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Abstract

We prove a quantitative result for the number of sign changes of the Fourier coefficients
of a Hermitian cusp form of degree 2. In addition, we prove a quantitative result for
the number of sign changes of the primitive Fourier coefficients. We give an explicit
upper bound for the first sign change of the Fourier coefficients of a Hermitian cusp
form of degree 2 over certain imaginary quadratic extensions.
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1 Introduction and statement of the main results

The distribution of signs of the Fourier coefficients of a non-zero elliptic cusp form
has been a subject of study for several mathematicians over the past years. One aspect
of this problem is the study of number of sign changes of the Fourier coefficients.
Knopp, Kohnen, and Pribitkin in [14] proved that the Fourier coefficients of a non-
zero elliptic cusp form f on a congruence subgroup of the full modular group SL>(Z)
have infinitely many sign changes. They use the Landau’s theorem on Dirichlet series
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with non-negative coefficients and the finiteness of the Hecke L-function attached to
the elliptic cusp form f to prove their result. In addition, one can see that [16] and
[18] are devoted to the study of sign changes of the Fourier coefficients of an elliptic
Hecke eigenform. A more subtle problem is to give an explicit upper bound for the
first sign change. This has been studied for elliptic cusp forms of square-free level by
Choie and Kohnen [2]. Later, their result has been improved by He and Zhao [11]. For
elliptic Hecke eigenforms of level N the problem has been dealt in [13, 16].

The theory of elliptic modular forms has been generalized to several variables.
Hermitian modular forms over an imaginary quadratic field K are one of those gener-
alizations. In this article, we give a quantitative result for the number of sign changes
of the Fourier coefficients of a Hermitian cusp form F of degree 2. Moreover, we also
give a quantitative result for the number of sign changes of the primitive Fourier coef-
ficients. Note that Yamana [22] has established that F is determined by its primitive
Fourier coefficients. Also, we provide an explicit upper bound for the first sign change
of the Fourier coefficients of a Hermitian cusp form over certain imaginary quadratic
fields. To the best of our knowledge, this is the first attempt to study the distribution
of signs of the Fourier coefficients of a Hermitian cusp form. Now, we introduce the
necessary notations to state our results.

Let d > 0 be a square free integer. Throughout the article, let K = Q(v/—d) be a
fixed imaginary quadratic field. Let

—4d if —d=2,3 (mod 4),

Dk = .
—d if —d=1 (mod4)

be the discriminant of K. Let Ok be the ring of integers of K and O% = JWOK

be the inverse different of K over Q. The Hermitian modular group of degree 2 over
K is given by

Us(Ok) = {M € My(Ok) | M' 1M = ]},

. 02 -1
where J, = (12 0,
respectively. The subgroup

), I, and 0, are the 2 x 2 identity matrix and zero matrix

SU>(Ok) = U2(0g) N SL4(Ok)

coincides with the full modular group U>(Ok) if Dx # —3, —4. We denote by
Sk (SU2(Ok)) the space of Hermitian cusp forms of degree 2 on SU>(Ok) (defined
in Sect.2.1). Any F € S;(SU2(Ok)) has a Fourier series expansion of the form:

F(Z)= Y Ap(Mer(TZ)= Y Apr(n.r.mq"t{gzq)". (1)

TEA;' n,meZ,reO*}"<
n,m,nm—N (r)>0
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where

-2

g =e(), 01 = e(21), & = e(z2),q = e(t'), e(z) = e>™i%. The first result of this
article gives a quantitative result for the sign changes of the Fourier coefficients of F'.

nmeZ,re0Of, T>O},Z€<ZT Zl)eHz,

2 7

Theorem 1.1 Let F € S (SU2(Ok)) be a non-zero Hermitian cusp form with real
Fourier coefficients Ap(T). Then Ap(T) changes sign at least once for | Dk |det(T) €
(X, X + X3 for X > 1.

Forany T € AT, we define
w(T) =max{l e N|I7'T € AT}

We say that T is primitive if (7)) = 1. The Fourier coefficient of F at a primitive
T is known as primitive Fourier coefficient. The second result of this article gives the
following quantitative result on the number of sign changes of the primitive Fourier
coefficients.

Theorem 1.2 Let F € S;(SU2(Ok)) be non-zero with real Fourier coefficients
Ap(T). Then the primitive Fourier coefficients Ap(T) changes sign at least once
for |Dg|det(T) € (X, X + X33 for X > 1.

Theorem 1.1 implies that there are infinitely many sign changes of the Fourier coeffi-
cients of F € S (SU2(Ok)). Next, we focus our attention on establishing an explicit
upper bound for the first sign of any F' € Sy (SU2(Ok)). To accomplish this, we first
establish a Sturm bound for Hermitian modular forms of degree 2.

Theorem 1.3 Ler K = Q(«/—d) whered € {1,2,3,7, 11, 15}. Also, let

F(r,z,22,7) = ) Ap(,r,mg"t53(q)" € Mi(SU2(Ok)).

n,meZ,reO’f(
n,m,nm—N(r)>0

IfArp(n,r,m) =0forall0 <n < B and 0 <m < B, where

[(]92—’;1)} if d=3,7,11,15,

then
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Finally, using Theorem 1.3, we give an explicit upper bound for the first sign change
of the Fourier coefficients of a Hermitian cusp form of degree 2.

Theorem 1.4 Let K = Q(/—d) where d € {1,2,3,7,11,15}. Suppose F €
Sk (SU2(Ok)) is non-zero with real Fourier coefficients Ap(T). Then there exist
T, T € A2+ with

tr(Th), tr(Ty) < (4eak)**<,
for any real € > 0, where

g ifd=12

Cd = \294d :p 5 _
Brd f 4 =3,7,11, 15,

such that
Ap(T1)Afp(T7) < 0.

Remark 1.5 For F € S;(SU2(Ok)) with complex Fourier coefficients Ap(T), the
Fourier series with Re(A f(T)) (respectively Im(Ap(T))) are again in Sx (SU2(Ok)).
Therefore, there is an obvious reformulation of Theorems 1.1, 1.2 and 1.4 for arbitrary
F € Sp(SU2(Ok)) with Ap(T) replaced by Re(Ar(T)) and Im(Ap(T)).

The article is organized as follows: In the next section we recall the definition of
three concepts used in this paper; Hermitian modular forms of degree 2, Hermitian
Jacobi forms and Jacobi forms with matrix index. We show that Hermitian Jacobi forms
occur as the coefficients in the Fourier—Jacobi expansion of a Hermitian modular form
of degree 2. In Sects. 3 and 4, we give the proof of Theorems 1.1 and 1.2 respectively.
Section 5 is the largest, and contains the proof of Theorem 1.3. We prove Proposition
5.1, Theorems 5.2, and 5.3 in this section, which may be of interest on their own.
Finally, in Sect. 6, we prove Theorem 1.4.

Notation For any ring R C C, we write by R" = {(«1, -+ ,an) | @i € R} the set
of row matrices of size 1 x n with entries in R. We denote by M,,(R) the set of all
n X n matrices with entries in R. Let G L, (R) be the group of matrices in M, (R) with
non-zero determinant and let SL,, (R) be the group of matrices with determinant 1. For
any M € M, (R), we write by M the complex conjugate of M and by M" the transpose
of matrix M. We denote by det(M) and ¢r (M) the determinant and trace of the matrix
M respectively. Also let A[B] denote the matrix B' AB for two complex matrices A
and B of appropriate sizes. For « € C, we write e(«) := ¢>™'® and N (o) := aer. We
denote by O%, the group of units in O .
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2 Preliminaries
2.1 Hermitian modular forms of degree two

The Hermitian upper-half space of degree 2 is defined by
T 2 1 >t
=17 = M C)| —=(Z-Z 0¢.
Ha { (er/>€ 2()|2i( ) > }
The Hermitian modular group U (Ok) acts on H; by
_1 A B
M-Z=(AZ+ B)(CZ+ D) where Z € Hp, cplE€ Ux(Ok).

For any non-negative integer k, we define the action of U, (O ) on the set of functions
from H; to C by

(F |x M)(Z) = (det(CZ + D)) *F(M - Z).

For a positive integer N, we define the congruence subgroup F(()z)(N ) of SU>(Ok)
by

r?(vy = { (é g) € SU»(Og) | C =0, (mod N(’)K)}.

Note that if N = 1 then T'{” (1) = SU2(Ok).

Definition 2.1 A holomorphic function F : H, — C is called a Hermitian modular
form of weight k on I‘(()z) (N) if it satisfies

FiM=F )
forall M € T{”(N).

We denote by M (F(()z) (N)) the space of Hermitian modular forms of degree 2 on the

group I‘(()2)(N ). Any F € Mk(F(()z) (N)) possesses a Fourier series expansion of the
form:

F(Z)=F(t,z,22.7) = Y. Ar(Delr(T2))
TeAr

= > Ar(.r.mq"¢{g ()" 3)

n,meZ,reO%
n,m,nm—N (r)>0
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1042 R. Nandi et al.

where ¢ = e(7), 1 = e(z1), & = e(22), ¢’ = e(t') and

we =)

Moreover, F is called a cusp form if Ap(7T) = 0 whenever det(7)) = 0. We denote
by Sk (F(()z) (N)) the space of cusp form in Mk(l"(()2) (N)). We note down the following
result by Yamana [22] which characterizes a Hermitian cusp form by its primitive
Fourier coefficients.

n,meZ,reO’};, TzO}.

Theorem 2.2 Suppose F € Si(SU2(Ok)) is non-zero with Fourier coefficients
AFp(T). Then there exists a primitive matrix Ty € A;‘ such that Ar(Ty) # 0.

The group GL2(Ok) acts on A; by T +— g'Tg, where g € GL,(Ok). We have the
following lemma.

Lemma23 LetT € A;r be a primitive matrix. Then there exists g € SL2(Ok) such

thatg'Tg = (: ;) for some odd prime p.

Proof By [1, Lemma 3.1] there existsa g € GL,(Og) such thatg'Tg = <: ::) Let

_(a B _(nr
g = (y 8> €GLy(Okg)and T = <’7 m) Then we have

S Te — * *
8=\« p= NP +8rB+pra+N©Gm) "

We know that det(g) = €, where € € Ol’é. Therefore, we can take

g1 = <%i 'g) € SLy(Ok)

_ * ok
such that g Tg) = <* p>' .
- —1

(80)2 (;2> € SU»(Ok). Applying the trans-

formation (2) on F € Sy (SU2(Ok)), we get the following relation on the Fourier
coefficients of F

For any g € SL2(Og), we have (

Ap(gTg") = Ap(T), forall g € SLy(Ok), T € AS.

Now using Theorem 2.2 and Lemma 2.3 we get the following.

Lemma 2.4 Suppose F € Si(SU(Ok)) is non-zero with Fourier coefficients Ap (T).
Then, for some odd prime, p there exists a primitive Ty = <: ;) S A;‘ such that
Afp(To) # 0.
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On sign changes of fourier coefficients... 1043

2.2 Hermitian Jacobi forms

Let G = SLy(Z) x Oi be the Hermitian Jacobi group over Ok . The Jacobi group G
acts on H x C? as follows:

ct+d  ct+d T ct+d

at+b 1+ At+p n+AT+R
(g, (k,u))~(r,Z1,zz)=< ,

where g = <z 2) € SLy(Z),t € H, A, u € Ok, 21, 22 € C. For any positive integer
N, let

rP vy = { (‘C’ 2) €SLy(Z)|c=0 (mod NZ)}.

Definition 2.5 A holomorphic function ¢ : H x C> — C is a Hermitian Jacobi

a b) e TP(N), and

form of weight k and index m on F(()l)(N) if for each g = <c d

A, u € Ok, we have

at + b Z1 %) & 2mimez)zp
N s = d ct+d s s s 4
(C‘C-I-d ct +d cr+d> (et +d)e ¢ 21, 22) @

¢ (.2 +AT 4w+ Te ) = TNOTHRIERg (0 21 5)(5)

and ¢ has a Fourier series expansion of the form

o= > g,
neZ,reO%
nm—N (r)>0

where g = e(7), {1 = e(21), & = e(22).

We denote by Ji m (Fél) (N)) the vector space of all Hermitian Jacobi forms of weight
k and index m on F(()l)(N).

2.2.1 Theta decomposition

The invariance of ¢ under the action of (&, 0) in (5) yields that the Fourier coefficient
c¢(n, r) is completely determined by » (mod mOg) and nm — N (r). We define

L) c(n,r) ifr=s (mod mOg)and L = |Dg|(nm — N(r)),
C =
g 0 otherwise.
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1044 R. Nandi et al.

The theta decomposition of ¢ € Ji », (F(()l) (N)) is given by

Om (T, 21,22) = Z hsem,Sa
SEOZ/WLO[{

where

> L
hs(v) = Lgo es(Lye (IDKImT> :

L=—N(s)|Dg| (mod m|Dk|Z)

N(r
Om.s = > e( rfl)r—l—rzrl-?Zz)-

r=s (mod mQOg)

The theta components %, of ¢ are elliptic modular forms on the prinicipal congruence
subgroup F(l)(IDK|Nm) (see [9, 10]).

2.3 Fourier-Jacobi expansion

Let F e Sk(F(()2) (N)) has Fourier series expansion of the form (3). We write the
Fourier series expansion of F as

o
F(t,21,22,7) = ) due(mt’),

m=1

where ¢, = Z Arp(n,r,m)e(nt +rzy +7z2). (6)

neZ,reO%
nm—N (r)>0

For <a b) e T{"(N) and (A, ) € O, the matrices

cd
a0b0 100 u
0100 AT 0
codo|l ™ oot —a
0001 000 1

are in l"(()z) (N). These matrices act on H; by

at+b 73 22 o €2122
ct+d ct+d ct+d’ ct+d)’

(T, 21,22, T) > (T, 21 + AT + 1, 20 + AT + i, T + A2y + Az + 22T 4+ Ap)

(t,z1,22, 7)) > (

respectively. Because F satisfies the transformation law (2), we can deduce
the two transformation laws of Hermitian Jacobi forms for ¢,,, and therefore,
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On sign changes of fourier coefficients... 1045

bm € Jk,m(F(()l)(N )). We call (6) the Fourier—Jacobi expansion of F and ¢,,’s the
Fourier-Jacobi coefficients of F.

2.4 Jacobi form with matrix index

The Jacobi group I' = SL,(Z) x (Z* x Z) acts on H x C* as follows:

at+b z1+ AT+ Z¢ + AT + g
ct+d’ ct+d T ct +d ’

(gv (}"’/J/))'(T,Z]"" ’Z€)=<

b
Whereg: <Zd> GSLz(Z)aT GH»)"Z()"lv"'v)"f)a M:(H’l”l‘l/ﬁ) GZK

andz = (z1, -+ ,z¢) € Ct.

Definition 2.6 Let M be a symmetric, positive definite, half-integral £ x £ matrix with
integral diagonal entries. A holomorphic function v : H x C* — C is a Jacobi form

of weight k and index M on F(()l)(N) if foreach g € F(()l) (N)and A, u € 7%, we have

at +b Z Z eM[Z']
v (cr +d’ cr—li-d’.“ ' ct—f—d) = (ct+d)f T Y (T 2z, ()
V(T 21+ AT 4 1,5 20 4 AT + jug) = e FIEMIHRMD (0 7y oo 2y)
()

and ¥ has a Fourier series expansion of the form

YTz, 20) = > c(n,rg"¢’, ©)

neZ,reZt
Adet(M)n—M*[r'1=0

wheret € H,z = (z1,--- ,2¢) € Ct,q = ¥, " = e2ir? and M* is the adjugate
of M.

3 Proof of Theorem 1.1

Since F' # 0, there exists a mq such that the Fourier-Jacobi coefficient ¢,,, 7 0 in
the Fourier—Jacobi expansion of F. Therefore, there exists sg € (9’; /moOk such that
the theta component fg, 7# O in the theta decomposition of ¢,,,. The Fourier series
expansion of &g, is given by

hso (r) = Z a(n)e (|D:|m0 T) s

n=1
n=—N(so)|Dk| (mod mo|Dk|Z)
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1046 R. Nandi et al.

where

ntNGo)|Dg| oo
Ap(T) if T = 1Dk Imo e AS,
S0 mo

a(n) =

0 otherwise.

Wehave h, € Sp_1 (TD(|Dg |mo)) and hence hg, (| Di [mot) € Sp—1(T'\V (| D [2m2)).
We know that

Se1 (0 (1D Pmd) = @ Se1 (05 (I Dk Pmd). ).
v

where the direct sum is over all Dirichlet characters modulo | Dg |2m(2). For each Dirich-
let character ¥ mod |Dg |2m%, let fy € Sk—1 (F(()l)(lDK |2mg), Yr) be such that

hso(IDKImoT) =Y fy (0).
v

Suppose the Fourier series expansion of fy, is given by fy, = > ay (n)e(nt). Then
n>1
from the above equation we have

Za(n)e(nr) - Z Za,,,(n)e(m). (10)
n>1 v n>1

Let A=k —1and

a(n)

Ao ay (n)
a(n) = LO—D)/2

and a = —.
ay(n) =557

Putting these values in (10), we get

Z&(n)n(’\_l)/ze(nr) = Z Z&‘/f mn* =V 2en7).

n>1 v n>1

From the above we also have
a(n) = Z&I/,(n). (a1
Now using the bounds for éy, (n) from [12, Theorem 3.4, Corollary 3.5] and applying

(11) we achieve the following two estimates for a(n)

a(n) < n¢,

n<X
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Also, applying Rankin—-Selberg method [19, p. 357, Theorem 1], [20, Eq. 1.14] to
hs(|Dk |mo7) and following similar steps as we have in [12, Corollary 3.2], we get
that

D akn) =cX + 0T,

n<X

where c is a constant depending on Ay, (| Dk |[moT) and € is any real number greater
than 0. Now applying [12, Theorem 2.1] we get that a(n) changes sign at least once
forn € (X, X + X3/3] for X > 1. This implies that a(n) and hence Ar(T') where

n+N(s0)| Dk | 50
T = [Dk |mo , change sign atleast once for | Dk | det(T) € (X, X + X3/3]
50 mo
for X > 1.

4 Proof of Theorem 1.2

The ring of integers Ok of K is Z + wZ, where
v—d if —d=2,3 (mod4),
w =
Ly=d §f _g=1 (mod 4).
We define the following set

X s

j:{(gy)|x,yeZ,s=a+a),BeOK,Ofot,ﬂ,x,y<p}.

We first prove the following proposition which will be required to prove Theorem 1.2.

Proposition 4.1 Let F = ZTGA; Arp(T)e(tr(T Z)) € S (SU2(Ok)). For any prime
p there exists a G, € Sk(F(()Z) (p?)) such that the Fourier coefficients of G p is given
by

Gp= Y Ap(Detr(TZ)).
TeAS
piTenS

Proof Let

1 I, p~'y
G::—ka( )
4 0, 1
p YeJ 2 2

We claim that G € Sk(l"(()z)(pz)). It is enough to show that for any ¥ € J, we have

-1
G' =F|; <(I)2 PI Y) € Sk(F(()z)(Pz)). Let M = (é g) € F(()z)(pz). It is easy to
I
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1048 R.Nandi et al.

check that

-1
I, p7'Y\ (A B\ (I, p~'Y @, 2
<02 I ><c D) <02 n ) ST

This implies that G’ | M = G’, which asserts our claim. Now the Fourier series
expansion of G is given by

1
G(Z)=— Y F(Z+p'Y)
YeH
- i4 Z Z Ap(T)e(tr(TZ+ Tp~'Y))
Py TeAS
1
=— Y Ap(Der(T2)) Y etr(p™'TY)).
TeAS YeJg

Now forany T € A;r, we have

> er(pT'TY)) =

{p4 if p7IT ¢ A;
YeJ

0  Otherwise.

Therefore, the Fourier series expansion of G is given by

G= Y Ap(Der(T2)).
TeAS
piTeAs

Thus, we get the required G ,. O

4.1 Proof of Theorem 1.2

Since F # 0, by Lemma 2.4 there exists a primitive 7Ty = (:_lo ’2) € A;r for some
0

odd prime p such that A (Tp) # 0. Applying Proposition 4.1, we construct G, from
F such that G, € Sk(F(()2) ( pz)) and the Fourier series expansion of G, is given by

Gp= Y Ap(Detr(TZ)).
TeAS
p'Teaf
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Let H = F—Gp,. We observe that H € Sk(F(()z) (p?)) and the Fourier series expansion
of H is given by

H= Y Ap(Der(T2).
TeAS
pITeAT

Since Tj is primitive H # 0. We consider the Fourier—Jacobi coefficient ¢, in the
Fourier—Jacobi expansion of H whose Fourier series expansion is given by

ép(T,21,22) = Z Ar(T)e(nt +rzi +722).

T:<’1 r)eA;
rp

piT¢AT

We have ¢, € Jk’p(F(()l)(pz)). Letsg € 07(/[7(91( be such that so = r¢9 (mod pOg).
We consider the theta component hy, # 0 in the theta decomposition of ¢,. The
Fourier series expansion of Ay, is given by

hsy () = > a(n)e( ad )

|Dklp

n>1
n=—N(s0)|Dg| (mod p|Dg|Z)

where
n+NGoIDk| o
Ap(T) if T = \Dklp € Ayand p~IT ¢ AT,
a(n) = 50 P

0 Otherwise.

We have hy, € Sk_1 (D (Dg|p3)). Now doing the similar calculation as we have

nENGOIDK| o
done in the proof of Theorem 1.1, we get that A z(T) where T = Dk |p ,
50 p

p~'T ¢ AT, changes sign atleast once for | Dk |det(T) € (X, X + X3/3] for X > 1.

5 Sturm bound

Sturm [21] proved that an elliptic modular form is determined by its first few Fourier
series coefficients. The number of these first few Fourier coefficients is known as Sturm
bound. Sturm’s result has had a significant impact on the study of elliptic modular
forms. In this section we first develop a Sturm bound for Jacobi form with matrix
index. Following this we establish a relation between Jacobi form with matrix index
and Hermitian Jacobi forms. We use this relation to derive a Sturm bound for Hermitian
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1050 R. Nandi et al.

Jacobi forms. Finally we prove Theorem 1.3 using the Fourier—Jacobi expansion of
Hermitian modular form and Sturm bound of Hermitian Jacobi forms..

5.1 Sturm bound for Jacobi form with matrix index

Let
1
¢ = > a(n, rg"c" € Jem T (V).
neZ,rEZl
4det(M)n—M*[r'1>0
Let

arp aiz/2 - aqe/2
M= 0!12/2 ay ---op/2

where «;; € Z fori < j and o;; > 0. We consider the Taylor series expansion of ¢ at

Z] =22 = - - = z¢ = 0, with Taylor coefficients X, ... y,(7),
¢ = Z Xop o (O] o 7yt 12)
v, ,0p=>0

ab
For each (C d

equation we get

at +b\ ve
Z X . (_Wrd) .

,0p>0

ktvy - Di<i<j<e CYijEiT) v .
=(ct +d) Fvi+-tve e ( Z XUI,“‘,W (I)le . ‘Z/

ct +d
vp,-ve>0

) € F(()l) (N), using the transformation property (7) of ¢ and above

2wiaiic\" y
=t Y0 Y < ct+d > (zizj)"
ij!

I<i<j=<t t;>0

v v,
X Z Xop e (D27 - 2,5

v, ,0e>0

This implies that

at +b
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On sign changes of fourier coefficients... 1051

o
2mTic ZlSiSij lij I<i<j<t Y
x 2 o
ct+d IT ;!

— lij
1] =Y
i .
V=205 =302 5= s 15 =0
x Xv1—2t11—2f=1 tig,o ,ve—Zf;} tse—1tee ().
Following Eichler and Zagier [6, p. 31], we define
Sup e v (T) = Z (_27-”')(215,'51'52 fi)

I<i<j<t, ;>0
=) -
V=205 =303 =Yg j1 15 =0
tij
¢ [l o)
k421 vi— Yi<izjzetij — Dizizjze
X
; )
k+ Y5 v —2)! [T !

I=i=j=t

(1),

Cizizj<etif)

x X
L -1
(U1—2t11—§ ; 2flj"“’vi_§ 1 tie—2tee)

where g™ (7) = (aa—r)vg(t). It can be readily checked that &y, .., (7) €
My, 4o, (F(()l)(N)). The Fourier expansion of ¢y, ... 4, () is given by

Copooe g (1) = @iyt 3 > kam,r)|q",
n>0 r=(r1,~-,rg)eZ‘Z
4det(M)n—M*[r'1>0

where

Z (k+ 30 vi - Dizizj<elij = 2)!
K = -
I<i<j<t, (k+zi=l Vi —2)'

1ij>0,

Jj—1 ¢
V=215 =32y b= D 1 15 =0
w—1 £
t 1Tl Vw =301 Lew— D gmypp 1 tws —2tww
[TcicjceC=ne)® [Ty rw” =

X .
¢ w—1 ¢
[Ticicj<etii! Tlu=t (vw = o0t bsw = gyt fws — 2fww)!

We further define

4
(V1 4-+vp) (k + Z?:] Vi — 2)!(21':1 v;)!

Dy, ooy ($) = Q2ri) k+ B —2)!

Cuyee g (1),

£ L
(v . 4+ o .
where we take f = @, if Y2F_ v isevenand g = #, if °2°_ v is odd.
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Proposition 5.1 We define

D: Il N) = P My i, O (N)),

(v1,+,v¢)
0=<v; <2a;;

where the map from Jk,M(F(()l)(N)) 10 My 1y, v, (F(()l)(N)) is given by

¢ Dy, ... vp ().
Then the linear map D is injective.

Proof We will show that if ¢ # 0 then D(¢) # 0. Let us choose a¢, ag—1, -+ ,aj in
a minimal way such that Taylor coefficient Xy, ... 4,(t) of ¢ in (12) is non-zero and
forall T

Xy, (1) =0 (0 = Vg < ag; Vog—1, -+, v1 = 0),
Xoy v 1,ar (@) =0 (0 < Vv <ap—1;Vvgp, -+ ,v1 >20), -+,
Xoi,apap (t) =0 (0<VYv <ay).

We claim that @; < 2¢;; forall 1 < i < ¢. By [3, Lemma 3.1], we know that the
function

filz,z1) = Z le,az,m,ag (T)le)l

v1=>0

is a non-zero classical Jacobi cusp form of weight k 4+ a> - - - + a¢ and index «aq;.
Therefore, by Eichler and Zagier result [6, Theorem 1.2, p. 10] we have a; < 2aq;.
Now suppose 2 < i < €. We choose by, - -+, bj_1, bi+1, -+ , b1, b; in a minimal way
such that Xy, p,,....»,(t) # 0 and for all

Xop, (1) =0 (0= Vog <ag;Vog—y, -+, 01,0 20), - -+
XUlsth“‘vhi—lsviqb[+la'“ahl (r) =0 (0 <V <by;Vy; > 0),
Xby e b0 b b (T) = 0 (0 < Vo < bj).

Again using minimality condition of by, - -+ , bj_1, bijy1, - -+ , b1, b;, we see that

fi(zr,zi) = Z Xby e viseee by (‘E)Z:»)i

v; >0

is a non-zero classical Jacobi form of weight k + by + -+ 4+ bj—1 + bi+1 +

--+ + by and index «;;. Therefore, b; < 2«;;. Since both ay,ap—1,---,a; and
be,--- ,bi_1,bit+1, -+, b1, b; are minimal we must have
ag =bg, -+ ,a;—1 =bj—1, and, a; < b;.
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Thisimpliesthata; < 2«;; forall 1 <i < n.Sowehave provedthatif¢ # 0 then there
exists a Taylor coefficient X, ... 4,(t) # Osuchthata; < 2q;; foralll <i < £. Again
using the minimality of a¢, a¢—1, -+ - , ar, we see that Dy, ... 4,(¢) = aXq,... 4,(T)
for some non-zero o € C. Thus, D(¢) # 0. O

In the following theorem we establish a Sturm bound for Jacobi form with matrix
index.

Theorem 5.2 Let y = [SLa(Z) : TSV (N)]. Let

¢ = > a(n,r)q"¢" € I (T (N)).
neZ,re7!

4det(M)n—M*[r'1=0

Ifa(n,r) =0, for all

1
n < &+ 2r M)y,

then ¢ = 0.

Proof If a(n,r) = 0 foralln < %(k + 2tr(M))y then using the Fourier expansion
of Dy, ... v, (¢) and Sturm result for elliptic modular forms we get that

Dvl,-n,v[ (¢) =0
for all (vy, - -+, vy) satisfying 0 < v; < 2¢;; for all 1 < i < £. This implies that
D(¢) = 0 and hence ¢ = 0 as D is injective. O

5.2 Relation between Hermitian Jacobi and Jacobi form with matrix index

In [17, Theorem 2.3], Meher and the second author proved a relation between Her-
mitian Jacobi form over Q(i) and Jacobi form with matrix index. In the following
theorem, we generalize their result for an arbitrary imaginary quadratic field.

Theorem 5.3 Let K = Q(v/—d) be an imaginary quadratic field. Suppose

0
(’gmd) if —d=2,3 (mod4),

A=

N
SRS
— |3

m(#)) if —d=1 (mod 4).

Then the space Ji m (F(()l)(N)) is isomorphic to Jk,A(F(()l) (N)) as a vector space over
C.
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Proof First let us consider the case —d = 2,3 (mod 4). We define a map
. () )
N1 Jem (T " (N)) = Ji AT " (N))
by

o(t,21,22) = ¢ (T, 21+ i\/c_z’zz, 71 — i«/gz2> .

Let ¢(1,21,22) = ¢ (T, 21 +ivdza, 71 — iﬁzg). Using the transformation prop-

erty of ¢ mentioned in (4) and (5) we can verify that (ﬁ satisfies (7) and (8). Suppose
¢ has Fourier series expansion

¢(r.z1,2) = Y cpn,r)g"E L,

neZ,re(’)’f(
nm—N (r)>0
then
¢(r.z,2) = Y. cplnre (nr +r (zl + i«/ﬁzz) +7 (z1 - iﬂzz)) .
neZ,reO%
nm—N (r)=0
Any r € (’)# can be written as r = L (ot—}—i«/_ﬂ) where o, B € Z. We now

consider an element p € Z2, where p = ( B, —a). Then the correspondence r +— p
is clearly a bijection from (’)’;( to Z?*. Now the above Fourier series expansion of ¢ can
be expressed as

b(r,21,22) = Z cg(n,rye(nt — Bz — ozo)

neZ,re(’)i
nm—N (r)>0
= Z c;(n, ple(nt + (=P)z1 + (—a)z2),
nez, ,OEZZ

4det(A)n—A*[p]=0

which is of the form given in (9). This implies that n; is a well defined linear map. In
a similar manner, one can show that the map

m: JeaTV(N)) = T (DY (V)

defined by

V(e 2. 2) > ¥ (r, atao _ZZ)

2 7 2iVd
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is also a well-defined linear map. Now consider the composition map 7, o 711,

(20 M@, 21,22)) = 12 (@ (7. 21 + iVdz2, 21 = iVd22))

Y 21 +ivdzm + 71 —ivdz 71 +ivdz — 71 +idz
’ 2 ' 2iN/d

= ¢(7,21,22).

Similarly we can also check that (11 o n2)(¥ (7, z1, 22)) = ¥ (7, z1, 22) and hence
n ony = I1, n1 ony = I, where I; and [, are identity maps on the vector spaces
Je.m(T(Ok)) and Ji_a(I'?) respectively.

Now consider the case —d = 1 (mod 4). Here we define the maps

M Jem TSV (N)) = Je A (TS5 (V)

by
221 + 220 +iNdzy 221+ 22 —iVdz
o(t,z1,220) = ¢ | T, ,
2 2
and
. (1) (1)
2 Ji,a(Ty " (N)) = Jem(Ty " (N))

by

v(t,z1,22) = ¢ (f,

21tz - m—zz)
2 2id T ivd )

Approaching as above we can easily verify that n; and 1, are well defined linear maps
and also they satisfy

mony =11, nom=1Ih.

5.3 Sturm bound for Hermitian Jacobi forms

Using Theorems 5.2 and 5.3, we establish a Sturm bound for Hermitian Jacobi forms.

Theorem 5.4 Let y = [SL2(Z) : TS (N)]. Suppose K = Q(v/—d) and

o= Y as(n.ng"¢{e] € Jem(T§ (V).

n>0,reOg
4dnm—N(r)=0
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Ifag(n,r) =0 foralln < B, where

Lz(k+2m(1+d))y if —d=2,3 (mod4),
- (k+m(5+d))y if —d=1 (mod 4),

then ¢ = 0.
Proof We begin with the case —d = 2,3 (mod 4). The Fourier series expansion of

qS(t, 71, z2) in Theorem 5.3 is given by

¢tz )= Y agln,re(nt — Bzi —az)

neZ,reO’};
nm—N (r)>0

= Z ag(n, ple(nt + (=P)z1 + (—a)z2),

nez, peZz
4det(A)n—A*[p'1=0

where = 1 (a+iﬁﬁ), p = (=B.—a), a, B € Z. Now, if ag(n, r) = 0 for

all n < B, then by Theorem 5.2, we see that d; = 0. Since 7 is an isomorphism, we
get ¢ = 0. This completes the proof when —d = 2,3 (mod 4). The case of —d = 1
(mod 4) follows similarly. O

If we put N = 1 in the above we get the following.

Corollary 5.5 Let K = Q(«/—d), where d > O be square free. Let

p= Y amrq" € hm(SLa(Z)).

n>0,reOg
4nm—N(r)=>0

Ifa(n,r) =0 foralln < B, where

B ﬁ(k+2m(1+d)) if —d=2,3 (mod4),
= (k+m(5+d)) if —d=1 (mod 4),

then ¢ = 0.

We are now ready to prove Theorem 1.3. We first define some necessary terms. For

o= > amr)qg"¢(d] € hm(SLa(Z)),

n>0,reOg
4nm—N(r)>0

we define

ord(¢) = min{n | a(n, r) # 0}.
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From Corollary 5.5, Sturm bound for Hermtian Jacobi form when —d = 2,3 (mod 4)
is

1
B = E(k +2m(1 + d)).

We put § = m = ¢ in the above and see that it is possible to get a positive value of
t = ﬁ ifd = 1, 2. Similarly, when —d = 1 (mod 4), we will get a positive value

of t = %, if d € {3,7, 11, 15}. We will use the Fourier—Jacobi expansion and a
transformation of Hermitian modular form F to show that if the Fourier coefficients
Arp(n,r,m)=0foralln <tandm <t then F = 0.

5.4 Proof of Theorem 1.3

We will prove the result when d € {1, 2}. The case d € {3,7, 11, 15} will follow
similarly. We consider the Fourier—Jacobi expansion of F

F=Y ¢u(t.z1,22)e(mt).

m>0

We will show that ¢, = O for all m > 0. We first consider that m < ﬁ Then

ord(gm) = 5 k (1+d 5—d>:k m(l + d)

G-d 26-d\ 6 "6 12 6

Therefore, by Corollary 5.5, we have ¢,,, = 0. Assume thatm > ﬁ. We use induc-

tion on m to show that ¢, = 0. Suppose that ¢, = 0forallm’ < m. Now we consider
—ty—1

¢m. For g = <(1) (1)>, the matrix M = ((g0)2 23) € SU>(Ok). Using the transfor-

mation property (2) of F for M, we get F(t,z1,22,7) = (—=DXF(t/, 22,21, T),

which shows that Ap(n, r, m) = (—1)*Ap(m, 7, n) = 0 for all n < m. Therefore,

14+d S—d) m(l+d) k
+ >

0rd(¢m)EM=m< G 5 —

6 12

Again by Corollary 5.5, we have ¢,, = 0. This completes the proof.

Remark 5.6 (1) The space of cusp form S;(SU>(Ok)) = {0} if k < 2(5 — d) when
d=12andif k < 274 whend =3,7, 11, 15.

(2) The bound in Theorem 1.3 is sharp for K = Q(i), Q(+/2i). We have explained
this in the next Example 5.7.
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Example 5.7 The Hermitian Eisenstien series of even weight k > 4 over a field K =

Q(+/—d) is given by

EX = > det(M)™*?det(CZ + D)™*, Z € Ha.
M A B %) 0h(Or)
“\c p)\0x) "

Moreover, Krieg [15] constructed weight 4 Eisenstein series by Maass lift. The Eisen-
stein series E,(CK) has rational Fourier coefficients for £k > 4 [7, 8, 15]. There are
Hermitian cusp forms over any imaginary quadratic field [4, Corollary 2], [8],

Fl(é() = Efg) - EL(;K)EéK) € S10(SU2(Ok)),
Al <E<K>)3 _ 20

(K) _ (K)
Fiom=En —op (B 691

(ES) € ssta05).

If K = Q(i) then

61 2
X8 = 33000 (E§K> - (E0) ) € Ss(SU2(Ok)).

Let B(k) = [k/8] be the Sturm bound for K = Q(i) in Theorem 1.3. We define

i j
Ef(“) (Eg’”) KOG+ BU) =k, i, j=01) if k#2 (mod 8),

= 0 plo if k=2 (mod 8
X3 10 if k= (mod 8).

Since xg and Fl(é{) are cusp forms, we have A, (n,r,m) = AF(K) (n,r,m) =0
10
whenever n = 0 or m = 0. We have

1 (+0/2)) _ 1 (1+0/2)) _
AXS(((l—i)/z 1 >>‘AF.(§)<<(1—1')/2 1 ))_1'

Therefore, we check that A, (n, r, m) = 0 whenevern < (k) —landm < B(k)—1
but Hy # 0. Hence the bound is sharp for K = Q(i). Similarly, one can check that
the bound in Theorem 1.3 is sharp for K = Q(~/2i) using EiK) and Hermitian cusp
form ¢ and ¢g of weight 6 and 8 respectively constructed by Dern and Krieg [5].

6 Proof of Theorem 1.4

We will prove the result when d € {1, 2}. The case d € {3,7, 11, 15} will follow
similarly. We have assumed that F' # 0, therefore, by Theorem 1.3 there exists Ty =
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(’10 ro) such that
ro mo

tr(Ty) < G-

(13)

and A r(Tp) # 0. We consider the Fourier—Jacobi coefficient ¢,,, # 0 in the Fourier—
Jacobi expansion of F. The Fourier series expansion of ¢, is given by

Gmy(T.21,22) = Y cln,renT +rz1 +722),

neZ,reO%
nmo—N (r)=0

where c(n,r) = Afp ((’; n:())) .

We define

b(2, 21, 22) = Py (T, 21 + idz2, 21 — iVdz2).

Using Theorem 5.3, we get that q3 € Ji,my(SL2(Z)), where My = <n(1)0 m(())d)' We

consider

(21,2 = [ | bz, e121, €222),

€1,€2

where €1, € € {1, —1}. We can also check that ¢A>(r, €121, €222) € Jik, My (SL2(Z)) for
every €1, €x € {1, —1}. The Fourier series expansion of ¢(t, €121, €222) is given by

b(z, €121, €222) = Z Cei.er (M, 8)e(nt + azy + bza),

neZ,s=(a,b)eZ?
4det(Mo)n—ME[s'1=0

where

i
Cerey(n,5) = AF ((’; n:())) L =g Etab- ivdeya) e O

Now ¢(7, z1, 22) € Jak,amy(SL2(Z)). Also, by construction, ¢(, 21, 22) is an even

function in the variable z; and z;. We consider the Taylor series expansion of
¢(t,21,22) around z1 = 2 =0

o(t,21,22) = Z le,vz(f)z?lz?'
«>0,8>0
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Since ¢ # 0 there exists a non-zero Taylor coefficient in the above equation. We

choose a3, aj in a minimal way such that X, 4, 7 0 and

le,vz(f) =0 (0<Vv <az; Vv =0),
X,y (1) =0 (0 <V <ay).

Then from the proof of Proposition 5.1 we get that a; < 8mg and a, < 8mod. Also
Dy, .0, (9) = @ Xy, 4, (7) in Proposition 5.1, for some non-zero o € C. This implies
that X4, 4,(7) is a non-zero elliptic modular form of weight k1 = 4k 4+ a; + ax.

Therefore, we have
ki <4k +2mo(1 + d)).

Suppose the Fourier series expansion of ¢ is given by

o(t,21,22) = Z d(n,s)e(nt +az1 + Bz2).

neZ,s=(a,B)ez?
4det(dMo)n—4ME[s'1>0

Let f = a%—ﬂ“f%Xal ., (7). It can be easily checked that

1 a a
I = e (8050 21.22), L, o

If the Fourier series expansion of f is given by Y d(n)e(nt) then we have
n>1

d(n) = > d(n, s)a®™ =,

s=(a, B)eZ?
4det(4Mo)n—4M§[s'1=0

Now by [11, Theorem 2] there exists n; > 1 such that
np K k%+e, d(ny) < 0.
Therefore, by (14), we have
i <K 4k + 2mo(1 +d))>*.
We have

d(ny) = Z d(ni, s)a™ 2 < 0.

s=(a, B)eZ?
4det(4Mo)no—ME (5120
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Since ¢(t, z1, z2) is an even function in each variable z1, z2, the integers aj, a> are
even. Therefore, there exists so = (ag, Bo) such that d(ny, so) < 0. Also d(ny, sg) is
Ney e

a finite sum of product of Fourier coefficients of the form Afr .

) with

> ne,.e, = n1. Therefore, atleast one of the Fourier coefficient

_ [Ner.ea *
Ar (Ty) <0, T = ( . mo).
We have tr (T1) = ney e, +mo < ny +tr(Tp). Using (15) and (13) we have

tr(T)) < 4k + 2(1 + d)tr(To))*te + tr(Ty)

74+d 2+e
41 —— )k .
«(+(5%3))

Now replacing F by — F and proceeding as above, we get a matrix 7, such that

. A 74+d k2+e
tr( 2)<<< (m) >

and —Afr(T>) < 0. This proves the result.

Remark 6.1 We note that Theorem 1.1 is true for Hermitian modular forms on the con-
gruence subgroup F(()z)(N ) of SU,>(Ok) with Dirichlet character y (mod N), where

X acts on F(()z) (N) by

(M) = det(D), M = (é g) e TP (N).

Moreover, if the conductor of x is N then Theorem 1.2 also holds.
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