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                    Abstract
Gaussian variational inference and the Laplace approximation are popular alternatives to Markov chain Monte Carlo that formulate Bayesian posterior inference as an optimization problem, enabling the use of simple and scalable stochastic optimization algorithms. However, a key limitation of both methods is that the solution to the optimization problem is typically not tractable to compute; even in simple settings, the problem is nonconvex. Thus, recently developed statistical guarantees—which all involve the (data) asymptotic properties of the global optimum—are not reliably obtained in practice. In this work, we provide two major contributions: a theoretical analysis of the asymptotic convexity properties of variational inference with a Gaussian family and the maximum a posteriori (MAP) problem required by the Laplace approximation, and two algorithms—consistent Laplace approximation (CLA) and consistent stochastic variational inference (CSVI)—that exploit these properties to find the optimal approximation in the asymptotic regime. Both CLA and CSVI involve a tractable initialization procedure that finds the local basin of the optimum, and CSVI further includes a scaled gradient descent algorithm that provably stays locally confined to that basin. Experiments on nonconvex synthetic and real-data examples show that compared with standard variational and Laplace approximations, both CSVI and CLA improve the likelihood of obtaining the global optimum of their respective optimization problems.
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                    Notes
	There are many other properties one might require of a tractable optimization problem, e.g. pseudoconvexity (Crouzeix and Ferland 1982), quasiconvexity (Arrow and Enthoven 1961), or invexity (Ben-Israel and Mond 1986). We focus on convexity as it does not impose overly stringent assumptions on our theory and has stronger implications than each of the aforementioned conditions.


	Code for the experiments is available at https://github.com/zuhengxu/Consistent-Stochastic-Variational-Inference.


	Available online at http://www.stat.cmu.edu/~ryantibs/statcomp/data/pros.dat.


	This dataset contains the measurements of the redshifts for 4215 galaxies in the Shapley concentration regions and was generously made available by Michael Drinkwater, University of Queensland, which can be downloaded from https://astrostatistics.psu.edu/datasets/Shapley_galaxy.html.


	Although the bound in Eq. (47) is loose, the order derscribed by the bound is actually tight. A more detailed analysis can be obtained by approximating the summation with an integral, which yields the same order.
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Appendices
A Details of experiments
1.1 A.1 Details of the toy example for smoothed MAP
The underlying synthetic model for Fig. 1 is as follows:
$$\begin{aligned} \theta\sim & {} \frac{1}{5}\mathscr {N}(0, 0.15^2)+ \frac{1}{5}\mathscr {N}(1, 0.1^2) +\frac{1}{5}\mathscr {N}(-4, 0.3^2) \\&+ \frac{1}{5}\mathscr {N}(4, 0.3^2) + \frac{1}{5}\mathscr {N}(-8, 0.1^2) \\ X_i \,|\,\theta&\overset{{\text {i.i.d.}}}{\sim }&\mathscr {N}(\theta , 5000), \end{aligned}$$

where the data are truly generated from \((X_i)_{i=1}^n \overset{{\text {i.i.d.}}}{\sim }\mathscr {N}(3, 10)\). For smoothed MAP optimization, we use a smoothing constant of \(\alpha _n = 10 n^{-0.3}\), and set the initial value uniformly within the range \((-50, 50)\). The learning rate for the SGD is chosen as \(\gamma _k = 15/(1+ k^{0.9})\).
1.2 A.2 Algorithm: CSVI (Adam)

                    [image: figure d]





                  1.3 A.3 Discussion of sparse regression experiment
In this section, we provide further discussion to the result presented in Fig. 11. Figures 14 and 15 visualize the Gaussian approximations produced by CLA and CSVI. Instead of fitting a single mode, CSVI covers the range of posterior and fit a Gaussian distribution with larger variance. Even though the performance of CSVI is consistent across runs, it does find the local optimum instead of the global solution. In this case, reverse KL—the objective function of Gaussian VI—can be limited. We compare the forward KL of these fitted Gaussian distributions using 32,000 posterior samples obtained from Stan, suggesting that CSVI find a solution that is better in forward KL.
Fig. 14[image: figure 14]
Visualization of different CLA approximations to the posterior distribution on real dataset. The grey area depicts the posterior density and four Gaussian approximations displayed in contour plots corresponding to different ELBOs


Full size image

Fig. 15[image: figure 15]
Visualization of different CSVI approximations to the posterior distribution on real dataset. The grey area depicts the posterior density and four Gaussian approximations displayed in contour plots corresponding to different ELBOs


Full size image

Fig. 16[image: figure 16]
Comparison of forward KL of sparse regression experiment


Full size image

1.4 A.4 Details of the GMM experiment
1.4.1 A.4.1 Variable transformations of Bayesian Gaussian mixture model
To transform \((\theta _1, \dots , \theta _K) \in \varDelta (K)\) and \(\sigma _{kd}\in \mathbb {R}_+\) into unconstrained space, we consider the change of random variables as below: 
	
                        1.
                        
                          For \(\sigma _{kd}\sim {\mathsf{LogNormal}}(0,1)\), we consider 
$$\begin{aligned} \tau _{kd} = \log (\sigma _{kd}) \sim \mathscr {N}(0,1), \end{aligned}$$

 which has a full support on \(\mathbb {R}\).

                        
                      
	
                        2.
                        
                          For \(\theta \sim {\mathsf{Dir}}(\alpha _0)\), we consider using marginalized LogGamma random variables. Notice the relationship of Gamma distribution and Dirichlet distribution as follows: 
$$\begin{aligned}&\left( \lambda _k\right) _{k = 1}^K \overset{{\text {i.i.d.}}}{\sim }{\mathsf{LogGamma}}(\alpha _0, 1)\\&\quad \left( \frac{\exp (\lambda _1)}{\sum _k \exp (\lambda _k)}, \dots , \frac{\exp (\lambda _K)}{\sum _k \exp (\lambda _k)}\right) \sim {\mathsf{Dir}}(\alpha _0), \end{aligned}$$

 then \(\lambda _k\) is supported on \(\mathbb {R}\).

                        
                      

Therefore, instead of inferring the original parameters, we perform Gaussian variational inference on the posterior distribution of \((\lambda _{1:k}, \mu _{1:k}, \tau _{11:kd})\).
1.4.2 A.4.2 Detailed settings for real data experiment
We subsample the Shapley galaxy dataset to \(N = 500\), and the goal is to cluster the distribution of galaxies in the Shapley concentration region. In our experiment, we fix the number of component \(K = 3\) and set \(\alpha _0 = 1\). During inference, we initialize the SMAP with random samples from the prior distribution, which are also used as the mean initialization for SVI. In SMAP, we perform the smoothed MAP estimation to a tempered posterior distribution \(\pi _n^\kappa \) with \(\kappa = 1/2\); and set the smoothing constant \(\alpha _n = 3\). The learning rate for SMAP and VI algorithms is chosen as 0.005 and 0.001, respectively. And similar to the synthetic experiment, CSVI and SVI_Ind use the identity matrix for \(L_0\) and SVI use random diagonal matrix for \(L_0\), whose log diagonal indices are uniformly in the range \((\log 0.1, \log 100)\).
B Proofs
1.1 B.1 Proof of Theorem 6
                           

                    Proof

                    We consider the KL cost for the scaled and shifted posterior distribution. Let \(\tilde{\varPi }_n\) be the Bayesian posterior distribution of \(\sqrt{n} (\theta - \theta _0)\). The KL divergence measures the difference between the distributions of two random variables and is invariant when an invertible transformation is applied to both random variables (Qiao and Minematsu 2010, Theorem 1). Note that \(\tilde{\varPi }_n\) is shifted and scaled from \(\varPi _n\), and that this linear transformation is invertible, so
[image: ]

Let \(\tilde{\mu }_n^\star , \tilde{\varSigma }_n^\star \) be the parameters of the optimal Gaussian variational approximation to \(\tilde{\varPi }_n\), i.e.
[image: ]

and let
$$\begin{aligned} \tilde{\mathscr {N}_n}^\star :=\mathscr {N}\left( \tilde{\mu }_n^\star , \tilde{\varSigma }_n^\star \right) = \mathscr {N}\left( \sqrt{n}(\mu _n^\star - \theta _0), L_n^\star L_n^{\star T} \right) . \end{aligned}$$

Wang and Blei (2019, Corollary 7) shows that under Assumption 1,
[image: ]

Convergence in total variation implies weak convergence, which then implies pointwise convergence of the characteristic function. Denote \(\tilde{\phi }^\star _n(t)\) and \(\phi _n(t)\) to be the characteristic functions of \(\tilde{\mathscr {N}_n^\star }\) and \(\mathscr {N}\left( \varDelta _{n, \theta _{0}}, H_{\theta _0}^{-1}\right) \). Therefore
$$\begin{aligned} \forall t\in \mathbb {R}^d, \; \frac{\phi ^\star _n(t)}{\phi _n(t)}= & {} \exp \!\left( i ( \sqrt{n}(\mu ^\star _n - \theta _0)-\varDelta _{n, \theta _{0}})^T t\right. \\&\left. - \frac{1}{2} t^T \left( L_n^\star L_n^{\star T} - H_{\theta _0}^{-1} \right) t \right) \\&{\mathop {\longrightarrow }\limits ^{P_{\theta _0}}}&1, \end{aligned}$$

which implies
$$\begin{aligned} \mu _n^\star {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} \frac{1}{\sqrt{n}}\varDelta _{n, \theta _{0}} + \theta _0, \quad \text {and}\quad L_n^\star L_n^{\star T} {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} H^{-1}_{0} = L_0 L_0^T. \end{aligned}$$

Under Assumption 1, van der Vaart (2000, Theorem 8.14) states that
$$\begin{aligned} \Vert \varDelta _{n, \theta _{0}} - \sqrt{n}( \theta _{\text {MLE},n} - \theta _0)\Vert {\mathop { \rightarrow }\limits ^{P_{\theta _0}}} 0, \end{aligned}$$

and \(\theta _{\text {MLE},n} \overset{P_{\theta _0}}{\rightarrow } \theta _0\) according to Eq. (9), yielding \(\mu _n^\star {\mathop { \rightarrow }\limits ^{P_{\theta _0}}} \theta _0\).

                    Finally, since the Cholesky decomposition defines a continuous mapping from the set of positive definite Hermitian matrices to the set of lower triangular matrices with positive diagonals (both sets are equipped with the spectral norm) (Schatzman 2002, p. 295), we have
$$\begin{aligned} L_n^\star {\mathop { \rightarrow }\limits ^{P_{\theta _0}}} L_0. \end{aligned}$$

\(\square \)

                  1.2 B.2 Proof of Theorem 11
                           

                    Proof

                    We provide a proof of the result for strong convexity; the result for Lipschitz smoothness follows the exact same proof technique. Note that if \(D'\) does not depend on x, \(F_n(x)\) is \(D'\)-strongly convex if and only if \(F_n(x) - \frac{1}{2}x^TD'x\) is convex. We use this equivalent characterization of strong convexity in this proof.

                    Note that for \(Z\sim \mathscr {N}(0, I)\),
$$\begin{aligned}&\mathbb {E}\left[ \frac{1}{2}(\mu +n^{-1/2}LZ)^TD(\mu +n^{-1/2}LZ)\right] \\&\quad =\frac{1}{2}\mu ^TD\mu + \frac{1}{2}{\text {tr}}L^T(n^{-1}D)L. \end{aligned}$$

Define \(\lambda \in [0,1]\), vectors \(\mu , \mu ' \in \mathbb {R}^d\), positive-diagonal lower triangular matrices \(L, L'\in \mathbb {R}^{d\times d}\), and vectors \(x, x'\in \mathbb {R}^{(d+1)d}\) by stacking \(\mu \) and the columns of L and likewise \(\mu '\) and the columns of \(L'\). Define \(x(\lambda ) = \lambda x + (1-\lambda )x'\), \(\mu (\lambda ) = \lambda \mu + (1-\lambda )\mu '\), and \(L(\lambda ) = \lambda L + (1-\lambda ) L'\). Then,
$$\begin{aligned}&{}F_n(x(\lambda )) - \frac{1}{2}x(\lambda )^T{\text {diag}}(D, n^{-1}D, \dots , n^{-1}D)x(\lambda ) \\= & {} F_n(\mu (\lambda ), L(\lambda )) \\&-\left( \frac{1}{2}\mu (\lambda )^TD\mu (\lambda ) + \frac{1}{2}{\text {tr}}L(\lambda )^T(n^{-1}D)L(\lambda )\right) \\= & {} \mathbb {E}\left[ n^{-1}\log \pi _n(\mu (\lambda )+n^{-1/2}L(\lambda )Z) \right. \\&\left. - \frac{1}{2}(\mu (\lambda ) +n^{-1/2}L(\lambda )Z)^TD(\mu (\lambda )+ n^{-1/2}L(\lambda )Z)\right] . \end{aligned}$$

By the D-strong convexity of \(n^{-1}\log \pi _n\),
$$\begin{aligned}&\le \lambda \left( F_n(\mu , L) - \frac{1}{2}\mu ^TD\mu - \frac{1}{2}{\text {tr}}L^T(n^{-1}D)L\right) + (1-\lambda ) \\&\quad \times \left( F_n(\mu ', L') - \frac{1}{2}\mu '^TD\mu ' - \frac{1}{2}{\text {tr}}L'^T(n^{-1}D)L'\right) \\&\!= \!\lambda \left( F_n(x) - \frac{1}{2}x^T{\text {diag}}(D, n^{-1}D, \dots , n^{-1}D)x\right) \!+\!(1-\lambda ) \\&\quad \times \left( F_n(x') - \frac{1}{2}x'^T{\text {diag}}(D, n^{-1}D, \dots , n^{-1}D)x'\right) . \end{aligned}$$

\(\square \)

                  1.3 B.3 Proof of Proposition 12
                           

                    Proof

                    Note that by reparametrization,
[image: ]

where \(Z \sim \mathscr {N}(0,1)\). Using a Taylor expansion,
$$\begin{aligned}&- \mathbb {E}\left[ \frac{\mathrm{d}^2 }{\mathrm{d} \mu ^2} \left( -n^{-1}\log \pi _n (\mu + \sigma Z)\right) \right] \\&\quad = \mathbb {E}\left[ -n^{-1} \log \pi _n^{(2)} (\mu ) - n^{-1}\log \pi _n^{(3)} (\mu ') \cdot \sigma Z \right] , \end{aligned}$$

for some \(\mu '\) between \(\mu \) and \(\mu +\sigma Z\). By the uniform bound on the third derivative and local bound on the second derivative, for any \(\mu \in U\),
$$\begin{aligned}&\mathbb {E}\left[ -n^{-1} \log \pi _n^{(2)} (\mu ) - n^{-1}\log \pi _n^{(3)} (\mu ') \cdot \sigma Z \right] \\&\quad \le -\varepsilon + \eta \sigma \mathbb {E}\left| Z \right| \le -\varepsilon + \eta \sigma . \end{aligned}$$

The result follows for any \(0<\varepsilon < \varepsilon / \eta \). \(\square \)

                  1.4 B.4 Proof of Theorem 13
                           

                    Proof

                    Note that we can split L into columns and express LZ as
$$\begin{aligned} LZ = \sum _{i=1}^d L_i Z_i, \end{aligned}$$

where \(L_i\in \mathbb {R}^p\) is the \(i\text {th}\) column of L, and \((Z_i)_{i=1}^d\overset{{\text {i.i.d.}}}{\sim }\mathscr {N}(0,1)\). Denoting \(\nabla ^2 f_n :=\nabla ^2 f_n(\mu +LZ)\) for brevity, the \(2\text {nd}\) derivatives in both \(\mu \) and L are
$$\begin{aligned} \nabla ^2_{\mu \mu } F_n= & {} \mathbb {E}\left[ \nabla ^2 f_n \right] \\ \nabla ^2_{L_iL_j} F_n= & {} n^{-1}\mathbb {E}\left[ Z_i Z_j \nabla ^2 f_n \right] \\ \nabla ^2_{\mu L_i} F_n= & {} n^{-1/2}\mathbb {E}\left[ Z_i\nabla ^2 f_n\right] \end{aligned}$$

where we can pass the gradient and Hessian through the expectation by dominated convergence because Z has a normal distribution and \(f_n\) has \(\ell \)-Lipschitz gradients. Stacking these together in block matrices yields the overall Hessian,
$$\begin{aligned} A&= \left[ \begin{array}{cccc} I&n^{-1/2} Z_1 I&\dots&n^{-1/2} Z_d I \end{array}\right] \in \mathbb {R}^{d \times d(d+1)}\\ \nabla ^2 F_n&= \mathbb {E}\left[ A^T \nabla ^2 f_n A\right] \in \mathbb {R}^{d(d+1)\times d(d+1)}. \end{aligned}$$

Since \(f_n\) has \(\ell \)-Lipschitz gradients, for all \(x\in \mathbb {R}^d\), \(-\ell I \preceq \nabla ^2 f_n(x) \preceq \ell I\). Applying the upper bound and evaluating the expectation yields the Hessian upper bound (and the same technique yields the corresponding lower bound):
$$\begin{aligned} \nabla ^2 F_n&= \mathbb {E}\left[ A^T \nabla ^2 f_n A\right] \\&\preceq \ell \mathbb {E}\left[ A^TA\right] \\&= \ell \left[ \begin{array}{cccc} I &{}\quad 0 &{} \quad 0 &{}\quad 0\\ 0 &{}\quad n^{-1}I &{}\quad 0 &{}\quad 0\\ 0 &{}\quad 0 &{}\quad \ddots &{}\quad 0\\ 0 &{}\quad 0 &{}\quad 0 &{}\quad n^{-1} I \end{array}\right] = \ell D_n. \end{aligned}$$

To demonstrate local strong convexity, we split the expectation into two parts: one where \(n^{-1/2} LZ\) is small enough to guarantee that \(\Vert \mu +n^{-1/2} LZ - x\Vert ^2 \le r^2\), and the complement. Define
$$\begin{aligned} r_n^2(\mu , L) :=n\frac{(r^2 - 2\Vert \mu - x\Vert ^2_2)}{2\Vert L\Vert ^2_F}. \end{aligned}$$

Note that when \(\Vert Z\Vert ^2 \le r_n^2(\mu , L) \),
$$\begin{aligned} \left\| \mu + \frac{1}{\sqrt{n}}LZ - x \right\| _2^2\le & {} 2 \Vert \mu - x\Vert ^2 + 2n^{-1}\Vert LZ\Vert ^2\\\le & {} 2 \Vert \mu - x\Vert ^2 + 2n^{-1}\Vert L\Vert _F^2\Vert Z\Vert ^2\\\le & {} r^2. \end{aligned}$$

Then, we may write
$$\begin{aligned} \nabla ^2 F_n= & {} \mathbb {E}\left[ \mathbb {1}\left[ \Vert Z\Vert ^2 \le r_n^2(\mu , L) \right] A^T\nabla ^2 f_n A\right] \\&+ \mathbb {E}\left[ \mathbb {1}\left[ \Vert Z\Vert ^2 > r_n^2(\mu , L) \right] A^T\nabla ^2 f_n A\right] . \end{aligned}$$

Since \(f_n\) has \(\ell \)-Lipschitz gradients and is locally \(\varepsilon \)-strongly convex,
$$\begin{aligned} \nabla ^2 F_n&\succeq \varepsilon \cdot \mathbb {E}\left[ \mathbb {1}\left[ \Vert Z\Vert ^2 \le r_n^2(\mu , L) \right] A^T A\right] \\&\quad - \ell \cdot \mathbb {E}\left[ \mathbb {1}\left[ \Vert Z\Vert ^2 > r_n^2(\mu , L) \right] A^T A\right] . \end{aligned}$$

Note that \(A^TA\) has entries 1 and \(n^{-1} Z_i^2\) along the diagonal, as well as \(n^{-1} Z_iZ_j\), \(i\ne j\) and \(n^{-1/2} Z_i\) on the off-diagonals. By symmetry, since Z is an isotropic Gaussian, censoring by \(\mathbb {1}\left[ \Vert Z\Vert ^2 \le \dots \right] \) or \(\mathbb {1}\left[ \Vert Z\Vert ^2 > \dots \right] \) maintains that the off-diagonal expectations are 0. Therefore, the quantity \(\mathbb {E}\left[ \mathbb {1}\left[ \Vert Z\Vert ^2 \le r_n^2(\mu , L) \right] A^TA \right] \) is diagonal with coefficients \(1 - \alpha _n(\mu ,L)\) and \(n^{-1} \beta _n(\mu ,L)\), and \(\mathbb {E}\left[ \mathbb {1}\left[ \Vert Z\Vert ^2 > r_n^2(\mu , L) \right] \right. \left. A^TA \right] \) is diagonal with coefficients \(\alpha _n(\mu ,L)\) and \(n^{-1} \tau _n(\mu ,L)\) where
$$\begin{aligned} \alpha _n(\mu ,L)= & {} \mathbb {P}\left( \Vert Z\Vert ^2> r_n^2(\mu , L) \right) \\ \beta _n(\mu ,L)= & {} \mathbb {E}\left[ Z_1^2 \mathbb {1}\left[ \Vert Z\Vert ^2 \le r_n^2(\mu , L) \right] \right] \\= & {} d^{-1}\mathbb {E}\left[ \Vert Z\Vert _2^2 \mathbb {1}\left[ \Vert Z\Vert ^2 \le r_n^2(\mu , L) \right] \right] \\ \tau _n(\mu ,L)= & {} \mathbb {E}\left[ Z_1^2\mathbb {1}\left[ \Vert Z\Vert ^2> r_n^2(\mu , L) \right] \right] \\= & {} d^{-1}\mathbb {E}\left[ \Vert Z\Vert _2^2 \mathbb {1}\left[ \Vert Z\Vert ^2 > r_n^2(\mu , L) \right] \right] . \end{aligned}$$

Note that \(\Vert Z\Vert ^2 \sim \chi ^2_d\); so \(\alpha _n(\mu ,L) = 1-\chi ^2_d(r_n^2(\mu , L) )\) and
$$\begin{aligned} \tau _n(\mu ,L)= & {} \int _{r_n^2(\mu , L) }^{\infty }\mathbb {1}\left[ x\ge 0\right] \frac{1}{2^{(d+2)/2}\varGamma ((d+2)/2)}\\&\times x^{\frac{d+2}{2}-1}e^{-x/2}\mathrm {d}x \\= & {} 1- \chi ^2_{d+2}(r_n^2(\mu , L) )\\ \beta _n(\mu ,L)= & {} 1-\tau _n(\mu ,L). \end{aligned}$$

Therefore,
$$\begin{aligned}&\nabla ^2 F_n \\&\quad \succeq {\text {diag}}\!\left( (\varepsilon (1-\alpha _n(\mu ,L))\!\! - \!\!\ell \alpha _n(\mu ,L))I,\right. \\&\qquad \left. (\varepsilon n^{-1}(1\!-\!\tau _n(\mu ,L)) \dots , (\varepsilon n^{-1}(1\!-\!\tau _n(\mu ,L)) \right. \\&\qquad \left. - \ell n^{-1}\tau _n(\mu ,L))I\right) \\&\quad = \varepsilon D_n - (\varepsilon + \ell ){\text {diag}}\\&\qquad \times \left( \alpha _n(\mu ,L)I, n^{-1}\tau _n(\mu ,L)I, \dots , n^{-1}\tau _n(\mu ,L)I\right) \\&\quad \succeq \varepsilon D_n - (\varepsilon + \ell ){\text {diag}}\\&\qquad \times \left( \tau _n(\mu ,L)I, n^{-1}\tau _n(\mu ,L)I, \dots , n^{-1}\tau _n(\mu ,L)I\right) \\&\quad = D_n\left( \varepsilon - \tau _n(\mu ,L) \cdot (\varepsilon + \ell ) \right) . \end{aligned}$$

\(\square \)

                  1.5 B.5 Proof of Lemma 9
                           

                    Proof

                    Given Assumption 1, we know \(f_n\) is twice continuously differentiable. Thus, using the second-order characterization of strong convexity, it is equivalent to show the existence of \(r,\varepsilon >0\) such that
$$\begin{aligned} {\mathbb {P}}\left( \forall \theta \in B_r(\theta _0), \quad \nabla ^2 f_n(\theta ) \succeq \varepsilon I \right) \rightarrow 1, \end{aligned}$$

as \(n \rightarrow \infty \). Note that by Weyl’s inequality
$$\begin{aligned} \nabla ^2 f_n(\theta )= & {} \nabla ^2 f_n(\theta ) - H_\theta + H_\theta \nonumber \\\succeq & {} \lambda _{\min }\left( \nabla ^2 f_n(\theta ) - H_\theta \right) I + \lambda _{\min }(H_\theta ) I. \end{aligned}$$

                    (12)
                

Condition 4 of Assumption 1 guarantees that \(H_{\theta _0} \succeq \varepsilon I\) and that there exists a \(\kappa > 0\) such that \(H_\theta \) is continuous in \(B_{\kappa }(\theta _0)\). Hence, there exists \(0<\kappa ' \le \kappa \), such that \(\forall \theta \in B_{\kappa '}(\theta _0),\; H_\theta \succeq \frac{\varepsilon }{2}I\).

                    We then consider \(\lambda _{\min }\left( \nabla ^2 f_n(\theta ) - H_\theta \right) \). We aim to find a \(0 <r \le \kappa '\) such that \(|\lambda _{\min }\left( \nabla ^2 f_n(\theta ) - H_\theta \right) |\) is sufficiently small. Note that for any fixed \(r > 0\),
$$\begin{aligned}&\sup _{\theta \in B_r(\theta _0)} \left| \lambda _{\min }\left( \nabla ^2 f_n(\theta ) - H_\theta \right) \right| \\&\quad \le \sup _{\theta \in B_r(\theta _0)} \left\| \nabla ^2 f_n(\theta ) - H_\theta \right\| _2 \\&\quad = \sup _{\theta \in B_r(\theta _0)} \left\| \nabla ^2 f_n(\theta ) - \mathbb {E}_{\theta _0}\left[ -\nabla ^2 \log p_\theta (X) \right] \right. \\&\left. \qquad + \mathbb {E}_{\theta _0}\left[ -\nabla ^2 \log p_\theta (X) \right] - H_\theta \right\| _2\\&\quad \le \! \sup _{\theta \in B_r(\theta _0)} \!\left( \left\| \nabla ^2 f_n(\theta ) \!-\! \mathbb {E}_{\theta _0}\!\left[ -\nabla ^2 \log p_\theta (X) \right] \right\| _2 \right. \\&\left. \qquad + \left\| \mathbb {E}_{\theta _0}\!\left[ -\nabla ^2 \log p_\theta (X) \right] \!-\! H_\theta \right\| _2 \right) . \end{aligned}$$

Now, we split \(f_n\) into prior and likelihood, yielding that
$$\begin{aligned}&\le \sup _{\theta \in B_r(\theta _0)} \left\| -n^{-1}\sum _{i = 1}^n \nabla ^2\log p_\theta (X_i) - \mathbb {E}_{\theta _0}\left[ -\nabla ^2 \log p_\theta (X) \right] \right\| _2 \nonumber \\&\quad \! + \sup _{\theta \in B_r(\theta _0)}\! \Vert -n^{-1}\nabla ^2\log \pi _0(\theta ) \Vert _2 \nonumber \\&\quad + \sup _{\theta \in B_r(\theta _0)}\!\left\| \mathbb {E}_{\theta _0}\left[ -\nabla ^2 \log p_\theta (X) \right] - H_\theta \right\| _2. \end{aligned}$$

                    (13)
                

 Given Condition 2 of Assumption 1, for all \(\theta \), \(\pi _0(\theta )\) is positive and \(\nabla ^2 \pi _0(\theta )\) is continuous; and further due to the compactness of \(B_r(\theta _0)\), we have that
$$\begin{aligned}&\quad \forall r > 0, \quad \sup _{\theta \in B_r(\theta _0)} \Vert -n^{-1}\nabla ^2\log \pi _0(\theta ) \Vert _2 \rightarrow 0, \quad \nonumber \\&\qquad \text {as } n \rightarrow \infty . \end{aligned}$$

                    (14)
                

Then, it remains to bound the first term and the last term of Eq. (13). For the first term, we aim to use the uniform weak law of large numbers to show its convergence to 0. By Condition 5 of Assumption 1, there exists a \(0 < r_1 \le \kappa '\) and a measurable function g such that for all \( \theta \in B_{r_1}(\theta _0)\) and for all x,
$$\begin{aligned} \max _{i,j \in [d]}\left| \left( \nabla ^2 \log p_{\theta }(x) \right) _{i,j} \right|< g(x), \quad \mathbb {E}_{\theta _0}[g(X)] < \infty . \end{aligned}$$

Then, by the compactness of \(B_{r_1}(\theta _0)\), we can apply the uniform weak law of large numbers (Jennrich 1969, Theorem 2), yielding that for all \(i,j \in [d]\),
$$\begin{aligned}&\sup _{\theta \in B_{r_1}(\theta _0)} \left| \left( -n^{-1}\sum _{i = 1}^n \nabla ^2\log p_\theta (X_i)\right) _{i,j}\right. \\&\quad \left. - \left( \mathbb {E}_{\theta _0}\left[ -\nabla ^2 \log p_\theta (X) \right] \right) _{i,j} \right| {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} 0. \end{aligned}$$

Since the entrywise convergence of matrices implies the convergence in spectral norm,
$$\begin{aligned} \sup _{\theta \in B_{r_1}(\theta _0)} \left\| -n^{-1}\sum _{i = 1}^n \nabla ^2\log p_\theta (X_i) - \mathbb {E}_{\theta _0}\left[ -\nabla ^2 \log p_\theta (X) \right] \right\| _2 {\mathop { \rightarrow }\limits ^{P_{\theta _0}}} 0. \end{aligned}$$

                    (15)
                

 For the last term of Eq. (13), by Condition 4 of Assumption 1,
$$\begin{aligned}&\lim _{r\rightarrow 0} \sup _{\theta \in B_r(\theta _0)} \left\| \mathbb {E}_{\theta _0}\left[ -\nabla ^2 \log p_\theta (X) \right] - H_\theta \right\| _2\\&\quad = \lim _{r\rightarrow 0} \sup _{\theta \in B_r(\theta _0)} \left\| \mathbb {E}_{\theta _0}\left[ -\nabla ^2 \log p_\theta (X) \right] \right. \\&\qquad \left. -\mathbb {E}_\theta \left[ -\nabla ^2 \log p_\theta (X)\right] \right\| _2 \rightarrow 0. \end{aligned}$$

Thus, there exists a sufficiently small \(r_2 > 0\) such that
$$\begin{aligned} \sup _{\theta \in B_{r_2}(\theta _0)} \left\| \mathbb {E}_{\theta _0}\left[ -\nabla ^2 \log p_\theta (X) \right] - H_\theta \right\| _2 \le \frac{\varepsilon }{8}. \end{aligned}$$

                    (16)
                

Then, we combine Eqs. (14) to (16) and pick \(r' = \min (r_1,r_2)\le \kappa '\), yielding that
$$\begin{aligned} {\mathbb {P}}\left( \sup _{\theta \in B_{r'}(\theta _0)}\left| \lambda _{\min }\left( \nabla ^2 f_n(\theta ) - H_\theta \right) \right| \le \frac{\varepsilon }{4} \right) \rightarrow 1, \end{aligned}$$

                    (17)
                

as \(n \rightarrow \infty \). Then, the local strong convexity is established. Note that we have already shown for all \(\theta \in B_{\kappa '}(\theta _0), H_\theta \succeq \frac{\varepsilon }{2} I\). By Eqs. (17) and (12), we conclude that for all \(\varepsilon \le \frac{\varepsilon }{4}\),
$$\begin{aligned} \lim _{n \rightarrow \infty } {\mathbb {P}}\left( \forall \theta \in B_{r'}(\theta _0), \quad \nabla ^2 f_n(\theta ) \succeq \varepsilon I\right) = 1. \end{aligned}$$

The smoothness argument follows from the same strategy. Weyl’s inequality implies that
$$\begin{aligned} \nabla ^2 f_n(\theta )= & {} \nabla ^2 f_n(\theta ) - H_\theta + H_\theta \\\preceq & {} \lambda _{\max }\left( \nabla ^2 f_n(\theta ) - H_\theta \right) I + \lambda _{\max }(H_\theta ) I. \end{aligned}$$

By repeating the proof for local smoothness, we obtain that there exists a sufficiently small \(0 < r''\), such that \(\forall \varepsilon > 0\),
$$\begin{aligned} {\mathbb {P}}\left( \sup _{\theta \in B_{r''}(\theta _0)}\left| \Vert \nabla ^2 f_n(\theta )\Vert _2 - \Vert H_\theta \Vert _2 \right| \le \varepsilon \right) \rightarrow 1, \end{aligned}$$

as \(n \rightarrow \infty \). Condition 4 and 5 of Assumption 1 yield that
$$\begin{aligned} \sup _{\theta \in B_{r''}(\theta _0)}\Vert H_{\theta _0}\Vert _2 < \infty . \end{aligned}$$

Therefore, there exists a \(\ell >0\) such that
$$\begin{aligned} \lim _{n \rightarrow \infty } {\mathbb {P}}\left( \forall \theta \in B_{r''}(\theta _0), \quad \nabla ^2 f_n(\theta ) \preceq \ell I\right) = 1. \end{aligned}$$

Then, the proof is complete by defining \(r :=\min \{r', r''\}\). \(\square \)

                  1.6 B.6 Proof of Corollary 14
                           

                    Proof

                    We begin by verifying the conditions of Theorem 13 for \(f_n\). By Assumption 1, we know that \(f_n\) is twice differentiable. We also know that by Lemma 9, under Assumptions 1 and 2, there exist \(\ell , r', \varepsilon > 0\) such that
$$\begin{aligned} \mathbb {P}\left( \sup _{\theta }\left\| - n^{-1}\nabla ^2 \log \pi _n(\theta )\right\| _2 > \ell \right)&\rightarrow 0 \\ \mathbb {P}\left( \inf _{\Vert \theta - \theta _0\Vert< r'}\lambda _{\min }\left( -n^{-1}\nabla ^2 \log \pi _n(\theta )\right) < \varepsilon \right)&\rightarrow 0. \end{aligned}$$

By Theorem 6, we know that \(\mu _n^\star {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} \theta _0\), so there exists an \(r'> r>0\) such that
$$\begin{aligned} \mathbb {P}\left( \inf _{\Vert \theta - \mu _n^\star \Vert< r}\lambda _{\min }\left( - n^{-1}\nabla ^2 \log \pi _n(\theta )\right) < \varepsilon \right) \rightarrow 0. \end{aligned}$$

Therefore by Theorem 13, the probability that
$$\begin{aligned} \forall \mu , L, \quad -\ell D_n \preceq&n^{-1} \nabla ^2\mathbb {E}\left[ -\log \pi _n(\mu +1/\sqrt{n}LZ)\right] \preceq \ell D_n,\quad \end{aligned}$$

                    (18)
                

and
$$\begin{aligned} \begin{aligned}&\text { for all } L \text { and for } \Vert \mu - \mu _n^\star \Vert ^2 < r^2/2,\\&\quad n^{-1} \nabla ^2\mathbb {E}\left[ -\log \pi _n(\mu +n^{-1/2}LZ)\right] \\&\quad \succeq D_n(\varepsilon - \tau _n(\mu ,L)\cdot (\varepsilon + \ell )) , \end{aligned} \end{aligned}$$

                    (19)
                

hold converges to 1 as \(n\rightarrow \infty \), where \(D_n\) and \(\tau _n(\mu ,L)\) are as defined in Eq. (10) and \(x = \mu _n^\star \). Note that the gradient and Hessian in the above expression are taken with respect to a vector in \(\mathbb {R}^{d(d+1)}\) that stacks \(\mu \) and each column of L into a single vector.

                    Then for all \((\mu , L) \in {\mathscr {B}}_{r,n}\), we have
$$\begin{aligned} \Vert \mu -\mu _n^\star \Vert ^2&\le r^2/4\\ \Vert L-L_n^\star \Vert _F^2&\le 4\Vert I-L_n^\star \Vert _F^2 \implies \Vert L\Vert _F \le 2\Vert I-L_n^\star \Vert _F + \Vert L_n^\star \Vert _F, \end{aligned}$$

yielding
$$\begin{aligned} \frac{r^2 - 2\Vert \mu -\mu _n^\star \Vert ^2}{n^{-1}2\Vert L\Vert ^2_F} \ge \frac{nr^2}{4\left( 2\Vert I-L_n^\star \Vert _F + \Vert L_n^\star \Vert _F\right) ^2}. \end{aligned}$$

Hence \(\forall (\mu , L) \in {\mathscr {B}}_{r,n}\), \(\tau _n(\mu ,L ) \rightarrow 0\) as \(n\rightarrow \infty \), yielding that under sufficiently large n,
$$\begin{aligned} \varepsilon - \tau _n(\mu ,L)\cdot (\varepsilon + \ell ) > \varepsilon /2. \end{aligned}$$

Therefore, the probability that for all \((\mu , L) \in {\mathscr {B}}_{r,n}\),
$$\begin{aligned} \frac{1}{n} \nabla ^2\mathbb {E}\left[ -\log \pi _n(\mu +1/\sqrt{n}LZ)\right] \succeq \frac{\varepsilon }{2} D_n \end{aligned}$$

                    (20)
                

converges in \(P_{\theta _0}\) to 1 as \(n \rightarrow \infty \).

                    Combining Eqs. (18) to (20), the proof is completed. \(\square \)

                  1.7 B.7 Proof of Theorem 7
                           
1.7.1 B.7.1 Gradient and Hessian derivation
The gradient for smoothed posterior is as follows:
$$\begin{aligned} \nabla \log \hat{\pi }_n(\theta ) =&\nabla \log \left\{ \mathbb {E}\left[ \exp \left( -\frac{1}{2\alpha _n}\Vert \theta - W\Vert ^2\right) \right] \right\} \\ =&\frac{ \mathbb {E}\left[ \exp \left( -\frac{1}{2\alpha _n}\Vert \theta - W\Vert ^2\right) \left( - \frac{1}{\alpha _n} \right) \left( \theta - W \right) \right] }{\mathbb {E}\left[ \exp \left( -\frac{1}{2\alpha _n}\Vert \theta - W\Vert ^2\right) \right] } , \end{aligned}$$

and the Hessian matrix is given by
$$\begin{aligned} \nabla ^2 \log \hat{\pi }_n(\theta )&= \frac{1}{\alpha _n^2} \frac{\mathbb {E}\left[ e^{\frac{-\Vert \theta - W\Vert ^2-\Vert \theta - W'\Vert ^2}{2\alpha _n}}W(W -W')^T\right] }{\mathbb {E}\left[ e^{-\frac{\Vert \theta - W\Vert ^2}{2\alpha _n}}\right] ^2}\nonumber \\&\quad - \frac{1}{\alpha _n} I, \end{aligned}$$

                    (21)
                

where \(W,W' \overset{{\text {i.i.d.}}}{\sim }\varPi _{ n}\).
1.7.2 B.7.2 Proof of \(1{\text {st}}\) statement of Theorem 7
                              

                      Proof of first statement of Theorem 7

                      To show the MAP estimation for smoothed posterior is asymptotically strictly convex, we will show that
$$\begin{aligned} \lim _{n \rightarrow \infty } {\mathbb {P}}\left( \sup _{\Vert \theta -\theta _0\Vert \le M} \lambda _{\text {max}}\left( \nabla ^2 \log \hat{\pi }_n(\theta ) \right) < 0\right) = 1. \end{aligned}$$

We focus on the first term of Eq. (21), and show that asymptotically it is uniformly smaller than \(\alpha _n^{-1}\) so that the overall Hessian is negative definite. For the denominator of Eq. (21,) define \(B_n :=\left\{ W, W' : \max \{\Vert W'-\theta _0\Vert , \Vert W - \theta _0\Vert \} \le \beta _n\right\} \) for any sequence \(\beta _n = o(\alpha _n)\). Then, we have
$$\begin{aligned} \mathbb {E}\left[ e^{-\frac{\Vert \theta - W\Vert ^2}{2\alpha _n}}\right] ^2&= \mathbb {E}\left[ e^{\frac{-\Vert \theta - W\Vert ^2-\Vert \theta - W'\Vert ^2}{2\alpha _n}}1_{B_n}\right] \\&\quad +\mathbb {E}\left[ e^{\frac{-\Vert \theta - W\Vert ^2-\Vert \theta - W'\Vert ^2}{2\alpha _n}}1_{B^c_n}\right] \\&\ge \mathbb {E}\left[ e^{\frac{-\Vert \theta - W\Vert ^2-\Vert \theta - W'\Vert ^2}{2\alpha _n}}1_{B_n}\right] \\&\ge \mathbb {E}\left[ \left( \inf _{v,v' \in B_n} e^{\frac{-\Vert \theta -v\Vert ^2-\Vert \theta -v'\Vert ^2}{2\alpha _n}}\right) 1_{B_n}\right] \\&= \left( \inf _{v,v' \in B_n} e^{\frac{-\Vert \theta -v\Vert ^2-\Vert \theta -v'\Vert ^2}{2\alpha _n}}\right) {\mathbb {P}}(B_n). \end{aligned}$$

By minimizing over \( v, v' \in B_n\), the above leads to
$$\begin{aligned} \mathbb {E}\left[ e^{-\frac{\Vert \theta - W\Vert ^2}{2\alpha _n}}\right] ^2 \ge e^{\frac{-2(\Vert \theta -\theta _0\Vert +\beta _n)^2}{2\alpha _n}}{\mathbb {P}}(B_n). \end{aligned}$$

                    (22)
                

For the numerator of the first term of Eq. (21), since \(W, W'\) are i.i.d.,
$$\begin{aligned}&\mathbb {E}\left[ e^{\frac{-\Vert \theta - W\Vert ^2-\Vert \theta - W'\Vert ^2}{2\alpha _n}}W(W -W')^T\right] \\&\quad = \frac{1}{2} \mathbb {E}\left[ e^{\frac{-\Vert \theta - W\Vert ^2-\Vert \theta - W'\Vert ^2}{2\alpha _n}}(W -W')(W -W')^T\right] , \end{aligned}$$

and since \(\lambda _{\text {max}} \left( (W -W')(W -W')^T\right) = \Vert W -W'\Vert ^2\),
$$\begin{aligned}&\lambda _{\text {max}} \left( \mathbb {E}\left[ e^{\frac{-\Vert \theta - W\Vert ^2-\Vert \theta - W'\Vert ^2}{2\alpha _n}}W(W -W')^T\right] \right) \nonumber \\&\quad \le \frac{1}{2} \mathbb {E}\left[ e^{\frac{-\Vert \theta - W\Vert ^2-\Vert \theta - W'\Vert ^2}{2\alpha _n}}\Vert W -W'\Vert ^2\right] . \end{aligned}$$

                    (23)
                

With Eqs. (22) and (23), we can therefore bound the maximal eigenvalue of the Hessian matrix,
$$\begin{aligned}&\lambda _{\text {max}}\left( \nabla ^2 \log \hat{\pi }_n(\theta ) \right) \nonumber \\&\quad \le \frac{1}{2 \alpha _n^2 {\mathbb {P}}(B_n)}\mathbb {E}\nonumber \\&\qquad \times \left[ e^{\frac{-\Vert \theta - W\Vert ^2-\Vert \theta - W'\Vert ^2}{2\alpha _n}}e^{\frac{2(\Vert \theta -\theta _0\Vert +\beta _n)^2}{2\alpha _n}}\Vert W -W'\Vert ^2\right] - \frac{1}{\alpha _n}. \end{aligned}$$

                    (24)
                

We now bound the supremum of this expression over \(\{\theta \in \mathbb {R}^d: \Vert \theta -\theta _0\Vert \le M\}\). Focusing on the exponent within the expectation,
$$\begin{aligned}&\sup _{\Vert \theta -\theta _0\Vert \le M} \frac{1}{\alpha _n} \left[ 2(\Vert \theta -\theta _0\Vert +\beta _n)^2 -\Vert \theta - W\Vert ^2-\Vert \theta - W'\Vert ^2 \right] \\&\quad = \sup _{\Vert \theta -\theta _0\Vert \le M} \frac{1}{\alpha _n} \left[ 2(\Vert \theta -\theta _0\Vert +\beta _n)^2 -\Vert \theta - \theta _0 + \theta _0 -W\Vert ^2 \right. \\&\qquad \left. -\Vert \theta -\theta _0 + \theta _0-W'\Vert ^2 \right] \\&\quad \le \frac{1}{\alpha _n} \left[ \left( 2 \beta _n^2 + 4 M \beta _n \right) - \left( \Vert \theta _0 - W\Vert ^2 + \Vert \theta _0 - W'\Vert ^2 \right) \right. \\&\qquad \left. + 2M \left( \Vert \theta _0 - W\Vert + \Vert \theta _0 - W'\Vert \right) \right] , \end{aligned}$$

where the inequality is obtained by expanding the quadratic terms and bounding \(\Vert \theta - \theta _0\Vert \) with M. We combine the above bound with Eq. (24) to show that \(\alpha _n^2\lambda _{\text {max}}\left( \nabla ^2 \log \hat{\pi }_n(\theta ) \right) + \alpha _n\) is bounded above by
$$\begin{aligned}&\quad \frac{\beta _n}{2{\mathbb {P}}(B_n)} \!e^{\frac{2\beta _n^2 + 4M\beta _n}{\alpha _n} } \mathbb {E}\nonumber \\&\qquad \!\left[ \!e^{\frac{ 2M \left( \! \Vert \theta _0 - W\Vert + \Vert \theta _0 - W'\Vert \! \right) - \left( \!\Vert \theta _0 - W\Vert ^2 + \Vert \theta _0 - W'\Vert ^2 \!\right) }{\alpha _n}} \frac{\Vert W -W'\Vert ^2}{\beta _n} \!\right] \!.\!\! \end{aligned}$$

                    (25)
                

By multiplying and dividing by \( \exp \left( \frac{ \Vert W-W'\Vert }{\sqrt{\beta _n}}\right) \), one notices that
$$\begin{aligned} \frac{\Vert W -W'\Vert ^2}{\beta _n}&= \exp \left( \frac{ \Vert W-W'\Vert }{\sqrt{\beta _n}}\right) \\&\quad \times \exp \left( - \frac{ \Vert W-W'\Vert }{\sqrt{\beta _n}}\right) \frac{\Vert W -W'\Vert ^2}{\beta _n}\\&\quad \le 4e^{-2} \exp \left( \frac{ \Vert W -\theta _0\Vert + \Vert W' - \theta _0\Vert }{\sqrt{\beta _n}}\right) , \end{aligned}$$

where the inequality is by the fact that \(x^2 e^{-x}\) maximized at \(x=2\) with value \(4e^{-2}\) and \(\Vert W -W'\Vert \le \Vert W\Vert + \Vert W'\Vert \). If we combine this bound with Eq. (25) and note that \(W, W'\) are iid, Eq. (25) is bounded above by
$$\begin{aligned} \frac{2 e^{-2} \beta _n }{{\mathbb {P}}(B_n)} e^{\frac{2\beta _n^2 + 4M\beta _n}{\alpha _n} } \mathbb {E}\left[ e^{ \left( \frac{1}{\alpha _n}M + \beta _n^{-1/2} \right) \Vert W - \theta _0\Vert - \frac{1}{2\alpha _n} \Vert W - \theta _0\Vert ^2 } \right] ^2. \end{aligned}$$

                    (26)
                

To show that the Hessian is asymptotically negative definite, it suffices to show that Eq. (26) is \(o_{P_{\theta _0}}(\alpha _n)\). For the terms outside the expectation, \(\beta _n = o(\alpha _n)\) implies that \(2 e^{-2} \beta _n e^{\frac{2\beta _n^2 + 4M\beta _n}{\alpha _n} } = o(\alpha _n)\), and Assumption 1 and Lemma 15 together imply that
$$\begin{aligned} {\mathbb {P}}(B_n) = \varPi _{n}\left( \left\{ W : \Vert W - \theta _0 \Vert \le \beta _n\right\} \right) ^2 {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} 1, \end{aligned}$$

so
$$\begin{aligned} \frac{2 e^{-2} \beta _n }{{\mathbb {P}}(B_n)} e^{\frac{2\beta _n^2 + 4M\beta _n}{\alpha _n} } = o_{P_{\theta _0}}(\alpha _n). \end{aligned}$$

Therefore, in order to show Eq. (26) is \(o_{P_{\theta _0}}(\alpha _n)\), it is sufficient to show that
$$\begin{aligned} \mathbb {E}\left[ e^{ \left( \frac{1}{\alpha _n}M + \beta _n^{-1/2} \right) \Vert W - \theta _0\Vert - \frac{1}{2\alpha _n} \Vert W - \theta _0\Vert ^2 } \right] = O_{P_{\theta _0}}(1). \end{aligned}$$

The next step is to split the expectation into two regions—\(\Vert W - \theta _0\Vert \le \beta _n\) and \(\Vert W - \theta _0\Vert > \beta _n\)—and bound its value within them separately. 
	
                          1.
                          
                            When \(\Vert W - \theta _0\Vert \le \beta _n\), the exponent inside the expectation is shrinking uniformly since \(\beta _n = o(\alpha _n)\): 
$$\begin{aligned}&\mathbb {E}\left[ 1_{\{ \Vert W - \theta _0\Vert \le \beta _n\}} e^{ \left( \frac{1}{\alpha _n}M + \beta _n^{-1/2} \right) \Vert W - \theta _0\Vert - \frac{1}{2\alpha _n} \Vert W - \theta _0\Vert ^2 } \right] \\&\quad \le \mathbb {E}\left[ 1_{\{ \Vert W - \theta _0\Vert \le \beta _n\}} \right] e^{ \left( \frac{1}{\alpha _n}M + \beta _n^{-1/2} \right) \beta _n} \\&\quad = O_{P_{\theta _0}}(1). \end{aligned}$$


                          
                        
	
                          2.
                          
                            When \(\Vert W - \theta _0\Vert > \beta _n\), we take the supremum over the exponent (a quadratic function), yielding \(\Vert W - \theta _0\Vert = M + \alpha _n \beta _n^{-1/2}\) and the following bound: 
$$\begin{aligned}&\left( \frac{1}{\alpha _n}M + \beta _n^{-1/2} \right) \Vert W - \theta _0\Vert - \frac{1}{2\alpha _n} \Vert W - \theta _0\Vert ^2 \nonumber \\&\quad \le \sup _{\Vert v - \theta _0\Vert } \left( \left( \frac{1}{\alpha _n}M + \beta _n^{-1/2} \right) \Vert v - \theta _0\Vert - \frac{1}{2\alpha _n} \Vert v - \theta _0\Vert ^2 \right) \nonumber \\&\quad = \left( \frac{1}{\alpha _n}M + \beta _n^{-1/2} \right) \left( M + \alpha _n \beta _n^{-1/2} \right) \nonumber \\&\qquad - \frac{1}{2\alpha _n} \left( M + \alpha _n \beta _n^{-1/2} \right) ^2 \nonumber \\&\quad =\frac{M^2}{2\alpha _n} + \frac{M}{\beta _n^{1/2} }+ \frac{\alpha _n}{2\beta _n}. \end{aligned}$$

                    (27)
                

 This yields 
$$\begin{aligned}&\mathbb {E}\left[ 1_{\{ \Vert W - \theta _0\Vert> \beta _n\}} e^{ \left( \frac{1}{\alpha _n}M + \beta _n^{-1/2} \right) \Vert W - \theta _0\Vert - \frac{1}{2\alpha _n} \Vert W - \theta _0\Vert ^2 } \right] \\&\quad \le \varPi _{n}\left( \left\{ W : \Vert W - \theta _0 \Vert > \beta _n\right\} \right) \exp \left( \frac{M^2}{2\alpha _n} + \frac{M}{\beta _n^{1/2} }+ \frac{\alpha _n}{2\beta _n} \right) . \end{aligned}$$

 Note that it is always possible to choose \(\beta _n = o(\alpha _n)\) with \(\beta _n = \omega (\alpha _n^2)\). With this choice of \(\beta _n\), the dominating term among the three of Eq. (27) is \(\frac{M^2}{2\alpha _n} \). Then by Lemma 15, there exists a sequence \(\beta _n = o(\alpha _n)\) with \(\beta _n = \omega (\alpha _n^2)\) such that the following holds, 
$$\begin{aligned} \varPi _n( \left\{ W : \Vert W - \theta _0 \Vert > \beta _n\right\} ) = o_{P_{\theta _0}}\left( \exp \left\{ -\frac{M^2}{2\alpha _n}\right\} \right) , \end{aligned}$$

 which implies 
$$\begin{aligned}&\mathbb {E}\left[ 1_{\{ \Vert W - \theta _0\Vert > \beta _n\}} e^{ \left( \frac{1}{\alpha _n}M + \beta _n^{-1/2} \right) \Vert W - \theta _0\Vert - \frac{1}{2\alpha _n} \Vert W - \theta _0\Vert ^2 } \right] \\&= o_{P_{\theta _0}}(1) . \end{aligned}$$


                          
                        

This finishes the proof. \(\square \)

                    In the last step of the above proof, we require an exponential tail bound for the posterior \(\varPi _n\). We provide this in the following lemma, following the general proof strategy of van der Vaart (2000, Theorem 10.3). The proof of Lemma 15 involves many probability distributions; thus, for mathematical convenience and explicitness, in the proof of Lemma 15 we use square bracket—\(P\left[ X \right] \)—to denote the expectation of random variable X with respect to a probability distribution P. When taking expectation to a function of n data points \(f(X_1, \dots , X_n)\) , where \((X_i)_{ i =1}^n \overset{{\text {i.i.d.}}}{\sim }P_{\theta }\), we still write \(P_\theta [f]\); and \(P_\theta \) here represents the product measure.

                      Lemma 15

                      Under Assumption 1, \(\alpha _n^3 n \rightarrow \infty \), there exists a sequence \(\beta _n\) satisfying \(\beta _n = o(\alpha _n)\), \(\beta _n = \omega (\alpha _n^2)\) and \(\beta _n = \omega (n^{-1/2})\) such that for any fixed constant M,
$$\begin{aligned} \varPi _n( \left\{ W : \Vert W - \theta _0 \Vert > \beta _n\right\} ) = o_{P_{\theta _0}}\left( \exp \left\{ -\frac{M^2}{2\alpha _n}\right\} \right) . \end{aligned}$$


                    
                      Proof of Lemma 15

                      In order to show that \(\beta _n\) satisfies the tail probability bound, it suffices to prove that
$$\begin{aligned} e^{\frac{1}{\alpha _n}} P_{\theta _0}\left[ \varPi _n( \left\{ W : \Vert W - \theta _0 \Vert > \beta _n\right\} ) \right] \rightarrow 0 , \end{aligned}$$

due to Markov’s inequality (we absorb the \(M^2/2\) constant into \(\alpha _n\) because it does not affect the proof). To achieve this, we take advantage of the existence of a test sequence applied from Assumption 1. By van der Vaart (2000, Lemma 10.6), given the \(1\text {st}\) and the \(2\text {nd}\) conditions of Assumption 1 and the fact that the parameter space \(\mathbb {R}^d\) is \(\sigma \)-compact, there exists a sequence of tests \(\phi _n : \mathscr {X}^n \rightarrow [0,1]\), where \(\mathscr {X}^n\) is the space of \((X_1, \dots , X_n)\), such that as \(n \rightarrow \infty \),
$$\begin{aligned} P_{\theta _0} [\phi _n] \rightarrow 0,\quad \sup _{\left\| \theta -\theta _{0}\right\| >\varepsilon } P_{\theta }\left[ 1-\phi _{n}\right] \rightarrow 0. \end{aligned}$$

Further, by Kleijn (2004, Lemma 1.2) and van der Vaart (2000, Lemma 10.3), under Assumption 1 and the existence of the above test sequence \(\phi _n\), for every \(M_n \rightarrow \infty \), there exists a constant \(C > 0\) and another sequence of tests \(\psi _n : \mathscr {X}^n\rightarrow [0,1]\) such that for all \(\Vert \theta - \theta _0\Vert > M_n/\sqrt{n}\) and sufficiently large n,
$$\begin{aligned} P_{\theta _0} [\psi _n ]&\le \exp \{- Cn\},\quad P_{\theta }\left[ 1-\psi _{n}\right] \nonumber \\&\le \exp \{- Cn (\Vert \theta - \theta _0 \Vert ^2 \wedge 1)\}. \end{aligned}$$

                    (28)
                

Using \(\psi _n\), we split the expectation as follows:
$$\begin{aligned}&e^{\frac{1}{\alpha _n}} \cdot P_{\theta _0} [\varPi _n( \left\{ W : \Vert W - \theta _0 \Vert> \beta _n\right\} )] \\&\quad =\underbrace{e^{\frac{1}{\alpha _n}} \cdot P_{\theta _0} [\varPi _n( \left\{ W : \Vert W - \theta _0 \Vert> \beta _n\right\} ) \psi _n]}_{(\text {I})} \\&\qquad + \underbrace{e^{\frac{1}{\alpha _n}} \cdot P_{\theta _0} [\varPi _n( \left\{ W : \Vert W - \theta _0 \Vert > \beta _n\right\} )(1- \psi _n)]}_{(\text {II})}, \end{aligned}$$

and we aim to show both parts converging to 0.

                      For term (I), the first statement of Eq. (28) implies that \(\exists C >0\) such that
$$\begin{aligned} e^{\frac{1}{\alpha _n}} \cdot P_{\theta _0} [ \varPi _n( \left\{ W : \Vert W - \theta _0 \Vert > \beta _n\right\} ) \psi _n]&\le e^{\frac{1}{\alpha _n}} P_{\theta _0}[ \psi _n ]\\&\le e^{\frac{1}{\alpha _n}} e^{-nC} . \end{aligned}$$

where the first inequality follows by \( \varPi _n( \left\{ W : \Vert W - \theta _0 \Vert \right. \left. > \beta _n\right\} ) \le 1\). Since \(n \alpha _n^3 \rightarrow \infty \), the last bound in the above expression converges to 0.

                      For term (II), we work with the shifted and scaled posterior distribution. Define \(Z_n = \sqrt{n}(W - \theta _0)\) and \(B_n = \{Z_n: \Vert Z_n\Vert > \sqrt{n\beta _n^2} \}\), and let \(\tilde{\varPi }_{0}\) be the corresponding prior distribution on \(Z_n\) and \(\tilde{\varPi }_n\) be the shifted and scaled posterior distribution, which yields
$$\begin{aligned} \begin{aligned}&e^{\frac{1}{\alpha _n}} \cdot P_{\theta _0} [\varPi _n( \left\{ W : \Vert W - \theta _0 \Vert > \beta _n\right\} )(1- \psi _n)] \\&\quad = e^{\frac{1}{\alpha _n}} \cdot P_{\theta _0} \left[ \tilde{\varPi }_n \left( B_n \right) (1- \psi _n) \right] . \end{aligned} \end{aligned}$$

                    (29)
                

Let U be a closed ball around 0 with a fixed radius r, then restricting \(\tilde{\varPi }_0\) on U defines a probability measure \(\tilde{\varPi }_0^U\), i.e. for all measurable set B, \(\tilde{\varPi }_0^U(B) = \tilde{\varPi }_0(B \cap U)/ \tilde{\varPi }_0(U)\). Write \(P_{n, z}\) for the joint distribution of n data points \((X_1, \dots , X_n)\) parametrized under \(\theta _0 + z/\sqrt{n}\) and hence write the marginal distribution of \((X_1, \dots , X_n)\) under \(\tilde{\varPi }_0^U\) for \(P_{n,U} = \int P_{n, z} \text{ d } \tilde{\varPi }_0^U(z)\). The densities of these distributions will be represented using lower case, e.g. \(p_{n,U}(x) = \int p_{n,z}(x) \tilde{\pi }_0^U(z) \text{ d } z\) is the PDF of \(P_{n,U}\). Here, we abuse the notation that x represents \((x_1, \dots , x_n)\).

                      We replace \(P_{\theta _0}\) in Eq. (29) with \(P_{n,U}\). Under Assumption 1, by van der Vaart (2000, p. 141), \(P_{n,U} \) is mutually contiguous to \(P_{\theta _0}\) (LeCam 1960), that is, for any statistics \(T_n\) (a Borel function of \(X^n\)), \(T_n {\mathop {\rightarrow }\limits ^{P_{\theta _0}}}0\) iff \(T_n {\mathop {\rightarrow }\limits ^{P_{n,U}}}0\). Thus, considering \(\tilde{\varPi }_0 \left( B_n \right) (1- \psi _n)\) as the statistics \(T_n\), the convergence to 0 of the expression in Eq. (29) is equivalent to
$$\begin{aligned} e^{\frac{1}{\alpha _n}} \cdot P_{n, U} \left[ \tilde{\varPi }_n \left( B_n \right) (1- \psi _n) \right] \rightarrow 0 . \end{aligned}$$

Manipulating the expression of \(P_{n,U}\) and \(\tilde{\varPi }_n \left( B_n \right) \) (we write \( \tilde{\varPi }_n \left( B_n, x\right) \) in the integral and write \(\tilde{\varPi }_n \left( B_n, (X_i)_{i = 1}^n\right) \) in the expectation to make the dependence of posterior on the data explicit),
$$\begin{aligned}&P_{n, U}\left[ \tilde{\varPi }_n \left( B_n,(X_i)_{i = 1}^n\right) (1- \psi _n) \right] \\&\qquad = \int \tilde{\varPi }_n \left( B_n, x \right) (1- \psi _n) \text{ d } P_{n, U}(x)\\&\qquad = \int \tilde{\varPi }_n \left( B_n, x\right) (1- \psi _n) p_{n,U}(x) \text{ d } x. \end{aligned}$$

Note that \(p_{n,U}(x ) = \int p_{n,z}(x) \text{ d } \tilde{\varPi }_0^U(z)\),
$$\begin{aligned}&= \int \tilde{\varPi }_n \left( B_n,x \right) (1- \psi _n) \left( \int p_{n,z}(x) \text{ d } \tilde{\varPi }_0^U(z) \right) \mathrm {d}x . \end{aligned}$$

Recall that for all measurable set B, \(\tilde{\varPi }_0^U(B) = \tilde{\varPi }_0(B \cap U)/ \tilde{\varPi }_0(U)\), thus
$$\begin{aligned}&= \frac{1}{\tilde{\varPi }_0(U)}\int \tilde{\varPi }_n \left( B_n, x \right) (1- \psi _n) \left( \int _U p_{n,z}(x) \text{ d } \tilde{\varPi }_{0}(z) \right) \mathrm {d}x. \end{aligned}$$

By using Bayes rule, we expand \(\tilde{\varPi }_{n} \left( B_n, x \right) = \frac{\int \mathbb {1}[B_n] p_{n,z}(x) \text{ d } \tilde{\varPi }_0 (z)}{\int p_{n,z}(x)\text{ d }\tilde{\varPi }_0(z)}\),
$$\begin{aligned}&= \frac{\int (1- \psi _n) \left( \int \mathbb {1}[B_n] p_{n,z}(x) \text{ d } \tilde{\varPi }_{0}(z) \right) \left( \int _U p_{n,z}(x) \text{ d } \tilde{\varPi }_0(z) \right) \mathrm {d}x}{\tilde{\varPi }_{0}(U) \int p_{n,z}(x)\text{ d }\tilde{\varPi }_{0}(z)}. \end{aligned}$$

Note that \(\tilde{\varPi }_n \left( U, x \right) = \frac{\int _U p_{n,z}(x) \text{ d } \tilde{\varPi }_{0}(z)}{\int p_{n,z}(x)\text{ d }\tilde{\varPi }_{0}(z)}\),
$$\begin{aligned}&= \frac{1}{\tilde{\varPi }_0(U)} \int \left( \int \mathbb {1}[B_n] p_{n,z}(x) \text{ d } \tilde{\varPi }_{0}(z) \right) (1- \psi _n) \tilde{\varPi }_n \left( U,x \right) \mathrm {d}x. \end{aligned}$$

By Fubini Theorem and \( \tilde{\varPi }_n \left( U,x \right) \le 1\),
$$\begin{aligned}\le & {} \frac{1}{\tilde{\varPi }_0(U)} \int _{B_n} \left( \int (1 - \psi _n) p_{n,z}(x) \mathrm {d}x\right) \mathrm {d}\tilde{\varPi }_0(z)\\= & {} \frac{1}{\tilde{\varPi }_{0}(U)} \int _{\{ \Vert z\Vert > \sqrt{n\beta _n^2}\}} P_{n,z} [1- \psi _n] \text{ d } \tilde{\varPi }_0(z). \end{aligned}$$

Note that \(P_{n,z} [1- \psi _n] \equiv P_{\theta }[1 - \psi _n]\) for \(\theta = \theta _0 + z/\sqrt{n}\) and that \(\sqrt{n\beta _n^2} \rightarrow \infty \) due to \(\beta _n = \omega (n^{-1/2})\). Thus, we can use the second statement of Eq. (28) to bound \(P_{n,z} [1- \psi _n]\), yielding
$$\begin{aligned}&\frac{1}{\tilde{\varPi }_0(U)} \int _{\{ \Vert z\Vert> \sqrt{n\beta _n^2}\}} P_{n,z} [1- \psi _n] \text{ d } \tilde{\varPi }_0(z)\\&\quad \le \frac{1}{\tilde{\varPi }_0(U)} \int _{\{ \Vert z\Vert > \sqrt{n\beta _n^2}\}} \exp \{- C (\Vert z\Vert ^2 \wedge n)\} \mathrm {d}\tilde{\varPi }_0(z). \end{aligned}$$

We then derive upper bounds for both the fraction and the integral to show the above is \(o\left( e^{-\frac{1}{\alpha _n}}\right) \). For the fraction, we define \(U_n :=\left\{ w\in \mathbb {R}^d: \sqrt{n}(w - \theta _0) \in U \right\} \), then
$$\begin{aligned} \tilde{\varPi }_0(U) =&\varPi _0(U_n) \ge \frac{\pi ^{\frac{d}{2}}}{\gamma (\frac{d}{2} +1)} \left( n^{-1/2} r\right) ^d\inf _{w\in U_n}\pi _0(w). \end{aligned}$$

By Assumption 1, for all \( w \in \mathbb {R}^d, \pi _0(w)\) is positive and continuous, and hence \(\inf _{w\in U_n}\pi _0(w)\) is an increasing sequence that converges to \(\pi _0(\theta _0) > 0\) as \(n \rightarrow \infty \). Thus, there is a constant \(D > 0\) such that for sufficiently large n,
$$\begin{aligned} \tilde{\varPi }_0(U) \ge D n^{-d/2}, \end{aligned}$$

                    (30)
                

yielding that
$$\begin{aligned} \exists C > 0, \quad \text { s.t. } \quad \frac{1}{\tilde{\varPi }_{0}(U)} \le C n^{d/2}. \end{aligned}$$

For the integral, by splitting \(B_n\) into \(\{\sqrt{n\beta _n^2} < \Vert z_n\Vert \le k \sqrt{n} \}\) and \( \{ \Vert z_n\Vert > k \sqrt{n} \}\) for some positive \( k < 1\),
$$\begin{aligned}&\int _{\{ \Vert z\Vert> \sqrt{n\beta _n^2}\}} \exp \{- C (\Vert z\Vert ^2 \wedge n)\} \mathrm {d}\tilde{\varPi }_{0}(z)\\&\quad \le \int _{\{k \sqrt{n} \ge \Vert z\Vert > \sqrt{n\beta _n^2} \}} \exp \{- C \Vert z\Vert ^2 \} \mathrm {d}\tilde{\varPi }_{0}(z) + e^{-C k^2 n}. \end{aligned}$$

Then by change of variable to \(w = \frac{1}{\sqrt{n}} z + \theta _0\),
$$\begin{aligned} = \int _{\{k \ge \Vert w- \theta _0\Vert > \beta _n \}} \exp \{- C n \Vert w -\theta _0\Vert ^2 \} \pi _0(w ) \text{ d } w + e^{-C k^2 n}. \end{aligned}$$

Note that by Assumption 1, \(\pi _0(w)\) is continuous for all \(w \in \mathbb {R}^d\), we can choose a sufficiently small k such that \(\pi _0(\theta )\) is uniformly bounded by a constant C over the region \(\{k \ge \Vert w- \theta _0\Vert > \beta _n \}\). Thus, the above can be bounded above by
$$\begin{aligned}&C \int _{\{k \ge \Vert w- \theta _0\Vert> \beta _n \}} \exp \{- C n \Vert w -\theta _0\Vert ^2 \} \text{ d } w + e^{-C k^2 n}\\&\quad = C n^{-d/2} \int _{\{k \sqrt{n} \ge \Vert z\Vert> \sqrt{n \beta _n^2} \}} \exp \left\{ -C \Vert z\Vert ^2\right\} \mathrm {d}z + e^{-C k^2 n}\\&\quad \le C n^{-d/2} \int _{\{\Vert z\Vert > \sqrt{n \beta _n^2} \}} \exp \left\{ -C \Vert z\Vert ^2\right\} \mathrm {d}z + e^{-C k^2 n}, \end{aligned}$$

where the equality is by change of variable back to \(z = \sqrt{n}(w - \theta _0) \). Then, consider the integral on RHS. Using spherical coordinates, there exists a fixed constant \( D > 0\) such that
$$\begin{aligned}&\int _{\{\Vert z\Vert> \sqrt{n \beta _n^2} \}} \exp \left\{ -C \Vert z\Vert ^2\right\} \mathrm {d}z \\&\qquad = D \int _{\{r> \sqrt{n \beta _n^2}\}} e^{-Cr^2} r^{d-1} \mathrm {d}r \\&\qquad = DC^{-d/2} \int _{\{s> C n\beta _n^2 \}} e^{-s} s^{\frac{d}{2} -1} \mathrm {d}s, \end{aligned}$$

where the second equality is by setting \(s = Cr^2\). Note that the integrand of RHS is proportional to the PDF of \(\varGamma (\frac{d}{2}, 1)\). Using the tail properties of the Gamma random variable (Boucheron et al. 2013, p. 28), we have that for some generic constant \(D >0\),
$$\begin{aligned} \int _{\{\Vert z\Vert > \sqrt{n \beta _n^2} \}} \exp \left\{ -C \Vert z\Vert ^2\right\} \mathrm {d}z \le D e^{ - C n\beta _n^2}. \end{aligned}$$

Therefore, for some generic constants \(C , D >0\),
$$\begin{aligned}&\int _{\{ \Vert z\Vert > \sqrt{n\beta _n^2}\}} \exp \{- C (\Vert z\Vert ^2 \wedge n)\} \mathrm {d}\tilde{\varPi }_{0}(z)\nonumber \\&\quad \le D n^{-d/2} e^{- C n\beta _n^2} + e^{-C k^2 n}. \end{aligned}$$

                    (31)
                

Then, we combine Eqs. (30) and (31), yielding that for some constants \(C, D > 0\) independent to n,
$$\begin{aligned}&e^{\frac{1}{\alpha _n}} \cdot P_{n, U} \left[ \tilde{\varPi }_{0} \left( B_n\right) (1- \psi _n) \right] \\&\quad \le e^{\frac{1}{\alpha _n}} \frac{1}{\varPi _{n,0}(U)} \int _{\{ \Vert z\Vert > \sqrt{n\beta _n^2}\}} \exp \{- C (\Vert z\Vert ^2 \wedge n)\} \mathrm {d}\tilde{\varPi }_{0}(z)\\&\quad \le e^{\frac{1}{\alpha _n}} C \sqrt{n}^d e^{-C n} + e^{\frac{1}{\alpha _n}} D e^{- C n\beta _n^2} . \end{aligned}$$

Lastly, it remains to show that there exists a positive sequence \(\beta _n\) satisfying both \( \beta _n = o(\alpha _n)\) and \(\beta _n = \omega (\alpha _n^2)\) such that the RHS converges to 0. The first term always converges to 0 due to \(\alpha _n^3 n \rightarrow \infty \). For the second term, we consider two different cases. If \(\alpha _n = o(n^{-1/6})\), we pick \(\beta _n = n^{-1/3}\), which is both \( o(\alpha _n)\) and \(\omega (\alpha _n^2)\). Then,
$$\begin{aligned} e^{\frac{1}{\alpha _n}} D e^{- C n\beta _n^2}&= D \exp \left\{ \alpha _n^{-1} - C n^{1/3}\right\} \\&\longrightarrow 0, \end{aligned}$$

where the convergence in the last line is by \(n \alpha _n^3 \rightarrow \infty \Leftrightarrow \frac{1}{\alpha _n} = o(n^{1/3})\). If \(\alpha _n = \omega (n^{-1/6})\), we pick \(\beta _n = \alpha _n^2\). Then,
$$\begin{aligned} e^{\frac{1}{\alpha _n}} D e^{- C n\beta _n^2} = D \exp \left\{ \alpha _n^{-1} - C n \alpha _n^4 \right\} . \end{aligned}$$

Since \(\alpha _n = \omega (n^{-1/6})\), \(\frac{1}{\alpha _n} = o(n^{1/6})\) and \( n\alpha _n^4 = \omega (n^{1/3})\), yielding that the above converges to 0 as \(n \rightarrow \infty \). This completes the proof. \(\square \)

                    1.7.3 B.7.3 Proof of \(2\text {nd}\) statement of Theorem 7
                              
In this section, we show that the smoothed MAP estimator (\(\hat{\theta }_n^\star \)) is also a consistent estimate of \(\theta _0\), but with a convergence rate that is slower than the traditional \(\sqrt{n}\). This is the case because the variance of the smoothing kernel satisfies \(\alpha _n = \omega (n^{-1/3})\), and the convergence rate of \(\hat{\theta }_n^\star \) is determined by \(\alpha _n\) via
$$\begin{aligned} \Vert \hat{\theta }_n^\star - \theta _{0}\Vert = O_{P_{\theta _0}}(\sqrt{\alpha _n}). \end{aligned}$$

                    (32)
                

Recall that \(\theta _{\text {MLE},n }\) is a \(\sqrt{n}\)-consistent estimate of \(\theta _0\). Thus, it is sufficient to show \(\left\| \hat{\theta }_n^\star - \theta _{\text {MLE},n} \right\| = O_{P_{\theta _0}}\left( \sqrt{\alpha _n}\right) \).
Note that \(\hat{\theta }_n^\star \) and \(\theta _n^\star \) are maximals of stochastic process \(\hat{\pi }_n(\theta )\) and \(\pi _n(\theta )\) respectively, which can be studied in the framework of M-estimator (van der Vaart 2000; van der Vaart and Wellner 2013). A useful tool in establishing the asymptotics of M-estimators is the Argmax Continuous Mapping theorem  (van der Vaart and Wellner 2013, Lemma 3.2.1), which is introduced as follows.

                      Lemma 16

                      [Argmax Continuous Mapping (van der Vaart and Wellner 2013)] Let \(\{f_n(\theta ) \}\) and \(f(\theta )\) be stochastic processes indexed by \(\theta \), where \(\theta \in \varTheta \). Let \(\hat{\theta }\) be a random element such that almost surely, for every open sets G containing \(\hat{\theta }\),
$$\begin{aligned} f(\hat{\theta }) > \sup _{\theta \notin G} f(\theta ). \end{aligned}$$

and \(\hat{\theta }_n\) be a random sequence such that almost surely
$$\begin{aligned} f_n(\hat{\theta }_n) = \sup _{\theta \in \varTheta } f_n(\theta ). \end{aligned}$$

If \(\sup _{\theta \in \varTheta } |f_n(\theta ) - f(\theta )| = o_P(1)\) as \(n \rightarrow \infty \), then
$$\begin{aligned} \hat{\theta }_n \overset{d}{\rightarrow }\hat{\theta }. \end{aligned}$$


                    The proof strategy of the \(2\text {nd}\) statement of Theorem 7 is to apply Lemma 16 in a setting where \(f_n\) is \(\hat{\pi }_n(\theta )\) and f is a Gaussian density. Using the Bernstein–von Mises Theorem 4, we show that \(\hat{\pi }_n(\theta )\) converges uniformly to this Gaussian density, which implies that the MAP of \(\hat{\pi }_n(\theta )\) converges in distribution to the MAP of this Gaussian distribution by the Argmax Continuous Mapping theorem. The detailed proof is as follows.

                      Proof of Second statement of Theorem 7

                      Note that
$$\begin{aligned} \Vert \hat{\theta }_n^\star - \theta _{0}\Vert \le \Vert \hat{\theta }_n^\star - \theta _{\text {MLE},n}\Vert + \Vert \theta _{\text {MLE},n} - \theta _0 \Vert . \end{aligned}$$

By Theorem 4, we have \(\Vert \theta _{\text {MLE},n} - \theta _{0}\Vert \!= \!O_{P_{\theta _0}}(1/\sqrt{n})\). And in addition, given that \(\sqrt{\alpha _n } = \omega (1/ \sqrt{n})\), in order to get Eq. (32), it suffices to show
$$\begin{aligned} \left\| \hat{\theta }_n - \theta _{\text {MLE},n} \right\| = O_{P_{\theta _0}}\left( \sqrt{\alpha _n}\right) . \end{aligned}$$

Thus, in this proof, we aim to show \(\left\| \hat{\theta }_n^\star - \theta _{\text {MLE},n} \right\| = O_{P_{\theta _0}}(\sqrt{\alpha _n}) \) and it is sufficient to prove
$$\begin{aligned} \frac{1}{\sqrt{\alpha _n}} \left( \hat{\theta }_n - \theta _{\text {MLE},n}\right) {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} 0. \end{aligned}$$

Let \(\xi = \frac{1}{\sqrt{\alpha _n}} \left( \theta - \theta _{\text {MLE},n}\right) \), \(\xi ^*_n = \frac{1}{\sqrt{\alpha _n}} \left( \hat{\theta }_n - \theta _{\text {MLE},n} \right) \) and \(t = \frac{1}{\sqrt{\alpha _n}} \left( w - \theta _{\text {MLE},n}\right) \). By expressing \(\hat{\pi }_n(\theta )\), which is defined in Eq. (6),
$$\begin{aligned} \xi _n^*= & {} \mathop {\mathrm{arg}\,\mathrm{max}}\limits _{\xi } \hat{\pi }\left( \sqrt{\alpha _n} \xi + \theta _{\text {MLE},n}\right) \\= & {} \mathop {\mathrm{arg}\,\mathrm{max}}\limits _{\xi } \int \pi _n\left( \sqrt{\alpha _n} t+ \theta _{\text {MLE},n}\right) \\&\times \exp \left( -\frac{1}{2\alpha _n}\Vert \sqrt{\alpha _n}\xi - \sqrt{\alpha _n}t \Vert ^2\right) \text{ d } t \\= & {} \mathop {\mathrm{arg}\,\mathrm{max}}\limits _{\xi } \int \alpha _n^{d/2} \pi _n\left( \sqrt{\alpha _n} t+ \theta _{\text {MLE},n}\right) \\&\times \exp \left( -\frac{1}{2}\Vert \xi - t \Vert ^2\right) \text{ d } t. \end{aligned}$$

Define
$$\begin{aligned} f_n(\xi )= & {} \int \alpha _n^{d/2} \pi _n\left( \sqrt{\alpha _n} t+ \theta _{\text {MLE},n}\right) \exp \left( -\frac{1}{2}\Vert \xi - t \Vert ^2\right) \text{ d } t, \\ g_n(\xi )= & {} \int \phi \left( t; 0, \frac{1}{n \alpha _n}H_{\theta _0}^{-1}\right) \exp \left( -\frac{1}{2}\Vert \xi - t \Vert ^2\right) \text{ d } t,\\ f(\xi )= & {} (2\pi )^{d/2} \phi \left( \xi ; 0, I \right) , \end{aligned}$$

where \(\phi (\cdot ; \mu , \varSigma )\) denotes the PDF of \(\mathscr {N}(\mu , \varSigma )\).

                      By adding and subtracting \(f(\xi )\),
$$\begin{aligned} \xi _n^*= & {} \mathop {\mathrm{arg}\,\mathrm{max}}\limits _{\xi } f_n(\xi )\\= & {} \mathop {\mathrm{arg}\,\mathrm{max}}\limits _{\xi } \left\{ f_n(\xi ) - f(\xi ) + f(\xi )\right\} . \end{aligned}$$

We then apply Lemma 16 to show \(\xi _n^* \overset{d}{\rightarrow }\mathop {\mathrm{arg}\,\mathrm{max}}\nolimits _{\xi } f(\xi )\). We start by verifying a condition of the argmax continuous mapping theorem that
$$\begin{aligned} \lim _{n \rightarrow \infty } \sup _{\xi } |f_n(\xi ) - f(\xi )| = 0. \end{aligned}$$

                    (33)
                

By triangle inequality, for all n,
$$\begin{aligned} \sup _{\xi } |f_n(\xi ) - f(\xi )|&\le \sup _{\xi } |f_n(\xi ) - g_n(\xi )| \nonumber \\&+ \sup _{\xi } |g_n(\xi ) - f(\xi )|. \end{aligned}$$

                    (34)
                

Later we show both two terms on the RHS converging to 0.

                      For the first term. Note that \(\alpha _n^{d/2} \pi _n(\sqrt{\alpha _n} t+ \theta _{\text {MLE},n})\) is the probability density function of \(\varPi _{\sqrt{\alpha _n} t+ \theta _{\text {MLE},n}}\), which is the posterior distribution parametrized on t. Thus, for all n,
[image: ]

where the inequality is by \( \sup _{\xi ,t} \exp ( -\frac{1}{2}\Vert \xi - t \Vert ^2) \le 1\). Under Assumption 1, the posterior distribution admits Bernstein–von Mises theorem (Theorem 4) that
[image: ]

                    (35)
                

With the invariance of total variation under reparametrization, we have
[image: ]

This shows the uniform convergence from \(f_n(\xi )\) to \(g_n(\xi )\). Note that in Eq. (35), we states the Bernstein–von Mises theorem with a different centering process. It is allowed when \(\theta _{\text {MLE},n}\) is asymptotically normal (van der Vaart 2000, p. 144), which is ensured by Theorem 4.

                      For the second term in Eq. (34). Note that we can evaluate \(g_n(\xi )\) since it is a convolution of two Gaussian PDFs, that is
$$\begin{aligned} g_n(\xi ) = (2\pi )^{d/2} \phi \left( \xi ; 0, \frac{1}{n \alpha _n}H_{\theta _0}^{-1} + I \right) . \end{aligned}$$

Comparing this to \(f(\xi ) = (2\pi )^{d/2} \phi \left( \xi ; 0, I \right) \), one notices that \( \frac{1}{n \alpha _n}H_{\theta _0}^{-1} + I \rightarrow I\) due to \(\alpha _n^3 n \rightarrow \infty \). And further for Gaussian distributions, the convergence of parameters implies the uniform convergence of PDFs, yielding that
$$\begin{aligned} \lim _{n \rightarrow \infty } \sup _{\xi } |g_n(\xi ) - f(\xi ) | = 0. \end{aligned}$$

Thus, we have Eq. (34) converging to 0 as \(n \rightarrow \infty \).

                      Now, we look at \(f(\xi )\) with the goal to apply Lemma 16 and to obtain \(\xi _n^* \overset{d}{\rightarrow }\mathop {\mathrm{arg}\,\mathrm{max}}\nolimits _{\xi } f(\xi )\). Note that
$$\begin{aligned} \mathop {\mathrm{arg}\,\mathrm{max}}\limits _{\xi } f(\xi ) = 0 \quad \text {and} \quad \sup _{\xi }f(\xi ) ={\mathrm{det}}\left( I \right) ^{-1/2} = 1. \end{aligned}$$

To apply Lemma 16, we need to ensure that for any open set G that contains 0,
$$\begin{aligned} f(0)> \sup _{\xi \in G} f(\xi ). \end{aligned}$$

                    (36)
                

This holds by the unimodality of standard Gaussian distribution.

                      Therefore, with both conditioins Eqs. (33) and (36), we can apply Lemma 16 to conclude that
$$\begin{aligned} \frac{1}{\sqrt{\alpha _n}} \left( \hat{\theta }_n^\star - \theta _{\text {MLE},n} \right) {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} 0. \end{aligned}$$

This completes the proof. \(\square \)

                    1.8 B.8 Proof of Theorem 2
                           

                    Proof

                    Lemma 9 implies the existence of a locally asymptotically convex and smooth region \(B_r(\theta _0)\) of \(f_n\); and Theorems 5 and 7 show the consistency of \(\theta _{n}^\star \) and \(\hat{\theta }_n^\star \) to \(\theta _0\) in data-asymptotics. Let \(\theta _\text {init}\) be the initial value of Algorithm 2 satisfying \(\Vert \theta _\text {init} - \hat{\theta }^\star _n\Vert \le \frac{r}{4(\ell + 1)}\). If \(\Vert \hat{\theta }_n^\star - \theta _0\Vert \le r/4\) and \(\Vert \theta _n^\star - \theta _0\Vert \le r/4\),
$$\begin{aligned}&\Vert \theta _\text {init}- \theta _n^\star \Vert \\&\quad \le \Vert \theta _\text {init} - \hat{\theta }_n^\star \Vert + \Vert \hat{\theta }_n^\star - \theta _0\Vert + \Vert \theta _n^\star - \theta _0\Vert \\&\quad \le \left( \frac{1}{2} + \frac{1}{4(\ell + 1)}\right) r, \end{aligned}$$

and \(B_{3r/4}(\theta _n^\star ) \subseteq B_r(\theta _0)\). Combining above shows that there exists \(0 < r':= \frac{3r}{4}\) such that
$$\begin{aligned} \lim _{n \rightarrow \infty } {\mathbb {P}}\left( \forall \theta \in B_{r'}(\theta _{n}^\star ), \quad \varepsilon I\preceq \nabla ^2 f_n(\theta ) \preceq \ell I\right) = 1. \end{aligned}$$

Then, it remains to show that the iterates produced by Algorithm 2 will be confined in \(B_{r'}(\theta _n^\star )\) as we get more and more data. Since \(\theta _n^\star \) is the global optimum of \(f_n\), as long as backtracking line search ensures the decay of objective value within the locally strongly convex \(B_{r'}(\theta _n^\star )\) (Boyd and Vandenberghe 2004, p. 465), the gradient norm will decay in each iteration and hence the iterates converge to the optimum. Therefore, it is sufficient to show the first iteration stays inside.

                    By \(\ell \)-smoothness of \(f_n\) inside \(B_{r'}(\theta _n^\star )\), we have \(\Vert \nabla f_n(\theta _\text {init})\Vert \le \frac{\ell r}{4(\ell +1)}\) and hence
$$\begin{aligned} \lim _{n \rightarrow \infty } {\mathbb {P}}\left( \theta _\text {init}- \nabla f_n(\theta _\text {init})\in B_{r'}(\theta _n^\star ) \right) = 1. \end{aligned}$$

This shows the confinement. The convergence rate of iterates is \(\eta ^k\), where
$$\begin{aligned} 0 \le \eta = \sqrt{\max \left\{ |1 - \frac{2\varepsilon }{\varepsilon + \ell }|, |1 - \frac{2\ell }{\varepsilon + \ell }|\right\} } < 1, \end{aligned}$$

which follows from the standard theory of gradient descent under \(\varepsilon \)-strong convexity and \(\ell \)-Lipschitz smoothness (Ryu and Boyd 2016, p. 15). This completes the proof. \(\square \)

                  1.9 B.9 Proof of Theorem 3
                           

                    Proof of Theorem 3

                    In this proof, we aim to apply Theorem 17 with
$$\begin{aligned} \mathscr {X}= \{\mu \in \mathbb {R}^p, L\text { lower triangular with non-negative diagonals}\}, \end{aligned}$$

which is closed and convex. Note that in the notation of this theorem, \(x = (\mu ^T, L_1^T, \dots , L_p^T)^T \in \mathbb {R}^{(d+1)d}\) and \(V \in \mathbb {R}^{(d+1)d \times (d+1)d}\) is set to be a diagonal matrix with entries 2 for the \(\mu \) components and \(r/(2\Vert I - L_n^\star \Vert _F)\) for the L components. Therefore,
$$\begin{aligned} J(x) = J(\mu , L) = 4\Vert \mu -\mu _n^\star \Vert ^2 + \frac{r^2}{4\Vert I-L_n^\star \Vert ^2_F}\Vert L-L_n^\star \Vert ^2_F. \end{aligned}$$

This setting yields two important facts. First, by Theorems 7 and 6,
$$\begin{aligned} \hat{\theta }_n^\star {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} \theta _0 \quad \text {and} \quad \mu _n^\star {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} \theta _0, \end{aligned}$$

yielding that
$$\begin{aligned} {\mathbb {P}}\left( \Vert \hat{\theta }_n^\star -\theta _0\Vert + \Vert \mu _n^\star - \theta _0\Vert \le \frac{r}{4\sqrt{2}} \right) \rightarrow 1, \quad \text { as } n \rightarrow \infty . \end{aligned}$$

For \(\Vert \mu _0 - \hat{\theta }_n^\star \Vert ^2 \le \frac{r^2}{32}\), by triangle inequality, the probability that the following inequalities hold converges to 1 in \(P_{\theta _0}\) as \(n \rightarrow \infty \),
$$\begin{aligned} \Vert \mu _0 - \mu _n^\star \Vert \le \Vert \mu _0 - \hat{\theta }_n^\star \Vert + \Vert \hat{\theta }_n^\star - \theta _0 \Vert + \Vert \mu _n^\star - \theta _0 \Vert \le \frac{r}{2\sqrt{2}}. \end{aligned}$$

Further with \(L_0 = I\), \(J(\mu _0, L_0) \le \frac{3 r^2}{4} \le r^2\). Hence, if we initialize \(L_0 = I \) and \(\mu _0\) such that \(\Vert \mu _0 - \hat{\theta }_n^\star \Vert _2^2 \le \frac{r^2}{32}\),
$$\begin{aligned} {\mathbb {P}}\left( x_0 \in \{x: J(x) \le r^2 \} \right) \rightarrow 1, \quad \text { as } n \rightarrow \infty . \end{aligned}$$

                    (37)
                

Second, if \(J \le r^2\) then \(\mu \) is close to the optimal and \(\Vert L\Vert _F\) is not too large, i.e.
$$\begin{aligned} J(\mu ,L) \le r^2&\implies \Vert \mu -\mu _n^\star \Vert ^2 \le r^2/4\\ J(\mu ,L) \le r^2&\implies \Vert L-L_n^\star \Vert _F^2 \le 4\Vert I-L_n^\star \Vert _F^2 \\&\implies \Vert L\Vert _F \le 2\Vert I-L_n^\star \Vert _F + \Vert L_n^\star \Vert _F, \end{aligned}$$

yielding that \(\{J(\mu , L) \le r^2 \} \subseteq {\mathscr {B}}_{r,n}\). Recall that
$$\begin{aligned} {\mathscr {B}}_{r,n}= & {} \left\{ \mu \in \mathbb {R}^d, L\in \mathbb {R}^{d\times d} : \Vert \mu - \mu _n^\star \Vert ^2 \le \frac{r^2}{4}\,\,\right. \nonumber \\&\left. \text {and}\,\, \Vert L-L_n^\star \Vert _F^2 \le 4\Vert I-L_n^\star \Vert _F^2\right\} . \end{aligned}$$

Then by Corollary 14, under Assumptions 1 and 2, the probability of the event that
$$\begin{aligned}&F_n\text { is } \frac{\varepsilon }{2} D_n\text {-strongly convex in}\, \{J(\mu , L) \le r^2 \}\nonumber \\&\quad \text { and globally }\ell D_n\text {-Lipschitz smooth} \end{aligned}$$

                    (38)
                

converges to 1 in \(P_{\theta _0}\) as \(n \rightarrow \infty \).

                    For brevity, we make the following definitions for the rest of this proof: recall the definition of \(f_n, F_n\) in Eqs. (2) and (3) (we state here again):
$$\begin{aligned}&I_n: \mathscr {X}\rightarrow \mathbb {R}, \qquad I_n(x) := -\frac{1}{n}\log {\mathrm{det}}L \\&f_n: \mathbb {R}^d \rightarrow \mathbb {R}, \qquad f_n( \theta ) := -\frac{1}{n}\log \pi _n(\theta )\\&\tilde{f}_n: (\mathscr {X}, \mathbb {R}^d) \rightarrow \mathbb {R}, \qquad \tilde{f}_n(x, Z) := -\frac{1}{n}\log \pi _n\left( \mu + \frac{1}{\sqrt{n}} L Z \right) \\&F_n: \mathscr {X}\rightarrow \mathbb {R}, \qquad F_n(x) := \mathbb {E}\left[ -\frac{1}{n}\log \pi _n\left( \mu + \frac{1}{\sqrt{n}} L Z \right) \right] \\&\phi _n: = I_n + \tilde{f}_n ,\qquad \varPhi _n: = I_n + F_n. \end{aligned}$$

Here, \(\phi _n(x, z)\) is the KL cost function with no expectation, and \(\varPhi _n(x)\) is the cost function with the expectation. To match the notation of Theorem 17, we reformulate the scaled gradient estimator defined in Eq. (8) as \(g_n\),
$$\begin{aligned} g_n(x,Z) = \left\{ \begin{array}{ll} R_n(x)\nabla \phi _n(x, Z) &{}\quad x \in \mathscr {X}^\mathrm {o}\\ \lim _{y\rightarrow x} R_n(y)\nabla \phi _n(y, Z) &{}\quad x \in \partial \mathscr {X}\end{array}\right. , \end{aligned}$$

for a diagonal scaling matrix \(R_n(x) \in \mathbb {R}^{d(d+1)\times d(d+1)}\). Define that \(R_n(x)\) has entries 1 for the \(\mu \) components, 1 for the off-diagonal L components, and \(1/(1+(n L_{ii})^{-1})\) for the diagonal L components. Note that \(x \rightarrow \partial \mathscr {X}\) means that \(L_{ii} \rightarrow 0\), ensuring that \(g_n(x,Z)\) has entries \(-1\) for the \(L_{ii}\). Since Z is a standard normal random variable, under the event that \(-\frac{1}{n} \log \pi _n\) has Lipschitz gradient, the gradient can be passed through the expectation so that the true gradient is defined as below:
$$\begin{aligned} G_n(x) := \mathbb {E}\left[ g_n(x,Z) \right] = R_n(x) \nabla \varPhi _n(x). \end{aligned}$$

Note that the projected stochastic iteration
$$\begin{aligned} x_{k+1} = \varPi _\mathscr {X}\left( x_k - \gamma _k g_n(x_k, Z_k)\right) , \quad k = {\mathbb {N}}\cup \{0\}, \end{aligned}$$

with \(\varPi _\mathscr {X}(x) :=\mathop {\mathrm{arg}\,\mathrm{min}}\nolimits _{y\in \mathscr {X}} \Vert V(x - y)\Vert ^2\) is equivalent to the iteration described in Algorithm 3. Note that the differentiability of \(\phi _n\) only holds for \(x \in \mathscr {X}^\mathrm {o}\). For the case where \(L_{ii} = 0\) for some \(i \in [d]\), we can use continuation via the limit \(\lim _{L_{ii} \rightarrow 0} -\frac{(n L_{ii})^{-1}}{1+ (n L_{ii})^{-1}} = -1\) to evaluate even though the gradient is not defined. For the following proof, we do not make special treatments to those boundary points when applying Taylor expansion and taking derivative.

                    Next, we apply Theorem 17 to carry out the proof. The rest of the proof consists two parts: to show the confinement result (statement 2. of Theorem 17) and to show the convergence result (statement 3. of Theorem 17)). We prove these two results under the event that Eqs. (37) and (38) hold; since the probability that these events hold converges in \(P_{ \theta _0}\) to 1 as \(n \rightarrow \infty \), the final result holds with the same convergent probability.

                    We first show the confinement result by analysing \(\varepsilon (x)\), \(\ell ^2(x)\), and \(\sigma ^2(r)\), which are defined in Eqs. (44) and (45), respectively. We aim to obtain that 
	
                        i.
                        
                          We can find sufficiently small \(\gamma _k > 0\) such that 
$$\begin{aligned} \alpha _{k} = 1 + \mathbb {1}\left[ J(x_k) \le r^2\right] (-2\gamma _k\varepsilon (r) + 2\gamma _k^2\ell ^2(r)) \in (0,1] \end{aligned}$$

 holds for all \(x\in \mathscr {X}\), i.e. 
$$\begin{aligned} \forall x\in \mathscr {X}: J(x)\le r^2, \quad 0 \le 2\gamma _k\varepsilon (x) - 2\gamma _k^2\ell ^2(x) \le 1. \nonumber \\ \end{aligned}$$

                    (39)
                


                        
                      
	
                        ii.
                        
                          \(\sigma ^2(r) \rightarrow 0\) as \(n \rightarrow \infty \) to guarantee the SGD iterations are eventually locally confined as \(n \rightarrow \infty \) (based on Theorem 17).

                        
                      

To show the statement i., Eq. (39), we start by deriving a lower bound for \(2\gamma _k\varepsilon (x) - 2\gamma _k^2\ell ^2(x)\). Examine the expression,
$$\begin{aligned}&2\gamma _k\varepsilon (x) - 2\gamma _k^2\ell ^2(x) \\&\quad = 2\gamma _k J(x)^{-1}(x-x^\star )^TV^TV R_n(x)\left( \nabla \varPhi _n(x)-\nabla \varPhi _n(x^\star )\right) \\&\qquad \!-\! 2 \gamma _k^2 J(x)^{-1} \left( \nabla \varPhi _n(x)\!-\!\nabla \varPhi _n(x^\star )\right) ^T \\&\qquad \quad \times R^T(x) V^TV R_n(x)\left( \nabla \varPhi _n(x)\!-\!\nabla \varPhi _n(x^\star )\right) \\&\quad = \frac{2 \gamma _k}{J(x)}\left( V(x-x^\star )\right) ^TV R_n(x)\left( \int \cdots \right) V^{-1}\left( V(x-x^\star )\right) \\&\qquad - \frac{2 \gamma _k^2}{J(x)}(V(x-x^\star ))^T V^{-T} \left( \int \cdots \right) ^T \left( V R_n(x) \right) ^2 \left( \int \cdots \right) \\&\qquad \times V^{-1}\left( V(x-x^\star )\right) , \end{aligned}$$

where \(\left( \int \cdots \right) = \left( \int _0^1 \nabla ^2 \varPhi _n((1-t)x^\star + tx)\mathrm {d}t \right) \). By splitting \(\varPhi _n\) into the regularization \(I_n(x)\) and the expectation \(F_n(x)\); and defining
$$\begin{aligned} A(x)&:=V R_n(x)\left( \int _0^1 \nabla ^2 I_n((1-t)x^\star + tx) \mathrm {d}t \right) V^{-1}\\ B(x)&:=V R_n(x)\left( \int _0^1 \nabla ^2 F_n((1-t)x^\star + tx) \mathrm {d}t \right) V^{-1}\\ v(x)&:=V(x-x^\star ), \end{aligned}$$

the above expression can be written as
$$\begin{aligned}&2\gamma _k\varepsilon (x) - 2\gamma _k^2\ell ^2(x) \\&\quad = 2\gamma _k \frac{v(x)^T(A(x)+B(x))v(x) -\gamma _k \Vert (A(x)+B(x))v(x)\Vert ^2 }{\Vert v(x)\Vert ^2}\\&\quad \ge 2\gamma _k \frac{v(x)^TA(x)v(x)\!+\!v(x)^TB(x)v(x) \!-\!2\gamma _k \Vert A(x)v(x)\Vert ^2 \!-\! 2\gamma _k\Vert B(x)v(x)\Vert ^2 }{\Vert v(x)\Vert ^2}\\&\quad \ge 2\gamma _k \left\{ \frac{v(x)^TA(x)v(x)+v(x)^TB(x)v(x) -2\gamma _k \Vert A(x)v(x)\Vert ^2}{\Vert v(x)\Vert ^2} \right. \\&\qquad \left. \frac{ - 2\gamma _k\Vert B(x)(VR_n(x)\ell D_n V^{-1})^{-1}\Vert ^2\Vert VR_n(x)\ell D_n V^{-1} v(x)\Vert ^2 }{\Vert v(x)\Vert ^2} \right\} \\&\quad = 2\gamma _k \left\{ \frac{v(x)^TA(x)v(x)+v(x)^T(B(x)- VR_n(x)\frac{\varepsilon }{2}D_n V^{-1})v(x) }{\Vert v(x)\Vert ^2} \right. \\&\qquad \left. + \frac{ v(x)^T\left( VR_n(x)\frac{\varepsilon }{2}D_n V^{-1}\right) v(x)-2\gamma _k \Vert A(x)v(x)\Vert ^2 }{\Vert v(x)\Vert ^2} \right. \\&\qquad \left. - \frac{ 2\gamma _k\Vert B(x)(VR_n(x)\ell D_n V^{-1})^{-1}\Vert ^2\Vert DR_n(x)\ell D_n V^{-1} v(x)\Vert ^2 }{\Vert v(x)\Vert ^2} \right\} \end{aligned}$$

 Note that by Corollary 14 that \(\frac{\varepsilon }{2} D_n \preceq \nabla ^2 F_n(x) \preceq \ell D_n\) and all the V, \(R_n(x)\) are positive diagonal matrices, leading to
$$\begin{aligned}&B(x)- VR_n(x)\frac{\varepsilon }{2}D_n V^{-1} \succeq 0 I\\&\Vert B(x)(VR_n(x)\ell D_n V^{-1})^{-1}\Vert ^2 \le 1. \end{aligned}$$

Thus, the above expression can be bounded below by
$$\begin{aligned}&2\gamma _k\varepsilon (x) - 2\gamma _k^2\ell ^2(x) \\&\quad \ge 2\gamma _k \left\{ \frac{v(x)^TA(x)v(x)+ v(x)^T\left( VR_n(x)\frac{\varepsilon }{2}D_n V^{-1}\right) v(x) }{\Vert v(x)\Vert ^2} \right. \\&\qquad \left. \frac{-2\gamma _k \Vert A(x)v(x)\Vert ^2 - 2\gamma _k\Vert VR_n(x)\ell D_n V^{-1} v(x)\Vert ^2 }{\Vert v(x)\Vert ^2} \right\} \\&\quad = \frac{2}{\Vert v(x)\Vert ^2} v(x)^T \left\{ \left[ \gamma _k A(x) - 2\gamma _k^2 A^2(x) \right] \right. \\&\qquad \left. + \frac{1}{2}\left[ \varepsilon \gamma _k R_n(x) D_n - 4 \ell ^2 \left( \gamma _k R_n(x) D_n \right) ^2 \right] \right\} v(x)\\&\quad \ge 2\lambda _{\min } \left( \left[ \gamma _k A(x) - 2\gamma _k^2 A^2(x) \right] \right. \\&\quad \left. + \frac{1}{2}\left[ \varepsilon \gamma _k R_n(x) D_n - 4 \ell ^2 \left( \gamma _k R_n(x) D_n \right) ^2 \right] \right) . \end{aligned}$$

Now, notice that A(x) ,\(R_n(x) D_n\) are all diagonal matrices with non-negative entries,
$$\begin{aligned}&\gamma _k A(x) - 2\gamma _k^2 A^2(x) = \gamma _k A(x) \left( I - 2\gamma _k A(x) \right) \nonumber \\&\quad \varepsilon \gamma _k R_n(x) D_n - 4 \ell ^2 \left( \gamma _k R_n(x) D_n \right) ^2\nonumber \\&\quad = \gamma _k R_n(x) D_n \left( \varepsilon - 4 \ell ^2 \gamma _k R_n(x) D_n \right) . \end{aligned}$$

                    (40)
                

As long as the entries of A(x), \(R_n(x) D_n\) are bounded above by a constant for all n, there exists a sufficiently small constant c such that for all \(\gamma _k < c\), Eq. (40) are both non-negative. Given that for all n and \(\forall x \in \mathscr {X}\),
$$\begin{aligned}&A(x) = {\text {diag}}\left( 0, \cdots , \frac{(n L_{ii})^{-1}}{1 + (n L_{ii})^{-1}} \frac{1}{L_{ii}^{\star }} , \cdots , 0\right) \\&\preceq \frac{1}{\min _{i \in [d]} L_{ii}^\star } I\\&R_n(x) D_n \preceq I, \end{aligned}$$

we obtain the boundedness of the entries of A(x), \(R_n(x) D_n\). Therefore, we conclude that
$$\begin{aligned} \forall x\in \mathscr {X}, \quad 0 \le 2\gamma _k\varepsilon (x) - 2\gamma _k^2\ell ^2(x). \end{aligned}$$

It remains to show the second inequality of Eq. (39), i.e.
$$\begin{aligned} \sup _{x\in \mathscr {X}: J(x)\le r^2} 2\gamma _k\varepsilon (x) - 2\gamma _k^2\ell ^2(x) \le 1. \end{aligned}$$

This is true if
$$\begin{aligned} \sup _{x\in \mathscr {X}: J(x)\le r^2} \varepsilon (x) \le \gamma _k^{-1}. \end{aligned}$$

Since \(\gamma _k \rightarrow 0\) as \(k \rightarrow \infty \), the above holds if \(\sup _{x\in \mathscr {X}: J(x)\le r^2} \varepsilon (x)\) is bounded above by a constant that is independent to n. Now, we consider the upper bound for \(\sup _{x\in \mathscr {X}: J(x)\le r^2} \varepsilon (x)\). Expanding \(\varepsilon (x)\),
$$\begin{aligned} \varepsilon (x)&= J(x)^{-1}(x-x^\star )^TV^TV R_n(x)\left( \nabla \varPhi _n(x)-\nabla \varPhi _n(x^\star )\right) \\&= \frac{v(x)^T(A(x)+B(x))v(x)}{\Vert v(x)\Vert ^2}\\&\le \lambda _{\max }(A(x)+B(x))\\&= \lambda _{\max } R_n(x)^{1/2}\left( \int _0^1 \nabla ^2 \varPhi _n((1-t)x^\star + tx)\mathrm {d}t \right) R_n(x)^{1/2}. \end{aligned}$$

Split \(\varPhi _n\) into the regularization \(I_n(x)\) and the expectation \(F_n(x)\). For the expectation, by Corollary 14 that \(\nabla ^2 F_n(x) \preceq \ell D_n\) and entries of \(R_n(x)\) are bounded by 1, we have
$$\begin{aligned} R_n(x)^{1/2} \nabla ^2 F_n(x) R_n(x)^{1/2} \preceq \ell I, \end{aligned}$$

and for the regularization, note that \(\nabla ^2 I_n\) is a diagonal matrix with 0 for \(\mu \) and off-diagonals of L and \( L_{ii}^{-2}/n\) for diagonals of L, so
$$\begin{aligned} \begin{aligned}&R_n(x)^{1/2} \left( \int _0^1 \nabla ^2 I_n((1 - t) x^\star +t x) \mathrm {d}t\right) R_n(x)^{1/2}\\&\quad = {\text {diag}}\left( 0, \dots , \frac{(n L_{ii})^{-1}}{1 + (n L_{ii})^{-1}} \frac{1}{L_{ii}^{\star }} , \dots , 0\right) \\&\quad \preceq \frac{1}{\min _{i \in [d]} L_{ii}^\star } I \end{aligned} \end{aligned}$$

                    (41)
                

By the fact that \(\forall i\in [d], L_{ii}^\star > 0\), we have Eq. (41) is bounded above by a constant C. Use the Weyl’s inequality to bound the maximal eigenvalue of the summation of two Hermitian matrices, we conclude that
$$\begin{aligned} \sup _{x \in \mathscr {X}: J(x) \le r^2} \varepsilon (x) \le \ell + C. \end{aligned}$$

Therefore, we have completed the proof for statement i., Eq. (39).

                    Then, we show the statement ii. by getting upper bound on \(\sigma ^2(r)\). Recall that \(\sigma ^2(r)\) is the upper bound of the fourth moment of
$$\begin{aligned} \left\| V R_n(x)\left( \nabla \phi _n(x, Z) - \nabla \varPhi _n(x) \right) \right\| . \end{aligned}$$

Since the regularizor is cancelled in this expression, we only consider the expectation part. Note that \(VR_n(x)\) is a diagonal matrix with positive diagonals,
$$\begin{aligned}&\mathbb {E}\left[ \left\| VR_n(x)\left( \nabla \tilde{f}_n(x, Z) - \nabla F_n(x)\right) \right\| ^4 \right] ^{1/4}\\&\quad \le \max _{i \in [d(d+1)]}(VR_n(x))_{ii} \mathbb {E}\left[ \left\| \nabla \tilde{f}_n(x, Z) - \nabla F_n(x)\right\| ^4\right] ^{1/4}. \end{aligned}$$

Let \(Z_1, Z_2 \) be independent copies, by tower property of conditional expectation,
$$\begin{aligned}&= \max _{i \in [d(d+1)]}(VR_n(x))_{ii} \\&\quad \times \mathbb {E}\left[ \left\| \mathbb {E}\left[ \nabla \tilde{f}_n(x, Z_1) - \nabla \tilde{f}_n(x, Z_2) | Z_1\right] \right\| ^4 \right] ^{1/4}. \end{aligned}$$

By the convexity of \(\Vert \cdot \Vert ^4\) and Jensen’s inequality,
$$\begin{aligned}&\le \max _{i \in [d(d+1)]}(VR_n(x))_{ii}\\&\quad \times \mathbb {E}\left[ \mathbb {E}\left[ \left\| \nabla \tilde{f}_n(x, Z_1) - \nabla \tilde{f}_n(x, Z_2) \right\| ^4 | Z_1\right] \right] ^{1/4}\\&= \max _{i \in [d(d+1)]}(VR_n(x))_{ii}\mathbb {E}\left[ \left\| \nabla \tilde{f}_n(x, Z_1) - \nabla \tilde{f}_n(x, Z_2) \right\| ^4 \right] ^{1/4}. \end{aligned}$$

By \(\left\| \nabla \tilde{f}_n(x, Z_1) \!- \!\nabla \tilde{f}_n(x, Z_2) \right\| \! \le \! \left\| \nabla \tilde{f}_n(x, Z_1)\right\| \!+\!\left\| \nabla \tilde{f}_n \right. \left. (x, Z_2) \right\| \) and Minkowski’s inequality,
$$\begin{aligned}&\le \max _{i \in [d(d+1)]}(VR_n(x))_{ii} \left\{ \mathbb {E}\left[ \Vert \nabla \tilde{f}_n(x, Z_1)\Vert ^4 \right] ^{1/4} \right. \\&\left. + \mathbb {E}\left[ \Vert \nabla \tilde{f}_n(x, Z_1)\Vert ^4 \right] ^{1/4} \right\} \\&= 2 \max _{i \in [d(d+1)]}(VR_n(x))_{ii} \mathbb {E}\left[ \Vert \nabla \tilde{f}_n(x, Z)\Vert ^4 \right] ^{1/4}. \end{aligned}$$

Now, we focus on bounding \(\mathbb {E}\left[ \Vert \nabla \tilde{f}_n(x, Z)\Vert ^4 \right] ^{1/4}\). We examine \(\Vert \nabla \tilde{f}_n(x, Z)\Vert \),
$$\begin{aligned} \nabla \tilde{f}_n(x, Z) = \left( \begin{array}{c} \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z \right) \\ \frac{Z_1}{\sqrt{n}} \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z \right) \\ \vdots \\ \frac{Z_p}{\sqrt{n}} \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z \right) \end{array} \right) \quad \in \mathbb {R}^{d(d+1)}, \end{aligned}$$

yielding
$$\begin{aligned} \Vert \nabla \tilde{f}_n(x, Z)\Vert ^4 = \left\| \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z \right) \right\| ^4 \left( 1 + \frac{Z^T Z}{n}\right) ^2. \end{aligned}$$

By Cauchy–Schiwartz inequality,
$$\begin{aligned} \mathbb {E}\left[ \Vert \nabla \tilde{f}_n(x, Z)\Vert ^4\right] ^{1/4}&\!\le \mathbb {E}\!\left[ \left\| \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z \right) \right\| ^8 \right] ^{1/8}\\&\!\mathbb {E}\!\left[ \left( 1 + \frac{Z^T Z}{n}\right) ^4\right] ^{1/8}. \end{aligned}$$

We then bounds these two terms on RHS separately. We use the sub-Gaussian property of \(\left\| \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z \right) \right\| \) to bound its \(8{\text {th}}\) moment. First notice that \(\left\| \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z \right) \right\| \) is a \(\max _{i \in [d]} L_{ii} \frac{\ell }{\sqrt{n}}\)-Lipschitz function of Z,
$$\begin{aligned}&\left| \left\| \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z_1 \right) \right\| - \left\| \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z_2 \right) \right\| \right| \\&\quad \le \left\| \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z_1 \right) - \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z_2 \right) \right\| \\&\quad = \left\| \int _0^1 \nabla ^2 f_n\left( \mu + (1-t)L Z_2/ \sqrt{n} + t Z_1/ \sqrt{n} \right) \mathrm {d}t \frac{L}{\sqrt{n}}\right. \\&\qquad \times \left. (Z_1 - Z_2) \right\| . \end{aligned}$$

Given that \(\nabla ^2 f_n \preceq \ell I\), the above is bounded by
$$\begin{aligned} \frac{\ell }{\sqrt{n}} \sqrt{(Z_1 - Z_2 )^T L^T L (Z_1 - Z_2 )}\le & {} \frac{\ell }{\sqrt{n}} \lambda _{\max }(L^T L) \Vert Z_1- Z_2 \Vert \\= & {} \frac{\ell }{\sqrt{n}} \max _{i \in [d]} L_{ii}^2 \Vert Z_1- Z_2 \Vert . \end{aligned}$$

Since a Lipschitz function of Gaussian noise is sub-Gaussian (Kontorovich 2014, Theorem 1), i.e. let \(Z \sim \mathscr {N}(0, I_d)\), \(\psi : \mathbb {R}^d \rightarrow \mathbb {R}\) be L-Lipschitz, then
$$\begin{aligned} \mathbb {P}\left( |\psi (Z) - \mathbb {E}[\psi (Z)] |> \varepsilon \right) \le 2\exp \left( -\frac{\varepsilon ^2}{4L^2} \right) . \end{aligned}$$

Thus, \(\left\| \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z \right) \right\| \) is \(\frac{4 \ell ^2}{n} \max _{i \in [d]} L_{ii}^2\)-sub-Gaussian. Then note that for a \(\sigma ^2\)-sub-Gaussian random variable \(X \in \mathbb {R}\), for any positive integer \(k \ge 2\), \(\mathbb {E}\left[ |X|^k\right] ^{1/k} \le \sigma e^{1/e} \sqrt{k}\). Hence we obtain
$$\begin{aligned} \mathbb {E}\left[ \left\| \nabla f_n \left( \mu + \frac{1}{\sqrt{n}}L Z \right) \right\| ^8\right] ^{1/8} \le \frac{2\ell }{\sqrt{n}} e^{1/e} \sqrt{8} \max _{i \in [d]} L_{ii}. \end{aligned}$$

Along with the fact that Gaussian random variable has arbitrary order moments,
$$\begin{aligned} \mathbb {E}\left[ \left( 1 +\frac{Z^TZ}{n}\right) ^4 \right] \le C, \end{aligned}$$

for some constant C, we obtain
$$\begin{aligned} \mathbb {E}\left[ \Vert \nabla _x f_n\Vert ^4\right] ^{1/4} \le \frac{2 C^{1/4} \ell }{\sqrt{n}} e^{1/e} \sqrt{8} \max _{i \in [d]} L_{ii}, \end{aligned}$$

and hence
$$\begin{aligned}&\mathbb {E}\left[ \left\| VR_n(x)\left( \nabla _x f_n - \nabla _x F_n\right) \right\| ^4 \right] ^{1/4} \\&\quad \le \max _{i \in [d(d+1)]}(VR_n(x))_{ii} \frac{2 C^{1/4} \ell }{\sqrt{n}} e^{1/e} \sqrt{8} \max _{i \in [d]} L_{ii} . \end{aligned}$$

Taking supremum over \(J(x) \le r^2\), the RHS is bounded above by a universal constant, we therefore conclude that
$$\begin{aligned}&\sigma ^2(r) = \\&\sup _{x\in \mathscr {X}: J(x)\le r^2} \mathbb {E}\left[ \left\| VR_n(x)\left( \nabla \phi _n(x, Z) - \nabla \varPhi _n(x) \right) \right\| ^4 \right] ^{1/4} \\&\qquad \rightarrow 0, \; n \rightarrow \infty . \end{aligned}$$

Therefore, with \(\forall x\in \mathscr {X}: J(x)\le r^2, 0 \le 2\gamma _k\varepsilon (x) - 2\gamma _k^2\ell ^2(x) \le 1\) and \(\sigma ^2(r) \rightarrow 0\) as \(n \rightarrow \infty \), applying Theorem 17 yields the confinement result, i.e.
$$\begin{aligned} \mathbb {P}\left( \sup _{k\in {\mathbb {N}}} J(x_k) \le r^2\right) \rightarrow 1 \end{aligned}$$

in \(P_{ \theta _0}\) as \(n \rightarrow \infty \).

                    Lastly, by statement 3 of Theorem 17, we prove the convergence result by checking
$$\begin{aligned} \inf _{x\in \mathscr {X}, J(x) \le r^2}\varepsilon (x) > 0. \end{aligned}$$

We use the similar way to expand the expression,
$$\begin{aligned} \varepsilon (x)&= J(x)^{-1}(x-x^\star )^TV^TV R_n(x)\left( \nabla \varPhi _n(x)-\nabla \varPhi _n(x^\star )\right) \\&= \frac{v(x)^T(A(x)+B(x))v(x)}{\Vert v(x)\Vert ^2}\\&\ge \lambda _{\min }(A(x)+B(x))\\&= \lambda _{\min } R_n(x)^{1/2}\left( \int _0^1 \nabla ^2 \varPhi _n((1-t)x^\star + tx)\mathrm {d}t \right) R_n(x)^{1/2}. \end{aligned}$$

By splitting \(\varPhi _n\) into the regularization and the expectation, we have
$$\begin{aligned} \begin{aligned}&R_n^{1/2}(x) \left( \int _0^1 \nabla ^2 I_n((1 - t) x^\star +t x) \mathrm {d}t\right) R_n(x)^{1/2}\\&\quad = {\text {diag}}\left( 0, \cdots , \frac{(n L_{ii})^{-1}}{1 + (n L_{ii})^{-1}} \frac{1}{L_{ii}^{\star }} , \cdots , 0\right) \\&\quad \succeq 0 I, \end{aligned} \end{aligned}$$

                    (42)
                

and
$$\begin{aligned} \begin{aligned}&R_n(x)^{1/2}\left( \int _0^1 \nabla ^2 F_n((1-t)x^\star + tx)\mathrm {d}t \right) R_n(x)^{1/2} \\&\quad \ge R_n(x)^{1/2} \frac{ D_n \varepsilon }{2} R_n(x)^{1/2} \\&\quad \succeq \varepsilon /2n >0 . \end{aligned} \end{aligned}$$

                    (43)
                

We then combine Eqs. (42) and (43) and use Weyl’s inequality to bound the minimal eigenvalue of the summation of two Hermitian matrices, yielding
$$\begin{aligned} \inf _{x\in \mathscr {X}, J(x) \le r^2}\varepsilon (x)> \varepsilon /n >0. \end{aligned}$$

This gives the convergence result.

                    Then, the proof is complete by applying Theorem 17. We know that \(\xi _k\) is strictly positive. Since \(\varepsilon (r) > 0\) and \(\ell (r) \) is bounded above, there exists \(\gamma _k = \varTheta (k^{-\rho }), \rho \in (0.5, 1) \) so that it satisfies the condition of the theorem. We have that \(\sigma \rightarrow 0\), which makes 3 in the statement of Theorem 17 become
$$\begin{aligned}&\mathbb {P}\left( \Vert V(x_k - x^\star )\Vert ^2 = O_{P_n}(k^{-\rho '}) \right) {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} 1,\, \rho ' \in (0, \rho -0.5) \\&\quad n\rightarrow \infty \end{aligned}$$

Even though D is a function of n, n is fixed as Algorithm 3 runs. Since D is invertible,
$$\begin{aligned} \mathbb {P}\left( \Vert x_k - x^\star \Vert ^2 = O_{P_n}(k^{-\rho '}) \right) {\mathop {\rightarrow }\limits ^{P_{\theta _0}}} 1, \,\,\rho ' \in (0, \rho -0.5)\quad n\rightarrow \infty \end{aligned}$$

which is exactly our desired result: as the number of data \(n\rightarrow \infty \), the probability that Algorithm 3 finds the optimum in a rate of \(k^{-\rho '}\) (as we take more iterations, \(k\rightarrow \infty \)) converges to 1. In other words, variational inference gets solved asymptotically in a rate of \(k^{-\rho '}\) . \(\square \)

                  
                    Theorem 17

                    Let \(\mathscr {X}\subseteq \mathbb {R}^p\) be closed and convex, \(g : \mathscr {X}\times \mathscr {Z}\rightarrow \mathbb {R}^p\) be a function, \(G(x) :=\mathbb {E}\left[ g(x,Z)\right] \) for a random element \(Z\in \mathscr {Z}\), \(x^\star \in \mathscr {X}\) be a point in \(\mathscr {X}\) such that \(G(x^\star ) = 0\), \(V \in \mathbb {R}^{p\times p}\) be invertible, \(J(x) :=\Vert V(x - x^\star )\Vert ^2\), and \(r \ge 0\). Consider the projected stochastic iteration
$$\begin{aligned} x_0 \in \mathscr {X}, \quad x_{k+1} = \varPi _\mathscr {X}\left( x_k - \gamma _k g(x_k, Z_k)\right) , \quad k = {\mathbb {N}}\cup \{0\}, \end{aligned}$$

with independent copies \(Z_k\) of Z, \(\gamma _k \ge 0\), and \(\varPi _\mathscr {X}(x) :=\mathop {\mathrm{arg}\,\mathrm{min}}\nolimits _{y\in \mathscr {X}} \Vert V(x - y)\Vert ^2\). If 
	
                        1.
                        
                          For all \(k\in {\mathbb {N}}\cup \{0\}\), the step sizes satisfy 
$$\begin{aligned} \forall x&\in \mathscr {X}: J(x)\le r^2, \quad 0 \le 2\gamma _k\varepsilon (x) - 2\gamma _k^2\ell ^2(x) \le 1\nonumber \\ \varepsilon (x)&:=\frac{1}{J(x)}(x-x^\star )^TV^TV\left( G(x)- G(x^\star )\right) \nonumber \\ \ell ^2(x)&:=\frac{1}{J(x)}\left\| V\left( G(x)-G(x^\star )\right) \right\| ^2, \end{aligned}$$

                    (44)
                


                        
                      
	
                        2.
                        
                          For all \(x\in \mathscr {X}\), \(\left( \mathbb {E}\Vert V(g(x,Z) - G(x))\Vert ^4\right) ^{1/4} \le \tilde{\sigma }(x)\) for \(\tilde{\sigma }: \mathscr {X}\rightarrow \mathbb {R}_{\ge 0}\), and 
$$\begin{aligned} \sigma (r)&:=\sup _{x\in \mathscr {X}\,:\, J(x) \le r^2} \tilde{\sigma }(x), \end{aligned}$$

                    (45)
                


                        
                      

then 
	
                        1.
                        
                          The iterate \(x_k\) is locally confined with high probability: 
$$\begin{aligned} \mathbb {P}\left( J(x_k) \le r^2\right)&\,\ge \frac{\xi ^2_k}{\xi _k^2 + 8\sigma (r)^2\zeta _k}\\ \xi _{k}(r)&:=\max \{0, r^2 - J(x_0) - 2\sigma ^2(r)\sum _{j<k}\gamma ^2_j\}\\ \zeta _{k}(r)&:=r^2\sum _{j<k}\gamma _j^2 + \sigma ^2(r)\sum _{j<k}\gamma _j^4. \end{aligned}$$


                        
                      
	
                        2.
                        
                          The iterate \(x_k\) stays locally confined for all \(k\in {\mathbb {N}}\) with high probability: 
$$\begin{aligned} \mathbb {P}\left( \sup _{k\in {\mathbb {N}}} J(x_k) \le r^2\right)&\,\ge \frac{\xi ^2}{\xi ^2 + 8\sigma ^2(r)\zeta }\\ \xi (r)&:=\lim _{k\rightarrow \infty }\xi _{k}(r) \quad \zeta (r) :=\lim _{k\rightarrow \infty } \zeta _{k}(r). \end{aligned}$$


                        
                      
	
                        3.
                        
                          If additionally 
$$\begin{aligned} \inf _{x\in \mathscr {X}: J(x) \le r^2} \varepsilon (x) > 0 \quad \text {and}\quad \gamma _k = \varTheta (k^{-\rho }), \,\, \rho \in (0.5, 1], \end{aligned}$$

 the iterate \(x_k\) converges to \(x^\star \) with high probability: 
$$\begin{aligned} \lim _{k \rightarrow \infty } \mathbb {P}\left( J(x_k) \le k^{-\rho '} \right)&\ge \mathbb {P}\left( \sup _{k\in {\mathbb {N}}} J(x_k) \le r^2\right) , \\&\quad \forall \rho ' \in (0, \rho - 0.5). \end{aligned}$$


                        
                      


                  
                    Proof

                    To begin, we show \(\varPi _\mathscr {X}\) is non-expansive,
$$\begin{aligned} \Vert V(\varPi _\mathscr {X}(x) - \varPi _\mathscr {X}(y))\Vert ^2&\le \Vert V(x - y)\Vert ^2. \end{aligned}$$

For all \(x, y \in \mathbb {R}^p\), define \(\langle x, y\rangle _V = x^T V^TV y\). Since V is invertible, \(V^TV\) is symmetric and positive definite, and hence \((\mathbb {R}^p, \langle \cdot , \cdot \rangle _V)\) forms a Hilbert space. Any projection operator of a Hilbert space is non-expansive (Bauschke and Combettes 2011, Proposition 4.4).

                    Note that \(x^\star = \varPi _{\mathscr {X}}(x^\star )\) and the projection operation is non-expansive, expanding the squared norm yields
$$\begin{aligned} \Vert V(x_{k+1}-x^\star )\Vert ^2&\le \Vert V(x_k - x^\star )\Vert ^2 \\&\quad - 2\gamma _k (x_k-x^\star )^TV^TVg(x_k, Z_k) \\&\quad + \gamma _k^2\left\| Vg(x_k, Z_k)\right\| ^2. \end{aligned}$$

Adding and subtracting \(G(x_k)\) in the second and third terms, using the elementary bound \(\left\| a+b\right\| ^2 \le 2\Vert a\Vert ^2 + 2\Vert b\Vert ^2\), and defining
$$\begin{aligned} \beta _k(x)&:=-2\gamma _k (x-x^\star )^TV^TV(g(x, Z_k) - G(x)) \\&\quad + 2\gamma _k^2\left\| V(g(x, Z_k) - G(x))\right\| ^2 - 2\gamma _k^2\mathbb {E}\left[ \Vert \cdot \Vert ^2\right] \\ \varepsilon (x)&:=\frac{1}{J(x)}(x-x^\star )^TV^TV\left( G(x)-G(x^\star )\right) \\ \ell ^2(x)&:=\frac{1}{J(x)}\left\| V\left( G(x)-G(x^\star )\right) \right\| _2^2, \end{aligned}$$

we have that
$$\begin{aligned} J(x_{k+1})&\le J(x_k)\left( 1 - 2\gamma _k \varepsilon (x_k) + 2\gamma _k^2\ell ^2(x_k)\right) \\&\quad +\beta _k(x_k) + 2\gamma _k^2 \tilde{\sigma }^2(x_k). \end{aligned}$$

We now define the filtration of \(\sigma \)-algebras
$$\begin{aligned} \mathscr {F}_k = \sigma (x_1, \dots , x_k, Z_1, \dots , Z_{k-1}), \end{aligned}$$

and the stopped process for \(r > 0\),
$$\begin{aligned} Y_{0}&= J(x_0)\\ Y_{k+1}&= \left\{ \begin{array}{ll} Y_{k} &{}\quad Y_{k} > r^2\\ J(x_{k+1}) &{}\quad \text {o.w.} \end{array}\right. \end{aligned}$$

Note that \(Y_k\) is \(\mathscr {F}_k\)-measurable, and that \(Y_{k}\) “freezes in place” if \(J(x_k)\) ever jumps larger than \(r^2\); so for all \(t^2 \le r^2\),
$$\begin{aligned}&\mathbb {P}\left( J(x_k)> t^2\right) \\&\quad = \mathbb {P}\left( J(x_k)> t^2 , Y_{k-1}> r^2 \right) + \mathbb {P}\left( J(x_k)> t^2 , Y_{k-1} \le r^2 \right) \\&\quad = \mathbb {P}\left( J(x_k)> t^2 , Y_k> r^2, Y_{k-1}> r^2 \right) \! +\! \mathbb {P}\left( Y_k> t^2, Y_{k-1} \le r^2 \right) \\&\quad \le \mathbb {P}\left( Y_k> r^2, Y_{k-1}> r^2 \right) + \mathbb {P}\left( Y_k> t^2, Y_{k-1} \le r^2 \right) \\&\quad \le \mathbb {P}\left( Y_k> t^2, Y_{k-1}> r^2 \right) + \mathbb {P}\left( Y_k> t^2, Y_{k-1} \le r^2 \right) \\&\quad = \mathbb {P}\left( Y_k > t^2 \right) . \end{aligned}$$

Therefore, if we obtain a tail bound on \(Y_k\), it provides the same bound on \(J(x_k)\). Now substituting the stopped process into the original recursion and collecting terms,
$$\begin{aligned}&Y_{k+1} \\&\quad \le Y_{k}\left( 1\!+ \!\mathbb {1}\!\left[ Y_k \!\le \! r^2\right] \!(- 2\gamma _k\varepsilon (x_k) \!+\! \gamma _k^2\ell ^2(x_k))\right) \\&\qquad + \!\mathbb {1}\!\left[ Y_k \!\le \! r^2\right] \!\left( \beta _k(x_k) \!+ \!2\gamma _k^2 \tilde{\sigma }^2(x_k)\right) \\&\quad \le Y_{k}\left( 1\!+ \!\mathbb {1}\!\left[ Y_k \!\le \! r^2\right] \!(- 2\gamma _k\varepsilon (x_k) \!+\! \gamma _k^2\ell ^2(x_k))\right) \\&\qquad + \!\mathbb {1}\!\left[ Y_k \!\le \! r^2\right] \!\beta _k(x_k) \!+\! 2\gamma _k^2 \sigma ^2(r). \end{aligned}$$

Using the notation of Lemma 18, set
$$\begin{aligned} \alpha _{k}&= 1 + \mathbb {1}\left[ Y_k \le r^2\right] (-2\gamma _k\varepsilon (x_k) + 2\gamma _k^2\ell ^2(x_k))\\ \bar{\varvec{\alpha }}_{k}&= 1\\ \beta _{k}&= \mathbb {1}\left[ Y_k \le r^2\right] \beta _k(x_k)\\ c_{k}&= 2\gamma _k^2 \sigma ^2(r). \end{aligned}$$

By the fourth moment assumption, \(\beta _k\) has variance bounded above by \(\tau _k^2\) conditioned on \(\mathscr {F}_k\), where
$$\begin{aligned} \tau _{k}^2&= 8\gamma _k^2\mathbb {1}\left[ Y_k\le r^2\right] \Vert V(x_k-x^\star )\Vert ^2\tilde{\sigma }(x_k)^2 \\&\quad + 8\gamma _k^4\mathbb {1}\left[ Y_k\le r^2\right] \tilde{\sigma }^4(x_k) \\&\le 8\gamma _k^2r^2\sigma ^2(r) + 8\gamma _k^4\sigma ^4(r). \end{aligned}$$

Therefore, using the descent Lemma 18,
$$\begin{aligned} \mathbb {P}\left( Y_{k} > r^2\right)&\le \frac{\zeta _k}{\max \{r^2-\xi _k,0\}^2 + \zeta _k}\\ \xi _{k}&= J(x_0) + 2\sigma ^2(r)\sum _{j<k}\gamma ^2_j \\ \zeta _{k}&= 8\sigma ^2(r)\left( r^2\sum _{j<k}\gamma _j^2 + \sigma ^2(r)\sum _{j<k}\gamma _j^4\right) . \end{aligned}$$

yielding the first result. Now, since \(Y_{k+1} \le r^2 \implies Y_{k} \le r^2\) for all \(k\ge 0\), the sequence of events \(\left\{ Y_k \le r^2\right\} \) is decreasing. Therefore, the second result follows from
$$\begin{aligned} \mathbb {P}\left( \bigcap _{k=0}^\infty \left\{ Y_k \le r^2\right\} \right)&= \lim _{k\rightarrow \infty }\mathbb {P}\left( Y_k \le r^2\right) \\&\ge \lim _{k\rightarrow \infty } 1-\frac{\zeta _k}{\max \{r^2-\xi _k,0\}^2 + \zeta _k}\\&= \frac{\max \{r^2-\xi ,0\}^2}{\max \{r^2-\xi ,0\}^2 + \zeta }, \end{aligned}$$

where \(\xi :=\lim _{k\rightarrow \infty }\xi _{k}\) and \(\zeta :=\lim _{k\rightarrow \infty }\zeta _{k}\). Finally, we analyse the conditional tail distribution of \(Y_k\) given that it stays confined, i.e. \(\forall k\ge 0\), \(Y_k\le r^2\). In the notation of Lemma 18, redefine
$$\begin{aligned} 0 \le \bar{\varvec{\alpha }}_{k} :=\sup _{x \in \mathscr {X}: J(x)\le r^2} 1 - 2\gamma _k\varepsilon (x) + 2\gamma _k^2\ell ^2(x) \le 1, \end{aligned}$$

i.e. \(\bar{\varvec{\alpha }}_{k}\) is the largest possible value of \(\alpha _{k}\) when \(Y_k \le r^2\). So again applying Lemma 18,
$$\begin{aligned}&\mathbb {P}\left( Y_{k}> t_k\,|\,\forall k \,\,Y_k \le r^2 \right) \nonumber \\&\quad = \frac{\mathbb {P}\left( Y_{k}>t_k, \forall k\,\, Y_k \le r^2 \right) }{\mathbb {P}\left( \forall k\,\, Y_k \le r^2 \right) }\nonumber \\&\quad \le \frac{\mathbb {P}\left( Y_{k} >t_k, \forall k\,\, Y_k \le r^2 \right) }{ \frac{\max \{r^2-\xi ,0\}^2}{\max \{r^2-\xi ,0\}^2 + \zeta }}\nonumber \\&\quad \le \frac{\left( \frac{\zeta '_k}{\max \{t_k-\xi '_k,0\}^2 + \zeta '_k}\right) }{\left( \frac{\max \{r^2-\xi ,0\}^2}{\max \{r^2-\xi ,0\}^2 + \zeta }\right) }\nonumber \\&\,\, \xi '_{k} = J(x_0)\prod _{i=0}^{k-1}\bar{\varvec{\alpha }}_i + 2\sigma ^2(r)\sum _{i=0}^{k-1}\gamma ^2_i\prod _{j=i+1}^{k-1}\bar{\varvec{\alpha }}_j\nonumber \\&\,\,\zeta '_{k} = 8\sigma ^2(r)\sum _{i=0}^{k-1}(r^2\gamma _i^2 + \sigma ^2(r)\gamma _i^4)\prod _{j=i+1}^{k-1}\bar{\varvec{\alpha }}_j^2. \end{aligned}$$

                    (46)
                

Here, \(t_k = \varTheta (k^{-\rho '}), \rho ' \in (0, \rho - 0.5)\) is a decreasing sequence, whose shrinking rate—such that Eq. (46) still converges to 0—will determine the convergence rate of \(Y_k\).

                    To understand the rate of Eq. (46), the key is to characterizing the order of \(\prod _{j< k}\bar{\varvec{\alpha }}_{j}\) and \(\sum _{i = 0}^{k}\gamma _i^2 \prod _{j = i+1}^k \bar{\varvec{\alpha }}_j^2\). Since \(\gamma _k = \varTheta (k^{-\rho })\), \(\rho \in (0.5, 1]\), and \(\varepsilon ' :=\inf _{x\in \mathscr {X}: J(x)\le r^2} \varepsilon (x) > 0\), we know that
$$\begin{aligned} \prod _{j<k}\bar{\varvec{\alpha }}_{j}&= \prod _{j<k} \left\{ \sup _{x\in \mathscr {X}:J(x) \le r^2} (1 -2\gamma _j \varepsilon (x) + 2\gamma _j^2\ell ^2(x))\right\} \\&= \prod _{j<k} \left( 1 -2\gamma _j \inf _{x\in \mathscr {X}:J(x) \le r^2} \{ \varepsilon (x) - \gamma _j\ell ^2(x) \} \right\} \\&\le \prod _{j< k} ( 1- 2 c \gamma _j)\\&= \exp \left( \sum _{j< k}\log (1- 2c \gamma _j )\right) \\&\le \exp \left( 2c\sum _{j<k}\gamma _j \right) \end{aligned}$$

for some \(c > 0\), yielding that \(\prod _{j<k}a_{j}= \varTheta \left( \exp \left( -Ck^{1-\rho } \right) \right) \) for some \(C > 0\). For the second term, since \(\bar{\varvec{\alpha }}\in (0,1)\),
$$\begin{aligned} \sum _{i = 0}^{k}\gamma _i^2 \prod _{j = i+1}^k \bar{\varvec{\alpha }}_j^2 \le \sum _{i = 0 }^{k} \gamma _i^2 = \varTheta (k^{1- 2\rho }). \end{aligned}$$

                    (47)
                

Similarly, \(\sum _{i = 0}^{k}\gamma _i^2 \prod _{j = i+1}^k \bar{\varvec{\alpha }}_j = \varTheta (k^{1 - 2\rho })\).Footnote 5 Therefore,
$$\begin{aligned} \xi '_k = \varTheta \left( k^{1- 2\rho } \right) , \quad \zeta '_k = \varTheta \left( k^{1- 2\rho } \right) . \end{aligned}$$

Combined with the fact that \(t_k = \varTheta (k^{- \rho '}), \rho ' \in (0, \rho - 0.5)\), this implies that Eq. (46) is o(1) and hence for all \(\varepsilon > 0, \rho ' \in (0, \rho - 0.5)\),
$$\begin{aligned} \lim _{k \rightarrow \infty }\mathbb {P}\left( k^{\rho '} Y_k >\varepsilon \,|\,\forall k \,\,Y_k \le r^2 \right) = 0. \end{aligned}$$

Therefore, \(\forall \rho ' \in (0, \rho - 0.5)\),
$$\begin{aligned} \lim _{k \rightarrow \infty } \mathbb {P}\left( Y_k \le k^{-\rho '} \right)&\ge \lim _{k \rightarrow \infty } \mathbb {P}\left( Y_k \le k^{-\rho '} \,|\,\forall k \,\,Y_k\le r^2\right) \\&\mathbb {P}\left( \forall k \,\,Y_k\le r^2\right) \\&= \mathbb {P}\left( \forall k \,\,Y_k\le r^2\right) , \end{aligned}$$

and the result follows. \(\square \)

                  
                    Lemma 18

                    (Descent) Suppose we are given a filtration \(\mathscr {F}_k \subseteq \mathscr {F}_{k+1}\), \(k\ge 0\). Let
$$\begin{aligned} Y_{k+1} \le \alpha _k Y_k + \beta _k + c_k, \quad k\ge 0, \end{aligned}$$

where \(Y_k \ge 0\) and \(0 \le \alpha _k\le \bar{\varvec{\alpha }}_k\) are \(\mathscr {F}_k\)-measurable, \(\beta _k\) is \(\mathscr {F}_{k+1}\)-measurable and has mean 0 and variance conditioned on \(\mathscr {F}_k\) bounded above by \(\tau _k^2\), and \(Y_0, \tau ^2_k, c_k, \bar{\varvec{\alpha }}_k \ge 0\) are \(\mathscr {F}_0\) measurable. Then,
$$\begin{aligned} \mathbb {P}\left( Y_k \ge t\right)&\le \frac{\zeta _k}{\max \{t-\xi _k, 0\}^2 + \zeta _k}\\ \xi _k&= Y_0\prod _{i=0}^{k-1}\bar{\varvec{\alpha }}_i + \sum _{i=0}^{k-1}c_i\left( \prod _{j=i+1}^{k-1}\bar{\varvec{\alpha }}_j\right) \\ \zeta _k&= \sum _{i=0}^{k-1}\tau _i^2\left( \prod _{j=i+1}^{k-1}\bar{\varvec{\alpha }}^2_j\right) . \end{aligned}$$


                  
                    Proof

                    Solving the recursion,
$$\begin{aligned} Y_k&\le \alpha _{k-1}Y_{k-1} + \beta _{k-1} + c_{k-1}\\&\le \alpha _{k-1}\left( \alpha _{k-2}Y_{k-2} +\beta _{k-2} + c_{k-2}\right) + \beta _{k-1} + c_{k-1}\\&\le \dots \\&\le Y_0 \prod _{i=0}^{k-1}\alpha _i + \sum _{i=0}^{k-1}\beta _i\prod _{j=i+1}^{k-1}\alpha _j + \sum _{i=0}^{k-1}c_i\prod _{j=i+1}^{k-1}\alpha _j\\&\le Y_0 \prod _{i=0}^{k-1}\bar{\varvec{\alpha }}_i + \sum _{i=0}^{k-1}\beta _i\prod _{j=i+1}^{k-1}\bar{\varvec{\alpha }}_j + \sum _{i=0}^{k-1}c_i\prod _{j=i+1}^{k-1}\bar{\varvec{\alpha }}_j. \end{aligned}$$

So
$$\begin{aligned} \mathbb {P}\left( Y_k \ge t\right) \le \mathbb {P}\left( \sum \limits _{i=0}^{k-1}\beta _i\prod \limits _{j=i+1}^{k-1}\bar{\varvec{\alpha }}_j \ge t - \xi _k\right) . \end{aligned}$$

By Cantelli’s inequality and the fact that the \(i\text {th}\) term in the sum is \(\mathscr {F}_{i+1}\)-measurable,
$$\begin{aligned} \mathbb {P}\left( Y_k \ge t\right)&\le \frac{\sum _{i=1}^{k-1}\mathbb {E}\left[ \beta _i^2 \prod _{j=i+1}^{k-1} \bar{\varvec{\alpha }}_j^2\right] }{\max \{t-\xi _k,0\}^2 + \sum _{i=1}^{k-1}\mathbb {E}\left[ \beta _i^2 \prod _{j=i+1}^{k-1} \bar{\varvec{\alpha }}_j^2\right] }\\&\le \frac{\sum _{i=0}^{k-1}\tau _i^2 \prod _{j=i+1}^{k-1} \bar{\varvec{\alpha }}_j^2}{\max \{t-\xi _k,0\}^2 + \sum _{i=0}^{k-1}\tau _i^2 \prod _{j=i+1}^{k-1} \bar{\varvec{\alpha }}_j^2}\\&= \frac{\zeta _k}{\max \{t-\xi _k,0\}^2 + \zeta _k}. \end{aligned}$$

\(\square \)
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