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Abstract
Galaxy clusters as gravitational lenses play a unique role in astrophysics and cosmology:
they permit mapping the dark matter distribution on a range of scales; they reveal the prop-
erties of high and intermediate redshift background galaxies that would otherwise be un-
reachable with telescopes; they constrain the particle nature of dark matter and are a pow-
erful probe of global cosmological parameters, like the Hubble constant. In this review we
summarize the current status of cluster lensing observations and the insights they provide,
and offer a glimpse into the capabilities that ongoing, and the upcoming next generation
of telescopes and surveys will deliver. While many open questions remain, cluster lensing
promises to remain at the forefront of discoveries in astrophysics and cosmology.
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1 Introduction

In hierarchical structure formation in the Universe, per the standard cold dark paradigm,
galaxy clusters are now understood to be the most recently assembled and most massive
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structures to form. Clusters are therefore also expected to be the largest repositories of dark
matter. As a result, clusters are some of the most efficient gravitational lenses known to date.
Zwicky (1937) was the first to point out that gravitational lensing by galaxy clusters might
serve as a valuable tool to measure the amount of this unseen mass component and permit
study of distant, magnified objects that lie behind clusters. Despite his bold prediction, the
lack of appropriate resolution and imaging facilities at the time and the lack of theoretical
understanding of how structure assembles deferred progress in gravitational lensing studies.
Several decades later, the presence of a foreground cluster was proposed by Young et al.
(1980) as the explanation for a larger-than-expected separation between the images of a
double quasar in the first detected double quasar Q0957+561 (Walsh et al. 1979). With this
observational impetus and hence renewed interest, the lensing properties of clusters were
revisited and explored in detail by Narayan et al. (1984).

The first observational detection of strong lensing by a cluster—a giant arc in Abell
370—was reported in Lynds and Petrosian (1989) and independently by Soucail et al.
(1987). These extremely elongated distorted shapes seen in the core of the massive clus-
ter Abell 370 were recognized by Paczynski (1987) as merging images of a strongly lensed
background galaxy, and were soon confirmed as such with the measurement of the redshift
of the arc by Soucail et al. (1988). With this discovery of giant arcs, the strong lensing
regime was established as a property of the deflection produced by dense cluster cores.

With the discovery of the weak, systematic alignment in the shapes of distant background
galaxies produced in the outer regions of clusters as reported in Tyson et al. (1990), observa-
tional evidence for both strong and weak lensing were confirmed. Several significant early
papers (Schneider 1984; Blandford and Narayan 1986; Blandford et al. 1989; Kochanek
1990; Miralda-Escude 1991; Kaiser 1992; Kaiser and Squires 1993) helped establish the
formalism for “inverting” observed lensing effects into mapping the mass distributions of
galaxy clusters. Subsequent technological advances in the CCD imaging that allowed deeper
and sharper images as well as the development and availability of spectrographs drove the
rapid discovery of cluster lenses.

The truly transformative revolution in lensing, and strong lensing studies in particular,
came with imaging from space with the deployment of the Hubble Space Telescope. After
correction of its initially blurry images with the repair mission that installed the WFPC-2
camera in 1993, Hubble recovered its image sharpness, and one of the first post-repair image
releases was the now iconic image of the massive cluster lens Abell 2218 (Kneib et al. 1996),
replete with strong lensing features that are discernible by eye. High resolution images com-
bined with a large field of view have been a game changer for studies of cluster lenses (e.g.,
Smail and Dickinson 1995), for example, for tracing out the circularly averaged density pro-
file of equilibrium clusters and comparing these to the predictions of cosmological models
(Sect. 5.1), and for studying the most distant galaxies using the magnifying power of cluster
lenses (Sect. 5.3). Strong lensing features in clusters are now detected in the inner one arc-
minute central region and on arc-second scales (see left panel of Fig. 2 for a gallery of HST
detected dramatic cluster arcs). On smaller scales, multiple images produced by individual
cluster galaxies have also been detected in the deepest HST images (Natarajan et al. 1998,
2017; Meneghetti et al. 2020).

The James Webb Space Telescope (JWST), launched late 2021, looked at a galaxy cluster,
SMACS J0723.3-7327, as one of its first targets, offering an unprecedented and detailed
view of a massive lens in infra-red wavelengths. Figure 1 compares the HST images to
the newly obtained JWST images (top two panels), and the bottom panel shows the X-ray
image superimposed on the JWST image. The improvement in the quality of the JWST
image, compared to an already spectacular HST image is visually apparent and striking.
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Fig. 1 The galaxy cluster lens SMACS J0723.3-7327 at z = 0.39. Top left: HST image of the cluster showing
multiple strongly lensed features visible by eye. Top right: JWST image of the same cluster that in turn
reveals a significantly larger number of strongly lensed features. The improvement in the quality of the image
is evident upon visual inspection. Bottom: Chandra X-ray image showing the spatial distribution of the hot
X-ray gas (blue) overlaid over the JWST image. The images span nearly the same field of view and scale. The
top right and bottom panels are about 2.35 arcmin wide, or 750 kpc at the redshift of the cluster, z = 0.388

2 Strong Lensing as a Probe of Cluster Properties

Clusters are powerful astrophysical laboratories as they are objects where the interplay of
dark matter and baryons can be effectively probed on multiple physical scales (see reviews
by Kneib and Natarajan 2011; Umetsu 2020). On spatial scales greater than about 1-few
kpc, clusters are dominated by dark matter, even at their centers. The baryonic component in
clusters is mostly in the form of very hot plasma with T ∼ 107K , the Intra-Cluster Medium
(ICM) detected through its bremsstrahlung, or free-free, emission observed in X-rays. The
stellar component is mostly confined to cluster member galaxies, including, in many cases,
a massive central dominant (cD) galaxy or the brightest cluster galaxy (BCG) that has been
known to have an extended stellar distribution (Schombert 1986; Uson et al. 1991) and
deeper recent observations have helped delineate this diffuse emission from a population of
intra-cluster stars more clearly, referred to as the Intra-Cluster Light (ICL) component, in the
form a diffuse cloud of light, which appears to trace the overall dark matter distribution with
great fidelity (Gonzalez et al. 2005; Montes and Trujillo 2019). Notably, as discussed first
by Uson et al. (1991), disentangling the BCG and the extended cD envelope is challenging
even today. Even including all the baryonic components in the mass inventory in clusters,
they still stand as dark matter dominated cosmic objects.

As noted in Sect. 1, the central � 0.3 Mpc of galaxy clusters are the regions that con-
tain a high concentration of matter (dark + baryonic); these are the spatial scales on which
the gravitational coupling between baryons and dark matter manifests. Currently the dark
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matter component of the Universe is believed to be cold and collision-less, rendering it in-
ert in terms of interactions aside from gravity with the baryonic components. Cosmological
simulations of structure formation over cosmic time find that dark matter settles into a near
universal density profile across several decades in mass—the Navarro, Frenk and White pro-
file (NFW)—with an inner slope of ρ ∼ r−1, that is expected in clusters of galaxies as well.
However, if for example, dark matter interacts weakly with itself, this unusual, additional
self-interaction, would preferentially produce discernible effects in this central dense region
(see Sect. 5.5). While the mass distribution in the innermost regions is typically dominated
by baryons, fortunately, these regions are also the ones that are best probed by strong lensing
observations.

One of the key measured properties for clusters is their mass and the detailed spatial
distribution of the mass. The radial mass distribution in clusters can be probed and mea-
sured using 3 independent methods that all map the underlying gravitational potential: (i)
the dynamics of cluster member galaxies assuming they are in equilibrium and robustly
trace the gravitational potential, (ii) the X-ray emission from the hot plasma, also assum-
ing it is in hydrostatic equilibrium with the cluster potential, and (iii) gravitational lensing,
that makes no prior assumptions about the gravitational potential. The advantage of lensing
as a technique is that light deflection is achromatic, and is also entirely independent of the
dynamical state of the cluster. Lensing observations therefore permit study of merging and
out-of-equilibrium clusters as well. Besides, lensing delivers not just the projected, radially
averaged mass profiles for cluster, but also permits mapping of the detailed two-dimensional
mass distribution.

The power of cluster lensing derives from the fact that deeper imaging data not only per-
mit probing the detailed spatial distribution of dark matter in the cluster but that it also si-
multaneously acts as a cosmic telescope allowing us to probe faint sources in the background
Universe. Strong lensing by galaxy clusters brings into view distant, faint background galax-
ies that would otherwise remain inaccessible to even the most powerful telescopes on the
ground or in space; the high magnification of intermediate and high redshift star-forming
galaxies allows us to study the building blocks of these galaxies at an unprecedented spatial
scale and at a fraction of the observing time otherwise necessary. Modeling and character-
izing the mass distribution of cluster lenses therefore stands to open a new window into
the early Universe by magnifying the most distant first sources that assemble, a prospect
keenly awaited for with JWST data. However, as massive clusters are rare objects, defining
systematic criteria to characterize cluster lens samples has proved to be challenging. Fur-
thermore, given the dependence of the strength of lensing on the underlying geometry of the
Universe, lensing has also been established as a powerful method to constrain cosmologi-
cal parameters that characterize the underlying world model (Gilmore and Natarajan 2009;
Jullo et al. 2010, 2015; Magana et al. 2018; Caminha et al. 2022a). There are synergies in the
general modeling approaches for characterizing the lensing properties of individual galax-
ies and those adopted for clusters. However, the existence of a richer phenomenology and
more extensive data available in both the strong and weak lensing regimes, warrants more
sophisticated models tailored for lensing clusters. We outline the range of mass modeling
techniques that have been developed and applied to cluster lenses in Sect. 3.

The Hubble Frontier Fields program (HFF thereafter), a key Director’s Discretionary
large program (Lotz et al. 2017) dedicated 840 HST orbits to ultra-deep strong lensing
imaging of six selected massive cluster lenses. These fields were also observed across sev-
eral wavelengths, adding to wealth of information for modeling and deeper understanding
of clusters and high redshift Universe. These coordinated multi-wavelength surveys include
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Fig. 2 Left Panel: Gallery of HST detected cluster arcs seen in the cluster Abell 370 (top-left);
SDSS J1038+4849 (bottom-left); PSZ1 G311.65−18.48 (top-right) and Abell 611 (bottom-right). Right
Panel: GGSL in the central region of the HFF galaxy cluster MACSJ1206: (Meneghetti et al. 2020). The
image is a composite and combines HST observations in multiple bands: F105W, F110W, F125W, F140W,
F160W (red channel), F606W, F625W, F775W, F814W, F850LP (green channel), F435W and F475W (blue
channel). The dashed and solid lines in the right panel show the lens critical curves for potential sources at
redshifts of 1 and 7, respectively. Panels A, B, C are zoom-ins of three individual GGSL events produced
by sources measured to be at redshifts z = 1.425, z = 4.996, and z = 3.753. The GGSL sources in panel B
were not visible in the HST image and were discovered in an observation with the Multi-Unit-Spectroscopic-
Explorer (MUSE) spectrograph of the VLT

ALMA (González-López et al. 2017), the Spitzer Frontier Fields 1 and Chandra, and JVLA
Frontier Fields Campaigns van Weeren et al. (2017). HFF has yet again transformed our un-
derstanding of the mass distribution and evolutionary states of clusters. Chosen as the most
efficient lenses, these six massive cluster lenses permit probing high mass end of the cluster
mass function. Intriguingly, with deeper HFF imaging, in addition to the giant arcs and mul-
tiple image families observed in cluster lenses, additional strong lensing features produced
by individual cluster members, referred to as Galaxy-Galaxy Strong Lensing (GGSL), have
also been detected (see the right panel of Fig. 2 for some notable GGSL examples).

3 Modeling the Mass Distribution in Cluster Lenses

The strong distortion of space-time by a massive cluster is so significant, that its effect
on the shapes of background galaxies is unambiguously detectable, as evident in HST and
even in ground-based images. Background sources, strongly lensed by foreground galaxy
clusters result in the production of magnified, extremely distorted images referred to as giant
arcs; and multiple images of the same source, that exhibit similar color and morphology,
that albeit may have different levels of distortion and mirror symmetry. This wide range of
phenomena—ranging from their geometry, brightness and observed spatial locations in the
cluster—can and is used as input observational constraints to reconstruct the total mass of
the cluster lens. Utilizing the observed distorted images to recover the original undistorted

1https://irsa.ipac.caltech.edu/data/SPITZER/Frontier/overview.html.

https://irsa.ipac.caltech.edu/data/SPITZER/Frontier/overview.html
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shapes enables constraining the mass distribution of the cluster lens, yielding “lens models”.
Lensing observations and the derived foreground cluster mass distributions have revealed
that the bulk of the gravitational potential in clusters comprises the undetected “dark matter”.

Several independent lens modeling algorithms to recover cluster mass distributions have
been developed, widely tested and used by the strong lensing community. Regardless of
the specific technique, all strong lensing modeling algorithms use as input constraints the
positions of multiple images of the same background sources, sometimes referred to as
“families”, and ideally, when available the measured spectroscopic redshifts of the sources.
Although the magnification in the strong lensing regime is conducive to follow-up spec-
troscopy to obtain redshifts, it is challenging, and often photometric redshifts are used in-
stead.

The purpose of strong lens modeling algorithms is to find a representation of the pro-
jected mass distribution on the lens plane that offers the smallest scatter between the ob-
served and model-predicted lensing observables. In the source plane (a.k.a. “source plane
minimization”), this is accomplished by minimizing the scatter of the model-predicted (un-
observed) source position: for a set of N images of the source, the source position βi is
calculated for each image i using the lens equation:

βi = θi − αi = θi − Dls

Dos
α̂i , (1)

where αi is the deflection angle at the observer, α̂ is the deflection angle at the lens plane, and
D′s are angular diameter distances connecting lens, source and observer; and θ is observed
source position (a schematic of the lensing geometry can be found in Fig. 3 of the review by
Kneib and Natarajan 2011). In the image plane, the predicted positions of counter-images
are calculated for each observed image, and compared to the observed ones. The latter,
commonly referred to as “image plane minimization”, is significantly more computationally
intensive since the lensing equation cannot be inverted. The best-fit model is typically iden-
tified by maximizing a likelihood function, which usually means minimizing a χ2 function.
Finally, missing information can be dealt with in different ways, such as setting priors on the
source redshifts based on photometric information using what are now standard methods, or
allowing the model to predict the unknown redshifts of sources.

The different approaches to lens modeling are generally divided into two broad cate-
gories, referred to as “parametric” and “free-form” (the latter is also often referred to as “non
parametric”) methods. Parametric approaches involve representing the mass distribution of
the cluster lens with a set of physically-motivated profiles for the surface mass density,
which are well described by analytic functional forms, and profile specific properties such
as the ellipticity, and positional angles. Parametric models are conceptually motivated by
cosmological simulations of structure formation in which cluster scale masses are observed
to comprise of large and small scale dark matter halos that are gravitationally bound. Cluster
mass distributions are modeled as a superposition of one or more large scale components,
corresponding to the smooth cluster and/or group scale dark matter halo seen in simulations
and several small scale sub-halos that are associated with the positions of individual cluster
member galaxies. The overall gravitational potential of a cluster is therefore modeled as a
sum of contributions from large scale dark matter halos and smaller scale sub-halos:

φcluster = φsmooth + �i φsub. (2)
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Fig. 3 Left: HST Frontier Fields image of the cluster MACS 0416 at z = 0.397. Right: Overlaid on HST
image is reconstructed dark matter distribution of the cluster recovered using Lenstoolshown as a blue
haze. Image Credit: NASA/Hubble, ESA, HST Frontier Fields and J. Lotz, M. Mountain, A. Koekemoer,
and the HFF Team (STScI). Acknowledgement for overlaid reconstructed dark matter map for Abell 2744:
Mathilde Jauzac (Durham University, UK), Jean-Paul Kneib (Ecole Polytechnique Federale de Lausanne,
Switzerland) & Priyamvada Natarajan (Yale University, USA). Image taken by the Advanced Camera for
Surveys (ACS) and WFC3 including B, V, I, Y, J, H & W filters, with a FOV that is 2.08 x 2.32 arcminutes

As a result, at each position in the cluster, we can explicitly write the convergence, κ(x),
and the shear, γ (x), as a sum over these components (Natarajan and Kneib 1997),

κ(x) = κsmooth(x) +
∑

i

κsub,i (x) (3)

γ (x) = γsmooth(x) +
∑

i

γsub,i (x) (4)

where κsmooth; γsmooth and κsub,i ; γsub,i are the contributions to the convergence and shear
from the smooth component and from the sub-halos respectively.

Examples of commonly used analytic density profiles used to model the gravitational
potentials are: a generalized Navarro et al. (1997), and truncated pseudo isothermal mod-
els (PIEMDs) that permit the potential to have finite mass and non-zero ellipticity or cored
isothermal models. Parametric models have therefore been particularly powerful for compar-
ing properties of observed cluster lenses with theoretical predictions from cold dark matter
simulations. An example of parametric reconstruction of the mass distribution of the HFF
cluster MACS 0416 with the publicly available software Lenstool is shown in Fig. 3.

On the other hand, free-form approaches describe the gravitational lens without assuming
a predetermined mass density profile. For example, the lens plane is divided into a fixed or
adaptive grid. The lens plane is then populated with some basis functions set, each grid cell
is assigned one member of that set. Depending on the method, the number of grid cells can
range between a few dozen and many thousands. The amplitude, i.e., mass of each basis
function is determined directly by image properties. The motivation for free-form methods
is that the mass distribution need not follow simple parametric forms, especially on cluster-
wide scales and in merging clusters.

Modeling approaches vary by the degree to which they assume that mass and light dis-
tribution in clusters are correlated. Most, if not all, of the parametric approaches assign
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mass to observed individual cluster-member galaxies, motivated by empirical correlations
like the Faber–Jackson relation derived from observations of early-type galaxies in clus-
ters (Natarajan and Kneib 1997). Some algorithms make no such assumption, and rely only
on the lensing evidence to reveal the presence of mass. Finally, several algorithms adopt a
hybrid approach: some mass components are inserted as physically-motivated parametric
halos, while other components within the same model are set as free-form functions (e.g.,
Niemiec et al. 2020).

As we note in the following section, when sufficient lensing constraints from rich ob-
servational data are available the different approaches outlined above perform equally well.
However, they do vary in their strengths and weaknesses, and the decision of which approach
to adopt depends primarily on the science goal and motivating question. The primary advan-
tage of the parametric approach is that it can produce satisfactory results even with a small
number of constraints that sparsely sample the image plane, as the assumed functional form
that describes the lens plane fills in the gaps. And it is particularly well suited for comparison
of the properties of observed cluster lenses with simulated clusters. Therefore, for tests of
the CDM paradigm, where large cosmological simulations are the only available theoretical
test-bed, parametric lensing models have been particularly useful and insightful (Natarajan
et al. 2007, 2017; Meneghetti et al. 2020). The high flexibility2 of free-form models, on the
other hand, require rich data sets as a high density of lensing constraints in all regions of the
lens plane. However, given sufficient constraints, free-form models can be used to compare
properties like the radial slope of the projected mass density against theoretical predictions,
and have the flexibility to uncover substructure that may be potentially not be associated with
light (Ghosh et al. 2021). Models that do not include a prior assumption about the correla-
tion between mass and light are particularly useful for investigating this exact question—to
what extent does mass follow light in the Universe as a function of physical scale (Sebesta
et al. 2016; Ghosh et al. 2023).

Development of the formalism and first cluster-scale lens modeling attempts appeared in
the literature nearly 25 years ago (Narasimha and Chitre 1989; Kovner 1989; Kneib et al.
1993, 1996; Natarajan and Kneib 1997; Abdelsalam et al. 1998). As noted above, at present,
with the availability of richer data from deeper HST imaging surveys over the past two
decades, a number of reliable cluster lens mapping methods are available as tabulated below.
While the most commonly used methods tend to be parametric, recent years have seen the
introduction of several new free-form methods.

• Lenstool (parametric; Kneib et al. 1996; Jullo et al. 2007a; Jullo and Kneib 2009;
Niemiec et al. 2020). An extension of Lenstool includes free-form B-splines in addi-
tion to parametric functions (Beauchesne et al. 2021; Limousin et al. 2022).

• Light-Traces-Mass (LTM, parametric; Broadhurst et al. 2005a; Zitrin et al. 2009a, 2015a),
which closely ties the total mass to the observed light distribution.

• GLAFIC (parametric; Oguri 2010; Ishigaki et al. 2015; Kawamata et al. 2016).
• GRAVLENS (parametric; Keeton 2010; McCully et al. 2014).
• GLEE (parametric; Suyu and Halkola 2010; Suyu et al. 2012).
• Weak & Strong Lensing Analysis Package (WSLAP+, hybrid; Diego et al. 2005, 2007,

2016b), which combines parametrized galaxy-scale mass distributions with a free-form
distribution on larger scales.

• Strong and Weak Lensing United (SWUnited, free-form; Bradač et al. 2006, 2009),
which, unlike most other methods reconstructs lensing potential, not projected mass.

2It may be somewhat confusing that free-form models are also called “non-parametric”, since they often have
more free parameters than parametric models.
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• PixeLens (free-form; Williams and Saha 2004; Saha et al. 2006; Köhlinger and Schmidt
2014), which is primarily designed for modeling systems with small number of images,
but has been used for cluster reconstruction.

• Grale (free-form; Liesenborgs et al. 2006; Williams and Liesenborgs 2019; Liesenborgs
et al. 2020; Ghosh et al. 2021), which uses an adaptive grid and a genetic algorithm to
find solutions in a high dimensional parameter space.

• JPEG parametrization (free-form; Lam 2019), which takes inspiration from JPEG com-
pression to do strong lensing inversion.

• relensing (free-form; Torres-Ballesteros and Castañeda 2023), which reconstructs
gravitational deflection potential on an adaptive irregular grid.

• MARS (free-form; Cha and Jee 2022), which uses a MaxEnt-regularized strong lensing
inversion.

3.1 Comparison of Mass Modeling Methods Using Synthetic and Real Clusters

The independent cluster lens modeling methodologies outlined above have been carefully
compared and contrasted in order to better understand their relative advantages and limita-
tions. Below, we describe significant community-wide comparison exercises conducted to
date and their conclusions. The first (Sect. 3.1.1) involved invitation to multiple teams to re-
construct the mass distribution of two simulated lensing clusters from their produced images
wherein all teams were provided with the same input constraints on the identified families of
multiple images and their redshifts. By construction, the details of the true underlying mass
distributions in this case were known. This exercise was in preparation for the production of
publicly available magnification maps from multiple teams for the HFF sample.

For a second exercise (Sect. 3.1.2), since it involved deep HFF imaging data sets, the
mapping teams first arrived at a consensus set of input constraints, i.e., mutually agreed upon
the identification of multiple lensed image families and either their inferred or measured red-
shifts to use uniformly for lens mass modeling. And from this cooperative and collaborative
effort, magnification maps generated from various independent codes and teams were then
made publicly available for the larger astronomical community to use. These maps have
been successfully deployed for studies beyond lensing since.

The third exercise (Sect. 3.1.3) was an unanticipated continuation of the previous one,
with the serendipitous discovery of a lensed supernovae in the field of two HFF clusters
MACS J1149.6+2223 and Abell 2744. Multiple independent teams with their respective
methodologies predicted magnification (for the cluster Abell 2744), and the arrival time and
magnification of the final image (in the case of MACS J1149) as its observation was awaited.

3.1.1 Comparison of Lens Modeling Methods: Reconstructing the Mass and
Magnification of Simulated Cluster Lenses

In this detailed comparison exercise Meneghetti et al. (2017) compared mass distributions
derived for the simulated clusters “Ares” and “Hera” from ten independent modeling
groups. Simulated observations of these two simulated clusters that mocked the depth and
resolution of HFF observations, were used as the reference sample. Ares was generated using
the semi-analytical code MOKA, as a superposition of analytical elliptical profiles represent-
ing the main cluster and its member galaxies consistent with cosmological initial conditions.
Hera, on the other hand was more realistic, as it was directly taken from the output of a large
volume, high resolution cosmological N-body simulation of the cold dark matter Universe.
A concise summary of the comparison results are presented in a figure in Meneghetti et al.
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Fig. 4 Reproduced from Meneghetti et al. (2017), an HFF cluster lens mass model comparison project. Their
caption reads: Radar plot showing the scores of each model for all metrics discussed in the paper. Larger
polygons correspond to better overall performance. Each chart corresponds to a different lens model (see
labels on the top) and shows results for both Ares (blue) and Hera (red), or whichever is available. The seven
metrics are shown on the vertices of each chart. For each metric, the scores range from 0 (worst; plotted at
the centre of the chart) to 1 (best; plotted at the vertex), normalized to the maximum value recorded by all
models. A filled polygon is obtained by connecting the plotted scores of all metrics for each reconstruction

(2017), which we reproduce here as Fig. 4. It is a so-called radar plot; each of the 7 spokes
represents a particular cluster property, such as mass profile slope, ellipticity, magnification,
etc. If a property is reconstructed well (poorly) by a model the corresponding point is close
to the vertex (center) of the black and white polygon. Reconstructed models of Ares and
Hera are represented by blue and red colored polygons respectively. The larger the colored
area the better that model reproduces the properties of the synthetic cluster. Upon detailed
comparison it was found that several lensing properties that relied on integrated quantities
were recovered equally well by the different lens modeling approaches using completely
independent methodologies. For instance, the reconstructed mass profiles of the simulated
clusters across methods matched at the level of ∼ 10% for both parametric and free-form
methods; and the agreement on the mass enclosed within the Einstein radius, was found to
be extremely robust for all methods. The results also showed that the parametric modeling
methods tend to be generally better at capturing two-dimensional properties of the lens core.
This was true in particular for Ares, because its true mass distribution resembled assump-
tions made by parametric methods. In addition, parametric models that permit comparison
of additional quantities derivable directly from simulations like the subhalo mass function,
and the radial distribution of subhalos, fared well.

Predictably, the uncertainties in reconstructed magnification maps grew as a function of
the magnification itself, resulting with largest uncertainties around the critical lines where
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the magnification diverges. The accuracy in the magnification estimates dropped by a factor
of three when the magnification increased from μtrue = 3 to μtrue = 10. Another interesting
result from this work was that even groups that used the same mass reconstruction algo-
rithms with slightly different priors (e.g., CATS and Johnson-Sharon teams that both used
the code Lenstool) and very similar inputs, obtained somewhat different maps, revealing
the impact of the choice of priors and enabling quantifying their downstream effect.

3.1.2 Comparison of Lens Modeling Methods: Magnification Maps for the HFF Sample

The six clusters of the HFF sample were selected to be amongst the most efficient lensing
clusters on the sky and as they were legacy fields observed with Directors Discretionary
time, the data was released immediately to the larger astronomical community. However,
for exploitation of this unique data set, to interpret the properties of faint background lensed
galaxies that these clusters bring into view for instance, reliable lensing maps for each clus-
ter were required to be made available publicly as well. To do so, five independent lens
modeling groups were selected to provide preliminary magnification maps for each of the
HFF clusters prior to the observing campaign in order to facilitate rapid analysis of the HFF
data by all members of the community. These models were initially based on a common set
of input data, derived from shallower pre-HFF archival HST imaging, early spectroscopic
campaigns, and a common shared catalog of lensed background galaxies. Once the data were
taken, these models were continually collectively updated by each of the groups. As noted
before the techniques adopted by groups spanned both parametric and free-form methods.

The public HFF lens models include maps of mass (κ) and shear (γ ) from which magni-
fications can be derived for sources at any redshift using scripts provided on the HST site.
The models cover regions constrained by strongly lensed, multiply-imaged galaxies, within
the HST ACS fields of view of the cluster cores. Some models extend to larger areas, in-
cluding the HFF parallel fields, and also incorporate ground-based weak lensing data. All
data, models and detailed description of individual methods and maps are available at the
following website: https://archive.stsci.edu/prepds/frontier/lensmodels/.

Since cluster magnification is of paramount importance for the HFF project, several pa-
pers compared magnification distributions as reconstructed by various independent groups.
Figure 5 shows magnification maps of Abell 2744 from 6 HFF teams, analyzed in Priewe
et al. (2017). It was found that in the broadest terms the reconstructed magnification maps
more or less agreed with each other. However, differences are also seen, and often exceed
their quoted statistical errors. The resulting dispersion ranged from 30% at low magnifica-
tions, μ ∼ 2, to 70% at high magnifications, μ ∼ 40. This implies that the true uncertainties
are probably currently underestimated in most of the modeling methods. These differences
are mainly attributed to lensing degeneracies, suggesting that a small lens plane rms value is
not a sufficient condition for a model to robustly and reliably predict the true magnifications.

The more recent magnification comparison study by Raney et al. (2020b) also arrives at
similar conclusions, finding ∼ 40% dispersion at low magnifications (μ ∼ 3) that increases
to ∼ 65% dispersion at high magnifications (μ ∼ 10). In contrast, excellent agreement exists
for the derived integrated quantities like the cumulative mass distribution and it is signifi-
cantly well constrained within 1′ radius from the cluster core, with < 5% dispersion. Addi-
tionally, Remolina González, Sharon and Mahler (2018) examined source plane scatter in
10 mass reconstruction models for the HFF cluster MACS J0416. Using source plane rms as
a metric of diagnose lens model performance, they quantified the ability of different mod-
els to predict unknown multiple images. They found that while free-form reconstructions
rely heavily on the quality and quantity of the lensing data, parametric models are not as

https://archive.stsci.edu/prepds/frontier/lensmodels/
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Fig. 5 Magnification maps of 6 different reconstructions of galaxy cluster Abell 2744. The reconstruction
team names appear in the top left of each panel. Magnification scale is the same for all panels, and goes from
μ = 1 (darkest color) to μ = 20 (white). Each panel is a square 100 arcsec on the side. Taken from Priewe
et al. (2017)

susceptible to uncertainties in the data. However, parametric models do not necessarily ben-
efit from adding more constraints with the inclusion of photometric redshift measurements
when the existing amount of spectroscopic data available is large (of the order of measured
redshifts for a hundred or so lensed images), as in the case of the HFF clusters.

3.1.3 Comparison of Lens Modeling Methods: Using Time Delays and Magnifications of
Quasars and Supernovae

After the serendipitous discovery of the Supernova Refsdal in 2014, multiply imaged by a
cluster member galaxy in the HFF cluster MACS J1149.6+2223 at z = 0.544, it was pre-
dicted that there would be the rare opportunity to see the supernova again in about one
year, after the four images had faded away Kelly et al. (2015). This is because the initially
observed four-image pattern was only one component of the lensing configuration. This su-
pernova might have appeared as a single image some 10-20 years prior in the cluster field,
and it reappeared at the predicted position between mid-November 2015 and December
11, 2015 (the approximately one month uncertainty is the interval between two consecutive
Hubble observations). This was in good agreement with the blinded model predictions made
by several independent groups deploying the range of lens reconstruction techniques prior
to its observation Sharon and Johnson (2015), Oguri (2015), Diego et al. (2016a), Treu et al.
(2016). The time delay between the original quadruplet observed in 2014 and the latest ap-
pearance of the supernova in 2015 was used to infer the value of the Hubble constant. This
is the first time this technique, originally proposed by Refsdal, was successfully applied to
supernovae Vega-Ferrero et al. (2018).

In the case of another supernova detected behind the HFF lensing cluster Abell 2744 at
z = 0.308, once again, specific predictions for the magnification derived from different lens-
ing models have been compared in detail. Rodney et al. (2015) computed the magnification
predictions from various lens models for the location and redshift of the Type-Ia supernova
HFF14Tom, leveraging the idea that the true luminosity of a SN-Ia can be inferred from
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Fig. 6 The observed lensing magnification is compared to predictions from multiple independent lens mod-
els. The vertical blue line shows the constraints from SN HFF14Tom, with the shaded region marking the
total uncertainty. Markers with horizontal error bars show the median magnification and 68% confidence
region from each model. Circles indicate models that use only strong-lensing constraints, while diamonds
denote those that also incorporate weak-lensing measurements. Free-form (parametric) models are shown as
open (filled) markers. The top half, with points in black, shows the 9 models that were constructed using
only data available before the start of the HFF observations. The lower 8 models in green use additional
input constraints, including new multiply imaged systems and redshifts. The final four points, with square
orange outlines, are the “unblind” models that were generated after the magnification of the SN was known.
The black dashed line marks the unweighted mean for all 17 models, at μ = 2.6. Image reproduced with
permission from Rodney et al. (2015), copyright by AAS

its lightcurve (see Fig. 6). They report that the median of the lensing model magnification
predictions is 25% higher than the magnifications deduced from the observed brightness of
the supernova, and that many model predictions disagreed by more than their stated uncer-
tainties. A possible reason for the discrepancy is that there are not enough spectroscopically
confirmed multiple image systems to constrain the lens models: accurate and precise image
redshifts are as important for lens reconstructions as image positions.

3.1.4 Comparison of Lens Modeling Methods: Detailed Comparison of Spatial Regions
Within Clusters

In addition to the exercises described above, it is instructive to compare regions of special
interest in the reconstructed mass maps generated by various lens modeling methods. These
could include regions around main cluster galaxies, or those that have excess reconstructed
mass but are deficient in light. Ghosh et al. (2021) show that reconstructions with distinct
modelling philosophies – parametric vs. free-form – often lead to similar results regarding
specific mass features, while at the same time, models using the same algorithm can draw
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Fig. 7 Comparison between different lens inversion methods mass maps of the same region in the HFF cluster
Abell 370, centered on the northern of the 2 brightest cluster galaxies. Each panel is a square of 45 arcseconds
on the side, or ∼ 250 kpc. The gray scale is the HST image in ACS/F814W filter. The panels show eight
different reconstructions by various teams. The contours are those of equal projected dimensionless surface
mass density, κ , with the blue contour corresponding to κ = 1. All but 3 (LENSMODEL HFFv4, LENSTOOL
CATS HFFv4, Glafic HFFv4) show that the local center of mass and light do not coincide, with the center
of mass offset the center of the BCG. For maps with offset centers, the offset is generally to the South of the
BCG, though the morphology and the degree of displacement differs between models

contrasting conclusions, just by using somewhat different model priors and data constraints.
Figure 7 presents a region in an HFF cluster Abell 370, centered on the northern BCG. The
red contours show the projected surface mass density, κ , with the blue contour indicating
κ = 1. Most models show that the center of mass appears to be displaced, generally to-
wards the South, compared to the location of the center of light. This inferred feature of
misalignment between mass and light is consistent with the merging, disturbed nature of
this cluster. The fact that not all mass reconstructions agree on the detailed mass distribution
in that region, including the misalignment between mass and light, is mostly due to lensing
degeneracies, which are present not just on cluster scale, like the mass sheet degeneracy,
but also on smaller scales (Lasko et al. 2023). A larger number of multiply imaged sources
than currently available will help to map out that region more accurately (Lin et al. 2023)
in the future. Other interesting examples are presented in Ghosh et al. (2021) and Ghosh
et al. (2023). The high spatial resolution with which strong lensing can measure the mass
distribution can test predictions of dark matter properties (e.g., Harvey et al. 2019). In sum-
mary, what these results imply is the importance of continued stress-testing of all lens mass
modeling methods and continued comparison between them to delineate systematics that
need to be understood in greater detail in cluster lensing studies.

3.2 Connecting the Strong and Weak Lensing Regimes

While strong-lensing driven mass modeling techniques have been used to obtain high signal-
to-noise reconstructions in the central regions of clusters, the power of weak lensing is criti-
cal to extend the derived mass distributions out to the virial radius (e.g., Clowe et al. 2006b;
Umetsu et al. 2014; Umetsu 2020). Connecting strong lensing and weak lensing regimes has
therefore long been seen as a powerful way to recover the detailed and extended mass distri-
bution of clusters from the central region to the outskirts. The method also has the advantage
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of breaking the so-called mass-sheet degeneracy (MSD), which says that the surface mass
density κ is invariant under the following global transformation κ(θ) → λκ(θ) + (1 − λ),
where λ is between 0 and 1. Non-zero λ rescales the original surface mass density, and adds
a constant density sheet to the lens. As a result, the overall density slope becomes less steep
(Schneider and Seitz 1995). Weak lensing helps break MSD because it is reasonable to as-
sume that beyond the weak lensing regime, i.e., far from the cluster center, cluster density is
negligible.

Many of the lens modeling methods described above leverage the potency of this com-
bination and therefore include both weak and strong lensing data, and some methods also
include higher order information from flexion as well. Flexion parameters are similar to
shear, but instead of the second derivatives of the lensing potential, they encode the third
derivatives (e.g., Goldberg and Natarajan 2002; Bacon et al. 2006; Lanusse et al. 2016).
When both shear and flexion are important, image shapes deviate from purely elliptical dis-
tortion and can look ‘banana’-shaped. Flexion has been used to reconstruct mass distribution
in some clusters (e.g., Okura et al. 2008).

The simplest adopted approach is to combine strong and weak lensing in a parametric
fashion (e.g., Lenstool has included strong and weak lensing out to large cluster radii;
Natarajan et al. 2009; Niemiec et al. 2020; Schäfer et al. 2020). These and other methods
that were used to model cluster cores previously have an advantage that they are numeri-
cally stable, they are, however, inherently limited to the fitting a set of parametrized models
Natarajan et al. (1998). Recently, free-form methods have also been used for combined anal-
ysis (Diego et al. 2005; Bradač et al. 2006; Merten 2016; Liesenborgs et al. 2020). Modeling
that include combining the two lensing regimes has been successful in predicting mass pro-
files on all scales and in determining other observables like the mass-concentration relation
in clusters (Merten et al. 2015). They have also proven useful in reconstructing magnifi-
cation fields for high-redshift galaxies beyond the regime where strongly lensed images at
lower redshifts are typically found as this pertains to the regime and region where magnifi-
cation is poorly constrained (Priewe et al. 2017). Inclusion of higher order constraints like
flexion can also add useful information in this intermediate regime as demonstrated by Cain
et al. (2016), Leonard et al. (2007).

Another successful example of combining strong and weak lensing mass reconstruction
has been the case of the Bullet Cluster (Fig. 8, Clowe et al. 2006a; Bradač et al. 2006).
The Bullet cluster comprises a pair of plane-of-the-sky merging sub-clusters, where the
dominant baryonic mass in the form of X-ray emitting gas, and the total mass, dominated
by dark matter are not aligned post collision on the sky, providing strong evidence that
dark matter is collisionless. In particular strong lensing provides useful constraints – for
instance, the offset between the peak of the baryonic mass, as traced by X-rays, and the
peak of the total mass, as traced by strong and weak lensing, is over an arcminute, and was
measured at > 10σ (Bradač et al. 2006), while the limits with only weak lensing were 8σ

(Clowe et al. 2006a). The Bullet Cluster configuration – the location of the mass peaks,
the offset between baryonic and dark matter distributions and the inferred relative velocity
of the colliding sub-clusters was a challenge to reproduce for cold dark matter simulations
Springel and Farrar (2007). The strong constraints on the inferred positions of the peaks
of mass distribution provides a challenge for simulations that assume non-negligible self-
interaction cross sections for dark matter (Randall et al. 2008; Lage and Farrar 2015). In
addition, results from combined analysis also provide useful and meaningful constraints on
several alternative gravity models as they fail to predict large mass concentration needed to
produce strong lensing constraints (e.g., Angus et al. 2006).

Many clusters now have successful measurements of mass and detailed mass distribu-
tions in combined regimes. HFF clusters have been reconstructed using combined strong
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Fig. 8 Left: The color composite of the Bullet Cluster using only weak lensing measurement. Overlaid in
blue shade is the surface mass density map from the weak lensing mass reconstruction. The X-ray emitting
plasma is shown in red. Credit NASA/CXC/CfA/STScI/Magellan, Clowe et al. 2006a. Right: Strong and
weak lensing reconstruction for the Bullet Cluster. Overlaid in red contours is the surface mass density κ

from the combined weak and strong lensing mass reconstruction. The X-ray brightness contours from the
500 ks Chandra ACIS-I observations are overlaid in yellow. Bradač et al. 2006, 2009

and weak lensing analysis; see for example (Jauzac et al. 2016; Merten et al. 2011; Wang
et al. 2015; Hoag et al. 2016; Finney et al. 2018; Strait et al. 2018). The scientific results
from these studies are discussed in Sect. 5.

4 Surveys for Cluster Lenses

4.1 HST Cluster Lens Samples: CLASH, RELICS, HFF, BUFFALO Surveys

HST has devoted significant resources to cluster lensing observations via multiple programs
including CLASH, RELICS, HFF and BUFFALO. Significant progress in the field of galaxy
cluster physics has been made thanks to the data collected within the HST Multi-Cycle
Treasury program Cluster Lensing And Supernova survey with Hubble (CLASH; Postman
et al. 2012), complemented with a comprehensive and coordinated spectroscopic campaign
carried out with the ground-based telescopes (e.g., the CLASH-VLT Large Programme;
Rosati et al. 2014).

The CLASH survey was awarded 524 orbits of HST time (GO 12066; PI: M. Postman)
to observe 25 massive (virial mass Mvir ≈ 5-30 ×1014 M�, and X-ray temperature TX ≥
5 keV) galaxy clusters in 16 broadband filters, ranging from approximately 2000 to 17000
Å, with the Wide Field Camera 3 (WFC3) and the Advanced Camera for Surveys (ACS).
The sample, spanning a wide redshift range (z = 0.18 − 0.90), was carefully chosen to
be largely free of lensing bias and representative of relaxed clusters, on the basis of their
symmetric and smooth X-ray emission profiles. CLASH had four main scientific goals: 1)
to measure the total mass profiles of cluster over a wide radial range by using strong and
weak lensing observations; 2) to detect new Type Ia supernovae out to redshift z ∼ 2.5 to
improve the constraints on the dark energy equation of state; 3) to discover and study the
highly magnified first galaxies that formed after the Big Bang (z > 7) and are brought into
view by the cluster lens; and 4) to study galaxy evolution by comparing cluster member
properties with those of and background galaxies (for a thorough overview, see Postman
et al. 2012).

A Large Programme (186.A-0798, PI: P. Rosati; Rosati et al. 2014) of 225 hours with
the VIMOS instrument at the VLT was also approved to perform a panoramic spectroscopic
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survey of the 14 CLASH clusters that are visible from ESO-Paranal. This observational
campaign was aimed at measuring in each cluster the redshifts of 1) approximately 500
cluster members within a radius of 3 Mpc; 2) determine spectroscopic redshifts for 10-30
lensed multiple images inside the HST field of view, including possible highly-magnified
candidates out to z ≈ 7 (e.g., Balestra et al. 2013); 3) possible supernova hosts. In the first
CLASH cluster that was followed-up (i.e., MACS J1206.2−0847), the spectroscopic red-
shifts were exploited to build robust strong lensing models (Zitrin et al. 2012a, Umetsu et al.
2012, Eichner et al. 2013, Grillo et al. 2014); to obtain an independent total mass estimate
from the spatial distribution and kinematics of the cluster members (Biviano et al. 2013,
Sartoris et al. 2014); to study the properties of the intracluster light (Presotto et al. 2014),
and to characterize the galaxy stellar masses as a function of environment and the stellar
mass density profiles (Annunziatella et al. 2014).

Using the unprecedented data set—panchromatic HST imaging and VLT spectroscopic
data, astronomers have measured the gravitational potential in the inner regions of the cluster
(i.e., the total mass profile in the core) for some of the CLASH clusters, by modeling the
multiple images of several newly discovered strong lensing systems (e.g., Zitrin et al. 2015b,
Coe et al. 2012, Monna et al. 2014, Grillo et al. 2015). Moreover, the combination of the
HST observations with deep, multi-band, wide-field imaging from Subaru has allowed the
weak lensing detection and therefore extension of the mapping of the total mass profile of
several clusters out to their virial radii (Medezinski et al. 2013, Umetsu et al. 2014, Merten
et al. 2015).

The advent of the MUSE instrument at the VLT has revolutionized strong lensing studies
in galaxy clusters. MUSE capabilities permit simultaneous identification and study of cluster
members and multiply imaged background sources out to z = 6.6. The exceptional suitability
of MUSE to reach these goals has been demonstrated by several successful programs (e.g.,
Karman et al. 2015, Richard et al. 2015, Grillo et al. 2016, Caminha et al. 2019, Bergamini
et al. 2021), which have enabled the construction of detailed mass models of the cores of
cluster lenses.

The results from systematic studies of lensing clusters with HST, including those from
CLASH, led to the deeper Hubble Frontier Fields Initiative (HFF; Lotz et al. 2017) that
targeted six massive galaxy clusters, for a total of 140 HST orbits per cluster in 7 broad-
band filters, achieving in all of them unprecedented depth of ∼29 mag (AB) using Director
Discretionary Time. This program has detected some of the highest redshift galaxies and
enabled the first characterization of this sample of star-forming galaxies in a statistically
meaningful way (e.g., Bouwens et al. 2017a). The HFF data have also provided a great op-
portunity to study the structure of the dark matter halos hosting these clusters (e.g., Caminha
et al. 2017, Natarajan et al. 2017, Bergamini et al. 2019, Meneghetti et al. 2020).

The Reionization Lensing Cluster Survey (RELICS; PI: D. Coe; Coe et al. 2019) con-
sisted of 190 orbits of HST time to observe the cores of 41 galaxy clusters in 7 broadband
filters, ranging from approximately 0.4 to 1.7 μm with the WFC3 and the ACS. This sam-
ple, spanning a wide redshift range (z = 0.18-0.97), was carefully chosen to be represen-
tative of the most massive clusters (M500 � 8 × 1014 M�; thus also many of the most effi-
cient cluster lenses) discovered so far, on the basis of their Sunyaev-Zel’dovich (SZ) mass
estimates released by the Planck collaboration, and other known strong lenses. These in-
clude ACT-CLJ0102−49151 (El Gordo) (Menanteau et al. 2012, Zitrin et al. 2013), PLCK
G287.0+32.9 with arcs 80 ′′ from the core (Gruen et al. 2014) and CL 0152−1357, a massive
merging cluster at z = 0.83 (Acebron et al. 2019). The HST imaging of the HFF combined
with Spitzer imaging (390 hours; PIs: M. Bradac & T. Soifer) yielded strongly lensed high-z
candidates among the best and brightest known.
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The latest contribution to the lensing data comes from The Beyond Ultra-deep Frontier
Fields and Legacy Observations (BUFFALO) Program, with 101 orbits and 101 parallels as a
part of Hubble Space Telescope’s Treasury program, taking data from 2018-2020 (Steinhardt
et al. 2020). BUFFALO expanded the existing coverage of the HFF fields in additonal filters:
WFC3/IR F105W, F125W, and F160W and ACS/WFC F606W and F814W around each of
the six HFF clusters and flanking fields. These fields are already covered by additional deep
multi-wavelength datasets, including Spitzer and Chandra. Further important additions to
the data are provided by the spectroscopic surveys, such as the Pilot-WINGS (Lagattuta
et al. 2022).

4.2 X-ray and SZ Surveys for Cluster Lenses

X-ray selected clusters have been invaluable in identifying potential strong lensing clusters.
Horesh et al. (2010) concluded that clusters from the MAssive Cluster Survey (MACS;
Ebeling et al. 2001) are significantly more—by a factor of ∼6—efficient as lenses than
optically selected clusters. Many of the MACS clusters are now household names among
those doing cluster lens modeling. X-ray clusters are also used in another capacity. Several
efforts have been underway at X-ray wavelengths to obtain complementary information on
the cluster hot gas component (e.g., Ogrean et al. 2015). Owing to the adopted selection
criteria, in all the clusters of the CLASH sample, measurements of the X-ray emission of the
hot intracluster medium, taken with the Chandra telescope (and in some cases also with the
XMM-Newton telescope) were available. These observations are in most cases sufficiently
deep to estimate the hot gas and total mass profiles, under the assumption of hydrostatic
equilibrium (Donahue et al. 2014). In some clusters, a combined strong lensing, photometric
and X-ray analysis has allowed a precise decomposition of the cluster total mass profiles into
their stellar, hot-gas and dark-matter components (Annunziatella et al. 2017, Bonamigo et al.
2017, 2018, Granata et al. 2022). Systematic searches for clusters at high redshifts, z ∼ 1,
has become possible using their Sunyev-Zeldovich (SZ) emission. The important surveys
were done by the Planck CMB satellite and the South Pole Telescope (SPT). The masses
of these clusters can be calibrated through weak lensing (Sereno et al. 2017; Raghunathan
et al. 2019; Schrabback et al. 2021).

4.3 Ground-Based Imaging Surveys for Cluster-Scale Strong Lenses

Wide optical and spectroscopic surveys such as the Sloan Digital Sky Survey (SDSS; Blan-
ton et al. 2017) have been a fruitful hunting ground for several strong lensing surveys; from
galaxy-lensed quasars, through galaxy-galaxy lenses, to the most massive cluster lenses.
Teams have used different methods to identify candidate lenses in these public data. Some
of the most well studied cluster lenses (e.g., the “poster child” cluster lens Abell 1689) are
hardly unidentifiable as such in shallow SDSS imaging. The numerous multiple images in
Abell 1689 are too faint to be robustly identified. Most shallow, ground-based surveys for
cluster lenses aim to discover the lensing effect itself, i.e., an occurrence of highly distorted
and magnified galaxy in the form of one of more giant arcs. The Sloan Giant Arcs Survey
(SGAS; PI: M. Gladders; Bayliss et al. 2011; Sharon et al. 2020) yielded hundreds of clus-
ter lenses by mining the SDSS DR7 imaging data. Starting with the SDSS public catalog,
SGAS first identified clusters and groups using the red sequence technique (Gladders and
Yee 2000). g, r , i, and z cutouts around these fields were then examined by eye to identify
lines of sight with bright arcs, and given scores. Lens and arc candidates were confirmed
through imaging and spectroscopy with larger telescopes, reaching close to 100% followup
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completeness of high-scoring candidates. The selection process was designed such that pu-
rity and completeness could be quantified, making the results useful for statistical studies of
lensing occurrence (a.k.a arcs statistics, see Sect. 5.4 and cluster studies. Due to its selec-
tion function, the SGAS sample provided a bountiful supply of highly magnified background
sources at “cosmic noon” – those galaxies that reside in the epoch when the Universe formed
most of its stars. The high magnification makes feasible detailed spectroscopic studies of the
physical properties of these galaxies (see Sharon et al. 2020, and references therein), also
leading to offshoot surveys such as MEGaSaURA (Rigby et al. 2018). Similar methods for
discovery and confirmation of strong lensing clusters were employed in searching through
the RCS-2 survey (Gilbank et al. 2011) for lenses, and most recently in the COOL-LAMPS
(Khullar et al. 2021) survey.

4.4 Cosmological and Large Area Surveys

There are multiple on-going and planned surveys that will garner large samples of cluster
lenses. While these are expected to be shallower than the HST cluster lens samples dis-
cussed above, the majority of them stand to detect and exploit weak lensing. One of recently
concluded ground-based surveys is the Dark Energy Survey (DES).

DES is a large survey of distant galaxies including clusters that aims to uncover the na-
ture of dark energy that drives cosmic acceleration using multiple techniques, that include
its impact on the abundance of galaxy clusters; weak gravitational lensing signals; type Ia
supernovae and the detection of large-scale correlations between galaxies. The survey uses
a powerful wide-field imaging camera called the Dark Energy Camera, or DECam, installed
on the 4-meter Blanco telescope in Chile. During its five-year campaign (2013-2018), the
DECam imaged approximately 5000 square degrees of the sky using five broadband fil-
ters, taking advantage of the excellent viewing conditions available on Cerro Tololo. The
final DES dataset will consist of precise photometric and morphological information for
over 200 million galaxies out to redshifts of 2.0. The survey is also periodically revisiting
smaller patches of sky to find and study over 2500 Type Ia supernovae. Forecasts for ex-
pected cluster weak lensing results from the DES and other ground based surveys with the
Rubin Observatory as well as from the Nancy Grace Roman Space Telescope are promising
for constraining cosmological parameters Wu et al. (2021).

The recently successfully launched and deployed Euclid mission consists of a 1.2 m space
telescope that is dedicated to study the imprint of dark energy and gravity via two power-
ful, complementary cosmological probes: weak gravitational lensing and galaxy clustering
(via baryonic acoustic oscillations and redshift space distortion). These two complementary
probes will capture signatures of the expansion rate of the Universe and the assembly of
cosmic structures (Amendola et al. 2013). The key instruments aboard the telescope are a
high quality panoramic visible imager (VIS), a near infrared 3-filter (Y, J and H) photome-
ter (NISP-P) and a slitless spectrograph (NISP-S). These instruments will permit accurate
shape measurements and therefore quantify weak gravitational lensing effects of dark matter
as well as three-dimensional mapping of structures with spectroscopic redshifts of galaxies
and clusters of galaxies (Sartoris et al. 2016). Euclid will observe 15,000 deg2 and is ex-
pected to find of the order of 60,000 galaxy clusters in the redshift range z = 0.2 − 2. It is
forecast that ∼ 50,000 of them will have background galaxy densities > 15 galaxies per sq.
arcmin allowing accurate determination of cluster masses from weak lensing studies out to
the virial radius and beyond (Euclid Collaboration et al. 2019). The imaging and spectro-
scopic capabilities of Euclid will enable internal mass calibration from weak lensing and
the study of the dynamics of cluster galaxies, in combination with ground based cluster
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surveys like DES (Tutusaus et al. 2020). Euclid is also expected to detect several thousand
lensed arcs, as predicted from the analysis with the Skylens simulation package, which has
catalyzed the development of new automated arc-finder algorithms. Three “Euclid Deep
Fields” covering around 40 deg2 in total will be also observed extending the scientific scope
of the mission to access the very high-redshift universe.

5 Science Results from Modeling Observed Cluster Lenses

5.1 Insights on Larger-Scales

One of the first clusters to have the mass profile derived from observed lensing was Abell
1689 (Broadhurst et al. 2005a). Its profile is consistent with that expected in the LCDM
universe, but with a somewhat larger concentration (Broadhurst et al. 2005b; Coe et al.
2010), which can be explained by the lensing selection bias because higher concentration
makes a cluster a stronger lens. A number of studies over the next decade looked at the
distribution of properties of large sets of clusters (Richard et al. 2010; Zitrin et al. 2011).
More recently, Fox et al. (2022) analysed a large sample (74) of RELICS clusters using
their strong lensing data. Not all of these were found to be in equilibrium and relaxed, and
consequently they display a large diversity in their density profiles, especially in the radial
range 50-200 kpc.

In order to test the standard LCDM cosmological model, one needs to select clusters
that are in equilibrium, because simulations (Navarro et al. 1997, 2004), and theory (Hjorth
and Williams 2010; Williams et al. 2010; Wagner 2020) make specific predictions for the
spherically averaged density profiles of relaxed dark matter halos. To determine whether
the cluster radial mass distribution is in good agreement with the predictions of, one needs a
large radial range of the mass reconstructions. The strong lensing region of clusters, wherein
the surface mass density exceeds the critical value, is relatively small, spanning at most one
decade in radius. Therefore, it needs to be supplemented with weak lensing data. Umetsu
et al. (2016) performed a joint analysis of 20 CLASH clusters using their strong, weak
and magnification data, over two decades in radius, from ∼ 30 − 3000 kpc, corresponding
to approximately the virial radius of these clusters. They found that the stacked density
profile in these clusters is well described by the fitting formulae from the cold dark matter
simulations, i.e., NFW (Navarro et al. 1997) and Einasto (Navarro et al. 2004) profiles, as
well theoretical DARKexp (Hjorth and Williams 2010) profiles for relaxed, collisionless,
self-gravitating systems. We re-iterate that massive galaxy clusters are uniquely suited for
this important test of dark matter properties because their mass is dominated by dark matter
over a wide range of spatial scales. In addition to radially averaged density profile, one can
also use the median ellipticity of a set of relaxed clusters as a test of standard cosmology and
the nature of dark matter. Using the same set of 20 CLASH clusters, Umetsu et al. (2018)
found that the median projected axis ratio of clusters’ dark matter halos is in agreement with
the predictions from recent numerical simulations of the standard collisionless cold dark
matter model.

On much smaller scales than discussed above, the density profile in the very central
regions of clusters, � 50 kpc, or a few percent of the virial radius, are often hard to estimate
because the de-magnified central images (maxima in the Fermat potential) are usually not
detected. A detection of two central images has been claimed in the cluster Abell 3827 by
(Massey et al. 2018a). Yet, the question of the central profile—whether clusters have flat
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density cores or cusps—is very important for constraining of the nature of dark matter (also
see Sect. 5.5).

Limousin et al. (2022) modeled two unimodal clusters (i.e., with a single dominant cen-
ter) AS 1063, and MACS J1206, and one bimodal cluster MACS J0416. While the last
cluster is an ongoing merger, the dynamical status of the unimodal clusters is not clear; they
show some evidence of disturbance, and so are probably not relaxed. A new metric utilizing
the computation of the power spectrum of fluctuations in the mass and X-ray gas maps re-
veals that unimodal clusters that appear smooth may still be out of equilibrium Cerini et al.
(2023). The authors conclude that cored profiles interior to ∼ 50 kpc are favored over cusped
ones in these 3 clusters. However, for the purposes of comparison with cosmological model
predictions, and stress-testing the underlying structure formation model itself more clusters,
and preferably relaxed ones, need to be analysed to make a conclusive statement about the
mass distribution in the very central regions of clusters.

5.2 Mapping Dark Matter Substructure & Galaxy-Galaxy Lensing in Clusters

The standard paradigm that describes structure formation in the Universe is the concordance
cold dark matter model with a non-zero cosmological constant (LCDM). In simulations of
the LCDM model, where dark matter is collisionless, the internal density distribution in
dark-matter halos, as noted previously, converges to a roughly “universal” and cuspy density
profile, the NFW profile (Navarro et al. 1996, 1997) over several decades in mass. Moreover,
the degree of central concentration of a halo in LCDM depends on its formation epoch, and
hence on its total mass (Wechsler et al. 2002, Zhao et al. 2003). In this scenario, objects that
virialize early are dense and compact if they get accreted and or bound into a larger halo
during hierarchical assembly. These smaller scale collapsed structures are usually referred
to as sub-halos that are held within the gravitational potential well of the more massive host
halo. Spiraling in toward the center owing to dynamical friction, while they are truncated
or disrupted by tidal forces, leads to changes in sub-halo masses, angular momentum and
energy (Ghigna et al. 1998; De Lucia et al. 2004).

On cluster scales, observational tests of several concrete LCDM predictions using lensing
mass models have been performed. The abundance of sub-halos in clusters, also referred to
the mass function of substructure (or the sub-halo mass function) is predicted to be a power
law of the form dn/dm ∝ m−1.8. This prediction has been robustly tested with increasingly
higher resolution HST data of cluster lenses and generations of state-of-the-art cosmological
simulations ranging from the Millenium simulation (Natarajan and Springel 2004; Natara-
jan et al. 2007) to the Illustris simulation suite (Natarajan et al. 2017). Predictions of tidal
stripping of subhalos in LCDM have also been tested (Natarajan et al. 2002a; Sand et al.
2002, 2004; Natarajan et al. 2009) with tidal radii estimated from lensing mass models.
Overall, properties of cluster lenses and their sub-halo mass functions were found to be in
good agreement with LCDM predictions. Recently more sophisticated and detailed compar-
isons with high fidelity mass reconstructions for clusters have become possible, so much so
that we are now in a position to stress-test the LCDM model (Grillo et al. 2015, Natarajan
et al. 2017, Meneghetti et al. 2020). In fact, Natarajan et al. (2017) report tension between
the observed radial distribution of subhalos in the massive HFF cluster lenses compared to
simulated clusters in LCDM, an issue that is replicated on galaxy scales as well, wherein the
radial distribution of observed satellites is discrepant with theoretical predictions Carlsten
et al. (2020).

Meneghetti et al. (2020) reported that the observed number of Galaxy-Galaxy Strong
Lensing (GGSL; see the right panels of Fig. 2) events, i.e., strong lensing events observed
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on the scale of individual cluster galaxies on mass scales of ∼ 1011 M� in cluster lenses,
exceeds the expectations from LCDM simulations by more than one order of magnitude.
These significant differences in the spatial and mass distributions of the cluster sub-halos do
not seem to be fully fixed by the inclusion in cosmological simulations of baryonic physics,
in the form of cooling, star formation, and feedback by active galactic nuclei. Robertson
(2021) and Bahé (2021) argue that the reported under-abundance of GGSL events in simu-
lations is due to their low resolution. These authors use considerably higher mass resolution
runs, and also include several baryonic physical processes. They report that this results in
a higher number density of substructures in lensing clusters, leading to comparable simu-
lated and observed occurrence of GGSL events. GGSL is computed using the area enclosed
within smaller scale secondary caustics. However, the majority of the contribution to the
GGSL cross section computed from the simulations reported in Robertson (2021), Bahé
(2021) arises from in-falling group-scale substructures that are more massive than those re-
ported in Meneghetti et al. (2020). In addition, in recent work, Ragagnin et al. (2022) note
that the stellar masses of cluster galaxies in the suite of simulations studied by Bahé (2021),
Robertson (2021) vastly exceed that of observed cluster galaxies which in turn artificially
enhances their computed GGSL cross section.

In continuing work pursuing the origin of this discrepancy Meneghetti et al. (2022) quan-
tify the impact of the numerical resolution and AGN feedback scheme adopted on the pre-
dicted GGSL probability to alleviate the gap with observations. Improving the mass resolu-
tion by a factor of ten and twenty-five, while using the same galaxy formation model that
includes AGN feedback does not affect the GGSL probability. Adopting an AGN feedback
scheme that is less efficient at suppressing gas cooling and star formation leads to an increase
in the GGSL probability by a factor between three and six, however, while such simulations
form overly massive subhalos whose contribution to the GGSL would be higher, their Ein-
stein radii are too large to be consistent with the observations. The primary contributors to
the observed GGSL cross-sections are compact subhalos with lower masses (in the mass
range of ∼ 1010−11.5 M�), which are not present in the appropriate abundance as inferred
from observations even in the current highest resolution LCDM simulations. Meanwhile,
Ragagnin et al. (2022) find that regardless of the resolution and galaxy formation model
adopted, simulations are unable to simultaneously reproduce the observed stellar masses
and compactness (or maximum circular velocities) of cluster galaxies and therefore account
for GGSL as measured from observed lenses.

Substructure also exists further away from the centers of clusters and their distribution
can also be compared to LCDM simulations. An excess of substructures in Abell 2744 as
reconstructed from lensing effects compared to the galaxy clusters in the Millenium XXL
N -body simulation, as discussed in Schwinn et al. (2017), suggested a mis-match. How-
ever, this disagremment can be brought into concordance by more carefully matching the
definitions of substructure in simulations and observations. Applying the same definition,
reconciles their abundances in Abell 2744 (Schwinn et al. 2018).

An alternative way to look at substructure within clusters is to analyse their projected
mass power spectra. This recently proposed approach eliminates the need to identify indi-
vidual substructures, and relies instead on characterizing the power spectrum of fluctuations
as a function of scale to compare the lensing reconstructed mass maps with that of simulated
clusters (Mohammed et al. 2016; Cerini et al. 2023).

Strong lensing when combined with kinematics has also made a significant impact on our
understanding of the central galaxies in clusters, BCGs, and the dark matter profile slopes in
these very central regions of clusters Natarajan and Kneib (1996). Sand et al. (2004, 2008),
Newman et al. (2013) found that once the BCG stellar mass of the BCG is subtracted, the
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dark matter slope is significantly shallower than NFW within ∼ 30kpc, comparable to the
effective radius of BCGs. Newman et al. (2015a) placed these findings in a larger context
of central profile slopes as a function of halo mass. For groups and individual galaxies the
central slope get progressively steeper. They conclude that dissipation-less processes are
more important in the assembly of BCGs in larger halos, like clusters, leading to shallower
slopes. Baryons, through gas cooling, are more important in lower mass halos, like groups
and individual galaxies, and lead to steeper central density profiles.

5.3 Cluster Lenses as Nature’s Telescopes

One of the key benefits of gravitational lensing by clusters is the magnification they induce
on the background galaxy population. Bringing into view faint background sources that
would otherwise not be accessible even with the most powerful space-based telescopes,
cluster lenses act as cosmic telescopes, that permit detailed studies of the magnified galaxies
behind them. Lensing magnification stretches the area behind clusters by the magnification
factor, thereby increasing the flux we receive from distant galaxies as lensing conserves
surface brightness. Acting as nature’s telescopes, clusters are expected to serendipitously
reveal the earliest forming galaxies as magnification enhances their reach to probe the very
early Universe.

At intermediate redshifts, the high lensing magnification by galaxy clusters allows us
to peer into galaxies. A particularly valuable utility is in studying star forming galaxies at
“Cosmic Noon”, z ∼ 1 − 3, a critical epoch for the assembly of the massive galaxy popula-
tion in the Universe. Galaxies that would otherwise be too faint for detailed spectroscopy to
be practical, even with the largest telescopes, are magnified by factors of tens to hundreds,
making their detailed study feasible (Rigby et al. 2018). This is thanks to the overall magnifi-
cation, which significantly reduces the required observing time for mid- and high-resolution
spectroscopy. The high linear magnification, which is manifested as (usually tangential)
distortion, resolves the internal structure of galaxies, allowing us to measure the sizes and
physical properties of even individual star forming clumps within them (e.g., Johnson et al.
2017). Detailed lens models are then deployed to place the measurements in context of their
intrinsic (source plane) values, reverse the magnification effect, and reconstruct the galaxy
morphology (e.g., Sharon et al. 2022a).

A key output that lens mass modeling provides is the calculation of the area in the source
plane that has been magnified by a given factor μ. The area in the source plane that has
(unsigned) magnification greater than μ scales as μ−2. As an example, we present in Fig. 9,
taken from Johnson et al. (2014), the magnification power of the six HFF clusters modeled
by Lenstool, plotted as the cumulative area (left axis) and volume (right axis) magnified
above a certain value as a function of magnification. The source plane area in this illustra-
tive case was computed by mapping background sources at z = 9, and summing the area
that is magnified by more than a given magnification factor. To estimate the volume, the
area is multiplied by the co-moving distance between z = 8.5 and z = 9.5. On average, the
total z = 9 area that is observed through each cluster lens is about 20% of the WFC3/IR
FOV. Approximately 10% of this area is magnified by more than a factor of six, which is
equivalent to lowering the limiting magnitude by at least 2 magnitudes.

Cluster lenses have brought into view intrinsically faint and extremely high redshift
sources, including a candidate Lyman-break galaxy MACS0647-JD at z = 11 in the CLASH
survey Coe et al. (2013) and most recently galaxy candidates detected by JWST at z ∼ 9−13
magnified by modest factors of 3–8 by the foreground cluster WHL0137 that was observed
in 8 JWST filters spanning 0.8–5.0 microns and previously in 9 HST filters spanning 0.4–1.7
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Fig. 9 The cumulative area (left
axis) and co-moving volume
(right axis) of background
sources at 8.5 < z < 9.5 lensed
by each of the HFF clusters to
magnification μ and higher. We
show, for reference, the
corresponding area and
co-moving volume of one and six
WFC3/IR field of view regions
(diamonds). Image reproduced
with permission from Johnson
et al. (2014), copyright by AAS

microns. Recent data from the JWST UNCOVER & GLASS surveys have also revealed the
presence of a high density of bright galaxies behind the cluster lens Abell 2744 (Castellano
et al. 2023). Other cluster surveys like RELICS have uncovered several highly magnified
sources at z ∼ 6 − 7 (Acebron et al. 2018). In addition, the number counts of highly mag-
nified sources obtained from cluster lenses permit constraining the faint end of the galaxy
luminosity function from moderate to high redshifts (see for example results from the use
of HFF cluster lenses: Alavi et al. 2016; Bouwens et al. 2017b; Livermore et al. 2017; Atek
et al. 2018; Yue et al. 2018; Bouwens et al. 2022). The faint end slope encodes important
information about the efficiency of star formation, a key unknown in our current understand-
ing of galaxy formation. JWST with its access to the highest redshift, early forming galaxies
is anticipated to transform these studies in the near future.

5.4 Statistics of Giant Arcs in Clusters

Bright, merging multiple images of extended background sources lensed by clusters often
appear as curved, highly elongated arcs, called giant arcs. Originally, arc statistics were in-
troduced in Grossman and Narayan (1988) to investigate the abundance of giant arcs as a test
of the hypothesis that these features were actually produced by gravitationally lensing. The
abundance and the observable properties of giant arcs depend on the total mass and density
distribution of clusters, their redshift evolution, the properties and evolution of sources, the
nature of dark matter, as well as global cosmology (e.g., Bartelmann et al. 1998; Williams
et al. 1999; Wambsganss et al. 2004; D’Aloisio and Natarajan 2011; Mahdi et al. 2014).
In recent years the global cosmological parameters are estimated from other observations,
mostly the CMB and baryonic acoustic oscillations (BOA), however giant arcs can be po-
tentially used as a probe of redshift evolution of non-linear structure in the Universe, and the
nature of dark matter.

The impact of the evolution of structure formation, in particular for different types of
dark matter, on strong gravitational lensing observables is detailed in Mahdi et al. (2014)
and Elahi et al. (2014) in which warm and cold dark matter structure growth is compared
with respect to their giant arc statistics. Both works conclude that warm dark matter (WDM)
clusters show more extended and massive substructures than those of their cold dark matter
(CDM) counterparts, thus enhancing the shear and convergence. In addition, these WDM
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substructures reach farther out into the cluster halo than the CDM ones. These effects lead
to WDM clusters having enhanced giant arc production and not a reduced one as one would
naively expect, if one considers only that small-scale structures are smoothed out in WDM
cosmologies. Beyond the single lens plane, the impact of deflecting structures along the
line of sight which are uncorrelated with the main lens are analysed in, e.g., Puchwein and
Hilbert (2009), Bayliss et al. (2014), Li et al. (2019). They conclude that such structures
need to be taken into account in order not to underestimate the abundance of giant arcs,
because line-of-sight structures can boost the lensing cross-section for individual clusters
by up to 50%.

Complementary to using giant arcs, highly magnified but undistorted images (e.g., Zitrin
and Broadhurst 2009) can also be used to probe the structure of clusters (Williams and
Lewis 1998; Morioka and Futamase 2015). Another approach to arc statistics is to search
for observations of uncommon and irregular multiple image configurations deviating from
the theoretically predicted ones (usually fold and cusp configurations) (Orban de Xivry and
Marshall 2009; Meena and Bagla 2021). Finding extremely rare image properties can re-
fute the underlying assumptions, e.g., about the statistical distribution of dark matter in a
given background cosmology. Though a potentially powerful diagnostic, statistics of giant
arcs still needs further improvement in order to be turned into a reliable probe. The main
difficulties—accounting for selection effects in sufficiently realistic lensing mass models
(e.g., Li et al. 2016; Plazas Malagón 2020)—will need to be tackled to make use the upcom-
ing data: a 30-fold increase in the number of giant arcs from the full sky surveys like Euclid
(Meneghetti et al. 2013). Extensive reviews of the development of arc statistics are given in
the introduction of Caminha et al. (2013), and in the overview paper by Meneghetti et al.
(2013).

5.5 Constraints on the Nature of Dark Matter

Though in the standard cosmological model dark matter particles are cold and collisionless,
and none of the existing observations rule that out, the possibility remains that dark matter,
or some fraction thereof, is either warm (WDM) or self-interacting (SIDM). Cluster strong
lensing can be used to test the properties of dark matter particles and constrain the level of
self-interaction.

WDM: predicts the existence of numerous sub-galactic scale dark matter halos, which
would be largely invisible through in electromagnetic emission (Diemand et al. 2007;
Springel et al. 2008). In WDM cosmologies, these low mass subhalos would be erased by
the large streaming length of relativistic particles (Bose et al. 2017; Rossi 2020). Specifi-
cally, and WDM predict very different abundances of subhalos with masses � 108 −109M�.
Therefore, measuring subhalo abundances and properties down to this mass range will help
indicate what cosmological model we live in. Isolated subhalos are very hard to detect gravi-
tationally, however, in galaxies and clusters of galaxies their small individual lensing effects
can be detected because they are superimposed and are amplified by the magnification ef-
fect of the underlying larger scale lens Şengül et al. (2023). In clusters, their presence will
be especially easy to detect near the critical curves created by the cluster as whole, where
magnifications are very high over ∼arcsec scales. These probes hold great promise (Kaurov
et al. 2019; Dai et al. 2020; Griffiths et al. 2021; Diego et al. 2022), and as suggested in
recent work, new lens modeling methodologies like the use of the curved arc bases might
permit future detection Şengül et al. (2023).

SIDM: The recent interest in self-interacting dark matter was spurred by apparent dis-
crepancies with the predictions of on galaxy scales (Spergel and Steinhardt 2000) – the so-
called cusp-core problem. And even though most of these observations can now probably
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be accounted for with collisionless dark matter, the interest in dark matter self-interactions
persists. There are a few cluster-scale measurements that can be performed using strong
lensing to place constraints on dark matter particle self-interaction cross-section per unit
mass, σ/m. Some of the earliest proposed tests were cluster ellipticity (Miralda-Escudé
2002): SIDM should result in rounder cluster cores and the sizes of tidal truncation radii for
subhalos, that provide an estimate on the interaction cross-section (Natarajan et al. 2002b).
However, it was later shown (Peter et al. 2013) that ellipticity is likely subject to other dy-
namical effects, and cluster core sizes may likely provide a better diagnostic. The size of
constant density cores in clusters can also place constraints on SIDM; a recent core esti-
mate of � 4kpc in Abell 611 implies σ/m � 0.1g/cm2 (Andrade et al. 2019). Using results
of BAHAMAS-SIDM hydrodynamic simulations Robertson et al. (2019) discuss lensing-
based test of SIDM for future cluster surveys. For the current CLASH survey they conclude
that cross-section σ/m� 1g/cm2 (for systems with velocity dispersions of 1000 km s−1) can
be ruled out. Baryons play an important role in determining the properties of clusters’ cen-
tral regions. Taking their distribution into account, Despali et al. (2019) conclude that future
wide-field surveys might be able to distinguish between CDM and SIDM models based on
the distribution of the Einstein radii of cluster lenses. Because SIDM leads to flat density
cores in clusters, the central bright galaxies are expected to wobble (i.e., wander away from
the cluster center) and result in larger cluster-mass dependent offsets in SIDM cosmologies,
compared to LCDM. Based on BAHAMAS-SIDM simulations, Harvey et al. (2019) con-
clude that their sample of 10 observed clusters is consistent with CDM at 1.5σ level. One
of the additional predictions of SIDM is that dark matter halos can undergo gravothermal
collapse late in their evolution, similar to that of Globular Clusters, thereby increasing the
central halo densities by a factor of several (Yang and Yu 2021). In that case one could ex-
pect individual galaxies in galaxy clusters to act as exceptionally strong lenses, producing
∼ arcsecond scale multiple images. As noted previously many such GGSLs have recently
been observed in galaxy clusters (Meneghetti et al. 2020), and though their high abundance
still remains an open question within collisionless, SIDM accompanied by gravothermal
collapse may offer an alternative if warranted.

Clusters offer yet another powerful test of the nature of dark matter. Similar to gas ram
pressure stripping, self-interactions between dark matter particles would tend to transfer
momentum between two cluster-scale halos in merging clusters, or between cluster-scale
halo and embedded galaxy-scale halo, resulting in offsets between baryonic and dark matter
peaks. These effects have been investigated in simulations (Kahlhoefer et al. 2015), and
signatures of these interactions were searched for in galaxy clusters. After initial reports
about finding offsets (Massey et al. 2015), better data acquired later showed that the offsets
were consistent with zero interaction cross-section (Massey et al. 2018b). Robertson et al.
(2017) use the Bullet Cluster and estimated that even an interaction cross-section as large as
σ/m = 2 cm2g−1 is not ruled out by this cluster. However, they also caution that measuring
offsets between baryonic and dark matter peaks must be done consistently in simulations
and observations and this remains a challenge.

5.6 Cosmography with Cluster Lenses

If a source is strongly lensed into two images, the difference in time that light takes to
reach the observer from the two different directions, i.e., the time delay (t ) between the
two images due to the difference in path length, is related to the gravitational potential of
the lens (φ[θ ]) and the so-called time-delay distance (Dt ). The latter scales with the three
angular-diameter distances, observer-deflector (Dd), observer-source (Ds), and deflector-
source (Dds): Dt ∝ Dd × Ds/Dds. Since each of the distances is proportional to c/H0,
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it implies that Dt ∝ 1/H0. The uncertainty in Dt (and thus on H0) is approximately the
sum in quadrature of the uncertainty in time-delay (δt ) and the uncertainty in differences in
gravitational potential (δφ). The time delays observed in the multiple images of time-varying
sources strongly lensed by galaxy clusters have typical values of several months/years, so
they can be measured with an approximate 1-3% precision (e.g., Fohlmeister et al. 2013,
Dahle et al. 2015, Kelly et al. 2016). Most recently, Muñoz et al. (2022) report < 0.05%
precision on the 3 time delays of the quasar in cluster SDSS J1004+4114, which has been
monitored for 14.5 years. Supernova, with their known lightcurves can provide precise es-
timates with considerably shorter monitoring. The main remaining uncertainty lies in the
potential of the cluster lens. With sufficient photometric and spectroscopic observational
data, it may be possible that δφ � 5% can be reached in lens galaxy clusters (e.g., Grillo
et al. 2015, 2016). This corresponds to a remarkable precision of ∼6% on the value of H0

from a single lens cluster with measured time delays (e.g., Grillo et al. 2018, 2020).
Time-delay distances are primarily sensitive to the value of H0, and more mildly on those

of other cosmological parameters. If a lens produces multiple images of two sources (1
and 2), located at different redshifts, the observed positions of the multiple images provide
information about φ and the so-called family ratio (Dds1 × Ds2)/(Ds1 × Dds2). In galaxy
clusters, usually showing several multiple images, different values of this ratio can be used
at the same time to estimate the values of the cosmological matter (�m) and dark-energy
(��) density parameters, and the dark-energy equation-of state (w) parameter (e.g. Soucail
et al. 2004; Gilmore and Natarajan 2009), defining the global geometry of the Universe.
Using observed cluster lenses Jullo et al. (2010), Caminha et al. (2016), Magana et al. (2018)
have demonstrated that cluster strong lensing cosmography could be competitive with other
cosmological probes once systematics are better quantified and controlled.

Multiple images of supernova Refsdal in HFF cluster MACS J1149 was recently used to
constraint H0 (Kelly et al. 2023). In addition to supernova, variable quasars can also be used
as sources behind clusters. One of these is SDSS J1004+4112. The time delay of the fourth
arriving image was predicted by different groups some years ago. After a nearly 15 year
observing campaign that delay was finally measured to be 6.73 ± 0.003 years (Muñoz et al.
2022), and agrees well with some of the predictions (Liesenborgs et al. 2009; Mohammed
et al. 2015). Using the measured time delays in three clusters with background quasars and
archival HST imaging, Napier et al. (2023) measured the value of H0 which agrees with
the one from Refsdal within 1σ , but has somewhat larger modeling uncertainties, because
the 3 clusters have fewer lensed images than HFF clusters. They estimate that of order of
50 cluster-lensed quasar systems would help reduce the uncertainties on H0 to below the
1% level, which is expected to be detected in the next decade (Robertson et al. 2020). These
results show that galaxy clusters are competitive in the measurement of the Hubble constant,
once sufficient systems are discovered and analyzed.

Most of the baryons in galaxy clusters are in the form of hot, X-ray emitting gas. Massive
galaxy clusters can be assumed to have formed from representative regions of the Universe,
and hence the ratio of the mass in baryons they contain to that of dark matter (i.e., the gas
mass fraction) should be a constant, not evolving with redshift. This assumption can be used
to constrain global cosmological parameters, like h2�b , and �m (Applegate et al. 2016;
Allen et al. 2011; Mantz et al. 2014). Lensing plays a key role in this determination as it
measures the cluster masses. One can also turn the argument around: assume cosmological
parameters and determine if the baryon fraction in clusters evolves with redshift. Holanda
et al. (2017) estimate that there is no statistically significant evolution of the baryon mass
fraction with z.
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5.7 Impact of Line-of-Sight Structures and Multiple-Lens Planes

Traditional single-plane lensing analyses assume that the mass of the deflector is concen-
trated in a single plane, at the redshift of a cluster. More advanced multi-plane lensing stud-
ies, taking into account the observed mass distributions at redshifts different from that of the
cluster, are becoming possible, thanks to some recent software developments. In the former
case, the light rays emitted from a distant source and received by an observer are deflected
only once (i.e., when crossing the galaxy cluster); in the latter, multiple deflections have to be
added properly (see Blandford and Narayan 1986; Schneider 2014). The observed positions
and fluxes of each galaxy contributing to the total deflection has to be re-scaled iteratively in
the modeling process, according to the deflection and magnification values associated with
the mass of the objects in the foreground.

Studies by Bayliss et al. (2014), D’Aloisio et al. (2014), Chirivì et al. (2018), Williams
et al. (2018), McCully et al. (2017) found that line-of-sight (LOS) galaxies can have a sig-
nificant impact on the reconstruction of some multiple image positions, but the inclusion
of LOS mass distributions in the strong lensing models of galaxy clusters can reduce only
modestly the rms offset between the observed and model-predicted positions of all multiple
images. These studies also noted that the perturbing contribution of foreground galaxies is
more important than that of the background ones and that accounting for LOS mass struc-
tures, as if they were at the cluster redshift, can partially lower this offset. Recently, Raney
et al. (2020a) confirmed that LOS galaxies can account for a significant fraction of the
typical image position residuals of current state-of-the-art strong lensing models of galaxy
clusters and that the values of the image magnifications can be affected by a few percent.

5.8 Local Properties of Clusters Around Extended Images

Most of the work on cluster lensing presented in the literature involves reconstruction of the
mass distribution over the whole lens plane region of the cluster. As described in earlier sec-
tions, this reconstruction can use simply parametrized models, free-form models, or hybrid
ones. However, a very different type of analysis is also possible, one that does not involve
modeling the whole contiguous central region of the cluster, and recovers cluster properties
only at the locations of extended images.

The strong gravitational lensing formalism provides only local information about the de-
flecting mass distribution in the lens plane at the positions of the multiple images. Assuming
that the surface mass density and shear are constant over the area considered for evaluation
around the multiple image locations, we can use the image morphology to retrieve ratios
of convergences, f (ij) between multiple images i and j arising from the same individual
source, i, j = 1, . . . , ni (with ni being the total number of images from the same source),
and the reduced shear components at the positions of all ni images

f (ij) ≡ 1 − κ(θ (i))

1 − κ(θ (j))
, g

(i)

1 = γ1(θ
(i))

1 − κ(θ (i))
, g

(i)

2 = γ2(θ
(i))

1 − κ(θ (i))
. (5)

These convergence ratios and reduced shear components can be determined by features in
the brightness distributions of the multiple images, most often star forming regions. At least
three multiple images with three features that are not aligned in each image are required.
Wagner (2019) details how to uniquely determine the f (ij) and g(i) from these feature vec-
tors, Lin et al. (2022) and Lin et al. (2023) show the impact of non-unique feature matching
when one image contains multiple candidate features that can be matched with one single
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feature showing in other images. Lin et al. (2022) also set up an algorithm to identify the
positions of these features in the presence of noise. Alternatively, the quadrupole moment
of a featureless brightness profile around its centre of light can be employed.3

Inserting Eq. (5) into the distortion matrix for each multiple image

A =
(

1 − κ − γ1 γ2

γ2 1 − κ + γ1

)
, (6)

ratios of magnifications can also be determined based on these local lens properties. If flux
measurements covering the same area of the multiple images are available, a comparison
between the flux ratios and the magnification ratios yields a consistency check for the local
lens properties in Eq. (5). Deviations may hint at dust extinction, additional micro-lensing,
or lensing effects beyond convergence and shear.

To investigate the impact of higher-order lensing effects in galaxy clusters, gradients of
reduced shear and convergence maps in simulated clusters, like Ares and Hera (Meneghetti
et al. 2017), are analysed, as further detailed in Wagner (2022). On the resolution scale of
the pixels used in these simulations, the results reveal that, in more than 90% of all pixels
covering the lensing area, the gradients in θ1- and θ2-directions are less than 10% of the
convergence and reduced shear values at these pixels. More than 67% of all pixels in the
Ares and Hera lensing area have gradients of less than 2% of their respective distortion
matrix entries. Hence, at current observational precision, neglecting higher-order lensing
effects on galaxy-cluster scales is valid to a good approximation.

In addition, assuming a smooth deflecting mass density in the vicinity of the multiple
images that straddle a critical curve, we can use the observables in the multiple images to
constrain the position of the critical curve between these images. To leading order, points on
the critical curve between two images in a fold-configuration can be determined as the mid-
point dividing the connection line of corresponding features in the two multiple images. Re-
trieving local lens properties is very useful in newly detected galaxy clusters in which only
few spectroscopically confirmed multiple images have been identified. Using a synthetic
cluster Ares, Johnson and Sharon (2016) estimate that one needs > 10 spectroscopically
confirmed image sets to precisely determine the mass enclosed within the Einstein radius of
a cluster-lens. Thus, the lens modelling algorithms introduced in Sect. 3 cannot be applied
to galaxy clusters like RM J223013.1-080853.1 (Rykoff et al. 2016), which was identified
after a serendipitous discovery of a multiple-image system. So far, it only shows three spec-
troscopically confirmed multiple images for a common background galaxy at zs = 0.8200.
Nevertheless, Griffiths et al. (2021) succeeded in constraining the smoothness scale of dark
matter by applying the approach outlined above to the three highly resolved images. Fig-
ure 10 shows the galaxy cluster at zd = 0.526, determined by its ∼60 cluster member galax-
ies, and details of the confirmed multiple images.

Using the ptmatch-program4 Wagner and Tessore (2018), Wagner et al. (2018) deter-
mine the properties in Eq. (5). The fact that the algorithm obtains a solution supports the
assumption of constant entries in the distortion matrix in the areas spanned by the bright-
ness features shown in Fig. 10 (left). The observed flux ratios in all five available HST filters
(F110W, F140W, F160W, F606W, F814W) also show a high degree of agreement with the
magnification ratios of ptmatch, which is a second consistency check corroborating the as-
sumption. Each lens model has its underlying assumptions, for instance that light traces mass

3An example for the usage of the quadrupole ellipticity and direction is given in Wagner and Williams (2020)
albeit for a galaxy-scale lens.
4available at https://github.com/ntessore/imagemap.

https://github.com/ntessore/imagemap
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Fig. 10 Galaxy cluster RM
J223013.1-080853.1 at
zd = 0.526 ± 0.018 with a cusp
configuration of highly resolved
images from a clumpy disk
galaxy at zs = 0.8200 ± 0.0005
(right). The features in the
brightness profiles (numbered
yellow circles in the details on
the left) are used to reconstruct
the local lens properties in Eq. (5)

Fig. 11 The galaxy cluster strong
gravitational lens CL0024+1654
at zd = 0.39 (background) and
the five multiple images of a blue
spiral background galaxy at
zs = 0.1675 (details around
CL0024) with their six brightness
features, star-forming regions,
that can be used to extract the
local lens properties in Eq. (5).
(See Lin et al. 2022, for details.)

(see Jullo et al. 2007b; Zitrin et al. 2009b), or regularisation constraints on the smoothness
of the mass density. Such assumptions are not employed in the observation-based approach
outlined in Sect. 5.8. A comparison between the local lens properties (Eq. (5)) extracted
from the lens-model reconstructions at the multiple image positions and the same properties
directly obtained from the multiple-image observables (according to the procedure described
in Sect. 5.8) allows us to corroborate or refute lens model assumptions.

As an example, Wagner et al. (2018) use the strongly-lensing galaxy cluster CL0024+
1654 at zd = 0.39 to investigate the differences between the lens-model-independent local
lens properties, those obtained in a Lenstool and a Grale reconstruction. The local
lens properties are extracted at the positions of five highly resolved images of a blue spiral
background galaxy at zs = 1.675. In addition to these images, the Lenstool and Grale
reconstructions employ the same set of 14 multiple image positions of 5 other background
sources. Images’ extended nature is not taken into account, only their centres of light are
used as image positions.

The six brightness features in the five resolved multiple images shown in Fig. 11 con-
strain the local lens properties of Eq. (5) at the five positions in the cluster area for several
filter bands, which shows overall consistency of these local lens properties (Lin et al. 2022).
Extracting the same local lens properties determined by the Lenstool and Grale recon-
structions, the authors find a high degree of agreement between the f (ij)- and g(j)-values of
all three approaches. This implies that in the vicinity of the highly resolved multiple images,
(i) the light-traces-mass assumption and the hypothesis of a constant mass-to-light-ratio for
the brightest cluster member galaxies as used in Lenstool can both be corroborated for
CL0024+1654; (ii) Grale arrives at similar conclusions via a completely different route.
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Fig. 12 Convergence maps for CL0024+1654 obtained from Lenstool (left) and Grale (right) using the
five images of the highly resolved spiral galaxy (red dots) and 14 additional images from five other source.
The yellow curves mark the isocontour κ = 1. Image reproduced with permission from Wagner et al. (2018),
copyright by ESO

Despite the fact that Lenstool and Grale generate the same local lens properties at
the five image positions, their global convergence maps greatly differ, as shown in Fig. 12.
This is to be expected because the lens models are dominated by the multiple image ob-
servables only at their positions. Farther away from the data points, lens-model specific
additional assumptions determine the global morphology of the reconstruction, causing the
differences in the resulting convergence maps.

In the regime of several tens of multiple-image systems, the differences in the conver-
gence maps between model-based lens reconstructions, as described above, occur because
the sparse multiple-image constraints are not sufficient, and need to be complemented by
additional assumptions to obtain a global lens morphology. The observation-based, model-
free method discussed in this Section can be used to compare and cross-check additional
modeling assumptions. In the future, observations with JWST will increase the number of
multiple images per cluster by an order of magnitude from about 100 to 1000 (Ghosh et al.
2020). Accordingly, the impact of model assumptions will decrease and the area covered
by multiple images which is reconstructed with an accuracy above 90% will increase from
about 40-50% to about 65%. The use of model-free methods can also be extended to more
images, further confirming the recovered mass distribution in clusters.

6 Lensing by Galaxy Groups

Galaxy groups are similar to clusters, but have lower masses, ∼ 1013 − 1015M�, and so
‘fill’ the mass gap between individual galaxies and clusters. Given that they are more nu-
merous, galaxy groups can be important contributors to the study of background sources,
the mass distribution in lenses, or cosmological parameters. For that reason, Fox and Pen
(2001) suggested that groups can be used to test for the NFW profile. They analytically
compared the lensing efficiency of NFW vs. singular isothermal sphere (SIS) profiles, and
concluded that NFW dark matter halos are ∼ 200 less efficient than SIS, therefore strong
lensing statistics by groups could provide a sensitive test of the inner density region of virial-
ized structures. Their finding of low group cross-section to strong lensing is consistent with
there being no instances of strong lensing by groups in the Hubble Deep Field. Newman
et al. (2015b) addressed the same question of group’s density profile. They used a sample
of 10 strong lensing groups and found that the central regions are consistent with NFW,
but are possibly somewhat steeper, which they ascribed to the contribution from the central
elliptical galaxy. Verdugo et al. (2014) analyzed how the Einstein radius of galaxy groups
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in the Strong Lensing Legacy Survey (Limousin et al. 2009; More et al. 2012) relates to the
group’s properties, like velocity dispersion. They showed that all correlations between group
properties have a considerable amount of scatter, but there is some evidence that the Einstein
radius is decreasing with increasing redshift. Foëx et al. (2014) used weak lensing data for
80 strong lensing galaxy groups to estimate the groups’ mass vs. concentration relation. The
relation they found is steeper than that seen in simulations. They attribute this to the fact
that strong lensing selected groups are preferentially aligned along our line of sight because
that way they present a larger strong lensing cross-section, and are more easily detected.
Detailed study of one group, SL2S J02140-0535 by Verdugo et al. (2011), whose measured
concentration parameter is somewhat larger than predicted by simulations, is in agreement
with this. Therefore galaxy groups selected by their strong lensing features may constitute a
biased sample of groups in general.

In the recent years there have been a few dedicated searches for strong lensing in galaxy
groups that aim to find and analyze or order 100 or more groups, instead of 10 or so used
in earlier works. Jaelani et al. (2020) carried out a Survey of Gravitationally-lensed Objects
in HSC Imaging using Hyper Suprime-Cam Subaru Strategic Program (HSC-SSP) Survey
(Aihara et al. 2018), covering ∼ 1114deg2. They discovered 641 candidate lens systems, of
which 47 are almost certainly bonafide lenses; see Fig. 13 for some examples. The future of
group-scale lensing will definitely make use of such large surveys where the observational
selection effects are well quantified, and resulting catalogues of groups can be used for sta-
tistical studies. But the other aspect of groups, detailed study of individual groups that have
abundant data on both lensing and kinematics also promises to yield interesting results. For
example, Wang et al. (2022) studies the mass distribution in CASSOWARY 31, using strong
lensing data from HST imaging and kinematics from MUSE integral-field spectroscopy.
They identified 5 sets of multiple images, on par with some clusters, and obtained detailed
mass maps of the system, concluding that it is peculiar fossil group, strongly dominated by
dark matter in its central regions. Systems like this can finally realize the prediction from
20 years ago (Fox and Pen 2001) that groups are excellent systems to probe the structure of
dark matter halos.

7 Prospects for Cluster Lensing from Upcoming Instruments and
Surveys

JWST observations are expected to revolutionize the study of cluster lensing. The early
results are very promising and exciting. Caminha et al. (2022b), Golubchik et al. (2022),
Mahler et al. (2023), Sharon et al. (2022b) all present mass models of the first strong grav-
itational lens observed by the JWST, SMACS J0723.3-7327. In Fig. 1 we show the lens
model presented in Mahler et al. (2023). The first deep-field observations of the JWST have
yielded a surprisingly large number of very high redshift galaxy candidates, z = 10 − 16
(Furtak et al. 2023). The JWST Prime Extragalactic Areas for Reionization and Lensing
Science (PEARLS) project will look for high redshift galaxies behind 7 lensing clusters
(Windhorst et al. 2023). Meanwhile Laporte et al. (2022) report finding a lensed protoclus-
ter candidate at z = 7.66 behind a lensing galaxy cluster SMACS0723-7327. JWST data
will allow testing our current cosmological paradigm via the detailed studies of substructure
that it will provide for direct comparison with LCDM simulations and predictions.

The upcoming Euclid space mission with the expectation of detecting upto 60,000 galaxy
clusters from z ∼ 0.2 − 2, and of the order of several thousand strongly lensed arcs stands to
transform our understanding of the assembly history of clusters. With accurate weak lensing
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Fig. 13 Examples of group-scale lensing candidates from the Hyper Supreme Cam on the Subaru Telescope
(Jaelani et al. 2020). The letters A or B at the bottom of each panel indicate the confidence grade of this being
a lens. The white horizontal bar at the bottom of each panel is 5 arcseconds long. North is up, East is to the
left

mass estimates out to the virial radius, Euclid will enable tracing the mass build-up and
growth of structure in the Universe. Euclid is expected to provide a stringent test of the cold
dark matter paradigm as data from the mission will permit probing the radial density profile
and the ellipticity of clusters, both of which are predicted by LCDM. The anticipated data
deluge has catalyzed the development of many new automatic lensing detection algorithms.
In combination with DES, Euclid data will provide tighter cosmological constraints from
clusters. On the modeling side, improved existing lens inversion methods, as well as new
reconstruction methodologies under development currently will rise to meet the challenge of
JWST data and data from other planned surveys are expected to improve our understanding
of the clusters and the high redshift Universe.
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