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Abstract
By assuming that a risk-neutral hedge fund manager has ambiguous beliefs about the 
return process of risky asset, we study his robust risk choice under the high-water mark. 
The results show that without management fees, ambiguity aversion induces the man-
ager to take more risk as the fund is close to the termination but take less risk as the fund 
approaches the high-water mark. With management fees, ambiguity aversion increases the 
induced risk aversion and moderates the manager’s incentive to take risk, predicting that it 
is the manager with higher rates of management fees that reduces the risky asset holdings 
more when he becomes less confident and/or more pessimistic about the future returns. 
The model implies that managers’ ambiguity aversion is a possible factor explaining hedge 
fund activities in stock markets during the financial crisis of 2007–2009 and in US Treas-
ury markets during COVID-19 crisis. Finally, taxation is taken into account.
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1 Introduction

Over the last several decades, the hedge fund industry has grown at a very fast pace and 
achieved a great size over four trillion dollars under management.1 Hedge funds play sev-
eral great roles in financial markets, such as supplying liquidly, eliminating market mis-
pricings, even potentially disrupting financial markets, etc (see, Agarwal and Ren 2023). 
Differing from mutual funds, hedge funds are very flexible with respect to the types of 
securities they hold and the type of positions they take.2 Thus, hedge funds have strong 
incentives to construct highly dynamic, complex trading strategies, thereby exposing their 
portfolios to a plethora of economic risk factors. In addition, capacity of the hedge fund 
managers or performance is often reflected by ‘alpha’, which is the intercept in the regres-
sion of the fund’s excess return on the excess return of some passive benchmarks guided 
by factor pricing models in the spirit of Ross (1976) Arbitrage Pricing Theory. However, 
Vrontos et al. (2008) point out that while many factors that are priced in hedge fund invest-
ments have been identified, the issue of identifying the “correct" set of factors remains 
open; and is usually referred to as “model uncertainty".3

Recently, Heaton (2019) contributes one of the reasons why hedge fund activism has 
mostly disappointed to that hedge activists are likely to be too pessimistic since the com-
petition for activist targets likely results in the most pessimistic—and therefore most incor-
rect—activist being the one to appear at a given firm. In particular, Nishimura and Ozaki 
(2017) show that seemingly irrational, excessively pessimistic behavior can be in fact 
“rational" in the sense that it is consistent with axioms that are “reasonable," under funda-
mental (Knightian) uncertainty about the future. Along with the findings of Heaton (2019), 
the arguments of Nishimura and Ozaki (2017) imply that hedge fund managers to some 
extent face a amount of model uncertainty. Importantly, Argyropoulos et al. (2022) point 
out that there is significant time variation in the set of risk factors and their respective load-
ings which in turn introduces severe model risk in any attempt to model and forecast hedge 
fund returns.4 Accordingly, we introduce model uncertainty into the risk choice model of 
Drechsler (2014) by assuming that the fund managers are concerned about potential model 
misspecification and investigate the fund managers’ robust risk taking. Specifically, a fund 
manager compensated by a high-water mark (hereafter, HWM) contract can freely trade a 
riskless asset and a risky asset, but has ambiguous beliefs about the return process of risky 
asset and accordingly cares about robust risk choice.5

1 See https:// www. barcl ayhed ge. com/ solut ions/ assets- under- manag ement/ hedge- fund- assets- under- manag 
ement/.
2 Jiang et  al. (2022) show that style-shifting is a dynamic strategy commonly employed by hedge fund 
managers and Sun et al. (2022) identify the direct impact of fund style drift on the risk of stock price col-
lapse.
3 Cvitanic et al. (2003) adopt 5 different asset pricing models to compute a fund abnormal return and use 
the dispersion in alphas across models as a measure of model uncertainty.
4 By analyzing the strictest policy responses to the coronavirus pandemic from January 2020 to May 2022 
belong to Italy, China, Hong Kong, Greece, Austria, Peru, Singapore and Malaysia, Owjimehr and Hasan-
zadeh Dastfroosh (2022) find that the policy reduces uncertainty in the stock market only in Malaysia and 
Singapore. This implies that many market participants face great uncertainty.
5 While we include ambiguity about the expected return of risky asset but make no assumptions regard-
ing the origin of this ambiguity. It can arise from a lack of statistical evidence, a lack of theoretical evi-
dence, and so on. In practice, the parameters of the asset returns distribution, such as the expected return, 
are largely unknown and difficult to estimate, imposing a considerable amount of model uncertainty on 
market participants.

https://www.barclayhedge.com/solutions/assets-under-management/hedge-fund-assets-under-management/
https://www.barclayhedge.com/solutions/assets-under-management/hedge-fund-assets-under-management/
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To maintain the analytical tractability as in Drechsler (2014), we adopt the homothetic 
robustness methodology developed by Maenhout (2004, 2006) but conduct a necessary 
modification. This is due to the following facts. On the one hand, there are two state varia-
bles, the fund wealth and the HWM. On the other hand, the manager has the option to shut 
down any further risk taking and only receives the management fees or the outside option 
upon the exogenous random termination. This component can be independent of the fund 
wealth or the ratio of fund wealth to HWM. Thus, the homothetic robustness methodology 
requires the manager value function net of the discounted value of the future payments that 
would accrue to the manager if he were to shut down any further risk taking. With this 
modification, our extension maintains the analytical tractability and provides some impor-
tant implications in a parsimonious manner.

The analytical solution shows that ambiguity aversion influences the fund manager’s 
risk choice through two channels, a direct channel and an indirect channel. The direct effect 
enhances the (induced) effective risk aversion in the way proposed by Maenhout (2004, 
2006) but the indirect effect embodies in modifying the sensitivity of induced risk aver-
sion to the ratio of fund wealth to HWM. Their interactions can generate a variety of risk 
taking, thereby, to some extent, helping to explain the observed cross-sectional variation in 
hedge fund managers’ portfolio decisions documented by Sias et al. (2016), and providing 
theoretical support for the evidence of DeVault and Sias (2017) that hedge fund managers’ 
psychological characteristics influence their portfolio choice.

In the scenario without management fees such that maximizing the present value of per-
formance fees is the main incentive for the fund manager, our findings show that as the 
fund closes to the termination, the manager’s ambiguity aversion reduces his effective risk 
aversion and hence encourages him to take more risk. This implies that ambiguity aver-
sion can increase the manager’s propensity to shift risk in response to poor performance. 
Nevertheless, as the fund approaches the HWM, ambiguity aversion increases the induced 
risk aversion and accordingly induces the fund manager to take less risk. This is partially 
consistent with the empirical finding of Kouwenberg and Ziemba (2007) that returns of 
hedge funds with incentive fees are not significantly more risky than the returns with-
out such compensation contract. However, given a reasonable level of management fees 
(i.e., 2%), the effects of ambiguity aversion following poor performance diminish in that 
ambiguity aversion increases the induced risk aversion and dampens the manager’s risk 
choice, thereby moderating his incentive to take risk. Along with the fact that economic 
turndown can lead the manager to become less confident and/or more pessimistic about 
the future returns of assets under management,6 this may predict that it is the hedge fund 
manager with higher rates of management fees that reduces his holdings more. Moreover, 
this implies that manager’s ambiguity aversion may be a factor that contributes to the aver-
age decline in hedge fund equity holdings during the selloff quarters in the financial crisis 
of 2007–2009 (see, Ben-David et al. 2012) and that induces the hedge funds to exit from 
US Treasury (hereafter, UST) markets with 20% higher cash holdings during COVID-19 
crisis despite low contemporaneous outflows (see, Kruttli et al. 2021).7 Finally, we extend 

6 Nishimura and Ozaki (2017) point out that faced with the real possibility of surprise events, human emo-
tions often swing between optimism and pessimism.
7 Ben-David et al. (2012) report that redemptions and leverage explain about 80% of the decline in aver-
age hedge fund equity holdings (that is, 9.5% of the 12% average decline in equity holdings). By analyzing 
hedge fund-creditor borrowing data, Kruttli et al. (2021) find that the step back in hedge fund UST activity 
is primarily driven by fund-specific liquidity management and that hedge funds exit the turmoil caused by 
the COVID-19 pandemic with 20% higher cash holdings despite low contemporaneous outflows. Yang et al. 
(2023) find that the COVID-19 pandemic generates a significant negative impact on firm value.
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our model by taking taxation into account. The extended model shows that it is the trade-
off between the after tax performance fees and management fees that further influences the 
manager’s risk-taking behavior.

Our paper theoretically contributes to the literature about the HWM contract. For instance, 
Goetzmann et al. (2003) derive the present value of management compensation and investors’ 
claim under the HWM contract but assume an exogenous level of risk choice. Differently, we 
look for the fund manager’s optimal risk-taking activity. By numerically solving a risk-averse 
hedge fund manager’s investment strategy in a discrete-time model, Hodder and Jackwerth 
(2007) study the effect of fund manager’s horizon on risk taking. By contrast, we focus on 
the effect of fund manager’s ambiguity aversion on his risk choice with the assumption that 
the fund manager is risk neutral. By integrating performance fees with other fundamental fac-
tors (i.e., termination, outside payoff, investors’ redemption), Lan et al. (2013), Buraschi et al. 
(2014) and Drechsler (2014) investigate how the interaction of these factors affects fund man-
ager’s optimal risk taking. Based on their research, we further incorporate the fund manager’s 
ambiguity aversion and give our focus on the induced effect on risk choice. Recently, Guasoni 
and Obłój (2016) pay attention to the incentives of performance fees under the HWM contract 
and find that for a manager with risk aversion less than one, the HWM contract decreases 
risk taking. Our findings show that given the HWM contract, the fund manger’s ambigu-
ity aversion also can decrease his risk taking, which is different from the effect arising from 
weak investor protection in that Bian et al. (2022) find that weak investor protection gener-
ates ambiguous effects on dynamic leverage choice. Ambiguity aversion also makes our paper 
differ from He and Kou (2018), Zhao et al. (2018) and Mu et al. (2021). He and Kou (2018) 
propose an analytical framework to compute and compare two managerial incentive schemes 
for hedge funds by assuming cumulative prospect theory (CPT) preferences for the manager, 
Zhao et al. (2018) focus on the stochastic market conditions and Mu et al. (2021) take jump 
risk into account.

Our work is also related to the research on robust portfolio choice. Maenhout (2004) studies 
the robust dynamic investment and consumption strategies of risk-averse investors. Maenhout 
(2006) analyzes the optimal intertemporal portfolio problem of an ambiguity-averse investor 
with a mean-reverting risk premium. In these studies, robustness amounts to an increase in 
effective risk aversion and accordingly gives rise to a reduction in the optimal stock invest-
ment. By assuming that stock returns are predictable by an observable and an unobservable 
predictor, Branger et al. (2013) analyze the robust optimal investment strategy with ambiguity 
aversion under learning and jump-diffusion risk and find that ambiguity aversion can impact 
the level and structure of the optimal portfolio choice. Branger and Larsen (2013) solve the 
portfolio planning problem of an ambiguity-averse investor when the stock follows a jump-dif-
fusion process. Based on the assumption that stock price follows a stochastic volatility jump-
diffusion process, Escobar et al. (2015) derive the optimal portfolio for an ambiguity-averse 
investor who has access to stock and derivatives markets. Differently, our focus is on the hedge 
fund managers’ risk choice with the HWM compensation contract rather than individuals’ 
portfolio choice.

The remainder of the paper is structured as follows. Section 2 lays out the model. Section 3 
presents the solution to the model for robust risk taking. The model implications are provided 
in Sect.  5 and an extension with taxation is presented in Sect.  6. Section 7 concludes. All 
proofs are collected in the Appendix.
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2  Model setup

2.1  Investment opportunities with ambiguous beliefs

A risk-neutral fund manager but with ambiguity aversion (discussed below) has access to two 
financial assets: one is riskless and provides a fixed return rate r, and the other is risky and its 
price St evolves according to

where 𝜇(> r) and 𝜎(> 0) are two constants, and Bt is a one-dimensional standard Brown-
ian motion defined on a filtered probability space (Ω,F, {Ft}t≥0,ℙ) . {Ft}t≥0 denotes the 
augmented filtration generated by B . The manager can freely borrow and lend the risk-free 
asset.

Differing from Drechsler (2014) and based on the aforementioned discussion that the 
fund manager to some extent faces a amount of model uncertainty about the return-gen-
erating process, we assume that the manager faces model uncertainty in the sense that he 
believes that there may be multiple distributions surrounding the true distribution of the 
return provided by the financial markets. Specifically, the fund manager views the probabil-
ity measure ℙ as the reference model, but does not trust this model. To protect himself from 
model misspecifications, he takes into account of alternative models. Let ℙu denote the 
probability measure of the alternative model. The change of measure from the reference 
measure ℙ to an alternative measure ℙu can be defined by Radon-Nikodym derivative as

where Zt = exp
(
− ∫ t

0
usdBs −

1

2
∫ t

0
u2
s
ds
)
 is a (ℙ,F)−martingale with Z0 = 1.8 {ut}t≥0 is a 

real-valued process satisfying ∫ t

0
u2
s
ds < ∞ for all t > 0 . By Girsanov’s Theorem, it follows 

that

where Bu is a standard Brownian motion under ℙu , under which, the price of risky asset 
follows

where � − �u represents the “adjusted mean return" and captures the fact that the expected 
return is hard to estimated with any precision.

2.2  Wealth processes and high‑water marks

The high-water mark (i.e., HWM), denoted by Ht , is referred to the highest peak that the 
value of assets under management has ever reached. Mathematically, it satisfies 
Ht = max

0≤s≤t Ws , where W denotes the fund’s wealth (or value) and will be defined below.

(1)
dSt

St
= 𝜇dt + 𝜎dBt, S0 > 0,

(2)
dℙu

dℙ
|Ft = Zt,

(3)dBu
t
= dBt + utdt,

(4)dSt = (� − �ut)Stdt + �StdB
u
t
,

8 For the technical details, please refer to Hansen et al. (2006), and others.
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Similar to Goetzmann et  al. (2003) and Drechsler (2014), several adjustments in 
HWM should be taken into account. First, the HWM itself adjusts up at the interest rate 
r, implying the manager can not earn performance fees for earning the interest rate on the 
fund. Second, withdrawals from outside investors are allowed and occur at a continuous 
but constant rate �.9 A final outflow from the HWM is the management fees paid to the 
manager at a rate m. With these specifications, the HWM acts as follows. If the fund is 
not reaching a new higher level, that is Wt < Ht , Ht evolves deterministically following 
dHt = (r − � − m)Htdt . By contrast, when the fund is reaching a new higher mark, from 
Wt = Ht to Wt = Ht + dH�

t
 , the manager receives a performance fee k dH�

t
 , the wealth in 

the fund decreases by k dH�
t
 and the HWM becomes H + dH�

t
 . Mathematically, the HWM 

evolves according to

The ambiguity-averse fund manager invests a fraction �t of fund wealth Wt in the risky 
asset at time t and the remaining wealth (1 − �t)Wt in the risk-free asset. Then, the fund 
wealth Wt evolves according to

Analogous to to Lan et al. (2013) and Drechsler (2014), the homogeneity in Ht of the man-
ager’s problem still holds. For convenience, we focus on the ratio of fund wealth Wt to 
HWM Ht and define

According to Ito’s Lemma, the dynamics for this ratio satisfy

Following Drechsler (2014), we take two kinds of management termination into account. 
One refers to an exogenous random termination captured by a Poisson process with inten-
sity � and the other is due to that fund wealth drops to a certain proportion C of the HWM 
(i.e., Xt = C < 1 ). Upon either termination at time t, the fund manager obtains a payoff V

t
 . 

To capture the plausibility that the outside option for the manager in a large hedge fund is 
larger than that in a small hedge fund, we assume that the outside option is proportional 
to the manager’s value function at the HWM (Xt = 1) . Thus, the outside payoff V

t
 can be 

defined as

where V(Xt,Ht) represents the manager’s value function for given Xt and Ht , and g meas-
ures the fraction that the manager can receive upon termination.

(5)dHt = (r − � − m)Htdt + dH�
t
.

(6)
dWt

Wt

= rdt + �t(� − �ut − r)dt + �t�dB
u
t
− (� + m)dt − kdH�

t
∕Wt.

(7)Xt =
Wt

Ht

.

(8)dXt = Xt�t(� − r − �ut)dt + Xt�t�dB
u
t
− (1 + k)dH�

t
∕Ht.

(9)Vt = gV(Xt = 1,Ht), 0 ≤ g < 1,

9 We make no any assumptions regarding outside investors’ characteristics, such as risk aversion, ambigu-
ity aversion and others,so we take a constant withdrawal rate.
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2.3  Optimization problem with robustness

Under the reference probability measure ℙ , the risk-neutral manager maximizes the 
expected net present value of his payoff including performance fees, management fees and 
the outside option conditional on termination, given by

where � is the manager’s subjective discount factor, � = inf
{
t ∶

Wt

Ht

= C
}

 represents the 
stopping time that the fund will be terminated the first time either Xt drops to C or the 
exogenous random termination triggers, or � = ∞ if it is never terminated.

Following Anderson et al. (2003), Hansen et al. (2006), and Hansen and Sargent (2012), 
we use discounted relative entropy to measure the discrepancy between the reference meas-
ure ℙ and alternative measure ℙu defined by

Then the optimization problem for the fund manager with uncertainty about the return pro-
cess satisfies

In the terminology of robustness control, the last term in (12) is used to penalize belief 
distortions from the reference probability, but the denominator Ψ(X,H) ≥ 0 comes from 
homothetic robustness methodology proposed by Maenhout (2004) and is used to preserve 
state independence and analytical tractability of the risk choice problem.10 Thus, the larger 
Ψ(X,H) is, the more ambiguity averse the fund manager is and the less faith the fund man-
ager has in the validity of the reference model.

3  Model solution

According to the stochastic dynamic programming, the value function V given by (12) sat-
isfies the following Hamilton-Jacobi-Bellman (HJB) equation:

(10)V(Xt,Ht) = sup
�s

𝔼
ℙ

t

[
∫

�

t

e−�(s−t)(mWsds + kdH�
t
) + e−�(�−t)V�

]
,

(11)�𝔼ℙ

[
∫

∞

0

e−�tZt ln Ztdt

]
=

1

2
𝔼
ℙu

[
∫

∞

0

e−�tu2
t
dt

]
.

(12)

V(Xt,Ht) = sup
�s

inf
u
𝔼
ℙu

t

[
∫

�

t

e−�(s−t)(mWsds + kdH�
t
) +e−�(�−t)V�

]

+
1

2
𝔼
ℙu

[
∫

�

t

e−�(s−t) u2
s

Ψ(Xs,Hs)
ds

]
.

10 In the model of Anderson et al. (2003), the entropy penalty (11) is weighted by a constant (i.e., 1∕�̂� ), 
which is state independent. Replacing �̂� by a state-dependent one, Maenhout (2004) proposes the homo-
thetic robustness to ensure state independence and analytical tractability of the portfolio selection problem. 
In this paper, there are two state variables, X and H.
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Recall that the last term in (8), (1 + k)dH�∕H , is zero almost everywhere, except at the 
boundary {Xt = 1} , where the HWM is reset such that dH = dH� . So the last term in (13) is 
nonzero only at the boundary {X = 1} . Based on this observation, we first focus on the case 
with C < X < 1, where the value function V satisfies the following HJB equation:

Second, with X = 1 , we have the following boundary condition

The right-hand side of (14) is convex in u. Solving the inf part yields

Substituting u∗ back into the HJB equation (14) yields

To guarantee the strict concavity of the value function V(X, H), that is VXX < 0 , we assume 
0 < 𝜃 <

𝜔

𝜌+𝜆−r+𝜙
 , where � = 0.5(� − r)2∕�2.11 Based on this restriction, taking the first-

order condition with respect to � , we can get the optimal investment decisions

Substituting (9) and (18) back into Eq. (17) yields

where the state dependent scaler Ψ(X,H) measuring the strength of the preference for 
robustness only emerges in the fourth term of (19). Therefore, the solution depends on the 
form of Ψ(X,H) . Following the homothetic robustness methodology proposed by Maen-
hout (2004), we first provide a conjecture about the scaler Ψ(X,H) . With above assump-
tions, there are two state variable, X and H. Moreover, with the HWM compensation, the 

(13)

(� + �)V(X,H) = mXH + �V + sup
�

inf
u

{
VX(X�t(� − r − �u)) +

1

2
VXXX

2�2�2

+
u2

2Ψ(X,H)

}
+ VHH(r − � − m) +

(
k −

1 + k

H
VX + VH

)
dH�.

(14)
(𝜌 + 𝜆)V =mXHt + 𝜆V + sup

𝜋

inf
u

{
VX(X𝜋(𝜇 − r − 𝜎u)) +

1

2
VXXX

2𝜋2𝜎2

+
u2

2Ψ(X,H)

}
+ VHH(r − 𝜙 − m) for C < X < 1.

(15)k −
1 + k

H
VX + VH = 0 for X = 1.

(16)u∗ = ��Ψ(X,H)XVX .

(17)
(� + �)V = mXH + �V + VHH(r − � − m)

+ sup
�

{
VXX�(� − r) −

1

2
Ψ(X,H)V2

X
X2�2�2 +

1

2
VXXX

2�2�2
}
.

(18)�∗ = −
� − r

�2

VX

X
(
VXX − Ψ(X,H)V2

X

) .

(19)

0 = −(� + �)V + �gV(X = 1,H) + mXH −
�V2

X

VXX − Ψ(X,H)V2
X

+ VHH(r − � − m),

11 In fact, the restriction −1 < 𝜃 <
𝜔

𝜌+𝜆−r+𝜙
 also can guarantee the concavity of the value function V. Here, 

we just focus on the positive ambiguity aversion, that is 𝜔

𝜌+𝜆−r+𝜙
> 𝜃 > 0.
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fund manager’s value includes the present value of management fees, incentive fees (if 
any) and the outside option. However, the manager has the option to shut down any further 
risk taking and only receives the management fees or the outside option upon the exoge-
nous random termination. It is obvious that this component can be independent of the fund 
wealth, W, or the ratio of fund wealth to HWM, X. Thus, it is the manager’s value net of 
the this part that depends on the two state variables and accordingly can assure the desired 
homotheticity property. As a result, we take

where � captures the strength of the preference for robustness, a and b are two variables to 
be determined, and the term bH is used to adjust the non-full state dependence due to the 
payoff that would accrue to the manager under risk-shutdown with the homogeneity in H.

3.1  The case without management fees

In this subsection, we first derive the analytical solution for the case without management 
fees, that is m = 0 , and formalize the results in the following proposition.

Proposition 1 Assume that 0 < 𝜃 <
𝜔

𝜌+𝜆−r+𝜙
 and 𝛽 > 0 (defined below). Then the solution 

of Eq. (19) subject to boundary condition (15) is given by

 the fund manager’s homothetic robust risk taking satisfies

where

and, if g ≥ D2,

(20)Ψ(X,H) =
�

aV(X,H) − bH
,

(21)V(X,H) = �H

[(
X − D0

D1

)�

+ D2

]
,

(22)�∗ =
� − r

�2

1

(1 − � + �)
(

X

X−D0

) ,

(23)� = (1 + �)
� + � − r + �

� + � − r + � + �
,

(24)
� =

k

(1+k)�

D1

(
1−D0

D1

)�−1

− 1

,

(25)D2 =
�g

� + � − r + �
,

(26)D1 =
C − 1

(g − D2)
1

� − (1 − D2)
1

�

,
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otherwise, if g < D2,

Moreover, the worst-case measure given by (16), u∗ , satisfies

and the parameters a and b in the scaler function Ψ(X,H) are given by

Equation (30) shows that the worst-case measure varies with the extent to which 
the fund manager is ambiguous about the return process of risky asset. Along with (4), 
this implies that the fund manager adjusts the perceived return according to his ambi-
guity aversion and that as the fund manager concerns more about the model misspeci-
fication, he perceives a lower expected excess return. Given 𝜔∕(𝜌 + 𝜆 − r + 𝜙) > 𝜃 , 
we can verify that from the perspective of robust fund manager, the expected return 
provided by the risky asset in the worst case is not less than the interest rate in that 
𝜇 − 𝜎u∗ > r.

In fact, adjusting the expected return downward is one channel via which ambigu-
ity aversion influences the fund manager’s risk choice. However, the HWM contract 
induces the risk-neutral manager to be risk averse, hence concerning about the model 
uncertainty has alternative effects on the manager’s risk taking. To see this, we define 
the induced effective risk aversion denoted by ERA(X) as follows:

In order to inspect the effects of ambiguity aversion on the manager’s optimal risk tak-
ing, we first focus on the direct effect (i.e., 1 − � + � ), which represents a positive effect of 
ambiguity aversion on the induced risk aversion and explicitly shows how ambiguity aver-
sion can increase the effective risk aversion in line with the argument of Maenhout (2004, 
2006). Moreover, this part has some intuition about the way via which ambiguity aversion 
affects the induced effective risk aversion. To this end, we rearrange the direct effect as 
follows:

(27)D0 = C −
C − 1

(g − D2)
1

� − (1 − D2)
1

�

(g − D2)
1

� ,

(28)D0 = C,

(29)D1 =
1 − C

(1 − D2)
1

�

.

(30)u∗ =
�

1 + �

� − r

�

� + � − r + � + �

�
,

(31)a =�,

(32)b =��D2.

(33)
ERA(X) = (1 − � + �)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
direct effect

×

(
X

X − D0

)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
indirect effect

.

(34)1 − � + � =
(1 + �)�

� + � − r + � + �
,
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where the numerator shows that the direct effect depends on the interactions between the 
uncertainty aversion and the Sharpe-ratio of risky asset (note that � = 0.5(� − r)2∕�2 ). 
This is intuitive in that ambiguity aversion makes the fund manager be uncertain about 
the expected excess return of risky asset. If the fund manager is more ambiguous about the 
model capturing the risky asset return, the induced direct effect on the effective risk aver-
sion becomes stronger.

Next, we focus on the second part of (33), which characterizes the indirect effect of 
ambiguity aversion on the induced effective risk aversion along with the ratio of fund 
wealth to HWM. Indeed, the dependence on this ratio means that the induced risk aver-
sion varies with the fund performance. The constant D0 in the denominator implies 
that the fund manager has different risk-taking dynamics following poor performance 
(also see Drechsler 2014). Specifically, all else being equal, if D0 > 0 , the manager 
becomes more risk averse and prefers to derisk as the ratio of fund asset to HWM falls; 
and if D0 < 0 , the manager becomes less risk averse and prefers to gamble as the fund 
approaches the termination point. It is worth pointing out that in the gambling case, as 
the ratio of fund wealth to HWM falls, the leverage implied by the model is very high, 
which is inconsistent with reported leverage of equity funds by Ang et  al. (2011).12 
Therefore, in the following analysis, we focus on the case with D0 > 0.

Moreover, the presence of � in Eqs. (23) and (27) implies that ambiguity aversion can 
change the endogenous risk attitude by modifying D0 . Indeed, differing from the direct 
effect, the indirect effect is negative in that the second part of (33) decreases in the extent 
to which the fund manager is ambiguous about the model.13 As a result, the net effect gen-
erated by ambiguity aversion on the induced risk aversion depends on the relative weight 
between the direct effect and indirect effect, where the latter depends on the ratio of fund 
asset to HWM. Therefore, ambiguity aversion complicates the fund manager’s risk-taking 
behavior, in contrast to the Merton portfolio problem in which ambiguity aversion uni-
formly dampens investors’ portfolio choice (see, Maenhout 2004).

Finally, note that Drechsler (2014) refers to the term �D2H in (21) as the risk-shutdown 
payoff in that under risk shutdown by setting �t ≡ 0 , neither the termination boundary nor 
the HWM is ever reached such that the manager only receives a payment conditional on 
the exogenous liquidation with a probability �Δt over time period Δt . Therefore, �D2H 
represents the discounted value of the payment upon the exogenous liquidation. Moreover, 
it is independent of the ratio of fund wealth to HWM, confirming the validity of argument 
about Eq. (20) in conjunction with (32) by assuming there is not management fee (i.e., 
m = 0).

3.2  The case with management fees

Next, we take management fees into account. Since the general Hamilton-Jacobi-Bellman 
equation (19) contains management fees, which make it impossible to derive the closed-
form solution. For the purpose to get the analytic solution, we follow Drechsler (2014) 
to adopt the approximate management fee payoff mHHt instead of mWt , where mH is the 
approximate management fee payout rate. That is, the payout to fund manager is a constant 

12 Ang et al. (2011) report the average gross leverage across all hedge funds is 2.1. In the gambling case, 
Drechsler (2014) shows the leverage up to 25–45, and our numerical solution shows the leverage up to 
5–10.
13 In Appendix 2, we prove that dD0

d𝜃
< 0.
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fraction of HWM instead of fund wealth. With the approximated management fees, the 
optimal problem given by (17) becomes

with the following boundary condition

The following proposition provides the solutions for the optimal investment strategy and 
the corresponding value function under the approximate management fees.

Proposition 2 If 0 < 𝜃 <
𝜔

𝜌+𝜆−r+𝜙+m
 and 𝛽 > 0 , the solution V(X,  H) to Eq. (35) with 

boundary condition (36) is also given by (21) and the optimal risk choice �∗ chosen by the 
fund manager with ambiguity aversion is given by (22) in Proposition 1 but with the alter-
native � and D2 , respectively, given by

For this case, the worst-case measure, u∗ , has the following form

and the parameters a and b in (20) are also given by (31) and (32), respectively.

Similar to Proposition 1, ambiguity aversion imposes direct effect and indirect effect 
on the risk choice with management fees via � as discussed above. Moreover, mH�

−1 in 
the numerator of Eq. (38) represents the discounted value of the management fees that 
would accrue to the manager under risk-shutdown, which implies the validity of afore-
mentioned argument about Eq. (20).

4  The Probability of reaching boundary

note that besides of management fees (if any), the manager receives the payout when 
either termination occurs or the HWM is reached. Therefore, along with the weight of 
management fees (if any) in the total payoffs, the expected waiting time to obtain the 
next payout influences the manager’s risk taking. In order to focus on how the man-
ager’s ambiguous beliefs about the return of risky asset affect the expected wait-
ing time to receive payout, we define 𝜏HWM = inf{s ∶ Xs = Ht andXs > C, s > t} and 
𝜏C = inf{s ∶ Xs = C andXs < Ht, s > t} . Then �HWM represents the first time that the fund 
wealth reaches the HWM before termination and �C is the first time that termination 

(35)
(𝜌 + 𝜆)V =mHH + 𝜆V + sup

𝜋

{
VXX𝜋(𝜇 − r) −

1

2
Ψ(X,H)V2

X
X2𝜋2𝜎2

+
1

2
VXXX

2𝜋2𝜎2
}
+ VHH(r − 𝜙 − m), for C ≤ X < 1,

(36)k −
1 + k

H
VX + VH = 0 for X = 1.

(37)� = (1 + �)
� + � − r + � + m

� + � − r + � + � + m
,

(38)D2 =
�g + mH�

−1

� + � − r + � + m
.

(39)u∗ =
�

1 + �

� − r

�

� + � − r + � + m + �

�
,
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occurs before the HWM is reached. Let � = � + � − r + � + m . Thus, for any time t, the 
value function satisfies

Given the value function at the termination and at the moment the fund wealth reaches the 
HWM, V(C,Ht) and V(1,Ht) , respectively, the optimal risk taking satisfies

In the above equation, P(𝜏HWM < ∞) represents the probability of reaching the HWM 
prior to termination; 𝔼ℙu

t

[
e−𝜁 (𝜏HWM−t)|𝜏HWM < ∞

]
 represents the present value of one dol-

lar to be received at the first time that the HWM is reached prior to termination; and 
𝔼
ℙu

t

[
e−𝜁 (𝜏C−t)|𝜏C < ∞

]
 is the value of one dollar paid at the moment termination occurs 

before the HWM is reached. In the following proportion, we provide the corresponding 
solutions.

Proposition 3 At any time t with 𝜂 > 0.5 , given the ratio of fund wealth to HWM, 
X (C ≤ X ≤ 1) , the probability of reaching the HWM prior to termination, 
P(X) = P(𝜏HWM < ∞) , is given by

where D0 and � are given by Proposition  2. In addition, the present value of one dol-
lar to be received at the first time the HWM is reached prior to termination, defined by 
VHNC(X) = 𝔼

ℙu

t

[
e−𝜁 (𝜏HWM−t)|𝜏HWM < ∞

]
 , satisfies

where

with

V(Xt,Ht) = max
{�s∶s≥t}

{
𝔼
ℙu

t

[
e−� (�HWM−t)

]
V(1,Ht) + 𝔼

ℙu

t

[
e−� (�C−t)

]
V(C,Ht)

}
.

(40)

𝜋∗ ∈ argmax
{𝜋s∶s≥t}

{
𝔼
ℙu

t

[
e−𝜁 (𝜏HWM−t)

]
+ 𝔼

ℙu

t

[
e−𝜁 (𝜏C−t)

]V(C,Ht)

V(1,Ht)

}

= argmax
{𝜋s∶s≥t}

{
𝔼
ℙu

t

[
e−𝜁 (𝜏HWM−t)|𝜏HWM < ∞

]
P(𝜏HWM < ∞)

+ 𝔼
ℙu

t

[
e−𝜁 (𝜏C−t)|𝜏HWM < ∞

](
1 − P(𝜏HWM < ∞)

)V(C,Ht)

V(1,Ht)

}
.

(41)

P(X) = −
(C − D0)

2�−1

(1 − D0)
2�−1 − (C − D0)

2�−1
+

1

(1 − D0)
2�−1 − (C − D0)

2�−1
(X − D0)

2�−1,

(42)VHNC(X) =
VH(X)

P(X)
,

VH(X) = −
(C − D0)

�2

(C − D0)
�1 (1 − D0)

�2 − (1 − D0)
�1 (C − D0)

�2
(Xt − D0)

�1

+
(C − D0)

�1

(C − D0)
�1 (1 − D0)

�2 − (1 − D0)
�1 (C − D0)

�2
(Xt − D0)

�2 ,

�1,2 =
2� − 1

2
±

√
(�(1 − 2�))2 + 4�(1 − � + �)2�

2�
.
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Moreover, the present value of one dollar paid at the first passage time termination occurs 
before the HWM is reached, defined by VCNH(X) = 𝔼

ℙu

t

[
e−𝜁 (𝜏C−t)|𝜏C < ∞

]
 , satisfies

where VC(X) is given by

Based on the notations in Proposition 3, Eq. (40) can be represented as

which implies that the manager should trade off the effect of desiring robust risk taking on 
the expected benefit when the HWM is reached against the effect on the expected value 
when termination occurs if implementing the risk-taking strategy.

5  Model implications

In this section, we focus on the implications of ambiguity aversion by first considering 
the case without management fees and then the case with management fees. The key 
parameters are collected in Table 1, whose values are consistent with those in Drechsler 
(2014) except for the exogenous termination intensity �.14 Moreover, we choose the com-
monly used two-twenty compensation contract for the case with management fees by 
m = mH = 2% and � = 20%.

5.1  Without management fees

With the parameter values in Table 1, the assumptions in Proposition 1 require the level 
of ambiguity aversion to satisfy 𝜃 < 0.88 . So we take two different values, � = 0.2 and 
� = 0.4 , to illustrate the effects induced by ambiguity aversion. Given these values, we can 
get D0(� = 0.0) = 0.432 , D0(� = 0.2) = 0.399 and D0(� = 0.4) = 0.361 , which correspond 
to the scenario in which the manager reduces risk taking as the ratio of fund wealth to 
HWM falls.

Note that without management fees, what the manager can receive is either the per-
formance fees when the HWM is reached, called option effect at HWM, or the outside 
option when termination triggers, referred to as option effect at termination. Therefore, 
the trade-off between the option effect at HWM and the option effect at termination is 
critical for the manager’s risk choice. Panels A and B in Fig. 1 show that as the fund 
closes to the HWM (i.e., X → 1 ), ambiguity aversion increases the induced risk aver-
sion and hence discourages the fund manager’s risk taking, ceteris paribus. By contrast, 

(43)VCNH(X) =
VC(X)

1 − P(X)
,

VC(X) =
(1 − D0)

�2

(C − D0)
�1 (1 − D0)

�2 − (1 − D0)
�1 (C − D0)

�2
(Xt − D0)

�1

−
(1 − D0)

�1

(C − D0)
�1 (1 − D0)

�2 − (1 − D0)
�1 (C − D0)

�2
(Xt − D0)

�2 .

(44)�∗ = argmax
{�}

{
VHNC(X)P(X) + VCNH(X)

(
1 − P(X)

)
V(C,H)

V(1,H)

}
,

14 Drechsler (2014) sets � = 0 . To ensure that 𝜂 > 0.5 in Proposition 3 holds, we choose � = 0.01.
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following poor performance (i.e., X → C ), ambiguity aversion reduces the fund man-
ager’s effective risk aversion and encourages him to take more risk, ceteris paribus.

As shown by Panels C and E of Fig.  1, from the perspective of the fund manager 
with robustness concern, not only the probability that the HWM will be reached prior to 
termination, but also the corresponding option value, decreases in ambiguity aversion, 
ceteris paribus. Therefore, the manage who cares more about the robust risk taking has 
no incentives to take more risk but to reduce risk taking as the fund approaches the 
HWM, implying that the incentive to elevate risk can be moderated by his ambiguity 
aversion. This is consistent with the argument that individual investors’ ambiguity aver-
sion increases the effective risk aversion and reduces their portfolio risk exposure (for 
instance, see Maenhout 2004, 2006). In a mean-variance model with ambiguity risk, 
Maccheroni et al. (2013) find that greater ambiguity aversion can reduce optimal expo-
sure to ambiguity risk. But in our model, the induced risk aversion makes the attitude 
toward ambiguity entangle with the attitude to volatility risk and subsequently exhibits 
an increasing pattern.15

However, Panels D and F of Fig. 1 show that all else being equal, as ambiguity aversion 
increases, the fund manager perceives not only a higher probability that he can receive 
the outside option but also a larger value of one dollar received upon termination before 
receiving performance fees. As a result, along with the higher probability to receive the 
outside option, the larger option value induces the fund manager to take more risk follow-
ing poor performance. This is consistent with existing literature. For instance, Carpenter 
(2000) shows that the risk-averse manager increases the risk as the fund value approaches 
zero. Hodder and Jackwerth (2007) find that the hedge fund manager gambles when the 
fund is close to termination. Moreover, this means that the ambiguity-averse fund man-
ager has more aggregative “tournament behavior”, which is in some sense analogous to the 
impact of loss aversion in that the fund manager with loss aversion increases risk taking as 
the fund value drops (see, Kouwenberg and Ziemba 2007).

5.2  With Management fees

Now, we turn to the scenario with management fees and show how management fees 
change the way in which ambiguity aversion influences the fund manager’s risk choice by 
distorting the trade-off between the probability to receive a payment and the present value 
of a payoff received conditional on either termination or that the HWM is reached. Note 

Table 1  Parameter values for the baseline model

Parameter Symbol Value Parameter Symbol Value

Termination point C 0.50 Outside option g 0.35
Withdrawal rate � 0.05 Discount rate � 0.03
Termination intensity � 0.01 Risk-free rate r 0.01
Expected return of risky asset � 0.07 Volatility of risky asset � 0.16
Performance fee k 0.20 Management fee m(= m

H
) 0.02

15 If separating model uncertainty from volatility, the former can not be reduced to volatility risk, see 
(Maccheroni et al. 2013). By assuming the presence of idiosyncratic risk, Luo et al. (2022) find that increas-
ing ambiguity aversion against the idiosyncratic risk raises the fund manager’s private risk taking.
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that management fees impose additional influences on the trade-off through two opposing 
effects.16 The first one is the “payoff effect" in that management fees directly accrue to the 
manager’s utility. The second one is the “withdrawal effect" in that management fees are 
paid out and hence reduce the growth rate of asset in the fund as acting like withdrawals 
from the fund by outside investors.

Given the level of management fees, m = mH = 2% , the conditions of Proposition  2 
require 𝜃 < 0.70 , upon which, we take two different values, � = 0.2 and � = 0.4 , to show 
the effects of ambiguity aversion on the effective risk aversion and corresponding risk 
choice. Analogously, these values imply D0(� = 0.0) = 0.450 , D0(� = 0.2) = 0.465 and 
D0(� = 0.4) = 0.495 , which correspond to the situation in which the manager reduces risk 
taking as the ratio of fund wealth to HWM falls.

By listing the probability that the fund manager receives performance fees prior to ter-
mination for different levels of ambiguity aversion and management fees, Table 2 shows 
that increasing the degree of ambiguity aversion amplifies the extent to which manage-
ment fees influence the probability to receive performance fees before termination.17 This 
is due to that receiving management fees greatly distorts the relative weight between the 
option effect at termination and option effect at HWM by introducing two opposing effects, 
payoff effect and withdrawal effect. In the ambiguity-neutral case (i.e., � = 0.0 ), manage-
ment fees decrease the probability to receive performance fees prior to termination, but 

Fig. 1  Induced effects by the fund manager’s ambiguity aversion for the case without management fees (i.e., 
m = m

H
= 0)

17 In a similar way, we can illustrate how ambiguity aversion changes the extent to which management fees 
influence the probability to receive outside option before receiving performance fees.

16 Drechsler (2014) also discusses these two opposing effects arising from management fees.
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the magnitude is very small. The reason for this is as follows. The probability for the man-
ager to receive performance fees prior to termination is the result of his optimal risk tak-
ing. In the vicinity of the termination, the risk of losing the stream of management fees 
becomes important such that the payoff effect dominates the withdrawal effect. By contrast, 
as the fund approaches the HWM, the withdrawal effect dominates the payoff effect in the 
vicinity of the HWM. By dynamically balancing these two effects, the optimal risk-taking 
actions impose little influence on the probability to receive performance fees prior to ter-
mination. However, the manager’s ambiguity aversion not only reverses this trend in that 
all else being equal, management fees increase the probability to receive performance fees 
prior to termination, but also amplifies the extent to which management fees change the 
probability. The reasoning is as follows. With ambiguity aversion, the fund manager per-
ceives a lower expect return of the risky asset (see, Eq. 4) and accordingly a lower expected 
growth rate of assets under management (see, Eq.  6), which leads the fund manager to 
perceive a higher likelihood that the wealth will touch the termination point. This implies 
that when making risk choice, the manager has to not only dynamically balance the payoff 
effect and withdrawal effect, but also concern about and offset the perceived adverse effect. 
As a result, the optimal risk choice increases the probability for the manager to receive per-
formance fees prior to termination, ceteris paribus.

With the optimal risk taking �∗ given by (22) and the worst-case measure u∗ given by 
(39), the fund wealth dynamic process (6) can be written as

Recall that the robust fund manager optimizes against the worst-case model, this acts like 
benefits that accrue to the manager’s utility. Thus, �u∗�∗

t
 in the fourth term of equation 

(45) increases the payoff effect of management fees. Thus, all else being equal, as the fund 
manager becomes more ambiguity averse, the extent to which the payoff effect dominates 
the withdrawal effect increases so that the robust manager take less risk as shown by Fig. 2.

Specifically, Panel A of Fig. 2 shows that in the ambiguity-neutral case (i.e., � = 0.0 ), as 
the fund approaches the HWM, management fees generate the withdrawal effect by reduc-
ing the growth rate of the wealth within the hedge fund. To offset this effect, the manager 
prefers to take more risk. By contrast, as the fund closes to the termination point, the payoff 
effect dominates so that the manger reduces risk taking, thereby reducing the likelihood 
that the fund will hit the termination point. Panels B and C illustrate that as the fund man-
ger becomes more ambiguity averse, the payoff effect becomes dominant. To increase the 
probability to acquire management fees, the ambiguity-averse manager gradually reduces 

(45)
dWt

Wt

= rdt + �∗
t
(� − r)dt + �∗

t
�dBu

t
− (� + m + �u∗�∗

t
)dt − kdH�

t
∕Wt.

Table 2  Probability to receive performance fees prior to termination

Ambiguity aversion Management fees P(0.55) P(0.6) P(0.7) P(0.8) P(0.9) P(0.95)

� = 0.0 m = m
H
= 0.0% 0.2483 0.4113 0.6319 0.7852 0.9033 0.9539

m = m
H
= 2.0% 0.2469 0.4060 0.6235 0.7779 0.8992 0.9517

� = 0.2 m = m
H
= 0.0% 0.1844 0.3286 0.5527 0.7279 0.8738 0.9390

m = m
H
= 2.0% 0.2167 0.3593 0.5794 0.7407 0.8792 0.9415

� = 0.4 m = m
H
= 0.0% 0.1462 0.2737 0.4929 0.6809 0.8481 0.9257

m = m
H
= 2.0% 0.1981 0.3287 0.5353 0.7074 0.8602 0.9315
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his risk choice, ceteris paribus. In particular, the comparison between Penal A and Panel 
C shows that management fees can enhance the effect of ambiguity aversion on the man-
ager’s risk taking by inducing him to reduce holdings. If economic turndown can lead the 
fund manager to become less confident and/or more pessimistic about the future returns 
of stocks, this may predict that it is the fund manager with higher rates of management fee 
that reduces the holdings more. Meanwhile, this also implies that fund managers ambiguity 
aversion may explain a part in the average decline in hedge fund equity holdings during the 
selloff quarters documented by Ben-David et al. (2012).

Differing from Figs. 1, 3 describes the effects of interactions between ambiguity aver-
sion and management fees (i.e., mH = m = 0.02 ). Panel A shows that with management 
fees, the induced risk aversion increases in ambiguity aversion. In particular, the extent to 
which ambiguity aversion increases the induced risk aversion becomes more significant 
as the fund closes to the termination point. Panel B shows that with management fees, the 
robust manager prefers to take less risk. These confirm the aforementioned argument that 
as the manager becomes more ambiguity averse, the perceived growth rate of asset within 
the fund becomes lower, which increases the likelihood of termination so that the risk of 
losing the stream of management fees becomes increasingly important, thereby increas-
ing the payoff effect. To maintain the benefit from management fees, the ambiguity-averse 
manager chooses to take less risk, even at the expense of performance fees by reducing the 
probability to receive performance fees before termination (see, the 2nd row, 4th row and 
6th row in Table 2), ceteris paribus. This is also consistent with the argument of Lan et al. 
(2013) that management fees contribute significantly to total compensation, quantitatively.

Relative to Panel C of Fig. 1, Penal C in Fig. 3 shows that management fees amplify 
the extent to which increasing ambiguity aversion reduces the option effect at HWM. 
The reasons are twofold. On the one hand, receiving the stream of management fees 
is important than receiving occasional performance fees due to the fact that manage-
ment fees contribute significantly to total compensation. On the other hand, manage-
ment fees increase the difficulty to receive performance fees due to the withdrawal 
effect. As a result, from the viewpoint of fund manager, as the fund wealth increases, 
the value of option at HWM falls and accordingly discourages his risk taking. Panel D 
of Fig. 3 shows that management fees reverse the option effect at termination relative to 
Panel D of Fig. 1. Without management fees, option effect at termination captures the 

Fig. 2  Interactive effects of management fees and ambiguity aversion on the fund manager’s risk taking



313Robust risk choice under high-water mark contract  

1 3

manager’s trade-off between the probability to receive the outside option and the value 
of the received outside option. However, management fees break down this trade-off in 
that payoff effect reduces the relative weight of outside option by allowing the manager 
to acquire the steam of management fees. As the fund manager becomes more ambigu-
ity averse, the option value at termination decreases, which induces the manager to take 
less risk as the fund approaches the termination point.

Most recently, by analyzing hedge fund-creditor borrowing data during the COVID-19 
crisis, Kruttli et  al. (2021) find that hedge fund’s Treasury market activity was primar-
ily driven by fund-specific liquidity management rather than dealer regulatory constraints. 
Hedge funds exited the turmoil with 20% higher cash holdings despite low contempora-
neous outflows. In fact, our paper may to some extent explain their empirical findings. 
Figure 4 illustrates the interaction between withdrawal rate and ambiguity aversion on the 
optimal risk choice. Without concern about ambiguity aversion, an increase in the with-
drawal rate induces the manger to take more risk as documented by Drechsler (2014) (i.e., 
the comparison between dashed line and dotted line). However, all else being equal, ambi-
guity aversion induces the manager to take less risk. Thus, if the unprecedented UST mar-
ket turmoil caused by COVID-19 crisis leads fund mangers to generate pessimistic views 
about the market, ambiguity aversion is a possible factor to drive this fund-specific liquid-
ity management.

Fig. 3  Induced effects by the fund manager’s ambiguity aversion for the case with management fees (i.e., 
m

H
= m = 0.02)
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6  An extension with taxation

In this section, we investigate the effect of taxation by extending the above baseline model. 
Under current tax rules, the performance fee is treated as capital gains and is generally 
taxed at the capital gains rate and the management fee is taxed at ordinary income rates. 
Let �k denote the rate taxed at performance fees and �m the rate taxed at management 
fees. Thus, after tax, the fund manger receives a stream of management fee, (1 − �m)m , 
and a performance fee (1 − �k)k if the HWM is reached. Moreover, the introduction of tax 
can not modify the HWM dynamics (5) and the fund wealth dynamics (6) as well as the 
dynamics for the ratio of wealth to HWM given by (8), but changes the fund manager’s 
total utility. As a result, given taxation at both management fees and performance bonuses, 
the objective of the manager with ambiguity aversion is given by

subject to the HWM dynamics (5) and the dynamics for the ratio of wealth to HWM (8).
Similar to the aforementioned discussion and computation, we can get the solutions for 

this problem and formalize the results as one proposition as follows. The proof parallels to 
the proof of Proposition 2.

Proposition 4 If 0 < 𝜃 <
𝜔

𝜌+𝜆−r+𝜙+m
 and 𝛽 > 0 , the solution V(X,  H) to the risk choice 

problem for the fund manager facing taxation given by (46) has the same form of (21) and 
the optimal risk choice �∗ also has the same form of (22) in Proposition 2 but with the 
alternative � and D2 , respectively, given by

(46)V(Xt,Ht) = sup
�s

𝔼
ℙ

t

[
∫

�

t

e−�(s−t)(m(1 − �m)Wsds + k(1 − �k)dH�
t
) + e−�(�−t)V�

]
,

(47)� =
k(1 − �k)

(1+k)�

D1

(
1−D0

D1

)�−1

− 1

,

Fig. 4  Interactive effects of 
withdrawal rate and ambiguity 
aversion on the fund manager’s 
risk taking with management 
fees (i.e., m

H
= m = 0.02)
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We first consider the case without management fees. If m = mH = 0 , we can 
find that D2 given by (48) is equal to its counterpart in Proposition  1, and that only 
the rate taxed at performance fee emerges in the risk choice problem. Recall that in 
Proposition 1, while � depends on D2 via D0 and D1 , these three parameters (i.e., D0 , 
D1 and D2 ) are independent of � . Meanwhile, the induced effective risk aversion (i.e., 
ERA(X) = (1 − � + �)X∕(X − D0) given by 33) only depends on D0 rather than � . This 
means that without management fees, the rate taxed at performance fee can not change 
the fund manager’s risk attitude and hence his risk-taking activity, but can influence 
the fund manager’s utility, V(X, H)/H, via � . This may be due to that taxation of per-
formance fees not only reduces what the manager can receive at the HWM, but also 
decreases the outside option value at termination because we assume that the value at 
termination is proportional to the manager’s value function at the HWM. This equiva-
lent reduction to some extent does not change the relative weight between option effect 
at termination and option effect at HWM.

Now we turn to the case with management fees. Plugging (47) into (48) yields the 
expression of D2 with respect to D0 and D1.18 In particular, the expression of D2 includes a 
term, mH ×

1−�m

1−�k
 . This implies that it is the ration, 1−�

m

1−�k
 , that endogenously changes D0 via 

the algebraic equation system composed of D0 , D1 and D2 . Along with the induced effec-
tive risk aversion (i.e., ERA(X) = (1 − � + �)X∕(X − D0) ), we can find it also is the ration, 
1−�m

1−�k
 , that influences the fund manager’s effective risk aversion and subsequently his risk 

choice. The intuition is as follows. All else being equal, if the rate taxed at performance 
bonus is greater than that taxed at management fee 

(
such that

1−𝜏m

1−𝜏k
> 1

)
 , the tax structure 

increases the importance for the manager to retain the stream of management fees, thereby 
increasing the payoff effect of management fees and inducing the manager to take less risk. 
If the tax structure consists of a lower rate taxed at performance fee and a higher rate taxed 
at management fee such that 1−𝜏

m

1−𝜏k
< 1 , the opposite holds, ceteris paribus.

To numerically illustrate the effects induced by taxation, we take a 10% tax rate at the 
management fee and a 35% rate at the performance bonus such that 1−𝜏

m

1−𝜏k
> 1 and show 

our results in Fig.  5. Firstly, Panels A and C show that the dotted line and dash-dotted 
line coincide, confirming our argument that without management fees, taxation (at perfor-
mance fee) does not change the manager’s risk taking, ceteris paribus. The dashed line lies 
over the solid line, implying that with management fees, a lower rate taxed at management 
fee than the rate taxed at performance fee (e.g., 0.10 = 𝜏m < 0.35 = 𝜏k ) induces the man-
ager to take less risk by increasing management fees’ payoff effect, thereby supporting the 
aforementioned argument. Secondly, Panels B and D illustrate that all else being equal, the 
value function (i.e., V(X, H)/H) with tax is smaller that its counterpart without tax. This is 
intuitive in that a tax on either performance fee or management fee or both reduces what 
the manager can receive and accordingly reduces his total benefit.

(48)D2 =
�g + mH�

−1(1 − �m)

� + � − r + � + m
.

18 Plugging (47) into (48) yields the expression for D
2
:

Along with D
0
 and D

1
 given by Proposition 1, this implies that D

0
 , D

1
 and D

2
 construct an equation system.

D
2
=

�g +

(1+k)�

D1

(
1−D0

D1

)�−1

−1

k
× mH ×

1−�m

1−�k

� + � − r + � + m
.
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7  Conclusion

This paper introduces model uncertainty into the risk choice model of Drechsler (2014) by 
assuming that a risk-neutral manager is concerned about potential model misspecification 
and investigates the manager’s robust risk taking. The results show that ambiguity aversion 
generates not only a direct effect but also an indirect effect on the manager’s risk choice. 
Their interactions generate several interesting and important implications for hedge funds’ 
risk-taking behavior. In the scenario without management fees, ambiguity aversion reduces 
the manager’s effective risk aversion and hence encourages him to take more risk as the 
fund is close to the termination; but as the fund approaches the HWM, ambiguity aver-
sion increases the induced risk aversion and accordingly induces the manager to take less 
risk. With management fees, the effects of ambiguity aversion following poor performance 
diminish in that ambiguity aversion increases the induced risk aversion and moderates the 
manager’s risk taking. This predicts that it is the fund manager with higher management 
fee rates that reduces the risky asset holdings more when economic turndown leads him to 
become less confident and/or more pessimistic about the future returns. Thus, our model 
implies that manager’s ambiguity aversion is a possible factor that explains hedge fund 
activities in stock markets during the financial crisis of 2007–2009 and UST markets dur-
ing COVID-19 crisis. Finally, we extend our model to consider taxation. The results show 
that it is the trade-off between the after tax performance fees and management fees that 
further impacts the manager’s risk choice.

Appendix

1 Proof of Proposition 2

We prove Proposition 2 because Proposition 1 is a special case with mH = m = 0.
Suppose that the value function V is of the conjectured form in Eq. (21). By calculating 

the partial derivative, we have

Substituting VX and VH into the boundary condition (36) gives

Substituting Ψ(X,H) given by (20) back into (19), we have

VX =
�Ht�

D1

(
Xt − D0

D1

)�−1

, VXX =

(
Xt − D0

D1

)�−2
�Ht�(� − 1)

D2
1

and

VH = �

(
(
Xt − D0

D1

)� + D2

)
.

� =
k

(1+k)�

D1

(
1−D0

D1

)�−1

− 1

.



317Robust risk choice under high-water mark contract  

1 3

In order to obtain a closed-form solution, we let a = � and b = a�D2 , then we get

Because Eq. (50) must hold for all Xt , so collecting all constant terms and equating their 
sum to zero, we get

Meanwhile, letting the coefficient of the term including (Xt−D0

D1

)� be zero, we obtain

(49)

0 =

⎡
⎢⎢⎢⎢⎣
−(� + �) − �

�

� − 1 −
�

a�H
�

Xt−D0

D1

��

+a�D2H−bH
��H

�
Xt−D0

D1

�� + r − � − m

⎤⎥⎥⎥⎥⎦
�H

�
Xt − D0

D1

��

+ [mH + �(r − � − m)D2 − �(� + �)D2 + ��g]H.

(50)
0 =

[
−(� + �) − ��

1

� − � − 1
+ r − � − m

]
�

(
Xt − D0

D1

)�

+ mH + �(r − � − m)D2 − �(� + �)D2 + ��g.

D2 =
�g + mH�

−1

� + � − r + � + m
.

Fig. 5  Comparative statics with taxation. The first argument in the brackets indicates whether taxation 
exists or not and the second argument represents the level of management fees
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With some calculations, we have

Substituting (52) into (18) yields

Let �1 =
�+�−r+�+m

�+�−r+�+�+m
, because 𝜇 − r > 0, then 𝜔 > 0 and hence 0 < 𝜂1 < 1. Assume 

0 < 𝜃 <
𝜔

𝜌+𝜆−r+𝜙+m
, thus, VXX < 0 , it shows that V is a concave function. In order to obtain 

the values for D0 and D1 , we resort to the two boundary conditions. The first boundary con-
dition at the HWM is

There are two cases for the second boundary condition, depending on either that the fund 
manager continues to take risk at the termination boundary (case 1), or that he reduces the 
optimal risk choice to zero at this point (case 2).

Case 1 By the second boundary condition, i.e. V(C,Ht) = Vt = gV(Xt = 1,Ht) , we have

A system of simultaneous equations (54) and (55) are obtained. If g ≥ D2 , the solutions 
satisfy

Case 2 If the fund manager continues to take risk at the termination boundary, then we 
have �∗(C) = 0. Substituting Xt = C into (53) yields D0 = C. Along with Eq. (55) and 
D0 = C , if g < D2 , we have

(51)� = (1 + �)
� + � − r + � + m

� + � − r + � + � + m
.

(52)
VX

VXX − ΨV2
X

=
Xt − D0

� − � − 1
.

(53)�∗ =
� − r

�2

1

(1 − � + �)
(

Xt

Xt−D0

) .

(54)
(
1 − D0

D1

)�

+ D2 = 1.

(55)
(
C − D0

D1

)�

+ D2 = g.

(56)D1 =
C − 1

(g − D2)
1

� − (1 − D2)
1

�

,

(57)D0 = C −
C − 1

(g − D2)
1

� − (1 − D2)
1

�

(g − D2)
1

� .

(58)D1 =
1 − C

(1 − D2)
1

�

.
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2 Proof for dD0

d�
< 0

Let

Note that C − 1 < 0 and D2 ≤ g < 1 , then it has 0 <
g−D2

1−D2

< 1 and ln
(

g−D2

1−D2

)
< 0 . Taking 

the partial derivative with respect to � yields

Thus, it has

3 Derivation of probability

Firstly, we solve for the probability of reaching the HWM prior to termination under the 
worst-case measure u∗ and the optimal risk choice � . Let P(Xt) = ℙ

u(𝜏HWM < ∞) . Then, it 
has

Mathematically, P(X) satisfies the following ordinary differential equation

with boundary conditions

Substituting the worst-case density generator u∗ and the optimal risk choice policy �∗ into 
(63), and simplifying the results, we have

The general solution to this is

Substituting the general solution into the ODE (64), then the constants �1 and �2 are solved 
as

(59)h =
� + � − r + �

� + � − r + � + �
.

(60)
d

d�
(g − D2)

1

� = − (g − D2)
1

�
1

�2
h ln(g − D2),

(61)
d

d�
(1 − D2)

1

� = − (1 − D2)
1

�
1

�2
h ln(1 − D2).

(62)
dD0

d𝜃
=

(1 − C)h

𝜂2

(g − D2)
1

𝜂

(1 − D2)
1

𝜂

ln(
g−D2

1−D2

)

(ln(
g−D2

1−D2

) − 1)2
< 0.

P(Xt) = 𝔼
ℙu
[𝕀𝜏HWM<∞

|X = Xt].

(63)PXXt�t(� − r − �ut) +
1

2
PXXX

2
t
�2
t
�2 = 0,

P(C) = 0, P(1) = 1.

(64)PX(1 − �)(Xt − D0) +
1

2
PXX(Xt − D0)

2 = 0,

P = P1(Xt − D0)
�1 + P2(Xt − D0)

�2 .
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Substituting the two boundary conditions into the general solution, we can derive the solu-
tions to the constants P1 and P2 . Further, substituting P1 , P2 , �1 and �2 into the general solu-
tion, we have

According to the standard arguments about ordinary differential equation, the expression 
(41) can be derived. Note that the certainty-equivalent expected waiting time satisfies

therefor, it only needs to compute 𝔼ℙu

t
[e−� (�HWM−t)] . Let VH(X) = 𝔼

ℙu

t
[e−� (�HWM−t)] . Similarly, 

it satisfies the following ordinary differential equation

subject to the boundary conditions

Moreover, substituting the worst-case density generator u∗ and the optimal risk choice pol-
icy �∗ into (65), we get

The general solution to this is

Substituting the general solution into the above ODE, we can get a quadratic equation

Solving the quadratic equation, we get the solution for the constants �1 and �2:

Substituting the two boundary conditions into the general solution, we can derive the solu-
tions to the constants VH

1
 and VH

2
 . Further, substituting VH

1
 , VH

2
 , �1 and �2 into the general 

solution, we have

�1 = 2� − 1, �2 = 0.

P = −
(C − D0)

2�−1

(1 − D0)
2�−1 − (C − D0)

2�−1
+

1

(1 − D0)
2�−1 − (C − D0)

2�−1
(Xt − D0)

2�−1.

𝔼
ℙu

t
[e−𝜁 (𝜏HWM−t)|𝜏HWM < ∞] =

𝔼
ℙu

t
[e−𝜁 (𝜏HWM−t)]

P(X)
,

(65)�VH = VH
X
X�t(� − r − �ut) +

1

2
VH
XX
X2
t
�2
t
�2

VH(C) = 0, VH(1) = 1.

�VH =
2�(1 − �)

1 − � + �
(Xt − D0)V

H
X
+

�

(1 − � + �)2
(Xt − D0)

2VH
XX

= 0.

VH = VH
1
(Xt − D0)

�1 + VH
2
(Xt − D0)

�2 .

−� +
�(1 − 2�)

(1 − � + �)2
�1 +

�

(1 − � + �)2
�2
1
= 0.

�1,2 =
1

2
(2� − 1) ±

1

2�

√
(�(1 − 2�))2 + 4�(1 − � + �)2� .

VH = −
(C − D0)

�2

(C − D0)
�1 (1 − D0)

�2 − (1 − D0)
�1 (C − D0)

�2
(Xt − D0)

�1

+
(C − D0)

�1

(C − D0)
�1 (1 − D0)

�2 − (1 − D0)
�1 (C − D0)

�2
(Xt − D0)

�2 ,
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Similarly, let PC(X) = 𝔼
ℙu

t
[e−� (�C−t)] . Then we can get its HJB equation with the boundary 

conditions given by PC(C) = 1, PC(1) = 0 , from which we can get the solution for PC.
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