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Abstract
We obtain rational approximations for Jacobi’s triple product

(1) =[] =g A+g" "D +¢> 7,
m=1

whent = a/b € Q is non-zero and ¢ = 1/d with d € 7Z\{0, 1}. Especially we give
effective and restricted approximation for the values of Jacobi’s triple product and for
the values of Euler’s infinite product.
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1 Introduction and results

In the following || x|| denotes the distance of a real number x to the nearest integer. Let
& be an irrational real number. Then the irrationality exponent w (&) of £ is defined by
setting 1 (§) = v(€) + 1, where v(§) is the infimum of the real numbers u for which
the inequality

INEIl > N7*
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holds for every sufficiently large positive integer N. By restricting the set of positive
integers N in the above definition to a certain infinite subset of positive integers, we get
the definition of so-called restricted irrationality exponents. Let now d be an integer,
|d] > 2. We will follow Bennett and Bugeaud [3] by defining v4(€) to be the infimum
of the real numbers u for which the inequality

@& > 1ar

holds for every sufficiently large positive integer s. Likewise, vgff(é) denotes the
infimum of the real numbers u for which there exists a computable constant c(&, d)
such that the condition

|a°¢] > e, aylal="

holds for every sufficiently large positive integer s. Further, we call vg(§) 4+ 1 and
vflff(fg‘) + 1 restricted irrationality exponents of &.

Amou and Bugeaud [1] noted that vz (§) > O for all irrational real numbers &, and
furthermore vy (§) = O for almost all irrational real numbers &, provided that d > 2.
However, if & is a classical mathematical constant like ﬁ, e or r, we do not even
know whether v4(§) = O for any d. On the other hand, for certain explicit numbers
there are already results which give upper bounds for restricted irrationality exponents.
Namely, Rivoal [10] proved that v, (log r) is arbitrarily close to O for certain integers
d, when r € Q is sufficiently close to 1. See also Dubickas [6]. Recently, Bennett
and Bugeaud [3] proved that there exists an effectively computable positive constant

71 = 11(p) such that
vf,ff (\/p2 + 1) <l-1q

for every prime number p. They also noted that one can deduce the existence of an
effectively computable positive constant 7 = t2(d, k) such that

v(‘}ff (\/d2k + 1) <l—-1nm

for every positive integer k and d > 2.
In the present work, we investigate restricted rational approximations for the values
of Jacobi’s triple product

M) :=[[A ="M+ '+

m=1

att = a/b € Q\ {0} and ¢ = 1/d, where d € Z\{0, £1}. Particularly, we con-
sider determining effective exponents vjff(l"[ 1 (a/b)). Furthermore, we obtain that

va(Il1(a/b)) = 0.
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Theorem1 Lett = a/b € Q\ {0}, ged(a,b) = 1, d € Z and max{|al|, |b|} < |d|.
Then for all s, M € Z with s > C we have

1 6 q
> W, £1(5) = — + 2,

S5 s

where C = (3max{|a|, |b|} — 1)2 /4. Consequently, vd(H%(t)) =0.

‘ M
Iy (1) — —
d

dS

It is remarkable that (as far as we know) the only irrationality measure results
for Jacobi’s triple product at arbitrary rational ¢ # 0 are outcomes of the linear
independence results for (the right-hand side of) Jacobi’s Theta function

o
2
Og.1) = _¢" 1", gl <1
n=0

Namely, because H%(t) =—-1+06(/d,t)+06(/d, t~1), the result of Bundschuh
and Shiokawa in [5] implies the estimate

5417
M (l'[l(t)> <2V ysets.
d 2

ford e Z\ {0, 1} and t € Q\ {0}.
We also study the restricted approximations for Euler’s infinite product

my () =[]0 —q")

n=1

att = 1,wheng = 1/d,d € Z\ {0, £1} and ¢ = (1 —+/5)/(1 ++/5). Jacobi’s triple
product has a g-expansion, given by the well-known Jacobi’s triple product identity

[T -+ 'na+¢ =3 mg”, (1)

m=1 n=-—00

see e.g. [2, p. 498]. Our proof of Theorem 1 will be based on this identity. By replacing

g with q3/ 2 and r with —q_l/ Zin (1), we obtain, after simplification, that
o0 o0
l_[(l _ q3m)(1 _ q3m—2)(1 _ q3m—l) — Z (_l)nq(?,nz—n)/z.
m=1 n=—o00

This can be rewritten as

(o) oo
nq = l_[(l _ qn) — 1 + Z(_l)n (qn(3n—l)/2 +qn(3n+1)/2> , (2)

n=1 n=1
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which is the famous Euler’s pentagonal formula, see e.g. [2, p. 500]. On the basis of the
above consideration Euler’s infinite product 7z, seems to be a special case of Jacobi’s
triple product. But because of the square root substitutions we can not obtain our
results for Euler’s product 7, from Theorem 1. Therefore, we investigate separately
the product 7y atg = 1/d, d € Z\ {0, £1}.

Theorem2 Letd € Z\ {0, x£1}, M € Z and s € Z. Then

1 3+ V14245

> e 20T Ty

71 (1) —
d

a5
Consequently, vgq (715 (1)) =0.

Theorem 2 improves considerably the earlier results concerning this special case.
Recently, Leinonen et al. [7] obtained that vy (7w 1 (1)) = 1.1547... with arbitrary
t € Q\ {0}. It should be noted that there are more general results available which
consider the irrationality exponent of Euler’s product. Already in 1969 Bundschuh
[4] proved that the irrationality exponent of the product gl () satisfies the inequality
u(m (t)) < 7/3,for |d| € Z>p and ¢t € Q \ {0}. This is stlll the best known upper
bound for (o 1 (#)). For a more extensive overview on the arithmetical properties of

Euler’s infinite product 7, (t), see e.g. [7].

The next theorem is inspired by the work [8], where the authors investigated the
distances between Fibonomials. Therefore we consider restricted approximations over
the number field K = Q(ﬁ), only. In the following, the notation Zk denotes the ring
of integers of K and A := a — b+/5 denotes the field conjugate of A = a + b5 e K.

Theorem3 Let K = Q(v/5), ¢ = (1 —=v/5) /(1 +/5), 0 = 1+ /5)/2 and s € Z,.
Let M € Zx\{0} be such that |M| < |M|. Then

M

17 4+ 2+4/1 + 24s
nq(l) - ;

aBl)=——"" 3

Z s CHe )

The lower bound in (3) is an improvement to the result proved in [8], where the
corresponding approximation exponent is s (3 +£(s)) and M = (v/5)!, 1 € Z.. There
are more general approximation results for Euler’s infinite product and related g-
series over number fields, see e.g. [9]. The results in [9] imply that there exist positive
constants I" and Hj such that

1 r
”q(l)—ﬁ > HTaATe) €(H)=\/m,

for all M/N € Q(+/5), where ¢ = (1 — +/3)/(1 ++/5), M, N € Zowssp N #0
and H = max{|M|, |N|, |[M|, |N|} > Hp. On the other hand, in the Remark section
of this paper we prove that for all T € R \ Q(+/5) there exists an infinite sequence of
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fractions M/N € @(\/5), where M, N € ZQ(\@) and N # 0, such that

M| 94445
T—— < —.
N N4
2 Proof of Theorem 1
We suppose that N € Z.. By Jacobi’s triple product identity (1) we have
ad 2
_ —n“ . .n
My (1) = Z a1,
n=—o0

Because ¢t = a/b, we obtain that

(ab)Nszl'Ié(t) — Ay, 1)+ Ry(d, 1), (4)

where

2 N 22 1

An(d, 1) = (ab)Nd"" + (ab)N X;dN - (t” + t—n) e’
n=
and
Sl § 11
rvdn =@ 3 TEEeal[ny )]
n=N+1

We write n = N + 1 + k. Since n? — N> > 2N + 1 + (2N + 3)k for all k € Zy,
we get that

Rtd |a|2N+1 o |Cl| k |b|2N+1 S |b| k
S =
vt 0l |b||d|2N+1kz::0<|b||d|2N+3> +|a||d|2N+1,§(|a||d|2N+3>
|a|2N+l |b|2N+1
bl|d|PNFL —al/|d> * la||d]PNT! — |b|/|d|?

Further, our assumption max{|a|, |b|} + 1 < |d| implies that

|RN(d, t)| - |a|2N+1 |b|2N+1
= Tal+ D =1 " QoI+ 2V 1

|a|2N+1 |b|2N+l
< .
T a2Vt 2N + Da?VN b2Vt 4+ 2N 4 1)|b)2N
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We choose N := (3max{|al, |b|} — 1)/2. Then

|IRn(d, )| =

R —

forall N > N.
Let us denote

By using (4) we obtain that
@b)NdV' A = Ax(d, 1) — (ab)N Md™’ =5 + Ry(d. 1),
where the main term
AN(1) = An(d, 1) — (ab)N MdV*
is a rational integer, assuming that N > ./s. Because the determinant

And,t)  (ab)NdV’
An+1(d, 1) (ab)N+1gN+D?

= (b)) aN Y’ Ay, t) = (ab)NszANH(d 1)

N+1
b 2N+1d/v2d(1v+1)2 d- n? M d- n? M
= (ab) Z + Z +

n=1

2
__(ab)ZNJrldN (N+1+ N+1> £0,

(&)

we get that Ay (¢) # 0 or Ay41(¢) # 0. We let now N be such that N <.Js<N <

/s +2and Ay (t) € Z\ {0}. Hence,

2 2
1< |AN®] = [@b)Nd"" A — Ry(d, )| < lab|V|d|V"|Al + Ry (d, 1)].

By (5) we get the approximation
1< 2labN|d|N |A] < 21a) (HOVEEER) ),
which completes the proof of Theorem 1.
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3 Proof of Theorem 2

We suppose that N € Z.. By Euler’s pentagonal formula (2) we have

oo
T[]/d(l) — 1 + Z(_l)n (d—n(?)n—l)/Z +d—n(3n+l)/2> i

n=1
Hence, we can write
dNONIDRy (1) = An(d) + Ry(d), (6)
where
An(d) = aNON+D/2
N
+Z(_l)n (dN(3N+l)/2—n(3n—l)/2 +dN(3N+1)/2—n(3n+1)/2) e 7[d].
n=1

and

= Iy 1 1
Ry(d) = Z (=D dnGn—1)/2=N(3N+1)/2 + dnGn+D/2—=N(B3N+1)/2
n=N+1

e Z[[1/d]].

By noting that (N + 1)(3(N +1) —1)/2— N@BN + 1)/2 = 2N + 1 we deduce that

1 1 2 1
|RN(d)|§|d|2—NHZW§|d|2—NHSZ @)
n=0
Let us denote
M
A=my0(1) — IR (8)

where M € Z, s € Z. By using (6) and (8), we get that
dNONFD2 N — Av(d) — MaVON+D2=s L R,
where the term
An = An(d) — MaVON+D/2=s
is an integer if N(3N + 1)/2 — s > 0. Additionally,

d 1, AN — (_1)N + (—I)NdN 4o +dN(3N+l)/2 _ MdN(3N+1)/2_s.
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Hence, Ay # 0 and further
L <Ay =1aVON+DRA — Ry @) < 1d|VONHDRIA] + Ry (@)
By (7), we obtain that
1 < 2|A[|d|NON+D/2,
In particular, this lower bound holds when N is such that
(N—1)(BN—-2)/2<s <NQ@BN+1)/2.
In this case,

NGN +1)/2=(N — )(3N —2)/2 +3N — 1

3 1+ 24
5s<1++_ ¢2+>
S

and we obtain Theorem 2.

4 Proof of Theorem 3

We suppose that N € Z. By (2), we have

n(3n—1)/2 n(3n+1)/2

(1) 1+i( " (l_ﬁ>( ' +<1_‘/§>( v
(1) = - S S S
o 1++/5 L++/5

o [ 3n-1)/2  (_1yn+nGn+l)/2
(=1 (=D
=1+ Z < P TS LT PR
n=1

Hence, we can write
NN, = Ay (@) + Ry (@), ©)

where

N
An(a) = (XN(3N+1) + ((_1)n+n(3n—l)/2aN(3N+1)—n(3n—1)

n=1

(= 1) Gt /2 NN+ D=nGnt)y ¢ 714
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and

S _ 1\yn+n(Bn—1)/2 _1\n+n@Bn+1)/2
(=1 (=1

Ry@) =} o"Gn—D—NGN+D) an(3n+l)—N(3N+1)>EZ[[I/a]]'
n=N+1

By noting that (N + 1)(3(N + 1) — 1) = N(3N + 1) = 4N + 2, we deduce that

I 1l 1 e "
IRNW)lSm’;)a—n—m—oﬂ—N- (1)

We denote
A=) -2 (12)
o
From Egs. (9) and (12) we get that
aVONFDA — Ay (o) — MaVON+D=S L R\ (a).
Because Ay (o) € Zlw] and M, o, 1 /o € Z, we have
Ay = An(a) — MaVON+TD=S ¢ 7,
Since the determinant
An(a) aNGN+D (NHDBNHDHD A () — VOV AL (@)

AN+1(05) a(N+])(3(N+1)+1) =

— o NON+D (_[)N+(N+DBN+2)/2 (aZ(N+1) + (_1)N+1)

is non-zero. We have that Ay # 0 or Ayy1 # 0. So, we can choose N such that
An € Zxk \ {0}. Hence, we have

1 < INgg(AN)| = |ANIAN] = [aVOVTDA — Ry (@)||AN]. (13)

Let us bound from above the absolute value of the conjugate A y. First, we note
that

|AN] = |An (@) — MaNONTD=s| = |Ay (@) — Ma" N +D=s)

< |An@)| + |M|j@|VCN DS,

By using (10), we get that

N@BN+1) 00 1
Av@l< Y @l <) @l = —=d
n=0 n=0 tao
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We can restrict the approximation to such numbers M /«* that

<1

M
g (D) = =%

Because
my(1) ~ 1.226742 ...,
it is enough to consider numbers M /o* satisfying
0<M/a* <2226742... <>

Now we suppose that N(3N + 1) > 2s. Since |M| < |M], by our assumption, we
obtain that

N@N+1)—s M
— |M|aS—N(3N+1) S — < az.

(M |j@|NCNTDS < g '_—
o o

Hence,
[AN| < 202 (14)

Inequalities (13) and (14) imply now that

77 < aVONFEDIA| + Ry ()]

By (11), we have

1
IRN ()| = pr

which implies
1 < 2|A|adaNONFD,

We fix an integer N such that N(3N +1) <25 < (N + 1)(3(N + 1)+ 1). We can
now suppose that N is N 4 1or N + 2. Hence,

NON+1) < (N+2)BN+2)+1)=NQGBN +1)+ 12N + 14
( 12+2«/1+24s>
<sl{24+—1,
S

and we obtain Theorem 3.
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5 Remark

When the approximations M/N € Q(+/5) are not restricted, then there are better
approximations for general T € R\Q(+/5). The ring of integers ZQ( S5 = Zlw],

where w = HT*@ We call the fraction

a+ bw
c+do’

a,b,c,d €

primitive whenever the vector (a, b, ¢, d) is primitive, meaning gcd(a, b, ¢, d) = 1.

Lemmal Let t € R\ Q(+v/5). Then there exists an infinite sequence of primitive
fractions M/N € Q(+/5), where M, N € Z@(ﬁ), N # 0, such that

<
N INJ4

Proof Let t € R\ Q(+/5). Because 1, w, T and tw are linearly independent over
@Q, there exists an infinite sequence of primitive integer 4-tuples (a, b, c,d) € YA \
{(0, 0,0, 0)} such that

1
la +bw + ct +dtw| < ek (16)

where H = max{|b|, |c|, |d|} = 1 (see Corollary 1D in [11, p. 27]). If c =d = O,
then H = |b| > 1 and

1
Thus,
| < |(a + bo)(a + bw)| < 1229 _ ‘fs‘+ !
a w)la @ < — —_— —_—
- bl>  ~ b2 |bl®

implying |b| = 1 and so |a| < 2, contradicting the fact that there are infinitely many
(a, b, c, d). Hence there exists an infinite sequence of integer 4—tuples (a, b, ¢, d) €
74 \ {(0, 0, 0, 0)} satisfying (16) with (c, d) # (0, 0). We also note that |c + dw| <
(1 + w)H. Consequently,

a+bw 1 _ 1+’ 9445
T— < = ’
c+dw H3lc+dw| ~ |c+dw* |c+do*

which completes the proof . O
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The above bound (15) is a variation of the fundamental result presented in e.g. [11, p.
253].
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