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Abstract
We give a simple proof of Slater’s transformations for bilateral series rψr , 2rψ2r ,
and 2r−1ψ2r−1, using the residue theorem only, without technical manipulation of the
series.
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1 Introduction

The bilateral basic hypergeometric series nψn is defined by

nψn

(
a1, . . . , an
b1, . . . , bn

; q, x

)
:=

∑
−∞<k<∞

(a1, . . . , an; q)k

(b1, . . . , bn; q)k
xk

for

∣∣∣ b1 · · · bna−1
1 · · · a−1

n

∣∣∣ < |x | < 1, |q| < 1, ai , bi , x, q ∈ C, and ai , qb−1
i /∈ qZ>0 ,
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68 K. Mimachi

where

(a1, a2, . . . , an ; q)k = (a1 ; q)k(a2 ; q)k · · · (an ; q)k ,

(a ; q)k = (a ; q)∞/(aqk ; q)∞ ,

and

(a ; q)∞ =
∏
i≥0

(1 − aqi ) .

In [6, 7], Slater derived transformations for bilateral basic hypergeometric series. She
applied the results by Sears [5] in [6], and she considered the basic analogue of the
Barnes-type integrals in [7]. Exposition on the work by Slater is provided in Chapter
5 of the book by Gasper and Rahman [1]. On the other hand, Ito and Sanada gave
a proof of the transformation for rψr series (Theorem 1 below) and a proof of the
transformation for very-well-poised-balanced 2rψ2r series (Theorem 2 below) from
the viewpoint of the connection problem associated with a Jackson integral [2].

The purpose of the present paper is to give a simple proof of these results by means
of the residue theorem only, without technical manipulation of the series, and also to
study the integrals which represent several functions in q-analysis. We refer the reader
to our previous work [4] for the proof of Ramanujan’s 1ψ1-sum and Bailey’s 6ψ6-sum
from the same point of view (See also [3]).

We also use the symbols

(a1, a2, . . . , an ; q)∞ = (a1 ; q)∞(a2 ; q)∞ · · · (an ; q)∞ ,

θ(a) = (a, qa−1 ; q)∞

and

θ(a1, . . . , an) = θ(a1) · · · θ(an) .

In this paper, the base q is fixed to be a real number satisfying 0 < q < 1 for
simplicity.

2 rÃr series

Slater’s transformation for rψr series is given by the following, which is (5.4.3) of [1]
( (4) of [6], (7.2.5) of [7], and (5.1) of [2] ):

Theorem 1 Suppose that

ci , ci c
−1
j /∈ qZ, 1 ≤ i �= j ≤ r ,

for r ≥ 1. Then we have
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A simple proof of Slater’s transformations... 69

θ(Ax)
∏r

i=1(bi , qa
−1
i ; q)∞∏r

i=1 θ(ci )
rψr

(
a1, a2, . . . , ar
b1, b2, . . . , br

; q, x

)

=
r∑

s=1

q

cs

θ(Axcsq−1)

θ(cs)

∏r
i=1(qbi c

−1
s , csa

−1
i ; q)∞∏

1≤i≤r
i �=s

θ(csc
−1
i )

× rψr

(
qa1c−1

s , qa2c−1
s , . . . , qar c−1

s
qb1c−1

s , qb2c−1
s , . . . , qbr c−1

s
; q, x

)
, (2.1)

where A = ∏r
i=1 ai c

−1
i and

∣∣∣ b1 · · · bra−1
1 · · · a−1

r

∣∣∣ < | x | < 1.

Proof Let F(t) be a function defined by

F(t) = 1

t

θ(Axt−1)

θ(t−1)

r∏
i=1

(bi t, qa
−1
i t−1 ; q)∞

θ(ci t)
. (2.2)

First, for k ∈ Z, we have

Rest=qk F(t) dt = lim
t→qk

(t − qk)F(t)

= θ(Ax)
∏r

i=1 θ(ai )

(q ; q)2∞
∏r

i=1 θ(ci )

r∏
i=1

(biqk ; q)∞
(aiqk ; q)∞

xk , (2.3)

and

Rest=c−1
s q1+k F(t) dt = lim

t→c−1
s q1+k

(t − c−1
s q1+k)F(t)

= − q

cs

θ(Axcsq−1)
∏r

i=1 θ(csa
−1
i )

(q ; q)2∞ θ(cs)
∏

1≤i≤r
i �=s

θ(csc
−1
i )

r∏
i=1

(qbi c−1
s qk ; q)∞

(qai c
−1
s qk ; q)∞

xk . (2.4)

Secondly, for real positive numbers R1 and R2 satisfying

R j , ci R j /∈ qZ, 1 ≤ i ≤ r , j = 1, 2,

we have

F
(
R1 e

√−1 θq−l
)

=
(
AxR−1

1 e−√−1 θql , q A−1x−1R1 e
√−1 θ ; q

)
∞

R1 e
√−1 θq−l

(
R−1
1 e−√−1θql , qR1 e

√−1θ ; q
)

∞
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70 K. Mimachi

×
r∏

i=1

(
bi R1 e

√−1θ , qa−1
i R−1

1 e−√−1θql ; q
)

∞(
ci R1 e

√−1θ , qc−1
i R−1

1 e−√−1θql ; q
)

∞

×
(
AxR−1

1 e−√−1 θ ; q
)
l(

R−1
1 e−√−1θ ; q

)
l

r∏
i=1

(
qb−1

i R−1
1 e−√−1θ ; q

)
l(

qc−1
i R−1

1 e−√−1θ ; q
)
l

(
b1 · · · br
a1 · · · ar

1

x

)l

,

F
(
R2 e

√−1 θql
)

=
(
AxR−1

2 e−√−1 θ , q A−1x−1R2 e
√−1 θql ; q

)
∞

R2 e
√−1 θql (R−1

2 e−√−1θ , qR2 e
√−1θql ; q)∞

×
r∏

i=1

(
bi R2 e

√−1θql , qa−1
i R−1

2 e−√−1θ ; q
)

∞(
ci R2 e

√−1θql , qc−1
i R−1

2 e−√−1θ ; q
)

∞

×
(
q A−1x−1R2 e

√−1 θ ; q
)
l(

R−1
2 e

√−1θ , ; q
)
l

r∏
i=1

(
ai R2 e

√−1θ ; q )l(
ci R2 e

√−1θ ; q
)
l

xl ,

and thus
∣∣∣∣∣
∫
C(l)
1

F(t) dt

∣∣∣∣∣
=

∣∣∣∣
∫ 2π

0
F(R1 e

√−1θq−l) R1
√−1 e

√−1θq−l dθ

∣∣∣∣ ≤ M1

∣∣∣∣ b1 · · · br
a1 · · · ar

1

x

∣∣∣∣
l

, (2.5)
∣∣∣∣∣
∫
C(l)
2

F(t) dt

∣∣∣∣∣ =
∣∣∣∣
∫ 2π

0
F(R2 e

√−1θql) R2
√−1 e

√−1θql dθ

∣∣∣∣ ≤ M2 | x |l , (2.6)

where l ∈ Z≥0, C
(l)
1 = { R1 e

√−1θq−l ∈ C | 0 ≤ θ ≤ 2π},C (l)
2 = { R2 e

√−1θql ∈
C | 0 ≤ θ ≤ 2π}, and M1, M2 are positive numbers independent of l.

The residue theorem combined with inequalities (2.5) and (2.6) leads to

∑
−∞<k<∞

Rest=qk F(t) dt +
r∑

s=1

∑
−∞<k<∞

Rest=c−1
s q1+k F(t) dt

= lim
l→∞

1

2π
√−1

(∫
C(l)
1

+
∫
C(l)
2

)
F(t) dt = 0, (2.7)

if
∣∣∣ b1 · · · bra−1

1 · · · a−1
r

∣∣∣ < | x | < 1, where C (l)
1 is in the counterclockwise direction

and C (l)
2 is in the clockwise direction.

Consequently, combining (2.3), (2.4) with (2.7), we obtain
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A simple proof of Slater’s transformations... 71

0 = θ(Ax)
∏r

i=1 θ(ai )

(q ; q)2∞
∏r

i=1 θ(ci )

∑
−∞<k<∞

r∏
i=1

(biqk ; q)∞
(aiqk ; q)∞

xk

−
r∑

s=1

q

cs

θ(Axcsq−1)
∏r

i=1 θ(csa
−1
i )

(q ; q)2∞ θ(cs)
∏

1≤i≤r
i �=s

θ(csc
−1
i )

∑
−∞<k<∞

r∏
i=1

(qbi c−1
s qk ; q)∞

(qai c
−1
s qk ; q)∞

xk

= θ(Ax)
∏r

i=1(qa
−1
i , bi ; q)∞

(q ; q)2∞
∏r

i=1 θ(ci )

∑
−∞<k<∞

r∏
i=1

(ai ; q)k

(bi ; q)k
xk

−
r∑

s=1

q

cs

θ(Axcsq−1)
∏r

i=1(csa
−1
i , qbi c−1

s ; q)∞
(q ; q)2∞ θ(cs)

∏
1≤i≤r
i �=s

θ(csc
−1
i )

∑
−∞<k<∞

r∏
i=1

(qai c−1
s ; q)k

(qbi c
−1
s ; q)k

xk ,

if
∣∣∣ b1 · · · bra−1

1 · · · a−1
r

∣∣∣ < | x | < 1. This completes the proof of (2.1). �

3 Very-well-poised-balanced 2rÃ2r series

Slater’s transformation for very-well-poised-balanced 2rψ2r series is given by the
following, which is (5.5.2) of [1] ( (1.1) of [2] ):

Theorem 2 Suppose that

a, ai , aia
−1, aia

−1
j , a2i a

−1, aia ja
−1 /∈ qZ, 1 ≤ i �= j ≤ r − 2,

for r ≥ 3, and
∣∣ ar−1qr−2

∣∣ <

∣∣∣∏2(r−1)
i=1 bi

∣∣∣ . Then we have

∏2(r−1)
i=1 (qb−1

i , qab−1
i ; q)∞

(qa, qa−1 ; q)∞
∏r−2

i=1 θ(ai a−1, ai )

× 2rψ2r

(
qa

1
2 , −qa

1
2 , b1, b2, . . . , b2(r−1)

a
1
2 , −a

1
2 , qab−1

1 , qab−1
2 , . . . , qab−1

2(r−1)

; q,
qr−2ar−1

∏2(r−1)
i=1 bi

)

=
r−2∑
s=1

∏2(r−1)
i=1 (qaa−1

s b−1
i , qasb

−1
i ; q)∞

(qa2s a
−1, qaa−2

s ; q)∞ θ(asa−1, as)
∏

1≤i≤r−2
i �=s

θ(ai a
−1
s , asai a−1)

× 2rψ2r

(
qasa− 1

2 , −qasa− 1
2 , b1asa−1, b2asa−1, . . . , b2(r−1)asa−1

asa− 1
2 , −asa− 1

2 , qasb
−1
1 , qasb

−1
2 , . . . , qasb

−1
2(r−1)

; q,
qr−2ar−1

∏2(r−1)
i=1 bi

)
.

(3.1)
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72 K. Mimachi

Proof Let F(t) be a function defined by

F(t) =
∏2(r−1)

i=1 (qb−1
i t−1, qab−1

i t ; q)∞
θ(t−1, at)

∏r−2
i=1 θ(aia−1t−1, ai t)

=
∏2(r−1)

i=1 (qb−1
i t−1, qab−1

i t ; q)∞
(t−1, qt, at, qa−1t−1 ; q)∞

∏r−2
i=1 (aia−1t−1, qa−1

i at, ai t, qa
−1
i t−1 ; q)∞

,

(3.2)

which satisfies F(t) = F(a−1t−1).

First, for k ∈ Z, we have

Rest=qk F(t) dt = lim
t→qk

(t − qk)F(t)

= qk × ∏2(r−1)
i=1 θ(bi )

(q ; q)2∞ θ(a)
∏r−2

i=1 θ(aia−1, ai )∞

2(r−1)∏
i=1

(qab−1
i qk ; q)∞

(biqk ; q)∞

(
(aq)r−1

∏2(r−1)
i=1 bi

)k

,

(3.3)

and

Rest=asa−1qk F(t) dt = lim
t→asa−1qk

(t − asa
−1qk)F(t)

= asa−1qk × ∏2(r−1)
i=1 θ(qaa−1

s b−1
i )

(q ; q)2∞ θ(aa−1
s , as, a2s a

−1)
∏

1≤i≤r−2
i �=s

θ(aia
−1
s , asaia−1)

×
2(r−1)∏
i=1

(qasb
−1
i qk ; q)∞

(asbia−1qk ; q)∞

(
(qa)r−1

∏2(r−1)
i=1 bi

)k

. (3.4)

Secondly, for k ∈ Z, we have

Rest=a−1q−k F(t) dt = −a−1Resu=qk F(a−1u−1) u−2 du

= −a−1Resu=qk F(u) u−2 du = −a−1q−2kResu=qk F(u) du (3.5)

and

Rest=a−1
s q−k F(t) dt = −a−1Resu=a−1asqk F(a−1u−1) u−2 du

= −a−1Resu=a−1asqk F(u) u−2 du = −aa−2
s q−2kResu=a−1asqk F(u) du (3.6)

by the change of integration variable from t to u by t = a−1u−1 with the equality
F(t) = F(a−1t−1).
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A simple proof of Slater’s transformations... 73

Thirdly, for real positive numbers R1 and R2 satisfying

R j , aR j , ai R j , aa
−1
i R j /∈ qZ, 1 ≤ i ≤ r − 2, j = 1, 2,

we have

F
(
R1 e

√−1 θq−l
)

=
∏2(r−1)

i=1 (qb−1
i R−1

1 e−√−1θql , qab−1
i R1 e

√−1θ ; q)∞
(R−1

1 e−√−1θql , qR1 e
√−1θ , aR1 e

√−1θ , qa−1R−1
1 e−√−1θql ; q)∞

× 1∏r−2
i=1 (aia−1R−1

1 e−√−1θql , qaa−1
i R1 e

√−1θ , ai R1 e
√−1θ , qa−1

i R−1
1 e−√−1θql ; q)∞

×
∏2(r−1)

i=1 (bia−1R−1
1 e−√−1θ ; q)l

(R−1
1 e−√−1θql , a−1R−1

1 e−√−1θ ; q)l
∏r−2

i=1 (aia−1R−1
1 e−√−1θ , a−1

i R−1
1 e−√−1θ ; q)l

×
(

(qa)r−1

∏2(r−1)
i=1 bi

)l

,

F(R2 e
√−1 θql)

=
∏2(r−1)

i=1 (qb−1
i R−1

2 e−√−1θ , qab−1
i R2 e

√−1θql ; q)∞
(R−1

2 e−√−1θ , qR2 e
√−1θql , aR2 e

√−1θql , qa−1R−1
2 e−√−1θ ; q)∞

× 1∏r−2
i=1 (aia−1R−1

2 e−√−1θ , qaa−1
i R2 e

√−1θql , ai R2 e
√−1θql , qa−1

i R−1
2 e−√−1θ ; q)∞

×
∏2(r−1)

i=1 (bi R2 e
√−1θ ; q)l

(qR2 e
√−1θ , aR2 e

√−1θ ; q)l
∏r−2

i=1 (qaa−1
i R2 e

√−1θ , ai R2 e
√−1θ , ; q)l

(
(qa)r−1

∏2(r−1)
i=1 bi

)l

,

and thus

∣∣∣∣∣
∫
C(l)
1

F(t) dt

∣∣∣∣∣ =
∣∣∣∣∣
∫ 2π

0
F(R1 e

√−1θq−l ) R1
√−1 e

√−1θq−l dθ

∣∣∣∣∣ ≤ M1

∣∣∣∣∣
ar−1qr−2

∏2(r−1)
i=1 bi

∣∣∣∣∣
l

,

(3.7)∣∣∣∣∣
∫
C(l)
2

F(t) dt

∣∣∣∣∣ =
∣∣∣∣∣
∫ 2π

0
F(R2 e

√−1θql ) R2
√−1 e

√−1θql dθ

∣∣∣∣∣ ≤ M2

∣∣∣∣∣
ar−1qr∏2(r−1)
i=1 bi

∣∣∣∣∣
l

,

(3.8)

where l ∈ Z≥0, C
(l)
1 = { R1 e

√−1θq−l ∈ C | 0 ≤ θ ≤ 2π},C (l)
2 = { R2 e

√−1θql ∈
C | 0 ≤ θ ≤ 2π}, and M1, M2 are positive numbers independent of l.
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The residue theorem combined with inequalities (3.7) and (3.8) leads to

∑
−∞<k<∞

{
Rest=qk F(t) dt + Rest=a−1q−k F(t) dt

}

+
r−2∑
s=1

∑
−∞<k<∞

{
Rest=asa−1qk F(t) dt + Rest=a−1

s q−k F(t) dt
}

= lim
l→∞

1

2π
√−1

(∫
C(l)
1

+
∫
C(l)
2

)
F(t) dt = 0, (3.9)

if
∣∣ ar−1qr−2

∣∣ <

∣∣∣∏2(r−1)
i=1 bi

∣∣∣ , where C (l)
1 is in the counterclockwise direction and

C (l)
2 is in the clockwise direction.

On the other hand, for k ∈ Z, we have

Rest=qk F(t) dt + Rest=a−1q−k F(t) dt

= (
qk − a−1q−k ) ×

∏2(r−1)
i=1 θ(bi )

(q ; q)2∞ θ(a)
∏r−2

i=1 θ(aia−1, ai )

×
2(r−1)∏
i=1

(qab−1
i qk ; q)∞

(bi qk ; q)∞

(
(aq)r−1

∏2(r−1)
i=1 bi

)k

= −a−1 ×
∏2(r−1)

i=1 θ(bi )

(q ; q)2∞ (qa, qa−1 ; q)∞
∏r−2

i=1 θ(aia−1, ai )

× 1 − aq2k

1 − a

2(r−1)∏
i=1

(qab−1
i qk ; q)∞

(bi qk ; q)∞

(
qr−2ar−1

∏2(r−1)
i=1 bi

)k

(3.10)

from (3.3) and (3.5), and

Rest=asa−1qk F(t) dt + Rest=a−1
s q−k F(t) dt

= (
asa

−1qk − a−1
s q−k ) ×

∏2(r−1)
i=1 θ(asbi a

−1)

(q ; q)2∞ θ(aa−1
s , as , a2s a−1)

∏
1≤i≤r−2

i �=s
θ(ai a

−1
s , ai asa−1)

×
2(r−1)∏
i=1

(qasb
−1
i qk ; q)∞

(asbi a−1 qk ; q)∞

(
(qa)r−1

∏2(r−1)
i=1 bi

)k

= −a−1
s ×

∏2(r−1)
i=1 θ(asbi a

−1)

(q ; q)2∞ (qa2s a−1, qaa−2
s ; q)∞ θ(aa−1

s , as)
∏

1≤i≤r−2
i �=s

θ(ai a
−1
s , ai asa−1)

× 1 − a2s a
−1q2k

1 − a2s a−1

2(r−1)∏
i=1

(qasb
−1
i qk ; q)∞

(asbi a−1 qk ; q)∞

(
qr−2ar−1

∏2(r−1)
i=1 bi

)k

(3.11)
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from (3.4) and (3.6).

Consequently, combining (3.10), (3.11) with (3.9), we obtain

0 = −a−1 ×
∏2(r−1)

i=1 θ(bi )

(q ; q)2∞ (qa, qa−1 ; q)∞
∏r−2

i=1 θ(ai a−1, ai )

×
∑

−∞<k<∞

1 − aq2k

1 − a

2(r−1)∏
i=1

(qab−1
i qk ; q)∞

(bi qk ; q)∞

(
qr−2ar−1

∏2(r−1)
i=1 bi

)k

−
r−2∑
s=1

a−1
s ×

∏2(r−1)
i=1 θ(asbi a

−1)

(q ; q)2∞ (qa2s a−1, qaa−2
s ; q)∞ θ(aa−1

s , as)
∏

1≤i≤r−2
i �=s

θ(ai a
−1
s , ai asa−1)

×
∑

−∞<k<∞

1 − a2s a
−1q2k

1 − a2s a−1

2(r−1)∏
i=1

(qasb
−1
i qk ; q)∞

(asbi a−1 qk ; q)∞

(
qr−2ar−1

∏2(r−1)
i=1 bi

)k

, (3.12)

which is equivalent to

∏2(r−1)
i=1 (qb−1

i , qab−1
i ; q)∞

(qa, qa−1 ; q)∞
∏r−2

i=1 θ(aia−1, ai )

×
∑

−∞<k<∞

1 − aq2k

1 − a

2(r−1)∏
i=1

(bi ; q)k

(qab−1
i ; q)k

(
qr−2ar−1

∏2(r−1)
i=1 bi

)k

=
r−2∑
s=1

∏2(r−1)
i=1 (qaa−1

s b−1
i , qasb

−1
i ; q)∞

(qa2s a
−1, qaa−2

s ; q)∞ θ(asa−1, as)
∏

1≤i≤r−2
i �=s

θ(aia
−1
s , aiasa−1)

×
∑

−∞<k<∞

1 − a2s a
−1q2k

1 − a2s a
−1

2(r−1)∏
i=1

(asbia−1 ; q)k

(qasb
−1
i ; q)k

(
qr−2ar−1

∏2(r−1)
i=1 bi

)k

. (3.13)

This completes the proof of (3.1). �

Remark 1 If we change r to r + 2 and substitute b2r+1 = a
1
2 , b2r+2 = −a

1
2 in (3.1),

we obtain (5.5.1) of [1] ((7) of [6], and (7.2.1.1) of [7]), since

(a
1
2 , −a

1
2 ; q)∞

θ(a)
= (qa

1
2 , −qa

1
2 ; q)∞

(qa, qa−1; q)∞
, as

(a
1
2 a−1

s , −a
1
2 a−1

s ; q)∞
θ(aa−1

s , a2s a
−1)

= (qa
1
2 a−1

s , −qa
1
2 a−1

s ; q)∞
θ(asa−1) (qa2s a

−1, qaa−2
s ; q)∞

.

Remark 2 To obtain (5.5.1) of [1] by the same manner as in the proof of Theorem 2,
it is enough to consider the function

123



76 K. Mimachi

F(t) =
∏2r

i=1

(
qb−1

i t−1, qab−1
i t ; q

)
∞(

t−1, qt, at, qa−1t−1 ; q)
∞

∏r
i=1

(
ai a−1t−1, qa−1

i at, ai t, qa
−1
i t−1 ; q

)
∞

.

4 Very-well-poised 2rÃ2r and 2r−1Ã2r−1 series

If we change r to r + 1 and substitute b2r−1 = q
1
2 a

1
2 , b2r = −q

1
2 a

1
2 in (3.1), we

obtain the following transformation for very-well-poised 2rψ2r series:

Theorem 3 Suppose that

a, ai , aia
−1, aia

−1
j , a2i a

−1, aia ja
−1 /∈ qZ, 1 ≤ i �= j ≤ r − 1,

for r ≥ 2, and
∣∣ ar−2qr−1

∣∣ <

∣∣∣∏2(r−1)
i=1 bi

∣∣∣ . Then we have

∏2(r−1)
i=1 (qb−1

i , qab−1
i ; q)∞

(q2a, q2a−1 ; q2)∞ ∏r−1
i=1 θ(ai a−1, ai )

× 2rψ2r

(
qa

1
2 , −qa

1
2 , b1, b2, . . . , b2(r−1)

a
1
2 , −a

1
2 , qab−1

1 , qab−1
2 , . . . , qab−1

2(r−1)

; q, − qr−2ar−1

∏2(r−1)
i=1 bi

)

=
r−1∑
s=1

∏2(r−1)
i=1 (qaa−1

s b−1
i , qasb

−1
i ; q)∞

(q2a2s a
−1, q2aa−2

s ; q2)∞ θ(asa−1, as)
∏

1≤i≤r−1
i �=s

θ(ai a
−1
s , asai a−1)

× 2rψ2r

(
qasa− 1

2 , −qasa− 1
2 , b1asa−1, b2asa−1, . . . , b2(r−1)asa−1

asa− 1
2 , −asa− 1

2 , qasb
−1
1 , qasb

−1
2 , . . . , qasb

−1
2(r−1)

; q, − qr−2ar−1

∏2(r−1)
i=1 bi

)
.

(4.1)

Remark 3 To obtain (4.1) by the same manner as in the proof of Theorem 2, it is
enough to consider the function

F(t) = (q
1
2 a− 1

2 t−1, q
1
2 a

1
2 t, −q

1
2 a− 1

2 t−1, −q
1
2 a

1
2 t; q)∞

∏2(r−1)
i=1 (qb−1

i t−1, qab−1
i t; q)∞

(t−1, qt, at, qa−1t−1; q)∞
∏r−1

i=1 (ai a−1t−1, qa−1
i at, ai t, qa

−1
i t−1; q)∞

.

Remark 4 If we change r to r + 2 and substitute b2r+1 = a
1
2 , b2r+2 = −a

1
2 in (4.1),

we obtain (5.5.4) of [1] ( (8) of [6], and (7.2.1.3) of [7] ), since

(qa− 1
2 , qa

1
2 , −qa− 1

2 , −qa
1
2 ; q)∞(q

1
2 a− 1

2 , q
1
2 a

1
2 , −q

1
2 a− 1

2 , −q
1
2 a

1
2 ; q)∞

= (qa, qa−1 ; q)∞,

and

(qa
1
2 a−1

s , qasa
− 1

2 , −qa
1
2 a−1

s , −qasa
− 1

2 ; q)∞
× (q

1
2 a

1
2 a−1

s , q
1
2 a− 1

2 as, −q
1
2 a

1
2 a−1

s , −q
1
2 a− 1

2 as ; q)∞ = (qa2s a
−1, qaa−2

s ; q)∞.
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Remark 5 To obtain (5.5.4) of [1] by the same manner as in the proof of Theorem 2,
it is enough to consider the function

F(t) = (q
1
2 a− 1

2 t−1, q
1
2 a

1
2 t, −q

1
2 a− 1

2 t−1, −q
1
2 a

1
2 t ; q)∞ (qa− 1

2 t−1, qa
1
2 t, −qa− 1

2 t−1, −qa
1
2 t ; q)∞

(t−1, qt, at, qa−1t−1 ; q)∞

×
∏2r

i=1(qb
−1
i t−1, qab−1

i t ; q)∞∏r+1
i=1 (ai a−1t−1, qa−1

i at, ai t, qa
−1
i t−1 ; q)∞

.

The substitution b2(r−1) = ±q
1
2 a

1
2 in (4.1) implies the following transformation

for very-well-poised 2r−1ψ2r−1 series:

Theorem 4 Suppose that

a, ai , aia
−1, aia

−1
j , a2i a

−1, aia ja
−1 /∈ qZ, 1 ≤ i �= j ≤ r − 2,

for r ≥ 3, and
∣∣∣ ar− 5

2 qr− 3
2

∣∣∣ <

∣∣∣∏2r−3
i=1 bi

∣∣∣ . Then we have

( ± q
1
2 a− 1

2 , ±q
1
2 a

1
2 ; q)

∞
∏2r−3

i=1

(
qb−1

i , qab−1
i ; q)∞(

qa, qa−1 ; q)
∞

∏r−2
i=1 θ

(
ai a−1, ai

)

× 2r−1ψ2r−1

⎛
⎝ qa

1
2 , −qa

1
2 , b1, b2, . . . , b2r−3

a
1
2 , −a

1
2 , qab−1

1 , qab−1
2 , . . . , qab−1

2r−3

; q, ±qr−
5
2 ar−

3
2∏2r−3

i=1 bi

⎞
⎠

=
r−2∑
s=1

( ± q
1
2 a

1
2 a−1

s , ±q
1
2 a− 1

2 as ; q)
∞

∏2r−3
i=1

(
qaa−1

s b−1
i , qasb

−1
i ; q)

∞(
qa2s a−1, qaa−2

s ; q)
∞ θ(asa−1, as )

∏
1≤i≤r−2

i �=s
θ
(
ai a

−1
s , asai a−1

)

× 2r−1ψ2r−1

⎛
⎝ qasa

− 1
2 , −qasa

− 1
2 , b1asa

−1, b2asa
−1, . . . , b2r−3asa

−1

asa
− 1

2 , −asa
− 1

2 , qasb
−1
1 , qasb

−1
2 , . . . , qasb

−1
2r−3

; q, ±qr−
5
2 ar−

3
2∏2r−3

i=1 bi

⎞
⎠ .

(4.2)

Here either all the upper or all the lower signs are taken throughout.

Remark 6 To obtain (4.2) by the same manner as in the proof of Theorem 2, it is
enough to consider the function

F(t) =
( ± q

1
2 a− 1

2 t−1, ±q
1
2 a

1
2 t; q)

∞
∏2r−3

i=1

(
qb−1

i t−1, qab−1
i t; q)

∞(
t−1, qt, at, qa−1t−1; q)

∞
∏r−2

i=1

(
aia−1t−1, qa−1

i at, ai t, qa
−1
i t−1; q)

∞
.

Remark 7 If we change r with r + 2 and substitute b2r = a
1
2 , b2r+1 = −a

1
2 in (4.2),

we obtain (5.5.5) of [1] ( (9) of [6], and (7.2.1.4) of [7]), since

(
asa

− 1
2 , −asa

− 1
2 ,

qa
1
2 a−1

s , −qa
1
2 a−1

s ; q)
∞ = −a2s a

−1(qasa− 1
2 , −qasa

− 1
2 , a

1
2 a−1

s , −a
1
2 a−1

s ; q)
∞,
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and

θ(asa
−1) = −asa

−1θ(aa−1
s ).

Remark 8 To obtain (5.5.5) of [1] by the same manner as in the proof of Theorem 2,
it is enough to consider the function

F(t) =
( ± q

1
2 a− 1

2 t−1, ±q
1
2 a

1
2 t ; q)

∞
(
qa− 1

2 t−1, qa
1
2 t, −qa− 1

2 t−1, −qa
1
2 t ; q)

∞
(t−1, qt, at, qa−1t−1 ; q)∞

×
∏2r−1

i=1 (qb−1
i t−1, qab−1

i t ; q)∞∏r
i=1(aia

−1t−1, qa−1
i at, ai t, qa

−1
i t−1 ; q)∞

.
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