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                    Abstract
Recently, He and Owen (J R Stat Soc Ser B 78(4):917–931, 2016) proposed the use of Hilbert’s space filling curve (HSFC) in numerical integration as a way of reducing the dimension from \(d>1\) to \(d=1\). This paper studies the asymptotic normality of the HSFC-based estimate when using one-dimensional stratification inputs. In particular, we are interested in using scrambled van der Corput sequence in any base \(b\ge 2\) with sample sizes of the form \(n=b^m\), for which the sampling scheme is extensible in the sense of multiplying the sample size by a factor of b. We show that the estimate has an asymptotic normal distribution for functions in \(C^1([0,1]^d)\), excluding the trivial case of constant functions. The asymptotic normality also holds for discontinuous functions under mild conditions. Previously, it was only known that scrambled (0, m, d)-net quadratures enjoy the asymptotic normality for smooth enough functions, whose mixed partial gradients satisfy a Hölder condition. As a by-product, we find lower bounds for the variance of the HSFC-based estimate. Particularly, for non-trivial functions in \(C^1([0,1]^d)\), the lower bound is of order \(n^{-1-2/d}\), which matches the rate of the upper bound established in He and Owen (2016).
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Appendix
Appendix
The following Lyapunov CLT can be found in the literature (see, e.g., Billingsley 1995, Theorem 27.3, p. 362).

                  Theorem 8

                  (Lyapunov CLT) Let \(k_n\) be positive integers satisfying \(\lim _{n\rightarrow \infty }k_n= \infty \). For each \(n\ge 1\), let \(\{X_{nj},1\le j\le k_n\}\) be a sequence of independent random variables with finite variance. Denote \(s_n= \sqrt{\sum _{j=1}^{k_n}\mathrm {Var}(X_{nj})}\) and \(\mu _{nj}=\mathbb {E}[X_{nj}]\). If there exists \(\delta >0\) such that
$$\begin{aligned} \lim _{n\rightarrow \infty }\frac{1}{s_n^{2+\delta }}\sum _{j = 1}^{k_n}\mathbb {E}\left[ \left| X_{nj}-\mu _{nj}\right| ^{2+\delta }\right] = 0, \end{aligned}$$

                    (27)
                

then
$$\begin{aligned} \frac{\sum _{j=1}^{k_n}\left( X_{nj}-\mu _{nj}\right) }{s_n}\rightarrow N(0,1) \end{aligned}$$

in distribution as \(n\rightarrow \infty \).

                Condition (27) is known as the Lyapunov condition, which is verified under different settings in the main text. Theorem 8 deals with a double-array. The special case \(k_n=n\) for all n leads to a triangular array, and if, furthermore, \(X_{nj}=X_j\) for every n and j, then it reduces to a single sequence \(\{X_j,j\ge 1\}\). To apply the Lyapunov theorem in establishing our main results, we choose \(\{X_{nj},1\le j\le k_n\}\) from the first \(k_n = b^n\) points of a single sequence, i.e., scrambled van der Corput sequence. It is important to note that the Lyapunov CLT also works when \(\{X_{nj},1\le j\le k_n\}, n\ge 1\) are not nested. That is why our results can cater for the usual grid sampling and the HSFC sampling with independent stratified inputs for arbitrary sample size n.
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