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Abstract

Let s, r be natural numbers and fix an s-core partition ¢ and a 7-core partition t.
Put d = ged(s, t) and m = lem(s, t), and write N, ; (k) for the number of m-core
partitions of length no greater than k whose s-core is o and ¢-core is 7. We prove that
for k large, Ny ¢ (k) is a quasipolynomial of period m and degree [ll(s —d)(t —d).
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1 Introduction

For a partition A and a natural number ¢, the ¢-core of A, written core; A, is obtained by
removing hooks of size ¢ from the Young diagram of A, until no more can be removed.
This analogue of the Division Algorithm has its origins in the representation theory
of the symmetric group [9], and finds application in the study of the partition function
[12]. We present an analogue of the Chinese Remainder Theorem in this paper.

Write C; for the set of £-cores. Suppose s, t € N are relatively prime, and consider
the map

cores s : Cyy = Cy x G
taking A to (coreg A, core; ). This map core; ; is surjective ([6], Sect. 5.1), but far

from injective. In fact the fibres are infinite. To capture their behaviour we stratify
them by length as follows.
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Given a partition A, write £(X) for its length, meaning the number of parts of 1. For
a fixed (o, t) € Cy x Cy, let m = st and put

Ng (k) =#{X € C,, | coreg A = o, core; A = 7, £(A) < k}. )
In other words, Ny (k) is the cardinality of the kth stratum,
core;,1 (o, 7)NCk (2)

where len is the set of m-cores of length no greater than k.
Our first result is:

Theorem 1 Let s,t € N be relatively prime. There is a quasipolynomial Qs 1 (k)
of degree (s — 1)(t — 1) and period st, so that for integers k > 0, we have
No (k) = Qo (k). The leading coefficient of Q. (k) is a positive number Vs,
depending only on s and t.

Here, a “quasipolynomial of period n” is a function on natural numbers whose
restriction to each coset nN 4 i is a polynomial; see Sect. 4. The quantity Vj ; is the
volume of a certain polytope we define in Sect. 8.

Remark 1 If 0 = t, then o is simultaneously an s-core and a f-core. In fact, the
intersection C; N C; is finite and well studied; see [1] and [7]. In [3] and [10], the
authors study simultaneous core partitions when s and t have a common factor.

Our method is as follows. We associate to T € Cf amultiset Hf’t on{0,1,...,t—1}
of size k, corresponding to the first column hook lengths of r modulo ¢. (This is James’
theory of abacuses [7, p. 78].) Members of (2) correspond to matchings between H(’,‘J
and Hkt (See Sect.5.3.)

Generally, let F, G be multisets of the same size, with multiplicity vectors F,
G. Write ./\/l(F G) for the polytope of real matrices with nonnegative entries, row
margins F, and column margins G. Then the matchings between F and G correspond
bijectively with the integer points of M(I? , é).

In our situation, the polytopes M grow linearly in k, and we may apply Ehrhart’s
theory, which says that if P is a polytope with integer vertices, then the number of
integer points in n-Pis a polynomial in n. We refer the reader to Sect. 4.6.2 of [11], and
Chapter 3 of [2]. The degree of the polynomial is the dimension of P, and its leading
coefficient is the relative volume of P. In [12], the simultaneous (s; t)-cores for s; t
relatively prime are identified with the lattice points in a rational simplex, and using
Ehrhart theory the author reproves Anderson’s theorem [1] and using Euler-Maclaurin
theory proves Armstrong’s conjecture [2].

When ¢ = v = J, and k is a multiple of s¢, this directly gives our result. The
technical heart of this paper is extending Ehrhart’s Theorem to all fibres and all k.

The polytopes M(F G) arising from row/column constraints are called “trans-
portation polytopes”. Each can be expressed in the form

P(A,b) = {X | A¥ < b, % >0},
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A Chinese Remainder Theorem for Partitions 991

for some totally unimodglar matrix A, meaning that all the minors of A are eitkler
0,1 or —1. Write N(A, b) for the number of integer points in the polytope P(A, b).
Our extension of Ehrhart’s Theorem is

Theorem2 Let A be an m x n totally unimodular matrix and l;, ¢ € Z™. Suppose
A does not have any zero rows, and that P(A, 5) is bounded of dimension n. Then
there is a polynomial f (k) so that for integers k > 0, we have N (A, bk + ) = fk).
Moreover, deg f = n and the leading coefficient of f is the volume of P(A, b).
Note that Ehrhart’s Theorem gives the case ¢ = 0.

Next, suppose s and ¢ are not relatively prime. Let d = ged(s, t), m = lem(s, 1)
and £p = max(£(o), £(7)). Again define N, ; (k) by (1).

Theorem 3 [fcore (o) = core,(t), then there is a quasipolynomial Q1 (k) of degree
ﬁ(s —d)(t—d) and period m, so that for integers k > 0, we have Ny - (k) = Qg ¢ (k).

The leading coefficient of Qg 1 (k) is V%é ¢ .

(It is easy to see that if corey (o) # coreq(t), then each Ny (k) = 0.)

We mention also a simpler related result for the fibres of the map coreg : Cg; — Cs
taking an sz-core to its s-core. For o € Cs, let

Ny (k) ={r € Cy | cores A = 0, £(X) < k}.

Theorem 4 There is a quasipolynomial Q (k) of degree s(t — 1) and period s, so that
fork > £(0), we have Ny (k) = Q4 (k). The leading coefficient of Qs (k) is W

The layout of this paper is as follows. In Sect. 2, we recall terminology for partitions
and multisets, and in Sect. 3, we review James’ Theory of abacuses for computing ¢-
cores. Theorem 4 is worked out in Sect.4, as a warmup to later material. Section5
converts the fibre counting problem into a multiset matching problem. Preliminaries
for polytopes are given in Sect. 6. Our theory of integer points in polytopes, including
Theorem 2, is contained in Section 7. Finally in Sect.8, we apply this to our core
problem, giving Theorems 1 and 3.

2 Preliminaries

Write N = {1, 2, ...} for the set of natural numbers and N = {0, 1, 2, ...} for the set
of whole numbers. If S is a set, write ‘idg’ for the identity map. If f : § — T is a
map, write ‘im f~ for the image of f. We write %4, (S) for the set of finite subsets of
S.

2.1 Multisets

Let S be a set. When S is a finite set, we write either ‘#S” or ‘| S |” for the cardinality
of . Fork € N, write (,f) for the set of k-element subsets of S. Note that #(i) = (#ks )-
A multiset on S is a function F from S to N. The cardinality of F is the sum

| F |= ZF(S).

seS
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992 S. Kayanattath, S. Spallone

The support of a multiset F' is

supp(F) = {s € S| F(s) # 0}.

Write ((i))’ for the set of multisets on § of cardinality k. Note that #((,f)) = ((#S)),

O)-C1)

Write Mg, (S) for the set of multisets on S with finite support. Thus,

o= 2)

Given finite sets S, T and amap f : S — T, define fi : Mgn(S) = Mqgan(T) by

f(BYD = Y FG).
sef~1()

We use the same notation to denote the restriction f : ((;j)) — ((z)) when & is
understood.

Lemma1 For G € Mg, (T), we have

#(£07'6) = [T (%)

teT

Proof We need to count the F' € Mg, (S) such that for all # € T, we have

G(1) = fx(F)(1)

= Z F(s).

sef~l@)

L0 ~
There are (( G() )) many choices for the values of F on the fibre over r € T.

Multiplying these gives the formula. O

Note that
im fi = {H € Mg (T) | supp(H) S im(f)}.

Formaps f : S — T and g : T — U, note that (go f), = g« o fx«, and
(ids), = id /sy - This makes the association S ~ Mgy, (S) a functor from the category

k
of sets to itself.
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A Chinese Remainder Theorem for Partitions 993

2.2 Partitions and pseudopartitions

A partition X is a weakly decreasing finite sequence of natural numbers. Thus, A =
(ar,an, ...,ap),witha; > ap > --- > ay > 0. In these terms, a; +a» + --- 4+ ay is
the size of A, and £ = £(A) is the length of A. We allow the empty partition A = @; its
length is 0. Write A for the set of partitions, and A for the set of partitions of length
L.

We define pseudopartitions to be weakly decreasing finite sequences of whole
numbers. Thus, A = (ay, a2, ...,a¢), witha; > a, > --- > a; > 0. Again, £ is
the length of A. For instance A = (5,4,3, 1,0, 0) is a pseudopartition of length 6,
with 2 “trailing zeros”. Write A for the set of pseudopartitions, and A* for the set
of pseudopartitions of length k. Let z : A — A be the map which adds a trailing
zero to the end of a pseudopartition. For instance z((5,4,0)) = (5,4,0,0). If A is a
pseudopartition of length £ < k, define

uk(n) =270 e Ak
Writer : A — A for the map which removes all trailing zeros from the pseudopartition

to make it a partition, e.g. 7((5,4,3,1,0,0)) = (5,4, 3, 1). The fibres of r are the
z-orbits of partitions.

2.3 Young diagrams
The Young diagram of a partition A = (ay, az, . .., ag) is given by
YO ={G,j))eNxN|1=<i=<{]1=Zj=<a}

It is visualized as a collection of left justified cells arranged in rows with a; cells in
the i-th row.

Example 1 Here is J((5,4, 3, 1)):

The hook b, associated to a cell ¢ of Y(A) consists of all cells to the right of ¢ and
below c, together with c itself. The hooklength is the total number of cells in the hook.
In the above diagram, the hooklength for the (1, 1)-cell is 8. A hook with hooklength
t is called a t-hook.

Remark 2 1t would be more consistent to say “hooksize” rather than “hooklength”,
but the usage is standard.

Of particular importance are the hooklengths corresponding to cells in the first
column of Y(1); we can use these to reconstruct A. The set of first column hooklengths
in Example 1 is {8, 6, 4, 1}.
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994 S. Kayanattath, S. Spallone

2.4 Betasets
The map which takes a partition A to the set of first column hooklengths of V(1) gives
a bijection between A and g, (N). In this paragraph, we extend this to a bijection
between A and P, (N).
Define 8 : A - P (N) by
ﬁ((al’a27 "'aa[)) = {al + (Z - 1)7a2+ (Z _2)’ "°7aﬁ}'
The inverse S~ 1 P, (N) — A is given by
Bk, he) = (= (€= 1), ha = (€= 2),..., he),
for hy > --- > hy > 0. When A is a partition, 8(}) is the set of first column
hooklengths of Y(1). We also write ‘H,’ for 8(1).
The “add a trailing zero” map z translates under § to
Z=Bozop " P - P,
which comes out to be
{x1,....x¢} = {x1+1,...,x,+ 1,0}
Similarly, we can translate uk to
Uk=Boukop™.

Definition 1 Let A be a partition. A beta set of A is a set of the form Z/(B(1)) for
some j € N.

Example2 Let A = (5,4, 3, 1). Then H) = {8, 6, 4, 1}, so the beta sets of A are:

(8,6,4,1) 5 {9,7,5,2,0} ¥ {10,8,6,3,1,0} & ...

Definition 2 If A is a partition of length £ < k, write H)]f for the beta set of A with
cardinality k, i.e.

HF = UX(H;) = ZF4H,).

In the example above, HS = {10, 8,6, 3,1, 0}.
The B-set version of the “remove all trailing zeros” retraction r is

R=Borop™ : Zm®) — Pi®).
It can be computed directly as follows. Given X € P, (N) with 0 € X, put

m = min(N — X),
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A Chinese Remainder Theorem for Partitions 995

i.e. the smallest whole number not in X. Then R(X) is obtained by removing
{0, ...,m — 1} from X and subtracting m from the remaining members. Of course, if
0 ¢ X, then R(X) = X.

3 Cores

Definition 3 A ¢-core is a partition having no ¢-hook in its Young diagram. Write C;
for the set of z-cores, and put

CK={reC |tk <k).

3.1 Hook removal

Suppose A is a partition whose Young diagram contains a #-hook h. One may remove
b from Y(A) by simply deleting h, then moving any disconnected cells one unit up and
one unit to the left.

Example 3 The removal of a 6-hook from the partition (5, 4, 3, 1):

|
LTI T

oad g
In fact, if we remove ¢-hooks successively until no #-hook remains, the final Young

diagram does not depend on the choices of hooks at each step. The corresponding
partition is called the ¢-core of X, and denoted ‘core; A’.

Example 4 We remove 6-hooks successively from the Young diagram of (5, 4, 3, 1) to
obtain its 6-core, which is the partition (1). In Example 3 we removed a 6-hook from
(5,4, 3, 1) to get (5, 2), continuing from there we remove the remaining 6-hook:

L .
]

Lemma2 Let A be a partition, and X = {x1, ..., xx} a B-set for .. Then Y(A) has a
t-hook iff 31 <i <k sothatx; >t and x; —t ¢ X. In this case, there is a t-hook b
of V(L) so that

{x15'~'axi_ta"'a-xk} (3)

is a B-set for A\b.
Proof This is [7, Lemma 2.7.13]. O

Example 5 The sequence of hook removals in Example 4 corresponds to the sequence
{8,6,4,1} ~» R({8,0,4, 1}) = {6, 2} ~ R({0, 2}) = {1}

of B-sets.
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996 S. Kayanattath, S. Spallone

3.2 B-set version
Fixt > 1.

Definition 4 A subset X of N is z-reduced, provided whenever x € X with x > ¢, we
have x — ¢ € X. Write R, for the set of finite -reduced subsets of N, and R, for the
set of finite z-reduced subsets of N.

For example, X = {0, 1, 3, 4, 6} is 3-reduced but not 2-reduced. We view P, (N),
and thus, R,, inside M, (N) via recognizing a subset of N as a multiset on N. Note
that the retraction R maps R, to R;.

Let

fi ' N—> Z/tZ
be the usual remainder mod # map, and let
pr = (f)x : Man(N) — Mn(Z/t7Z)

be the induced map on multisets.
The subset R, is a transversal for p;, in the sense that for each F' € Mg, (N), there
is a unique Fy € R, with p;(F) = p;(Fp).

Remark 3 For X € P5,(N), the map X — X is traditionally visualized in terms of
a base t abacus, having  runners labelled O to ¢ — 1, on which beads may be stacked.
Given X, beads are arranged on the abacus corresponding to their base ¢ place value
of members of X. To bring X to #-reduced form, one simply slides the beads up. This
is James’ abacus method from [7, p. 78].

For example, given X = {8, 6,4, 1} and ¢ = 6, the abacus method

012345 012345
0ceo0o0eo0 ~ eee000
e0e000 000000

gives Xo = {4, 2, 1, 0}.
The map p; has a “minimal” section
¢t Men(Z/1Z) — Miin(N)
with image equal to R,, described as follows. Given F € My (Z/t7Z), put
1—1
a(F)=|Jlat+i |0 <a < F@)}
i=0

Thus, the map F +— Fy above is ¢; o py.
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A Chinese Remainder Theorem for Partitions 997

Definition 5 Given X € %5, (N), put
Core; (X) = R(c; (01 (X))).
Proposition 1 If A is a pseudopartition, then
core; (r(4)) = B (Core; (B(2))).

Proof Let X = B(A), and suppose X is obtained from X by a sequence of steps,
where each step replaces some x; > ¢ with x; — 7, so long as x; —t ¢ X. By Lemma
2, Xy is a B-set for core; (r(A)).

By construction, Xo € R,, with p;(X) = p;(Xo). By the above, we must have

cr(p: (X)) = Xp. It follows that R(c;(p;(X))) = B(core;(r(A))), and the proposition
follows. O

Example6 lett = 6. For . = (5,4,3,1), X = H, = {8,6,4,1}. Put F = p;(X).
Then supp F = {0, 1, 2, 4}, and F takes value 1 at each point in its support. Thus,

c(X) ={0U{1}U {2} U {4} = {4,2,1,0},
and therefore

coreg(5, 4,3, 1) = B~ (R(Cores (X))
=B7'({1)
= ().

For a partition A of length no greater than &, let

HE, = pi(H € (7). @

Proposition 2 The map <, : C — ((“/!%)) taking > Hf , is a bijection. Thus,

k41—1
#cf=< L )

(Compare [13, Theorem 2.4].)
Proof We have

o = piopout.
Let us see that
gV =rop Tl oc: (M) — k. )
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998 S. Kayanattath, S. Spallone

is in fact inverse to 2% . On the one hand,

Ptﬂ“k”ﬁ_lct = Pt UkRCt
= Pt ¢t
—id on (/).

On the other hand,
-1 -1
rB eipi But =" Re pr put
=core;or u*
= core;
=id on C~.
O
Note that
k _ k
Hcore,k,t - H)L,t‘

Lemma3 Fori > £()), we have
HIY(j) = H ,(j) + 1.
By definition,
H ™' =Z'(H))
=(Hi+nUfr—1,1-2,...,0}.

Hence, the multiplicity of j in (Hi“ mod ¢) is one more than its multiplicity in H)‘;.

4 Reducing a t-core modulo a divisor of t
In this section, we enumerate the fibres of the retractions
corep, : CZ — Ck,

when b is a divisor of a. In particular, we demonstrate that the size of these fibres is
quasipolynomial in k. This could be regarded as a warmup for our main theorems.

Definition 6 A function f : N — Q is a quasipolynomial, provided that there exists
a positive integer p so that for each 0 < i < p, the function

n f(i +np)
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A Chinese Remainder Theorem for Partitions 999

where n € N is a polynomial. The degree of f is the maximum of the degrees of these
polynomials. The integer p is a period of f.

This definition is equivalent to the one in [11, Sect. 4.4].
Let

i Z)aZ — Z/bZ
be the usual remainder mod b map, and let
oy = (fy)s : Man(Z/aZ) — Men(Z/bZ)

be the induced map on multisets. We use the same notation for the restriction

oy (CF) — (R

Proposition 3 The following diagram commutes:
Ck corey Cl;

a

EZ 1
() = ()

Proof Going down, then right, then up the diagram is the composition

" of ey =1 B ep pf pa B u

=B""Rcp pp But
= corep .

(We have used Proposition 1 and Eq. (5).) ]
Lemma4 For G € Mg (Z/bZ), we have

#o ™' G = [T ()

jez/bz
Proof This follows from Lemma 1. O

Given o € Cp, let
Ny (k) =#{, € C, | corep A = 0, £(A) < k}.
Theorem 5 There is a quasipolynomial Q (k) of degree a — b and period b, so that for
k > £(0), we have Ny (k) = Qs (k). The leading coefficient of Qs (k) is W.
E - .
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1000 S. Kayanattath, S. Spallone

Proof Letc = % By Proposition 3 and Lemma 4, for £(c) <i < £(o)+ b, we have

b—1

Ny (i +nb) = l_[ ((H(i;ﬁb(j)))

j=0

=TT G

i
L

S ~.
Il

- <n + H. () +c— 1)
H. () +n

<n + Hy ) (j) + ¢ = 1)

c—1

S ~.
- o

j=0

Now each

<n +HL,(j)+c— 1)

c—1
is a polynomial function of n of degree ¢ — 1 and leading term

nc—]

(c— D!

Therefore, Ny (i + nb) is a polynomial in n of degree a — b and leading coefficient

W. Thus, the restriction of N, (k) to the coset i + bN is a polynomial, and the
E - .

theorem follows.
This shows that for k > £(0), Ny (k) is a quasipolynomial of degree a — b and

leading coefficient ————. O
7 — D!

Example7 lLet a = 6,b = 2,and 0 = (4,3,2,1) € C,. Then ¢(0) = 4 and

a

c = Z=3.Wehave
H} =1{7,5,3, 1} and H} = {8,6,4,2,0}.
Oforj=0

4forj=1
By Theorem 5, forn > 0,

S5forj=0

Hence, H, ,(j) = 0forj=1

and H2 ,(j) =
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A Chinese Remainder Theorem for Partitions 1001

Ny (4+2n) = <”42r2><”42r6>

14 3 2
=Z(n + 14n° + 65n° + 112n 4 60)

and

2
s ()7

1
= Z(n4 + 161> + 83n% 4 1521 + 84).

5 Converting to a multiset matching problem

In this section, we recall the map core; ; from the introduction and interpret the fibre
counting problem in terms of multisets. By the usual Chinese Remainder Theorem,
we may view Z/mZ. as the fibre product of Z/sZ and Z/tZ over Z.,/dZ. So we then
investigate the effect of the functor S ~ ((})) on a fibre product. This study allows
us to express Ny 7 (k) in terms of classical combinatorial constants arising in margin
problems for integral matrices. Moreover, we give a factorization of N, ;(k), which
allows a reduction to the case where s, ¢ are relatively prime.

5.1 The map core, ,
Lets, t € N, and put d = ged(s, t) and m = lem(s, ¢). Consider the map
coreg s : Cy = Cy X C;

taking an m-core A to (coreg A, core; ). As in Proposition 3, we have a commutative
diagram:
coreg ¢

ck Ck x Ck
Lo Letxa 6)

() =5 () < (1)
where the maps out of C/,; and C’S‘ X C’t‘ are the bijections of Proposition 2, and
P = Py X .
Let Ny - (k) be the cardinality of the fibre of corey ; over (o, t) for k € N. Thus,
No (k) =#{X € C],,‘1 | coreg A = o, core; A = t}.
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1002 S. Kayanattath, S. Spallone

By the commutativity of (6), counting fibres of core; ; is equivalent to counting fibres
of ps.r.

5.2 Matchings

For finite sets S, 7, consider the projection maps prg : § x T — S and
pry : S x T — T. There are corresponding multiset maps

Pro () = (@) @row: (C37) = (G-

and

pre (51) = () x (%)
given by pr = (prg)« X (prr)s.

Definition 7 Let F € ((;)) and G € ((})). We say that & € ((*} ")) is a matching from
F to G, provided pr(®) = (F, G).

Say | S|=mand | T |=n,with § = {x1,...,x,}and T = {y1, ..., y»}, Given
F, G as above, define vectors
= (F(xl)’ L) F(xm))

and

=(GO1),...,Gn).

So k is the sum of the components of F , and also the sum of the components of G.

One says that an m x n matrix A has row margins F , if F(x;) is the sum of the
entries of the ith row for each i. Similarly A has column margins G, if G(y;) is the
sum of the entries of the jth column for each j.

Proposition 4 Given F € (( )) and G € (( )) there is a bijection between the set of
matchings from F to G and the set of nonnegative integral matrices with row margins
F and column margins G.

Proof Suppose that (m;;) is such a matrix. Then
dD(x,-, yj) = m,~j

is a matching from F to G, and this gives the required bijection. O

Write Mp g for the number of matrices with nonnegative integer entries having
row margins F and column margins G. According to [3, Corollary 8.1.4], if the sum
of the components of Fis equal to the sum of the components of G, then M rG > 1.

Corollary 1 The cardinality of the fibre of pr over (F, G) is MF . In particular, pr is
surjective.
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A Chinese Remainder Theorem for Partitions 1003

5.3 Coprime case

In this subsection, let s, ¢ be relatively prime, and set m = st. Put § = Z/sZ,
T =7Z/tZ,and M = Z/mZ. The Chinese Remainder Theorem gives a bijection

S M>SxT

and for each n > 0, the map p; ; is the composition

C)=C)=C)-C)

Now let o € Cy, and T € C;. Put £9 = max(£(o0), £(t)) and fix i > £y. For each

k > 0, the bijection
. ~ S
. pi+mk
s+ Gy ((z + mk))

k ._ pyi+mk
F* .= Hitmk,

of Proposition 2 maps o to

: ~ T
with notation as in (4). Similarly <7 : Cﬁmk — (( )) maps t to
i +mk

Gk .= Hijmk .
Note that .7 is a bijection. By Corollary 1, we have
No (i +mk) = Mpi ge.
Moreover by Lemma 3, we know
F*(j) = H (j) + tk and G*(j) = H,(j) + sk.
Putting all this together:
Theorem 6 When s, t are relatively prime, then fori > £o, we have
No (i + stk) = Mpx g,
where

F* = (aoi, ay;, cosae—ni) +kt(1,1, ..., 1)
— —

s times
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1004 S. Kayanattath, S. Spallone

and

G* = (boi, buir ... bu—ny) +ks(1,1, ..., 1),
—————

t times
withaj; = H} ((j) and bj; = HL ,(j).
5.4 A factorization in the noncoprime case

In this subsection, we “factor” Ny ; into products of N, .+ with the sizes of o’ and t’
relatively prime.

Givensets S, T, Dandmaps f : S — Dandg : T — D, we have the commutative
diagram:

SxpT 55T

7l I (7)

s—1 +p

where

SxpT ={(a,b)eSxT]|fla)=gb)}

is the fibre product of f and g, and f’, g’ are projections to S and T. By applying the
functor § ~ ((§)) to (7), we get another commutative diagram:

«SXDT

e
"

k

where

is defined by
€(®) = ((prg)«(P), (pry)«(P)).

Again, the maps (fi)" and (g)’ out of the fibre product ((i)) X ((D)) ((i)) are the
k

projections.
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Let (F, G) € ((})) x (7)) such that f,(F) = g.(G). For j € D, let S; and T; be
the fibres of f and g over j, respectively. Write F; for the restriction of F to S, and
G for the restriction of G to T}.

Proposition 5 The cardinality of the fibre of € over (F, G) is [] MF; ;. Inparticular,
jeb
€ is surjective.

Proof Let k; =| F; |. Then

kj=Y F(s)=fuF)(j) =G ) =Y Gt)=IGj|.

s€S; teTl;

For each j € D, we have a surjective map

pry = (7)) < ()

J

as before.
For each j € D, pick a multiset ®; in the fibre of pr; over (Fj, Gj). This can be

done in M, i; ways (Corollary 1). Now define the multiset & € ((SXkD T)) as follows:
O(s, 1) =Dj(s, 1) if (s,1) € §; x T;.

The cardinality of ® is

o1=) Y Q6.0 l=) kj=k,

JeD (s,)€S; xT; jeD

as required. From the construction of ®, it is clear that € (®) = (F, G). m]

Theorem7 Lets,t € N, and put ged(s, t) = d and lem(s, t) = m. Suppose o € C;
and T € Ct wzth cored(cr) = coreq(t). Then fori > £y and 0 < j < d, there exist
5-cores a , 3—cores 7: and nonnegative integers Z’ such that for all k > 0, we have

Vo im0 =TT oy (¢ + G0)-

Proof As above, we write (Héj;’"k )j for the restriction of the multiset H:;‘;mk to
(Z)sZ); ={x € Z/sZ | x =] mod d}.

Put FJ]-‘ = (H%mk); and Gk (H;; i+mky .. Then by the commutative diagram (6) and
Proposition 5, we have

Noo(i +mk) =[] M g
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1006 S. Kayanattath, S. Spallone

for i > £y. Via Proposition 2, define the g-core o/’: so that

J _ 50

HU,: s =Fj,
Jjd

t i
and the ;-core T; by

I 0
io—

H; =0j

j’d

where lj. =| F](.) =] G?. | . Then again by the commutative diagram and Corollary 5
in the relatively prime case,

TR
Noj o (€ 7K) = Myt g1

This completes the proof. O

Example8 Lets = 4,t = 6ando = (3,1,1),t = (3,2). Thend = 2,m = 12,
Hy = {5,2,1}, H, = {4,2}, and £y = 3. Let FJ’.‘ and G’; be the multisets as in the
theorem above.

Fori =12,

F¥=(Gk+3,3k+4), Gf=@Qk+3,2k+3,2k+1),

Ff = @Gk+2,3k+3), GY=0Qk+2,2k+2,2k+1),
a0 = (1), W=, =1,
ol? =), 2=y 2=s

Thus,
No (12 4+ 12k) = N1y, 1,1y (7 + 6k) - N(1),¢(5 + 6k).

We will continue with this in Example 13.

6 Preliminaries for polytopes

We now review notions concerning polytopes which we will need. A suitable reference
is [11, Sect. 4.6.2].

6.1 Basic terminology

Given an m x n matrix A and a vector b € R™, we define the polyhedron:
P(A,b) = {¥ e R" | AX < b, % > 0).

@ Springer



A Chinese Remainder Theorem for Partitions 1007

Following convention, ‘U; < U’ means that each component of v is less than or equal
to the corresponding component of vy.

Definition 8 We say that the pair (A, b) is of bounded type, provided P(A, b) is
bounded. A bounded polyhedron is called a polytope.

Definition 9 The dimension of a polytope, dim(7P), is the dimension of the affine space
spanned by P:

ASpan(P) = (X + Ay —X) | X,y € P,A € R}

When dim(P) = d, we call it a d-polytope.
Write conv({¥1, ¥, . .., U}) for the convex hull of {¥1, Vs, ..., U} C R™.

Definition 10 A convex polytope P in R" is the convex hull of an affine independent
set {1, U2, ..., Uy} C R, called the vertices of P. If all vertices of P have integer
coordinates, then it is called a lattice polytope.

Lemma5 Let A beanmxnmatrixandb, ¢ € R™ IfP(A, 5) = (J, then P(A, l;k—i—E) =
@ fork >0

Proof For a matrix A and a vector b, the 1nequa11ty Ax <b has a solution for X, if
and only if y - b > 0 for each row vector y > 0 with yA =0 [10 Corollary 7.1 e,

Farkas’ Lemma (variant)]. By the hypothesis, there exists such a y with = (¥ - b > 0).

Therefore, for some i, the ith component y; of y is positive, and the ith component b;
of b is negative. But then for k large

vi(bik +¢;) <0,

where ¢; is the ith component of ¢. Therefore, P(A, bk +7) =40. O

Lemma 6 Let A be an m x n matrix and b,b € R™ Suppose P(A, 5) # (. Then,
P(A, b) is bounded iff P(A, b’) is bounded.

Proof The characteristic cone of a nonempty polytope P is defined as follows:
charcone P = {y | ¥ +y € Pforall ¥ € P} = {y | Ay < 0}.

The nonempty polytope P is bounded if and only if char cone P = {0} [10, p. 100, (5)].
The char cone P does not depend on b and hence, the boundedness of the polytope
P(A, b) does not depend on b. O

Definition 11 A matrix A is said to be fotally unimodular, provided the determinant
of each square submatrix of A is +1, —1, or 0.

Proposition 6 ( [10, Corollary 19.2a, Hoffman and Kruskal’s Theorem]) Let A be an
integral matrix. Then A is Eotally unimodular if and only if for each integral vector b
the polyhedron {¥ | AX < b, ¥ > 0} is integral.
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1008 S. Kayanattath, S. Spallone

6.2 Relative volume

When P C R” is a lattice polytope, not necessarily of dimension n, there is yet a
“relative volume” of P, which we recall from [11, Sect. 4.6]. Let d = dim P.

Since P is a lattice polytope, the intersection of ASpan(P) with Z" is a translation
of a free abelian group of rank d. Therefore, there is an affine isomorphism

T : ASpan(P) — R?
with
T (ASpan(P) N Z") = Z°.

The relative volume of P is the volume of T (P), and is independent of the choice of
T. Of course, when dim(P) = n, the relative volume agrees with the usual volume.

6.3 Transportation polytopes

Let7 = (r1,r2,...,rs) and ¢ = (cy, ¢, ..., c;) be vectors whose components are
nonnegative integers, and with )" r; = )" ¢;. The nonnegative real matrices with row
sum r; and column sum ¢ form a polytope M (7, ¢) called the transportation polytope
for margins 7 and ¢. According to [3, Theorem 8.1.1], this polytope has dimension
(s — 1)(t — 1). By [8, Sect. 2], M(¥, ¢) is a lattice polytope. Write Mat, , for the set
of s x ¢ real matrices. Let & : Mat; ; — Mat;_; ;—; be the map defined by omitting
the last row and column. We put

M'(7,¢) = 7 (M(F, ©)).

PropOSItlon 7 The polytope M’ (¥, ) has dimension (s — 1)(t — 1). It takes the form
P(A, b) where A is a totally unimodular matrix, and (A, b) is of bounded type.

The integer points of M(F, ¢) are mapped bijectively by 7 onto the integer points of
M (7, ©). The volume of M' (7, ¢) is the relative volume of M(¥, C).

Proof The polytope M'(F,¢) C Mats_j,—; comprises the nonnegative solutions to
the following s 4+ ¢ — 1 constraints:

t—1
injfl’i forl <i<s-—1
j=I
s—1
Zx,'jfcj forl<j<r—1
i=1

s—11—1

=2 D wj == Zcf

i=1 j=1
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In particular, we may write
D t
b:(rlv~'-9rs—laclv~'-7ct—17bs+t—1) )

where

t—1 s—1
bypio1 =rs— Y ci=c¢— Y ri.
j=1 i=1

If A is the evident (s +¢ — 1) x (s — 1)(t — 1) coefficient matrix, then M'(7, ¢) =
P(A, D).

Conversely, given an integral vector by, = (b1, ..., bgri—1)" € Z*+' 71 the polytope
P(A, by) = 1 (M(Fy, C4)), with

t—1 s—1

Fo= (b1, byo1, ) bey) and G = (b, byt -, byri—a, by + Y b)'.
i=0 i=1

Again by [8, Sect. 2], M (7, ¢4) is a lattice polytope, when 7y, ¢4 are nonnegative.
(Otherwise, it is empty, still technically a lattice polytope.) Therefore, the projection
P(A, b,) is also a lattice polytope for each integral b.. Proposition 6 now implies that
the matrix A is totally unimodular.

Next, write AM (7, ¢) for the set of real s x ¢ matrices with margins 7 and ¢. One
checks that

ASpan(M (7, ©)) = AM(F, ©),
and moreover that the restriction
T : ASpan(M (¥, &)) — Maty_1

of  is an affine isomorphism, giving a bijection on integer points. This gives the
dimension and relative volume assertions. Boundedness is clear. O

Example 9 Let P be the transportation polytope for row margins (2, 2, 2) and column
margins (3, 3). Then ASpan(P) is the affine space of matrices of the form:

x 2—x
y 2—-y |, (8)
3—x—yx+y—1

forx, y € R, and Pis the subset of ASpan(’P) defined by the constraints 1 < x4y <3
and0 <x,y <?2.

The map T taking (8) to (x, y) is an affine isomorphism to R?, taking integer points
to integer points. Then the relative volume of P, i.e. the volume of T (P), is the area
of the region in Fig. 1, which is 3.

@ Springer



1010 S. Kayanattath, S. Spallone

Fig.1 T(P) (0,2) (1,2)

(1,0) (2,0)

Remark 4 1t is notoriously difficult to compute such volumes in general. The trans-
portation polytope for n x n matrices with row and column margins (1, ..., 1) is the
famous Birkhoff polytope. Finding its volume is an open problem, see for instance,

[4].

7 Counting integer points in lattice polytopes

In this section, we adapt the Ehrhart theory of counting integer points in lattice poly-
topes to accommodate our families of transportation polytopes.

Theorem 8 (Ehrhart, see [11, Corollary 4.6.11]) Let P be a lattice d-polytope in R".
Then the number of integer points in the polytope

=lka|a e P,

with k a positive integer, is a polynomial in k of degree d, with leading coefficient
equal to the relative volume of 'P.

For (A, l;) oﬁ bounded type, write N (A, l;) for the number of integer points in the
polytope P(A, b).

Proposition 8 Let A be an m x n totally unimodular matrix and b e 7Zm Suppose
(A, b) is of bounded type and that P(A, b) # . Then there is a polynomial f (k) so that
for positive integers k, we have N (A, bk) f (k). Moreover, deg f =dim(P(A, b))
and the leading coefficient of f is the relative volume of P(A, b)

Broof By Proposition 6, P(A, l;k) is a lattice polytope. Moreover, P(A, l;k) = kP(A,
b). Therefore, the conclusion is followed by Ehrhart’s Theorem. O

Lemma7 Let A be an m x n totally unimodular matrix with ayy # 0. Let A’ be the
matrix obtained by applying all the row operations:

Ri — R; —a,-lal_llRl,
for2 <i < m. Then A’ is totally unimodular.
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This seems to be well known, but we provide a proof for the convenience of the reader.

Proof Let I C {1,2,...,m}and J C {1,2,...,n},with | I |=] J |> 0. Let A;;
denote the submatrix of A that corresponds to the rows with index in / and columns
with index in J. We need to show that det(A’, 7)) is 1, —1or0.

Case 1:If 1 € I, det(A’ 7;) =det(A;;) =1, =1 or 0, since A is totally unimodular
and the determinant remains unchanged under such a row operation.

Case 2:If 1 ¢ I, 1 € J, det(A) ;) = O since the first column of A, is 0.

Case 3: If 1 ¢ I, 1 ¢ J,let I = I U({l} and J = J U {1}. Then
det(A/ij) = ajpdet(A) ;). By Case 1, we see det(A’ii) is1,—1or0.

Hence, A’ is totally unimodular. O

Lemma8 Let A be an m x n matrix, and E, ¢ € R™. Put
Z ={1 <i <m| theith row ofA is 0},

andm, =m— | Z |. Le£ Ay be the my x n matrix obtained by deleting the zero rows
from A. Similarly form by, ¢, € R™* by deleting the corresponding components from
b and ¢.

Then one of the following must hold:

(1) P(A, bk + &) = fork > 0.
(2) P(A, bk + &) = P(As, byk + ) for k > 0.

Proof If there exists i € Z with b; < 0, then P(A, l;) = {4, so (1) holds by Lemma
5. So we may assume that b; > 0 for all i € Z. If there exists i € Z so that both
¢i < 0and b; =0, then P(A, bk + ¢) = ¢ for all k > 0. Otherwise, the zero rows of
A correspond to inequalities 0 < b;k + ¢; with either b; > 0, or b; = 0 and ¢; > 0.
For large k, these inequalities will hold, giving (2). O

Theorgm 9 Let A be an m X n totally unimodular matrix and b, e 7M. Suppose
P(A, b) is bounded. Then there is a polynomial f (k) with deg f < n, such that for
integers k > 0, we have

N(A, bk + ) = f(k).

If dim P(A, 1;) = n, and none of the rows of A are 0, then deg f = n and the leading
coefficient of f is the volume of P(A, b).

Proof By Lemma 5, we may assume P(A, l;) # 0.

Suppose first that A has at least one zero row. By Lemma 8, either N (A, bk + c)=0
fork > 0,0r P(A, bk+c) P(A,, b*k+c*) fork > 0. Since P(A, b) P(A,, b*)
we may assume that none of the rows of A are O for the first statement of the theorem.

Letb = (by,by,...,by) and ¢ = (c1,¢2, ..., ).

We proceed by induction on n. For n = 1, the matrix A = (ay, ..., a;;)" is a single
column, with each ¢; = 1. Moreover,,

P(A,b) = {x € R | a;x < b; Vi, x > 0).
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Put/ ={i|a; =1}and J = {0} U {j | a; = —1}. Note that

P(A, l;) isbounded < I # ¢, and
PAb) AP & —b; <bViel,jel.

Let B~ = max{—b; | j € J}, and BT =min{b; | i € I}. Since P(A, I;) is bounded
and nonempty, we have 0 < B~ < BT, and may write

P(A,b) = [B~, BT].
Therefore,
dimP(A,b) =1 B~ < BT.

Now let C~ =max{—c; | j € J, —bj =B~ }and CT = min{¢; | i € I, b; = B*}.
If dim P(A, b) = 1, then for k > 0, we have

P(A, bk +&) =[kB~ +C~, kBT +CH],
so that
N(A, bk +3) = (BT =B )k+(CT —C™) + 1.

On the other hand, if dim P(A, l;) = 0, it is easy to see that

- Ct—C +1 ifCct>cC~
N(A,bk+c)_{ fot <o
for k > 0. From these calculations, we deduce the theorem whenn = 1.

For n > 1, we further induct on the number of nonzero components of ¢. Let
A= (a;).If ¢ = 0, then the conclusion follows from Proposition 8. So suppose
C # 0. By permuting the rows, we may assume cj 7#= 0.

First, we consider the case where ¢; > 0. We partition the integer points of
P(A, bk + ¢) as follows. Consider the systems of inequalities:

bik
bk + ¢

ayxy + apxy + ...+ apx,

<
axy + axnxz + ...+ ayxy, <

©)

am1X1 + amaxy + ... + apnxy < bk + i,
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and
ayxy + apxy + ...+ agpx, = bik+ 4
a1xy + anxy + ...+ amxy, < hk+c
) ) ) . (10)

am1X1 + amax2 + ... + @Gunxn < bk +

for¢ =1,2,...,c1. Write P°(k) for the nonnegative solutions to (9) and Pt (k) for
the nonnegative solutions to (10) for 1 < £ < ¢y. Then we have a disjoint union

1
P(A, bk +3)NZ" = [ [P &)y nzm. (11
=0

The first row of A is nonzero, and we assume for simplicity that aj; # 0. Solving
the equality in (10) for x; gives:

X = al_ll bk + ¢ — Zaljxj
Jj#1
Substituting this into the rest of (10) gives

Clzlail (blk + £ — §1a1ij> + ... 4 amxy, <bk+c
j

amlal_]l (b]k + 40— Z aljxj> + .o+ apnxn < bk + cpy.
Jj#l
for{ =1,2...,c1.To these inequalities we add

Z al_llaljxj =< al_ll (b1k +0),
J#l
corresponding to the condition x| > 0.
Write A’ for the m x (n — 1) matrix obtained by first applying all the row operations
R — R; — ailafl] R to Afor2 <i < m,removing the first column, and multiplying
the first row by aﬁl. Then A’ is totally unimodular by Lemma 7. Define 5’ € Z™ by

e -1 -1 =1z N\t
b :(all blyb2_321a11 by, --- 7bm_amla11 b1)’,
and E(@) ezZ" by
hd _ 71E 71( 71{[
C(Z)—(al] , €2 —a2ayp &, ..., Cm — Am1dy ).
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Eliminating the first component gives a projection from R" to R*~!. This projection
maps P* (k) bijectively to P(A’, b’k + ¢(¢)) and also gives a bijection on integer points.

Now P(A, bk + ¢) is bounded by Lemma 6. Therefore, the closed subset Pk) is
compact, and it follows that its image P(A’, bk + E@)) is also bounded. By (11), we
have

cl
N(A, bk +&) = N(A,bk+ )+ Y N(A Bk + ). (12)
=1

where ¢ = 0, c2,c3,...).

By our induﬁction on nonzero components of ¢, we know that for k > 0,
N(A, bk + ¢’) = g(k), where g is a polynomial with degg < n. Moreover,
if dim P(A, I;) = n, then degg = n, and its leading coefficient is the volume of
P(A, D). .

For a given 1 < ¢ < ¢y, either P(A’, b’k + ¢(g)) = @ for k > 0, or

PA, bk + E(@)) = 'P(A;, I;;k + E(g),*)

by Lemma 8. In the first case, put f;) = 0. In the second case, A/, has no zero rows.
Therefore, by our induction on #n, there are polynomials f(,), with deg f(o) < n — 1,
so that for k > 0 we have N(A’, b’k + ¢)) = f(r). Now

c1
f=g+> fw
=1

satisfies the conclusion of the theorem.
For the case where ¢; < 0, consider (9) and (10), but with£ = ¢y + 1, ...,0. The
elimination procedure runs as before, but replacing (12) with

0
N(A bk +0) + > N(A bk +E@) = N(A, bk + ),
l=c1+1
and one takes
0
f=¢- > fo-

l=c1+1

(This t{me P (k) isbounded because it is contained in P(A, l;k+g’ ); thus, its projection
P(A’, b’k + ¢ (1)) is bounded.)
This completes the induction, and the theorem is proved. O
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1 0

[0, 1], but P(A, bk + ¢) = . So we cannot remove the hypothesis in Theorem 9 that
none of the rows of A are 0.

Example 10 Let A = (?), b= <O>, and ¢ = <_1>. Then P(A, l;) is the interval

1 0 1 0

-10 - -1 - -1 -
Example 11 Let A = 0 1 ,b = | ,and ¢ = 0 . Then P(A, b) =

0 —1 0 0

{1} x [0, 1], but P(A, bk —tE) = () for all k. So we cannot remove the hypothesis in
Theorem 9 that dim(P(A, b)) = n.

Write M5 ; for the number of nonnegative integer points in the transportation poly-
tope M(7, ¢) and V; ; for its relative volume.

Lemma9 For1 <i < sletri,a; € Z, andfor 1 < j < tletbj,c; € Z, with
Yori =Y cjand Y a; = Y bj. Put iy = (rik +ai,...,rsk + a5) and ¢ =
(c1tk+b1, ..., ctk+by). Then for k > 0, the function k — Mj, z, is a polynomial in
k of degree equal to (s — 1)(t — 1) and leading coefficient V; ;.

Proof The nonnegative integer points in M (7, ) are in bijection with the nonnega-
tive integer points in its projection M’ (¥, ¢x). By Proposition 7, we may write

M Gy, &) = P(A, bk + &),

foran (s +¢— 1) x (s — 1)(t — 1) matrix A, and b, ¢ € RS'. Moreover, A is totally
unimodular with no zero rows, and P(A, b) is bounded, of dimension (s — 1)(z — 1).
Hence, the result follows by Theorem 9. O

8 Proofs of the main theorems

All of the above was aimed towards proving Theorems 1 and 3, which we complete
in this section.

Recall that for integral vectors 7 and ¢, write M5 ; for the number of nonnegative
integral matrices with row margins 7 and column margins ¢. Let us write V; ; for the

relative volume of the transportation polytope for row margins (s, .. ., s) and column
— —
t times
margins (t, ..., t). For instance, by Example 9, V, 3 = 3.
——
s times

We recall Theorem 1 from the Introduction.

Theorem 1 Let s, t be relatively prime. There is a quasipolynomial Qs . (k) of degree
(s — 1)(t — 1) and period st, so that for integers k > 0, we have N (k) = Qs ¢ (k).
The leading coefficient of Qg1 (k) is Vs ;.

Proof Put

(ri,.o.,rg) =kt (1,1,...,1)
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Fig.2 The transportation (0,2k) (k,2k)
polytope fori =0

(0, %) (2K, k)
(k,0) (2k,0)
and
(c1,...,¢c) =ks(1,1,...,1).
By Theorem 6, there are integers ay, ..., ag and by, ..., by sothatif ry = (rik + ay ,

... rsk+ag)and ¢ = (c1k + by, ..., cik + by), then
No, o (i + stk) = Mz, ¢z,

for i > 0. The conclusion then follows from Lemma 9. O

Example 12 Lets =2,t = 3,0 =t = . Then
Ny y(6k) = My,

where 7 = (3k, 3k) and ¢ = (2k, 2k, 2k). The projection M’ (7, ¢) is illustrated
in Fig.2.

In fact, Ny »(6k) = 3k*> + 3k + 1. Fori = 1,
Nyy(1+6k) = M;, ¢,

where 7y = (3k + 1,3k) and ¢, = (2k + 1, 2k, 2k). The projection M’ (¥, ¢) is
given in Fig. 3.
From this, one computes

3k + 3k + 1, if n = 6k

3k2 44k + 1, ifn =6k + 1
3k2 45k +2,ifn =6k +2
3k2 + 6k + 3, ifn =6k + 3
32+ 7k + 4, ifn =6k +4
3k% 4+ 8k + 5, if n = 6k + 5.

Ny.g(n) =

We recall Theorem 3 from the Introduction.
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(0,2k) (k+1,2k)

0,k +1)

(2k +1,k)

(k+1,0) (2k +1,0)

Fig.3 The transportation polytope for i = 1

Theorem 3 [fcore, (o) = corey (1), then there is a quasipolynomial Qs 1 (k) of degree
%(s —d)(t —d) and period m, so that for integers k > 0, we have N (k) = Qs ¢ (k).

d
The leading coefficient of Qs ¢ (k) is (Vﬁv%) .

Proof Let i > £p. We must show that for k > 0, the map k + Ny (i + mk) is
polynomial of the given degree and leading coefficient. By Theorem 7,

d—1
. ; m
No, (i +mk) = H)NG;J; (le + Ek> s
]:

where each 0]’. is an %-core, each r} is a é-core, and E’j are certain nonnegative

st

integers. Recall that 7= %. By Theorem 1, for each i, j, and with k > 0, the map
k> N_i i (6’1 + %k) is a polynomial of degree

G0,

and leading coefficient V%’ : . The theorem follows. O

a
Example 13 From Example 8, we have foroc = (3,1, 1), 7 = (3, 2),

No (12 4+ 12k) = N1y, 1,1y (7 + 6k) - N(1),¢(5 + 6k).

Following the proof of Theorem 9 gives

Nay.1.1)(7 + 6k) = 3k* + 10k + 7

and

Ney.p(5 + 6k) = 3k* + 8k + 5.
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Thus,
Ny (12 4+ 12k) = (3k? + 10k + 7)(3k> + 8k + 5).

Finally, we consider the number of A with length exactly k, and having s-core o
and ¢-core t. This is given by

N(;,r(k) = Na,r(k) - Na,r(k - 1)'

From Theorem 3 we deduce:

Corollary 2 There is a quasipolynomial Q:r,r (k) of degree less than % s—d)@—4ad)
and period m, so that for integers k > 0, we have N,, . (k) = Q, (k).
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