting (left panel)

and the high-dimensional setting (right panel) with low censoring
(30%). For the results with medium and high censoring, see Figure
S3 and S4 of Online Resource Supplement 3
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(b) High-dimensional setting

Fig. 2 Results of the simulation study: Prediction error curves (sce-
nario 1). The figures show the prediction error curves (averaged over
100 replications) of the proposed tree-structured model with the lowest
integrated prediction error (SB PR) and the competing models for the
low-dimensional setting (left panel) and the high-dimensional setting

(right panel) with low censoring (30%). For the results of the other
proposed tree-structured models, see Figures S9 and S10 of Online
Resource Supplement 3. Values of the integrated PE for all settings
(with low, medium and high censoring) are given in Table S3 of Online
Resource Supplement 3

settings with low censoring). The corresponding results for
medium and high censoring are given in Online Resource
Supplement 3.

It is also seen that the SB and PCB model performed sim-
ilarly well, whereas the ST model performed worst among
the proposed models. This indicates that the true underlying
piecewise constant baseline function could be approximated
sufficiently by the smooth function of the SB model. Mod-
eling the effects of time and the explanatory variables in one
tree, however, did not fit the data very well.

Furthermore,modelswhere permutation testswere applied
as stopping criterion mostly showed lower FPR than models
using the minimal node size criterion or the post-pruning
method (see lower panel of Table 1). This is because the per-
mutation test procedure is intended to control the family-wise
error rate α (see Sect. 3.4). Regarding the TPR, the permu-
tation test procedure showed slightly better performance in
the settings with low censoring, whereas applying the mini-
mal node size criterion was superior in the settings with high
censoring. The post-pruning method performed particularly
well in the high-dimensional settings. Of note, in the present
setting the true underlying model was determined by a tree
with similarly sized terminal nodes. In a more unbalanced
setting, the minimal node size criterion tended to be inferior
to the permutation test and the post-pruning method (see,
for example, Figure S8 of scenario 3 in Online Resource
Supplement 3).

Figure2 shows the PE curves for the settings with low
censoring. The figure depicts the results obtained from the
proposed tree-structured model with the lowest integrated
prediction error (SB PR) and the competingmodels. It is seen

that the differences in PE were larger for later time points,
with the proposed SB PR model resulting in the lowest PE
values among the competitors across all time points. This
result appears to be unaffected by the dimensionality of the
data. For the PE curves of the other proposed-tree-structured
models, we refer to Figures S9 and S10 of Online Resource
Supplement 3.

The selection rates obtained for the thresholds in t given
in Table 7 of Online Resource Supplement 3 demonstrate
that the PCB model with minimal node size criterion carried
out considerably more splits in time yielding higher TPR and
FPR. In case of the ST model, most splits were performed
when the post-pruning method was applied.

4.2 Model with smooth baseline effects and linear
effects of the explanatory variables

The second scenario was based on a predictor of the form

η(t, xi ) = γ0(t) + γ1xi1 + γ2xi2 + γ3xi3

with γ1 = −0.5, γ2 = −0.25, γ3 = 0.25 and a sigmoid
baseline function

γ0(t) = −2.25 + 1.5 × exp
(
−(t − 6)−1

)
.

Table 2 and Fig. 3 show that the proposed models yielded
lower TPR than in scenario 1 throughout all settings andwere
outperformed by the LASSO in terms of TPR and predic-
tive ability. The TPR particularly deteriorated in the settings
with high censoring. The BART model appeared to be less
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Table 2 Results of the
simulation study: Explanatory
variables (scenario 2)

Model Stopping Low-dimensional High-dimensional
criterion

Censoring rate 0.3 0.5 0.7 0.3 0.5 0.7

TPR_X SB PT 0.667 0.507 0.343 0.460 0.320 0.128

MNS 0.760 0.593 0.350 0.540 0.417 0.256

PR 0.700 0.580 0.353 0.552 0.363 0.243

PCB PT 0.660 0.507 0.307 0.433 0.317 0.128

MNS 0.737 0.590 0.327 0.547 0.410 0.239

PR 0.717 0.597 0.397 0.580 0.393 0.230

ST PT 0.517 0.380 0.270 0.270 0.190 0.128

MNS 0.553 0.417 0.287 0.337 0.263 0.182

PR 0.587 0.397 0.263 0.337 0.243 0.153

BART – 0.553 0.491 0.378 0.216 0.209 0.156

LASSO – 0.910 0.880 0.740 0.773 0.637 0.527

FPR_X SB PT 0.007 0.009 0.012 0.002 0.001 0.001

MNS 0.030 0.026 0.007 0.002 0.001 0.001

PR 0.020 0.009 0.003 0.001 0.000 0.001

PCB PT 0.006 0.011 0.007 0.001 0.002 0.001

MNS 0.037 0.020 0.011 0.001 0.001 0.001

PR 0.026 0.013 0.004 0.001 0.000 0.001

ST PT 0.007 0.014 0.006 0.002 0.001 0.001

MNS 0.021 0.006 0.013 0.002 0.001 0.001

PR 0.011 0.015 0.009 0.000 0.001 0.001

BART – 0.111 0.096 0.077 0.010 0.010 0.011

LASSO – 0.620 0.582 0.467 0.204 0.160 0.117

Average true positive rates (TPR_X) and false positive rates (FPR_X) of the explanatory variables for the
low-dimensional settings (left) and high-dimensional settings (right) and different degrees of censoring
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(a) Low-dimensional setting
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(b) High-dimensional setting

Fig. 3 Results of the simulation study: Predictive performance (sce-
nario 2). The figure shows the predicted log-likelihood obtained from
fitting the different models for the low-dimensional setting (left panel)

and the high-dimensional setting (right panel) with low censoring
(30%). For the results with medium and high censoring, see Figure
S5 and S6 of Online Resource Supplement 3
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(a) Low-dimensional setting
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(b) High-dimensional setting

Fig. 4 Results of the simulation study: Prediction error curves (sce-
nario 2). The figures show the prediction error curves (averaged over
100 replications) of the proposed tree-structured model with the lowest
integrated prediction error (SB MNS) and the competing models for
the low-dimensional setting (left panel) and the high-dimensional set-

ting (right panel) with low censoring (30%). For the results of the other
proposed tree-structured models, see Figures S11 and S12 of Online
Resource Supplement 3. Values of the integrated PE for all settings
(with low, medium and high censoring) are given in Table S4 of Online
Resource Supplement 3

affected by an increasing censoring rate, but showed much
lower TPR in the high-dimensional settings.

Yet, the proposed models showed substantially better pre-
dictive performance compared to the Null model in the low-
and high-dimensional setting as well as compared to the Full
model in the high-dimensional setting, which reflects the
added value of the variable selection procedure.

Again, the ST models achieved the lowest predictive log-
likelihood values among the tree-structuredmodels (seventh,
eighth and ninth boxplot of Fig. 3), which demonstrates that
fitting one single tree comprising the effects of time and the
explanatory variables is not adequate if the underlyingmodel
has an additive structure.

The models applying the minimal node size criterion per-
formed slightly better than models using permutation tests
and the post-pruning method. The rather weak performance
of the permutation test indicates that the test procedure is
too conservative to detect numerous informative variables in
settings with moderately sized linear effects.

Figure4 shows that the PE for the settingswith low censor-
ing increased until t = 7 for all of the models. The LASSO
performed best across all time points in both the low- and
high-dimensional setting. While the SB MNS model was
outperformed by the LASSO, it was superior to the Null
and BART model in the low-dimensional setting as well as
to the Full model in the high-dimensional setting. For the PE
curves of the other proposed-tree-structuredmodels, we refer
to Figures S11 and S12 of Online Resource Supplement 3.

4.3 Tree-structuredmodel with interaction effects
between time and explanatory variables

The data of the third scenario was generated based on a pre-
dictor of the form

η(xi , t) = γ0 + γ1 I (t ≤ 4 ∧ xi1 = 0 ∧ xi3 ≤ 0)

+ γ2 I (t ≤ 4 ∧ xi1 = 0 ∧ xi3 > 0)

+ γ3 I (t ≤ 4 ∧ xi1 = 1)

+ γ4 I (t > 4 ∧ xi2 ≤ 0)

+ γ5 I (t > 4 ∧ xi2 > 0)

with γ0 = −0.5, γ1 = −4, γ2 = −3, γ3 = −2, γ4 = −1,
γ5 = 0. Figure S2 in Online Resource Supplement 3 illus-
trates the predictor function represented as a tree structure.

From Table 3 and Fig. 5 it is seen that the performance of
the different models deviated from each other more strongly
than in the previous scenarios. While the LASSO yielded
higher TPR than the tree-structured models, the proposed
models resulted in much lower FPR than LASSO and BART
and exhibited good predictive performance. In particular,
they performed substantially better than the Null model as
well as the Full model in the high-dimensional settings).

Among the proposed models, the ST model (seventh,
eighth and ninth boxplots in Fig. 5), whose structure corre-
sponds to the form of the true underlying predictor function,
was clearly superior to the SB and PCB models. Further,
the difference in predictive performance between the SB and
PCB models shows that the abrupt change in the hazard at
time point t = 4 could be captured less adequately by the
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Table 3 Results of the
simulation study: Explanatory
variables (scenario 3)

Model Stopping Low-dimensional High-dimensional
criterion

Censoring rate 0.3 0.5 0.7 0.3 0.5 0.7

TPR_X SB PT 0.487 0.463 0.270 0.383 0.310 0.190

MNS 0.490 0.453 0.363 0.390 0.387 0.247

PR 0.483 0.463 0.330 0.403 0.367 0.233

PCB PT 0.493 0.483 0.300 0.393 0.323 0.193

MNS 0.483 0.467 0.353 0.400 0.377 0.260

PR 0.493 0.480 0.347 0.413 0.370 0.247

ST PT 0.713 0.693 0.550 0.687 0.650 0.440

MNS 0.740 0.550 0.360 0.710 0.503 0.330

PR 0.700 0.710 0.523 0.700 0.677 0.463

BART – 0.684 0.624 0.482 0.426 0.380 0.255

LASSO – 0.893 0.910 0.830 0.760 0.733 0.590

FPR_X SB PT 0.011 0.011 0.011 0.003 0.002 0.002

MNS 0.033 0.017 0.009 0.002 0.002 0.001

PR 0.014 0.017 0.004 0.001 0.001 0.000

PCB PT 0.011 0.014 0.010 0.003 0.004 0.002

MNS 0.031 0.029 0.011 0.002 0.002 0.001

PR 0.018 0.010 0.006 0.001 0.001 0.001

ST PT 0.017 0.013 0.016 0.004 0.003 0.002

MNS 0.007 0.041 0.009 0.002 0.007 0.001

PR 0.003 0.003 0.004 0.001 0.001 0.001

BART – 0.137 0.130 0.125 0.017 0.015 0.020

LASSO – 0.696 0.654 0.537 0.239 0.207 0.173

Average true positive rates (TPR_X) and false positive rates (FPR_X) of the explanatory variables for the
low-dimensional settings (left) and high-dimensional settings (right) and different degrees of censoring
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(a) Low-dimensional setting

S
B

 P
T

S
B

 M
N

S

S
B

 P
R

P
C

B
 P

T

P
C

B
 M

N
S

P
C

B
 P

R

S
T 

P
T

S
T 

M
N

S

S
T 

P
R

B
A

R
T

LA
S

S
O

Fu
ll

N
ul

l

Pe
rfe

ct

−1
10

0
−1

00
0

−9
50

−9
00

(b) High-dimensional setting

Fig. 5 Results of the simulation study: Predictive performance (sce-
nario 3). The figure shows the predicted log-likelihood obtained from
fitting the different models for the low-dimensional setting (left panel)

and the high-dimensional setting (right panel) with low censoring
(30%). For the results with medium and high censoring, see Figure
S7 and S8 of Online Resource Supplement 3
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Fig. 6 Results of the simulation study: Prediction error curves (sce-
nario 3). The figures show the prediction error curves (averaged over
100 replications) of the proposed tree-structured model with the lowest
integrated prediction error (ST PR) and the competing models for the
low-dimensional setting (left panel) and the high-dimensional setting

(right panel) with low censoring (30%). For the results of the other
proposed tree-structured models, see Figures S13 and S14 of Online
Resource Supplement 3. Values of the integrated PE for all settings
(with low, medium and high censoring) are given in Table S5 of Online
Resource Supplement 3

smooth function of the SB model. According to the TPR in
Table S2 in Online Resource Supplement 3, a split in t = 4
was carried out by the PCB and STmodels in each replication
(as all values were equal to one).

In addition, Table 3 shows that the ST model resulted in
much lower TPR when applying the minimal node size cri-
terion compared to the permutation tests or the post-pruning
procedure in the settings with medium and high censoring.
This may be explained by the unbalanced size of the termi-
nal nodes of the tree according to the true underlying model.
This also results in a decreased predictive performance (see
Figures S7 and S8 in Supplement 3 of the Online Resource).

The PE curves shown in Fig. 6 were very close at early
time points, but for later time points (t > 4) in particular
the BART model performed worse than the other models,
which may be caused by the low number of observations at
subsequent time points (leading to a stronger influence of
the prior distributions). The proposed ST PR model showed
the lowest PE among the competitors across all time points
for low- and high-dimensional data. For the PE curves of the
other proposed-tree-structured models, we refer to Figures
S13 and S14 of Online Resource Supplement 3.

4.4 Run-time

In the last part of the simulation study we investigated the
computing times of the proposed tree-structured models and
compared them to the alternative approaches LASSO and
BART. To do so, we evaluated the run-times in simula-
tion scenario 2 with low censoring. This setting was chosen
because increasing the degree of censoring results in a lower

number of rows in the augmented data matrix (ñ) and there-
fore generally reduces run-times. Table 4 shows that the
run-times differ strongly depending on the structure of the
model (SB, PCB or ST) and the stopping criterion (PT, MNS
or PR). Run-times were consistently longer compared to the
LASSO model, which on average took only one minute or
less in both settings, and also longer than the BARTmodel in
some cases. Among the proposed tree-structured approaches
the post-pruning method was least expensive, in particu-
lar for the ST and PCB model. A higher number of noise
variables (high-dimensional setting) increased the run-times
when using the minimal node size criterion or the post-
pruning method. In contrast, the run-times decreased with
a larger number of noise variables if permutation tests were
applied. This is because the effort of the permutation test
approach directly depends on the actual size of the fitted trees,
which was considerably smaller in the high-dimensional set-
ting (resulting in lower TPR, cf. Table 2). Moreover, the long
run-times of the SB model demonstrate the computational
demand of refitting the smooth baseline function γ0(t) in
each iteration, and the low performance of the PCB MNS
model resulted from the optimization of the minimal node
size on a two-dimensional grid.

5 Application

To illustrate the use of the proposed models, two real-world
examples were considered. In both applications, we com-
pared the different approaches also considered in the simula-
tion study and selected the best-performing approach using
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Table 4 Results of the
simulation study: Run-times

Model Stopping criterion Run-time
Low-dimensional High-dimensional

SB PT 156 95

MNS 93 231

PR 33 66

PCB PT 17 9

MNS 125 317

PR 3 6

ST PT 11 8

MNS 6 16

PR 2 5

BART – 56 55

LASSO – >1 1

Run-times in minutes averaged over 100 replications for fitting the different models in simulation scenario 2
with low censoring (30%) in the low- and high-dimensional setting. The calculations were performed on a
high performance computing cluster that consists of 35 nodes with a total of 944 cores for general purpose
computing. An additional 372 cores are reserved for machine learning computations and aided by 6 A100 or
V100S NVIDIA GPUs. The cores are a mixture of older (e.g. Nehalem, Opteron) and modern (AMD Epyc)
processors. The total memory of the system is 4.6 terabytes and roughly 400 terabytes of hard drive space
are available for storing project data. Connections between nodes are using 40 or 56 gigabits per second
Infiniband links

a cross-validation procedure. The corresponding results are
presented in the following.

5.1 Patients with acute odontogenic infection

We considered data of a five-year retrospective study inves-
tigating hospitalized patients with abscess of odontogenic
origin conducted between 2012 and 2017 by the Department
of Oral and Cranio-Maxillo and Facial Plastic Surgery at
the University Hospital Bonn. Patients with an acute odon-
togenic infection suffer from pain, swelling, erythema and
hyperthermia. If not treated at an early stage, such infections
may spread into deep neck spaces and lead to perilous com-
plications by menacing anatomical structures, such as major
blood vessels, the upper airway and the mediastinum (Bia-
sotto et al. 2004). The primary objective of the study was
to identify risk factors that are associated with a prolonged
length of stay (LOS) in the treatment of severe odontogenic
infections. As the LOS was recorded in 24-h intervals (that
is, time was measured in days t = 1, . . . , 18), the use of a
discrete hazard model is appropriate.

Here data from 303 patients that underwent surgical treat-
ment in terms of incision and drainage of the abscess were
considered. Intravenous antibioticswere administered during
the operation and for the length of inpatient treatment. Fur-
ther details on the study can be found in Heim et al. (2019).
The characteristics of the patients considered for modeling
were: age in years, gender (0: female, 1: male), an indicator
of whether the infection spread into other facial spaces (0:
no, 1: yes), the location of the infection focus (0:mandible, 1:

Table 5 Analysis of the odontogenic infection data

Model Stopping criterion Predictive log-likelihood

SB PT −70.31

MNS −70.23

PR −69.91

PCB PT −70.43

MNS −70.43

PR −70.56

ST PT −71.12

MNS −74.06

PR −71.27

BART – −71.21

LASSO – −70.77

Full – −73.36

Null – −80.93

Predictive log-likelihood values for the different modeling approaches
based on ten-fold cross-validation. The bold value corresponds to the
best perfoming model

maxilla), the administered antibiotics (0: ampicillin, 1: clin-
damycin), the presence of diabetes mellitus type 2 (0: no, 1:
yes) and an indicator of whether the infection was already
removed at admission (0: no, 1: yes). Basic statistics of the
LOS and the patients characteristics are summarized in Table
S6 in Online Resource Supplement 4.

The logistic discrete hazard model with predictor (4)
including linear effects of the explanatory variables that was
recently applied for statistical analysis by Heim et al. (2019)

123



20 Page 16 of 21 Statistics and Computing (2023) 33 :20

5 10 15

−2
−1

0
1

Days of hospitalization

B
as

el
in

e 
fu

nc
tio

n
γ 0

(t)

(a) Baseline function

1.044 0.425

0.000

4 5

3

Spreading=0 Spreading=1

Age<=68 Age>68

(b) Effects of the explanatory variables

Fig. 7 Analysis of the odontogenic infection data. The figure shows
the results obtained from fitting the SB model with minimal node size
criterion to the odontogenic infection data. On the left, the estimated
smooth baseline function is presented. The graph on the right shows the

estimated tree obtained from fitting the SB model with minimal node
size criterion. The estimated coefficients γm are given in each leaf of
the tree, where the right node on the first tree level serves as reference
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different groups of patients determined by the terminal nodes of the
fitted tree

indicated that age and spreading of the infection focus into
facial spaces significantly affected the LOS (with error level
α = 0.05), while all the other variables showed no evidence
for an effect.

In the first step of our analysis, we compared the tree-
structured models (SB, PCB, ST, and BART), the LASSO
model, the Full and the Null model with regard to their
predictive performance. More specifically, we calculated
the predictive log-likelihood values using ten-fold cross-
validation. In case of the proposed tree-structured models,
permutation tests, the minimal node size criterion, and the
post-pruning method were used to limit the size of the trees.
Additionally, a minimal bucket size constraint of mb =
�0.1ñ�, where ñ is the number of observations (i.e. rows)

in the augmented data matrix, was set for all tree-structured
models. The optimal minimal node size, the optimal subtree,
and the optimal LASSO penalty parameter were respectively
determined by means of leave-one-out cross-validation on
each of the ten training samples. Accordingly, predictive log-
likelihood values were calculated for each of the ten test
samples. Afterwards, the minimal node size, the subtree, and
the penalty parameter value with the largest average predic-
tive likelihood were selected.

Table 5 shows that theSBmodel applying the post-pruning
method achieved the best performance, that is, the highest
cross-validated log-likelihood value. In the second step of the
analysis, we therefore fitted the SB PRmodel to the complete
data. To determine the optimal subtree, we again performed
leave-one-out cross-validation and selected the model with
the highest predictive log-likelihood. The smooth baseline
function of the SB model was fitted by five cubic P-splines
with a second order difference penalty.

Figure7a shows the estimated smooth baseline function
γ0(t) obtained from fitting the SB PR model. The figure
illustrates that it was highly unlikely for patients to be dis-
charged in the first few days after surgery. The probability of
being discharged strongly increased until day five, but subse-
quently remained constant until day 18. Figure7b shows the
estimated tree-structured effects of the explanatory variables
on the LOS. According to the first split, patients with spread-
ing into facial spaces (Spreading=1) had a lower probability
of being discharged. In the group of patients without spread-
ing into facial spaces (Spreading=0), age was identified as an
additional risk factor affecting the LOS. Patients who were
older than 68 years were less likely being discharged than
patients who were 68 years of age or younger. For patients
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Table 6 Analysis of the lymphantic filariasis data

Model Stopping criterion Predictive log-likelihood

PCB PT −15.50

MNS −14.99

PR −18.07

ST PT −15.45

MNS −14.92

PR −15.08

BART – −15.29

LASSO – −15.00

Full – −16.45

Null – −15.25

Predictive log-likelihood values for the different modeling approaches
based on ten-fold cross-validation. The bold value corresponds to the
best perfoming model

68 years of age or younger without spreading the continua-
tion ratio was increased by the factor exp(1.044) = 2.841
compared to patientswith spreading. Figure8 depicts the cor-
responding estimated survival functions for the three groups
of patients determined by the tree.

Overall, our results strongly coincide with the findings by
Heim et al. (2019). Based on the predictive log-likelihood,
however, the tree-structured models SB and PCB sur-
passed the BART as well as the unrestricted and penalized
models with linear effects (Full, Null and LASSO). This
indicates that the tree-structured model (detecting an interac-
tion between Spreading and Age) describes the association
between the LOS and the explanatory variables best.

5.2 Patients with lymphatic filariasis

As a second example, we considered data from a randomized
controlled trial in patients with lymphatic filariasis that was
carried out in the western region of Ghana. Lymphatic filari-
asis is a filarial worm disease transmitted by mosquitoes that
affects approximately 120 million persons worldwide and
can lead to the development of severe lymphedema (LE) or
hydroceles. Themain objective of the studywas to investigate
the effect of antibiotic doxycycline in LE patients. Doxycy-
cline has been shown previously to ameliorate LE severity
in a subgroup of the population (Debrah et al. 2006). While
the primary outcome of the study was change in LE stages,
a key secondary outcome was time to occurrence of acute
attacks, which are caused by secondary infections through
skin lesions. Patients were examined 3 (t = 1), 12 (t = 2)
and 24 (t = 3) months after treatment onset, i.e., time was
measured on a discrete scale with unequally spaced time
intervals.

A sample of 118 patients was analyzed. The empirical
distribution of the event times was 23.73%, 31.36% and

44.92% for T̃ = 1, 2, 3, respectively. The censoring rate
was 34.75% (patients, who did not suffer from an attack dur-
ing follow-up). For details on how the trial was conducted,
see Mand et al. (2012). The characteristics of the patients
that were included in the analysis are: age in years, weight in
kilograms, microfiliariae count, gender (0: female, 1: male),
infection status (0: negative, 1: positive), administered drug
(0: placebo, 1: 6-week course of amoxicillin at 1000mg/d,
2: 6-week course of doxycycline at 200mg/d), lymphedema
stage before treatment and hygiene status before treatment
(0: poor, 1: moderate, 2: good). Based on the inclusion crite-
ria of the study, only patients with LE stages 1–5 according
to the scheme by Dreyer et al. (2002) were considered. Two
patients were excluded from the analysis because of miss-
ing values in the explanatory variables. Summary statistics
on the characteristics of the patients are given in Table 12 in
Supplement S7 of the Online Resource.

Based on a log-rank test, Mand et al. (2012) found a sig-
nificant difference between the doxycycline and the placebo
group with regard to the occurrence of acute attacks (with
error level α = 0.05). However, there was no evidence for
a difference between the doxycycline and the amoxicillin
group. More recently, the study data was analyzed with the
survival treemethodbySchmid et al. (2016). In their analysis,
splits in hygiene status, LE stage and drug were performed,
indicating that these characteristics affect the risk for an acute
attack.

Our analysis of the data was performed analogously to
the analysis of the odontogenic infection data (using ten-fold
cross-validation and theminimal bucket size constraintmb =
�0.1ñ�). Note that the three patients with LE stage 1 and 4
were excluded from the cross-validation step. Because of
the small number of time intervals, fitting a smooth baseline
function was not reasonable and the SB model was omitted.

The results of ten-fold cross-validation are shown in Table
6. The highest predictive log-likelihood value was achieved
by the ST model applying the minimal node size criterion,
which is (apart from the criterion for split selection) equiva-
lent to the survival tree by Schmid et al. (2016). We therefore
fitted theSTMNSmodel to the complete data (after determin-
ing the optimal minimal node size using again leave-one-out
cross-validation).

Figure9 shows the estimated tree structure, which con-
curs with the findings by Schmid et al. (2016), cf. Figure
7 therein. The first split was performed in hygiene show-
ing the importance of good hygiene for lowering the risk
for an acute attack. The subsequent splits reveal an interac-
tion between time, lymphedema stage and drug for patients
with poor to moderate hygiene. That is, within the first three
months of the study, a higher lymphedema stagewas shown to
be a relevant risk factor, whereas after three months patients
treated with doxycycline were shown to be at lower risk for
an acute attack than patients in the placebo or amoxicillin
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Fig. 9 Analysis of the lymphantic filariasis data. The figure shows the estimated tree obtained from fitting the ST model with minimal node size
criterion. The estimated coefficients γm are given in each leaf of the tree, where the rightmost node on the third tree level serves as reference node

group. The continuation ratio for patientswith poor tomoder-
ate hygiene was increased by the factor exp(1.163) = 3.199
after three months for patients treated with placebo or amox-
icillin compared to patients treated with doxycycline. This
finding confirms the results of the analysis by Mand et al.
(2012) who found that the effects of doxycycline for the risk
of an acute attack develop over the course of the second and
third follow-up interval.

The predictive log-likelihood values for the considered
models hardly deviate from each other (apart from the PCB
PR model) indicating a lack of evidence for the superiority
of one or several models (Burnham and Anderson 2002).
However, the estimated STmodel coincides with the survival
tree established by Schmid et al. (2016), confirming their
findings and supporting the validity of our approach.

6 Summary and discussion

The results of the simulation study and the applications to
real-world data indicate that the proposed tree-structured
models are promising tools for modeling discrete event
times. The tree-structured models, unlike common paramet-
ric approaches, are able to capture non-linear effects and
interactions between the explanatory variables, as illustrated
by the results in Figs. 7 and 9. Even though the linear model-
ing approach surpassed the tree-structured approaches in the
simulations, where the true effects were linear (see Sect. 4.2),
the proposed models were shown to be highly effective in
identifying the informative variables, particularly in high-

dimensional settings. The STmodel has a more flexible form
than the SB and PCBmodel, as splitting in t allows to account
for time-varying effects of the explanatory variables on the
hazard. Yet, this may come at the price of interpretability of
the tree structure and corresponding effects.

Our approach differs from traditional recursive partition-
ing algorithms: (i) Fitting of our tree-structured models is
done within the framework of parametric discrete hazard
models, which allows to apply software for binary regression
modeling. Split selection and pruning of the built tree(s) are
therefore naturally based on the likelihood. (ii) The SB and
PCB model exhibit the common additive form of parametric
discrete hazard models, which facilitates the interpretation
of effects in terms of continuation ratios. (iii) The predictor
function can be specified in a very flexible way including
the survival tree by Schmid et al. (2016) as special case. (iv)
The framework is easily generalizable, for example, to an
additive discrete hazard model of the form

η(t, xi ) = γ0(t) + tr(xi ) + z�i β,

where z is an additional set of explanatory variables with
linear effects on the outcome. An exemplary code how to
fit such a model using TSVC is given in Online Resource
Supplement 2.

One of the most important parameters for tree building
is the number of splits that determines the size of the tree.
Hence, before fitting one of our proposed models, one needs
to consider which of the three criteria (PT, MNS or PR) to
apply. In terms of predictive performance, the permutation
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test, the minimal node size criterion, and the post-pruning
method yielded very similar results. The permutation test,
which is the most conservative criterion (resulting in much
lower FPR), appears slightly favorable in settings with low
censoring, whereas the minimal node size criterion appears
advantageous (showing higher TPR) for data with higher
censoring rates, and the post-pruning methods appeared
beneficial in high-dimensional settings. Both, performing
permutation tests as well as determining the optimal min-
imal node size, may become computationally expensive,
depending on the number of permutations or the resampling
scheme used. In the latter case, for example, optimization on
a two-dimensional grid (within the PCBmodel) using (leave-
one-out) cross-validation requires high computing time (cf.
Table 4). In terms of run-time, the post-pruning method
proved to be superior, as the optimal subtree is selected from
the sequence of nested subtrees that were already built on the
training sample during iteration.

Alongside the logistic link function defined by the logistic
distribution function (whichwe focused on in this article), the
probit link function based on the standard normal distribu-
tion, and the complementary log-log (cloglog) link function
defining theGompertz model are popular choices. A compar-
ison of parametric discrete hazard models with different link
functions (considering information criteria) has been con-
ducted by Hashimoto et al. (2011). All of the corresponding
discrete hazard models postulate a proportionality property
that affects the interpretation of parameters (Tutz and Schmid
2016, Chapter 3). In case of the logistic link function, the SB
and PCBmodel yield proportionality with respect to the con-
tinuation ratios. Assume an SB model (7) with one split in
x j at split point c j , where γ1 is the coefficient of the left
node and γ2 is the coefficient of the right node. Then the
continuation ratio at time t is given by

�(t | x j ) = P(T = t | x j )
P(T > t | x j )

= exp
(
γ0(t) + [γ1 I (x j ≤ c j )

+ γ2 I (x j > c j )]
)
.

Consequently, the term

exp(γ2 − γ1) = �(t | x j > c j )

�(t | x j ≤ c j )

is the factor by which the continuation ratio changes if x j
increases such that it exceeds c j . Since the effects of the
explanatory variable x j are independent of time t , if γ2 > γ1,
the continuation ratio of the second subgroup is higher at all
time points. For the STmodel such proportionality only holds
in specific time intervals (see, for example, the tree in Fig. 9).

Regarding the choice of the link function one should note,
that the logistic and the probit link function are based on den-

sity functions that are symmetric about the y-axis, whereas
the Gompertz function, which is the basis of the cloglog
model, is asymmetric in the sense that the right-hand asymp-
tote of the function is approached much more gradually. For
binary regression, Chen et al. (1999) recommended the use
of an asymmetric link function in cases where the number of
zeros and the number of ones in the data is highly unequally
distributed. This is the case here, because the augmented data
matrices used for tree building comprise a disproportion-
ately high number of zero values. In addition, the Gompertz
model is equivalent to the Cox proportional hazards model
for continuous event times (with regard to the effects of the
explanatory variables), if the original data were generated by
the Cox model but only grouped event times are recorded
(Tutz and Schmid 2016). Hence, the use of the cloglog link
function in the scope of the proposed tree-structured hazard
models might by worth investigating. For more details on
link functions for binary regression models, see also Czado
and Santner (1992) and Prasetyo et al. (2019).

Although only time-constant values of the explanatory
variables were considered in the simulation study and the
presented applications, it is also possible to deal with time-
varying information. Instead of repeating the vector of
explanatory variable row-wise, the vector of valuesmeasured
at each time point could be entered in the corresponding rows
of the augmented data matrix. The use of time-varying infor-
mation, however breaks the relation between the survival
function and the hazard function (2), because an observed
value at t indicates that the individual must have survived up
to t and thus S(t | xi t ) = 1.

In future research the computation of standard errors for
the parameters γ̂ or for the hazards λ̂(t | xi ) directly, for
example by bootstrap procedures, needs to be investigated.
Moreover, the proposed class of models can be extended to
an ensemble method, as survival forests for continuous (Ish-
waran et al. 2008;Moradian et al. 2017;Wang et al. 2018) and
discrete-time data (Bou-Hamad et al. 2011b; Schmid et al.
2020; Moradian et al. 2021), and adapted to competing risk
data, similar to the approach by Berger et al. (2019).

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.1007/s11222-022-10196-
x.
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