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Abstract
Let k € N>» and for given m € Z\{0} consider the sequence (Sk » (1))sen defined by
the power series expansion
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|| : = St (n)x".
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The number S, (n) for m € N, has a natural combinatorial interpretation: it counts
the number of representations of n as sums of powers of k, where the part equal to 1
takes one among mk colors and each part > 1 takes m(k — 1) colors. We concentrate
on the case when k = p is a prime. Our main result is the computation of the exact
value of the p-adic valuation of S}, ;, (). In particular, in each case the set of values of
Vp (Sp,m(n)) is finite and the maximum value is bounded by max{v,(m) + 1, v, (m +
1) + 1}. Our results can be seen as a generalization of earlier work of Churchhouse
and recent work of Gawron, Miska and Ulas, and the present authors.
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1 Introduction

Theory of partitions is a classical part of number theory. Main arithmetical questions
concerning counting functions of various types of partitions are related to divisibility
properties and p-adic behavior for various values of p € PP, where P stands for the
set of primes. Particular partition functions are connected with k-ary representations
of integers. Let us recall that by a k-ary partition of an integer n we understand the
representation of n into powers of k, i.e., the representation of the form

u

n= Zkff, (1)

i=0

where s; € Nfori =0,...,uand so < s1 < --- < s,. By a colored k-ary repre-
sentation we understand the k-ary representation, where parts take colors from finite
sets.

The basic k-ary partition function is related to the case of k = 2. Then, the counting
function b(n) of representations of n in the form (1) is called the binary partition
function. The sequence (b(n)),en was introduced by Euler, who also noticed the
identity

B(x) = 1_[ 1 —1x2" = Zb(n)x".
n=0 n=>0

The series B satisfies the functional equation (1 — x)B(x) = B(x%).In consequence,
by comparing the coefficients of x” on the both sides of the functional relation, we
see that the sequence (b(n)),en satisfies: b(0) = b(1) = 1 and

b(2n) =bR2n — 1)+ bn), bQ2n+1)=>b2n).

However, it seems that the first non-trivial result concerning the sequence (b(n)),eN
was obtained by Churchhouse in [4]. In order to state his result, let p € P be given and
recall that the p-adic valuation of an integer n, denoted by v, (n), is just the highest
power of p dividing n, i.e.,

vp(n) := max{k € N: pk | n}

with the convention that v,(0) = +o0. It is clear that the p-adic valuation satisfies
the properties: v, (ni1n2) = v, (n1) +v,(n2) and v, (ny +n2) > min{v, (n1), vp(n2)}.
Churchhouse proved that the sequence of the 2-adic valuations of (b(n)),cn is bounded
by 2. More precisely, if n > 2, we have v(b(n)) = 2 if and only if n or n — 1 can be
written in the form 4" (2u + 1) for some r € N and u € N. In the remaining cases
we have v2(b(n)) = 1. One can observe that we can shortly write

1 .
5ty — 2t,— th— fn>2
v (b(n)) = 2|n n—1 + th—2| 1 n =z,
0 if n €{0, 1},
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On p-adic valuations of m colored p-ary partition functions 625

where (#,),en is the Prouhet-Thue—Morse sequence (the PTM sequence for short).
The PTM sequence can be defined in many equivalent ways but the most natural in the
context of binary partitions is the one through generating functions. More precisely,
we have

T(x):ﬁ:ﬂ)(l—x ) Zt,,

n=0

As an immediate consequence of the functional relation 7'(x) = (1 —x) T (x%) we get
the recurrence relations

I = 17 Ip =1y, D1 = —In.

The PTM sequence appears in many different areas of mathematics (and even physics).
An interesting introduction to the properties of this sequence can be found in [1]. We
will encounter this sequence in the sequel one more time.

In the recent paper [7] Gawron et al. generalized the result of Churchhouse in the
following way. Let m € Ny and consider the sequence (b, (n)),cN, Where

o0 1 o0
B)" = || 7w = Q_ bm(m)x".
o=y = 2 b

The sequence (b, (n)),eN has a natural combinatorial interpretation. More precisely,
the number b,, (n) counts the number of binary representations (1), where each part has
one among m colors. In the cited paper it was proved that the sequence (v2 (b, (1)))neNs,
withm = 2¥—1, k € N, is bounded by 2 (and independent of k—a rather unexpected
result). This result was further generalized for p-ary colored partitions with p € P>3
in [11]. Indeed, let Aj ;,(n) denote the number of p-ary representations (1) of the
number n, where each summand has one among m colors. We proved that for each
p € P>3ands € N, the p-adic valuation of the number A, (,—1)(ps—1)(n) is equal to
1 for n > p*. We also obtained some results concerning the behavior of the sequence
Wp(Ap, (p=1)ups—1)(M)))nen for fixed u € {2,..., p — 1} and p > 3. Let us note
that the exponent (p — 1)(p® — 1) for p = 2 reduces to 2° — 1 considered in [7] (in
particular bys_1(n) = Az 2s_1(n) for all n € N). This shows striking difference in
behavior of the p-adic valuations of A, (,—1)(ps—1)(n) between the case of p = 2 and
p € PZ3'

In light of the cited results a natural question arises whether there is a p-ary partition
type function such that its colored version has a bounded p-adic valuation for each
fixed number of colors (not only of particular forms like in the cases considered in
[7,11]). The aim of this paper is to present such a function and obtain exact expression
for the corresponding sequence of p-adic valuations.

For k € N>, we consider the power series expansion

o0

1
Gk<x)=1_x££(1 xkn)kl Zskm)x
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626 M. Ulas, B. Zmija

Then for m € Z\{0} we consider the power series

1 o0

Hin(®) = G = 57— ]:[0 a= xk,,)m(k 5 Zskm(n)x

and the sequence (Sk,m(1n))yen. Similarly, as in the previous cases the coefficient
Sk.m(n) for m € N, has a natural combinatorial interpretation. The number S ,, (1)
counts the number of k-ary representations (1) such that the part equal to 1 takes one
among km colors and each part > 1 takes one among (k — 1)m colors. In this paper
we concentrate on the case k = p € P. As we will see, it is possible to compute the
expression for v, (Sp ,(n)) foreach p € P, n € Nand m € Z, explicitly. Let us note
that in the case m < 0 we are working with the sequence with varying signs and it is a
non-trivial question whether the number S, ;, (n) can be zero. Unexpectedly, we will
show that this is not the case. This non-obvious observation will be a consequence of
our main results. We should also mention that as in previous works the cases of p = 2
and p € P~3 are quite different. Thus, we introduce the following definitions with the
aim to simplify the notation a bit. More precisely, we write

cm(n) == Som(n), dp(n) = Sp u(n) forfixed p € Ps3.

Let us note that we have the equality ¢ (n) = b(2n) which is a consequence of the
equalities

> L1 1 5 1
;b@”)x = S (B(/X) + B(—v/x)) = ]_xg) o = .

We are in position to state the content of the paper in some details.

In Sect. 2 we consider the case p = 2 and obtain the closed formula for v, (c;, (7))
for any given m € Z. The formula is stated in Theorem 2.4 and implies that va(c,, (1))
is constant for even m and positive n. In the case of odd m the value of v (c;, (n)) is
equalto 1 or vo(m+1)+1, depending on whether #,, # ,_1 ort, = t,_1, respectively.

The next two sections are devoted to the proof of the equality v, (d;, (n)) = v, (m)+
1 which holds for n € N and each m € Z\{0} (Theorems 3.5 and 3.7). According to
our best knowledge our results are the first concerning the exact computation of the
p-adic valuations of m colored partitions (with non-rational generating function of
course). Moreover, our results can be seen as natural generalizations of Churchhouse
result. As a by-product of the employed methods we also get an unexpected fact

that the sequence (% (mod p)) N is independent of m. Thus, a more detailed
nelNyp

analysis of this sequence is performed in Sect. 4. The main result of this section is

the proof of p-automaticity of the sequence (d (1) (mod p)) (Theorem 4.1) and

transcendence of the corresponding ordinary generating functlon (Theorem 4.6).

In Sect. 5 we present the study of the p-adic behavior of the difference d,, (pn) —
dy (n). In particular we prove sufficient conditions for the inequality v, (d,, (pn) —
dyu(n)) > vp(m) + 3 to hold (Theorem 5.5).
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On p-adic valuations of m colored p-ary partition functions 627

Finally, in the last section we ask for a possible generalization of our results, present
effects of some numerical computations and formulate some questions, problems and
conjectures.

2 Thecaseofp =2
In order to simplify the notation a bit let us put
C(x) := Ga(x), Cu(x) = G2(x)".

Letus observe that the power series C (x) satisfies the functional relation (1 —x)C(x) =
(1 +x)C(x?) . In consequence, for m € Z we have the relation

C(x) = (1 +i> C2?).

which will be useful in the proof of Lemma 2.2 below. Moreover, in the sequel we
will need the following functional property: for m1, m, € Z we have

le (x)sz (x) = Cm1+m2(-x)-

We start our investigations with a simple lemma which is a consequence of the
result of Churchhouse and the product form of the series C_1(x).

Lemma 2.1 Forn € Ny, we have the following equalities:

1
UZ(CI (n)) Zzltn + 3tn—1 |a

B 1 lf ty 75 Ih—1,
v(c_1(n)) = : 400 if ty, =ty—1.

Proof The first equality is an immediate consequence of the equalities ¢;(n) = b(2n)
and (2), and the recurrence relations satisfied by the PTM sequence (#,),eN, i.€.,
n =t 2py1 = — Iy

The second equality comes from the expansion

C_1(x)=(1—x) ]_[(1 —xy=01-x Ztnx" =1+ Z(t,, — ty_p)x".
n=0 n=0 n=1

O

In order to compute the 2-adic valuations of the sequence (c42(7)),en We need the
following simple fact:
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628 M. Ulas, B. Zmija

Lemma 2.2 The sequences (c12(n))neN satisfy the following recurrence relations:
c12(0) =1, ca2(1) = +4 and for n > 1 we have

c+2(2n) =x2¢42(2n — 1) —c+2(2n — 2) + c42(n) + c42(n — 1),
Ciz(zn + 1) ==+ 2ci2(2n) — C:|:2(2l’l — 1) + Q,Ciz(}’l).

Proof The recurrence relations for the sequence (ci2(n)),en are immediate con-

+2
sequence of the functional equation C1y(x) = ({%) Cﬂ(xz), which can be

rewritten in an equivalent form (1 ¢ 0)2C0(x) = (1 £ x)2Cea(x?). Comparing
now the coefficients on both sides of this relation we get the result. O

As a consequence of the recurrence relations for (c42(n)),en We get:

Corollary 2.3 Forn € Ny we have c42(n) = 4 (mod 8). In consequence, forn € N4
we have vy (c42(n)) = 2.

Proof The proofrelies on a simple induction. Indeed, we have c12(1) = +4, c_»(2) =
4, c2(2) = 12 and thus our statement holds for n = 1, 2. Assuming it holds for all
integers < n and applying the recurrence relations given in Lemma 2.2 we get the
result.

The second part is an immediate consequence of the obtained congruence. O

Theorem 2.4 Let m € Z\{0, —1} and consider the sequence ¢, = (¢, (n))pen. Then
cm(0) = 1 and for n € N1 we have

vy(m) + 1 if m=0 (mod 2),
v(cm(n) =41 if m=1 (mod2)and t, # t,_1, 3)
vym+1)+1 if m=1(mod?2)andt, =t,—1.

Proof First of all, let us note that our theorem is true for m = 1, 42. This is a
consequence of Lemma 2.1 and Corollary 2.3. Let m € Z and |m| > 2. Because
cm(0) = 1 and ¢, (1) = 2m, our statement is clearly true for n = 0, 1. We can assume
that n > 2.

We start with the case m = —3. From the functional relation C_3(x) =
C_»(x)C_1(x) we immediately get the identity

n n—1

c-3(m) = ) emi(Dea(n —i) = ca() +ty = ta—y + Y (1 — ti-1)e—2(n = i).
i=0 i=1

Let us observe that fori € {1,...,n — 1}, from Lemma 2.1 and Corollary 2.3, we

obtain the inequality
v ((ti — ti1)e—2(n —1i)) = 3.
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On p-adic valuations of m colored p-ary partition functions 629

In consequence, from Corollary 2.3, we get

c3(n)=con)+t, —th1 =4+1, —t,—1 (mod 8).

It is clear that 4 + 1, — 1,1 % 0 (mod 8). Thus, we get the equality vz(c_3(n)) =
vo(4 +t, — t,—1) and the result follows for m = —3.

We are ready to prove the general result. At first, we prove it for even numbers m.
We proceed by induction on |m|. As we have already proved, our theorem is true for
m = £2. Let us assume that it is true for each m satisfying |m| < 2M. Let |m| = 2M
and write m = 4k + r for some k € Z and r € {0, 2}.

If m = 4k, then from the identity Ca; (x) = Coi (x)% we get the expression

n—1

cak(n) = 2e(n) + Y eani)ear(n — i).

i=1

From the induction hypothesis (notice, that |[4k| > |2k|) wehave v (cox (i) cok(n—i)) =
202 (2k)+1) > va(2cor(n)) = v2(2k)+2. Inconsequence v (¢, (1)) = va(car(n)) =
v2(2c21 (n)) = v2(2k) + 2 = vp(4k) + 1. The obtained equality finishes the proof in
the case m = 0 (mod 4).

Similarly, if m = 4k + 2 is positive, we use the identity Car42(x) = Car (x)C2(x),
and get

n—1

carr2(n) = c2(n) + cap(n) + Y ear(iea(n — i),

i=1

Observe that |4k + 2| > |4k|. From the equalities v2(c2(n)) = v2(2) + 1 and
va(car(n)) = va(dk) + 1,n € Ny, we get va(cax(i)ca(n — i)) = va(k) + 5 for
eachi € {1,...,n—1}. Thus va(co(n) + car (n)) = va(ca(n)) =2 = v 4k +2)+ 1.

If m = 4k + 2 is negative, we use the identity Caty2(x) = Cagy1)(x)C_2(x) and
proceed in exactly the same way (here we can use the induction hypothesis because
|4k + 2| > |4(k 4 1)| since k < 0).

Thus we can conclude that the statement is true for all even numbers m. We go to
odd ones. We have already shown the theorem for m = —1 and m = —3. Similarly
as before, let us write m = 4k + r for some k € Z and r € {1, 3}.

If m =4k + 1 > 0, then we use the identity Cax41(x) = Cax(x)C1(x) and get

n—1

Cap1 () = ca(n) + c1(n) + ) ca(Der(n — i),

i=1

From the even case we have vy(car(i)ci(n —i)) > vy(4k) + 2 > 4. Moreover, for
n € Ny we have v2(c1(n)) € {1, 2}. Thus

1 if In 7& In—1,

v2(car(n) + c1(n)) = va(c1(n)) = )
2 if t, =t,_1.

as we claimed.
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630 M. Ulas, B. Zmija

Itm = 4+ 1 < 0, we write m = 4(k + 1) — 3 and use the identity
Caj41(x) = Cag41)(x)C_3(x). Next, using the obtained expression for v (c_3(n))
and v2(c4(k+1)(n)) and the same reasoning as in the positive case we get the result.

Ifm = 4k+3 > 0, we use the identity Cyy3(x) = Ca1)(x)C_1(x) which leads
us to the expression

n—1

car3(n) = cagy(n) +c-1(n) + 264(k+1)(i)6—1(n —i).

i=1
It is clear that va(ca4+-1)(D)c—1(n — i) > va(ca+1)(n) + c—1(n)) for eachn € Ny
andi € {1,...,n — 1}. In consequence, by induction hypothesis
V2 (car43(n)) = va(ca+1)(n) + c-1(n))

. { 1 if In ?é th—1,

v (cagrny(m)) if 1, = 1,1,

_ 1 if i #tn—la
T @k 34D+ 10 1, =1,

Finally, if m = 4k + 3 < 0, then we write 4k + 3 = 4(k + 1) — 1 and employ the
identity Caj43(x) = Ca(k+1)(x)C—1(x). Using the same reasoning as in the previous
cases we get the result. O

The explicit form of the value of v, (¢, (n)) for m odd allow us to prove the following.
Corollary 2.5 Let m € Z be odd and n € Ny. Then va(c,,(2n) — ¢ (n)) = 1.

Proof Let us observe that the necessary condition for the inequality vy (c, (2n) —
¢m(n)) > 1 to hold is the condition

by #F | = by F -1 OF Ity =ly_| = by = ap—1.
However, if#, # t,_1,thent, = —t,_1 andthus t,, —t2,—1 = t,+1,—1 = 0. Similarly,
the equality #,, = #,_ implies that #, +#,_1 = 2t, and thus tp, — tp,_1 = 2t,, # 0.In
other words, if va(c;, (1)) = 1 then va(c,, (2n)) > 1 and vice versa. In consequence

we have the equality vy (¢, (2n) — ¢;,,(n)) = 1 and get the result. O

Corollary 2.6 Let m € N and suppose that N € N satisfies the condition vo(N) >
vo(m 4 1) + 1. Then the congruence c,,(n) =0 (mod N) has no solutions.

Let us observe that the sequence (v2(cy, (n)))nen (for m odd) can be seen alter-
natively as a solution of the recurrence relation: w,,(0) = 0, w,, (1) = 1, w,, (2) =
vy(m+ 1)+ 1 and

w,2n+1) =1, w,@ln) =w,Hn), w,@n—+2)=vo(m+1)+ 1.
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On p-adic valuations of m colored p-ary partition functions 631

The above recurrence is an immediate consequence of our explicit formula given
in Theorem 2.4. We use it in order to show that the sequence (va(cy,(n)))nen 1S 2-
automatic. However, before we do this we need to recall the notion of a k-automatic
sequence. More precisely, let k € N>, be given. We say that the sequence € = (&,),eN
is k-automatic if and only if the following set

Ki(e) = {(gipy jnen : i € Nand 0 < j < &'},

called the k-kernel of ¢, is finite. If the k-kernel of the sequence ¢ is infinite but finitely
generated then we say that our sequence is k-regular.

Let us also recall that one of equivalent conditions for automaticity is the following
result of Christol:

Lemma2.7 Let p € Pand q be apower of p, anda = (ap),eN be a sequence over .
Then a is p-automatic if and only if the formal power series Y .-, anx" is algebraic
over F (x).

The proof can be found in [3] or in recent monograph [1, Theorem 12.2.5].

We are ready to prove that the sequence (v (¢, (n))),en is 2-automatic for each
m € Z\{0, —1}.
Theorem 2.8 For eachm € Z\{0, —1} the sequence (v2(cm(n))),en, is 2-automatic.

Proof The resultis obvious if m is even, because in this case the sequence is ultimately
constant by Theorem 2.4. Let us assume that m is odd and denote ¢,, (1) := v2(c;, (1))
forn € N, and C,, (x) := ZZO:O ¢m(n)x". Theorem 2.4 and the remark given above
imply the relations:

nQn+1) =1,
Cn@n+2)=vyim+1)+1,
Cm(dn) = ¢ (n).

Hence,

o0 o0 o0
Cp(x) = Zém (4n)x™ + Z G (4n + 2)x* 2 4 ZE’" n + x> t!
n=0 n=0 n=0

9] 00
Em(n)x4n + (l)z(m + 1) + 1) Zx4n+2 + Zx2n+l
0 n=0 n=0
~ x2
= Cp(x") + ((m + 1) + 1) at

M

3
Il

X

1 —x2

Equivalently

S+ mm+ D+ Dxr+1
., =

Cn(x*) — C () + 0,

1—x

o) é’m (x) is algebraic over [ (x) and the result follows from Lemma 2.7. O
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632 M. Ulas, B. Zmija

start —{ — L @D 0,1

Fig. 1 Automaton generating (v2(cm (n)))yen, for odd m when reading digits of n from the left to the
right

start —

0,1

Fig. 2 Automaton generating (v2(c;m (n)))en, for odd m when reading digits of n from the right to the
left

It is worth to note that a sequence is k-automatic if and only if there exists an
automaton for it. Roughly speaking, automaton is a procedure that allow us to compute
for each n € N the n-th member of a sequence by using only the digits in the (unique)
representation of n in the base k. For more precise definition see [2]. We can either
use the convention to read the digits of the base-k representation of n from the highest
power of k that appear in the representation to the lowest one (that is, from the right
to the left), or conversely, that is, from the lowest (i.e., from the 0’th power) to the
highest one (that is, from the left to the right). It is known that a given sequence is
k-automatic in the first convention if and only if it is k-automatic in the second one,
but automatons may be different depending on the convention.

We can present automatons generating the sequence (v, (¢, (n)))nen, in both con-
ventions. In the case of even m it is very simple. For odd m, they are presented above
(Figs. 1 and 2).

Remark 2.9 The second automaton is very similar to the one generating so called
period-doubling sequence given by e, = v2(n+ 1) (mod 2) for n € N. This sequence
was considered for example in [5]. This similarity is not a coincidence, because the
period-doubling sequence can be defined also as the sequence e, = 1 —(s2(n) —s2(n—
1)) (mod 2), where s> (n) is the number of 1’s in the unique binary expansion of n. On
the other hand, the value of the quantity v»(c,, (n)) depends on the difference #,, — t,,—|
and hence, because of the equality 7, = (—1)*2 ™) on the difference s, — s,_.

From the above discussion one can observe that ¢, = 1 if and only if 7, # #,—1.
Thus, Theorem 2.4 for odd m can be rewritten as
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On p-adic valuations of m colored p-ary partition functions 633

v(cn(n)) =vy(n+1) (mod 2) + (1 —va(n + 1) (mod 2))(va(m + 1) + 1)
=14+ —vam+1) (mod2))va(m + 1)

foralln > 1.
Corollary 2.10 If m < —1, then ¢;,;(n) # 0 forn € N.

Proof From our description of the 2-adic valuation of ¢,,(n) given in Theorem 2.4,
we see that v2 (¢, (n)) # +oo for n € N. This is equivalent with the non-vanishing of
¢ (n) for n € N and hence the result. O

Let us recall that in [7] the sequence (#,(n)),en, m € N4, was investigated. Here
ty (n) is the Cauchy convolution of m-copies of the PTM sequence, i.e.,

t(n) = Z fiy .. 1, .

i1+ tim=n

We characterized the solutions of the equation #3(n) = 0 in terms of the expansion
of n in base 4. In particular, the equation #3(n) = 0 has infinitely many solutions.
Moreover, t,,(n) # 0 for m being power of 2. We also conjectured the non-vanishing
of t,,(n) for m # 3 but we were unable to prove such a statement. Thus, the above
corollary also shows strong difference of the sequences (¢, (1)) ,en and (c—y,; (1)) neN
form e N;.

The result obtained in Theorem 2.4 can be also used to prove the following.

Corollary 2.11 Let m € N, and U, (n) denote the number of binary partitions of n
such the part equal to 1 takes one among 2m + 1 colors and parts > 1 take one among
m colors. Then Uy, (n) = 1 (mod 2) forn € N.

Proof From the definition of U, (n) we immediately deduce that U, (n)
Yo cm(i). Because ¢,,(0) = 1 and from Theorem 2.4 we know that c,, (n)
0 (mod 2) for n € N4, we get that Cy,, (n) is odd for n € N.

o i

3 Thecaseof p € P53

Let p € P>3 be fixed. In this section we are interested in the computation of the
exact formula for the p-adic valuations of the elements of the sequence (d,, (1)), eN,
where

m 1 - 1 - n
Honp (0 = GpC™ =3 11 (11— xr) @0~ gdm(n)x

and m € Z\{0} is fixed. Because p is fixed in the sequel in order to simplify the
notation a bit we introduce the quantity:

Hyy(x) := Hpp (%)

Let us recall that the number d,,(n) counts the number of p-ary representations of
n, where each part > 1 can take (p — 1)m colors and additionally the part equal to
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634 M. Ulas, B. Zmija

1 can take pm colors. Moreover, in the sequel we will frequently use the following
notation:

1 if A is satisfied,
0 otherwise.

[A] =

where A is given logical formula.
We start with the proof of recurrence relations satisfied by the sequence (d,, (1)), eN
form € Ny.

Lemma3.1 Let m € N;. Then d,,(0) = 1 and for n > 1 we have the following
recurrence relation:

min{pm,n}

dum) =~ Y (—D"(”l,’")dm(n—i)

i=1

mi

a3 (-

Proof In order to get the result it is enough to note the functional identity
(1 = )" Hy (x) = (1 = xP)" Hp (x7).

Indeed, we have the following equalities:

pm 00
(1= x)P" Hy, (x) = <Z<—1)f (” l’")x) (Z dm(n)x”>
i=0 n=0

min{pm,n}

SN D (—D"(m)dm(n—i) X",
n=0 i=0 !
(1 — xP)"H,, (xP) = (Z(—l) ( ) ) (Zd (n)xP" )
i=0
o0 min{m,n} m
= Z -1 )dm(n—i) ",

n=0

Comparing now the coefficients of x" on both sides we see that if p t n, then
min{pm,n} m
Y (”l. )dm(n —i)=0

i=0
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and if p | n, then we have

min{pm,n} pm min{m,%} " "
> (—1)’< . )dmm —i= Y (=1 ( . )dm (— - i) :
i=0 ! i=0 ! P
Solving for d,,, (n) we get the result. O

In the sequel we will heavily use the notion of congruences between power series.
More precisely, let f(x) = Y o2 qa,x" and g(x) = Y oo byx" be formal power
series with coefficients in Z and M € N, be given. We say that f, g are congruent
modulo M if and only if for all n the coefficients of x" in both series are congruent
modulo M. In other words

f=g(mod M) <= VneN: a, =b, (mod M).

It is an easy exercise to prove that for any given f, F, g, G € Z[[x]] satisfying
f =g (mod M) and F = G (mod M), we have f = F = g + G (mod M) and

fF = gG (mod M). Moreover, if f(0), g(0) € {—1, 1}, then the series for 1/ f and

1/g have integer coefficients and then ]7 = % (mod M). Consequently, in this case

we have % = g¥ (mod M) for all k € Z.
Now we are ready to state the following.

Lemma 3.2 Let m = p“k. Then
dy(n) =0 (mod p*th)
foralln > 1.

Proof From the relation (1 — x)? = 1 — x” (mod p) we get (1 — x)?"" = (1 —

xP)P" (mod p®*t1), and hence,
(1 —=x)P"™ = (1 —xP)" (mod p**1h).
This, together with the equality (1 — x)P" H,,(x) = (1 — xP)" H,, (x?) gives,
H,(x) = Hy (x?) (mod p**h).

The above relation simply implies d,,(n) = 0 (mod p®*!) if p t n, and d,, (n) =
dy(n/p) (mod p®*1yif p | n. Hence, if n = pPI, then

dn(n) = du(p(pP~'D)) = dp(PP ') = - - = dy(pl) = dy (1) = 0 (mod p**1).

Therefore, the only coefficient of the series H,, (x) not divisible by p"‘+1 isd,, (0) = 1.
O
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Lemma 3.3 Let m = p*k. Then
d(pn) = dyy (n) (mod p**?)
foralln > 1.
Proof We use the induction argument. For n = 1 we have by Lemma 3.1:
dn(p) = Z( 1)'( )dm(p — i)+ Z( 1)'( . )dma )
i=1 i=0 !
= —Z( 1)’( )d (p— i)+ du(1) — mdy(0).
Observe that if p { i then p | (”"). From Lemma 3.2 we also have p**! | d,,(p — i)

fori =1,..., p — 1. Hence, ("")d,(p — i) = 0 (mod p**2) fori =1,...,p— 1,
SO

dn(p) = <” l’f)dm(m + dyy (1) — mdy (0) = mdy (0) + dyy (1) — mdy (0)
= d,, (1) (mod p**?).

Let us assume that the statement is true for all numbers less than some number 7.
We want to prove it for n. Lemma 3.1 implies

min{pm, pn} min{m,n}
du(pm)=— Y (—1)i(”i’")dm(pn—i>+ 3 (—D’(T)dm(n—i)
i=1 i=0
min{m,n} min{m,n}
= Z (- 1)[”( )dm<pn—pz)+ > - 1)( )d (n—1i)
i=0

mm{m n} min{m,n}

Z (- 1)( )d (p(n—i) + Z (- 1)( )d (n—1i)
mm{m n} min{m, Vl}

Z (— 1)( >d (n—i)+ Z (- 1)( )d (n—1i)

=d, (n) (mod p**?).

In the above computations we used the induction hypothesis, Lemma 3.2 and the
congruence (’; ") = (") (mod p) which is a consequence of Lucas theorem. The
result follows. m|
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Lemma 3.4 Let m = p*. Then

(=D*(7") (mod p**2) ifn < pm,

) = {dm(n — pm) (mod p**2) ifn > pm

Sforalln > 1 such that p { n.
Proof Let n € Ny and assume that p { n. Then Lemma 3.1 implies the equality

min{pm,n}

du(m) = )" (—1)1'“(”1.’”>dm<n—i>.

i=1

If p { i then p|(”"), and by Lemma 3.2 we get the divisibility property p**!|d,, ,(n—
i) which holds for n > i . Therefore, if n < pm, then the only term in the above
sum that may not be divisible by p®*? is the one corresponding to i = n, i.e.,
(=D"(P"MYd,, p(0) = (—1)”“'1(”’;"). Similarly, if n > pm, then the only such
term can be the one corresponding to i = pm, i.e., (—I)Pm“(gﬁ)dm (n — pm) =
dy(n — pm). O

Now we are ready to prove the following general result concerning the expression
of v,(dy(n)) form € N,

Theorem3.5 Let p € P>z andm € N. Letn € N>y andn = ngp® + -+ + n, p' be
(the unique) representation of n in base p. Here s < t and ny # 0. Then

dm(n) = pm (n;l (mod p)) (mod p‘)p(m)+2)'

In particular,

o if n=0,
vp(dm (n)) = {vp(m) +1ifn=l

Proof At the beginning observe that for each m we have d,,, (0) = 1,50 v, (d;, (0)) = 0.
Let us assume that » > 1 and m = p® for some o > 0. By Lemma 3.2 it is
reasonable to consider the sequence ay = (dg (1)) neN, Of elements of Z/ pZ, where

Lemmas 3.3 and 3.4 imply the following recurrence relations:

_1\yn+l a+1 .
ag(n) = %(”n ) (mod p) if n < p**1and p tn,
ag(n) = ag(n — p**th ifn > p**tland ptn,

aq(pn) = aq(n).
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Observe that if n < p**! and p ¢ n then,

(_1)n+1 (potJrl) _ (_1)n+1 (pa+1 _ 1)(p0:+1 _ 2) A (pot+l —n4+ 1)

patl n n!
pp1 CD(E2) - (=n 1)
== n!
_1\y=l —
n! n

Thus ay(n) = % (mod p) for n < p**! such that p t n. If n is arbitrary, then
recurrence relations for ay (1) imply

1) = do [ —— ) = ag [ —— (mod p**1)) = ! (mod p)
Ga(N) = Ao pvp(n) = pvp(n) mod p - _n (modp"‘“) mod p).

pr (n)

Writen = ngp® +---+n,p',s <t,ng > 0. Then

n
——— (mod p**!) =ng+ - 4 nsap” = N

pr(n)
(we define n; = 0 for i > r if required). Observe that for M = ns_1 (mod p) we have

MN =1 (mod p). Hence, aq(n) = n;' (mod p).
From the definition we get

dn(m) = p**aq(n) = pm (n7! (mod p)) (mod p*2).

Hence the result is true if m is a power of p orm = 1.
If m = p®k, where k € N and p 1 k, then

Hp () = (Hpe (x)),

SO
du() =Y dpe@) ... dp(a).

ar+-+ag=n
We note that, if at least two numbers among ay, ..., ar are non—zero, then by
Lemma 3.2 we get dpe(ay) - ... - dpe(ar) = 0 (mod p"‘+2). Hence, the expression
dpe(ay) - ... - dpe(ar) may not be divisible by p*t2 only if aj = n for some j and
a; =0foralli # j. Thus

kpot+l

d (1) = kd o (n) = = pm (n;l (mod p)) (mod p*+?),

N

and our result follows. O
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One can ask, whether it is possible to give a theorem similar to Theorem 3.5 but
for negative integers m? In order to give an answer, let us introduce the sequence
(Dp(n));2, defined as

Ap) =[] =)= =3 Dyma".
n=0 n=0
Observe that
Ho(x)=(1=x)A,(x) =1+ (Dym) — Dy(n — 1)) x".
n=1

Therefore, d_1(n) = Dy(n) — Dp(n — 1) forn > 1, and d_1(0) = 1. From [11,
Lemma 2.3] we get the equality

0 ifn =0,
vp(d_i(n) = {1 G

We will also need the following simple fact.

Lemma3.6 Leti € N>y and p € P>3. Then
i>v,()+2.

Proof Leti € N>.Wealwayshavei > v,(i),i.e.,i > v,(i)+1.Thusifi < v,(i)+2,
theni = v, (i) + 1. From the Bernoulli’s inequality we get

iz pr® =20 =14+ DO > 14v,6) =i.

Hence, p"»® =2"® sov,(i) = 0 and thus i = 1. m]
We are ready to prove the following analog of Theorem 3.5.
Theorem 3.7 Let m € Nxy. Then
d_m(n) = md_y(n) (mod p*»™M+2).
In particular,

_Jo ifn =0,
l)p(dfm(n)) — {Up(m) + 1 l:fl’l 2 1
Proof First, we prove the result for m = p®. Observe that
o
Hope() = (Ha)" =) | Y daGn-...-daGpe) | 5"

n=0 \ji+-+ja=n
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o | p p

=14+ Z (’2) Z' d-1(jr) - -do1Gi) | | 2",
Jite+ji=n

Jlsejizl

because d_;(0) = 1. From Lemma 3.6 we have fori > 2:

o
v, (pl) S daG) e daaG) | Za =) +iz a2,
ji+tir=n
Jiaeenji=1

Therefore,
o
H_pa(x) =1+ Z p%d_1(n)x" (mod p**+?).
n=1

Hence, the result is true when m is a power of p orm = 1. If m = p“k, where p 1 k,
then similarly as in the proof of Theorem 3.5 we get

o0

Hop() = (H o) =31 Y dope)dope i) | 2

n=0 \ ji++jir=n

o0 o0 o0
= de_pa (n)x" = ka“d_l(n)x” = Zmd_l(n)x” (mod p**?).
n=0 n=0 n=0

The result follows. m]
Corollary 3.8 Ifm < —1, then d,,,(n) # 0 forn € N.

Proof From our description of the p-adic valuation of d, (n) given in Theorem 3.7,
we see that v, (d,, (n)) # +oo for n € N. This is equivalent with the non-vanishing
of d,,(n) for n € N and hence the result. O

As a very surprising corollary from Theorems 3.5 and 3.7 we get the next fact.

Corollary 3.9 If p € P>3 and m € Z\{0}, then the sequence (% (mod p))
depends only on the sign of m.

HEN+

4 On p-automaticity of the sequence (M (mod p))
pm neN+

For p € P~3 and n € Ny, let us denote y,(n) := % (mod p) if m > 0, and

Zp(n) = (—d’;#) (mod p) if m < 0. In this section we will study the sequences
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Yp(m)neN,, (zp(n))nen, more closely. In particular we prove p-automaticity of our
sequences.
Let

Yp(x) =Y ypln+ Dx",
n=0

Zp(x) =) zpn+ D",
n=0

ie, Y, and Z, are. the generating functions of the sequences (y,(n))nen, and
(zp(n))nen, , respectively.

Now we are ready to state the main result of this section.
Theorem 4.1 Both sequences, (y,(n))nen, and (z2p(n))pen,, are p-automatic.

Proof By Lemma 2.7 it is enough to show that Y, and Z, are both algebraic over
IF,(x). First we consider the series Y),. Let us denote
p—1

W,(x) := X:Of1 (mod p))x"~1.

n=1

In the proof of Theorem 3.5 it was shown, that the sequence (y,(n));2 ; satisfies the
following recurrence relations:

yp(n) = n~1 (mod p) ifl<n<p-1,
yp(n) = yp(n (mod p)) if p {n,
yp(pn) = yp(n).

Therefore,
o0 o0
Yp(x) =Y yp(pn)xP"! 1 2 — DxP2) xPn
p () =Y yp(pmx?" T+ " (v, (1) + yp@)x + . yp(p — DxP ) x
n=1 n=0
o0 o
= xP~1 Zyp(n)xp("fl) + W, (x) pr"
n=1 n=0
o0
W,(x
= xP1 Zyp(n + DxP" + T—>7 p( 1))
—Xx
n=0
_ Wy (x)
=x"7'Y,(eP) + 1 fxp'
Equivalently,
W,(x
P, (0P = Y, () + . f(xi =0, )

so0 Y, is indeed algebraic over IF, (x).
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For the proof of the case of the sequence Z, notice the following relations:

A =T] (1 —xl’">p71 =1 —x)P 1A, D),
n=0
1 — x)?
o) = (1= 08,00 = 1 =0 A,67) = S on),

1
Zp(x) = — (H-1(x) — 1) (mod p).
px

The last congruence follows from the fact that z,(n) = % (mod p). Thus (we
consider the equalities below as equalities over I, i.e., modulo p)

1 1 /(1 —x)P
Zp(x) = —(H(x)—1)=— <—H—l(xp) - 1)
px px \ 1 —xP

1 <_(1 — 0P (Ho (xP) — 1) + a=-x7_ 1)

:px 1 —x? 1—xp

I—x)? 1 I (1—x)» —( —xP
:xl’*l(l—x)_(H_l(xP)_l)_i__( x) a—x%)

—xP px?P px 1 —x»

—1

1 —x)P 1 r 1

— P—l( 7 p 1yt = P\ n-1
S P R g ;( : p(n *
_ W (x)

. py_ P
=xP"Z,(x") T—xr

because foreach 1 <n < p —1:

1 —D...(p—- 1 D" =1
p\n n!

n!

1
= —— (mod p).
n

We can write the equation for Z, in an equivalent form as

Wp(x) _

P71 Z,0P = Z,(x) — T = 0, 5)

so Z,, is also algebraic over IF, (x). O

The explicit form of the equations satisfied by Y, and Z, allow us to show the
strong relation between sequences (v, (1))uen, and (zp(1))nen, -

Corollary 4.2 [f p € P>3 and n € Nxy, then

yp(n) +z,(n) =0 (mod p).
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Proof Summing Egs. (4) and (5) we get

(Y, (x) + Z,(x)) <xp_l (Y, () + Z,(0))" " = 1) =0 (mod p).
Because the Oth term in the second factor is not divisible by p we need to have
Y,(x) + Z,(x) =0 (mod p),

and this is equivalent to the statement. O

In the case of sequences (y, (1))en, and (2, (1n)),en, We can write the automatons
down in both conventions (recall the discussion at the end of Sect. 2). Now we show
them for the first of these sequences. In the case of the second one, it is enough to switch
n~linto—n—Lforalln =1,..., p — 1. The automaton generating (y, (n)),eN, When
we read digits from the left to the right is presented below (Fig. 3).

On the other side, if we read the digits in the opposite direction we present the
corresponding automaton generating (y,(n)),en below (Fig. 4).

More precisely, in the second automaton each arrow with number 0 forms a loop,
and each arrow with anumber n € {1, ..., p — 1} goes to the state with n—l

Let us note that in the case p > 3 the sequence (v, (dy,(1))),eN iS p-automatic,
which is an immediate consequence of the fact that it is ultimately constant.

Corollary 4.2 can be used to find a relation between numbers d,, (n) and d_,, (n),
and generalize some results obtained previously only for positive m. We have the
following.

Theorem 4.3 For each p € P~3, m € N> andn € N we have
d_p(n) = —dp(n) (mod p"r"+2).
In particular,

d*m (Pn) = dfm (n) (mod pvp(m)-‘rZ)‘

start —

0,...,p—1

Fig.3 Automaton generating (yp(n)),cN When reading digits of n from the left to the right
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start —

0,p—1

Fig.4 Automaton generating (yp(n)),eN When reading digits of n from the right to the left

Proof The first part follows from Theorems 3.5 and 3.7 , and Corollary 4.2. Indeed,
d_m(n) = pmzp(n) = —pmy,(n) = —dy(n) (mod p*r™+2).

The second part is now an immediate consequence of Lemma 3.3. O

We group the fact above, Theorems 3.5 and 3.7 , and Corollary 3.9 and simply get
the following general result.

Corollary4.4 Let p € P>z andm € Z\{0}. Letn € N>y andn = ngp* + -+ n;p'
be its base- p representation, where s < t and ng # 0. Then

dm(n) = pm (ns_l (mod p)) (mod pr(m)-i-Z)'

In particular,

0 ifn =0,

vp(dm(n)) = {v,,(m) +1 ifn>1,

o0
and the sequence <% (mod p)) 1 does not depend on m.
n
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We can apply Corollary 4.4 to the problem that was considered in [11]. Let us define
for p € P>3,m € N1 a sequence (A, (n))neN as

o0 1 o0
[ Gy = L Apm("
n=0

n=0

The number A, ;, (n) counts the number of p-ary representations of n such that each
part takes one among m colors. The sequence (A, (1)),en Was thoroughly studied
in [11]. One of main results of the cited paper states that foreacha € N> andn > p“
the following equality holds:

Vp (Ap.(p-1pe—1) () = 1.

Using our previous findings we are able to improve the above equality to the fol-
lowing.

Theorem 4.5 Let p € P>3, @« € N>jandn > p*. Letn = ZZ-:S njpj, where s <t
and ng # 0, be the base- p representation of n. Then

Ap.(p-(pr—1y() = =p(n;" (mod p)) (mod p?).

Proof The relation on the very end of the proof of Theorem 3.1 from [11] implies that

a—1
(p—1
Ap(p-1)(pe—1)(n) = (Dp(n) = Dp(n = 1)) 1‘[(—1)"1( N ) (mod p?)
j=0 /
(we assume that n; = 0 for j < s). Corollary 4.4 gives
a—1 - 1
Ap (p-1(pe—1)(n) = d_1(n) n(—l)"-’( )
i n;j
j=0
a—1 p— 1
= —p(n;" (mod p)) 1‘[(—1>"f( . ) (mod p?).
j=0 !
For the end of the proof it is enough to observe that for each j € {0, ..., o — 1}:
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(=) <pn— 1) =(—1)" P=1.. (p=nj) _ (—1)"./'% =1 (mod p).

|
J n

j! nj!
O
We finish this section with the following

Theorem 4.6 Let us consider the sequences (y,(n))pen,, (Zp(n))pen, as the
sequences with terms in the set {1, ..., p — 1} and the corresponding ordinary gen-
erating functions Y, (x), Z,(x) as the power series in C[[x]]. Then both Y, Z,, are
analytic in the circle |x| < 1 and are transcendental over C(x).

Proof Because y,(n),z,(n) € {1,..., p — 1} (treated as elements in Z), then it is
clear that the series Y, (x) and Z,(x) are absolutely convergent in the set {x € C :
|x] < 1} and thus define analytic functions. From Corollary 4.2 and the fact that
0<ypn),zp(n) < p, we getthat z,(n) = p — yp(n) for all n € N . Thus simply

Z,(x) = ﬁ — Y, ().

Therefore, in order to get the transcendence of the functions Y, (x) and Z,(x), it is
enough to prove it only for Y, (x).

In the proof of Theorem 4.1 we obtained the functional equation for the function
Y, (x):

Wp(x)
1—xP

Y,(x) = xP7ly,(x?) +

’

where W, (x) = Z,’;ll (n~! mod p)x™~'. This equation was proved in fact over C,
not only over IF, (because all equalities in this case were ’true’ equalities, i.e., not
equalities modulo p).

The transcendence of Y, will be consequence of a general result of Nishioka [9].
This result says that a power series, say f, with rational coefficients, which defines an
analytic function in some neighborhood of zero and satisfying functional equation of
the form f(x) = A(x) + B(x) f(x™) for some m € N>, and functions A, B € C(x),
is either rational of transcendental. In the light of this remark we see that in order to
get transcendence of Y, it is enough to prove that our function is not rational.

Let us suppose that Y, (x) is rational, i.e., Y, (x) = P(x)/Q(x) for some P, Q €
Clx] with ged(P(x), Q(x)) = 1. Putting the expression for ¥, into the functional
equation and clearing the denominators we get the equation

(1 =x")PxX)Q(xP) = (1 = xP)xP PP Q(x) + Q) Q(xP)Wp(x).  (6)
From the above equation we get Q(x”) | (1 — x?)x?~!' P(x?)Q(x). However, the
co-primality of the polynomials P (x), Q(x) implies co-primality of the polynomials
P(x?), Q(xP) and thus we get

Q") | (1 =xM)xP~1 Q).
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Consequently pdeg Q < 2p — 1 +deg Q and thus deg QO < 2 + ﬁ. We thus see
that the degree of the polynomial Q is bounded by 2.

Letusputx = 1in (6). We get that Q(I)ZWP(I) =0,but W,,(1) > 0,s0 Q(1) = 0.
In particular, deg O > 1 and we can write Q(x) = (1 — x)S(x). Plug it into (6) and
get after dividing by 1 — x:

—xP

——PO)SG) = PP (xP)S(x) 4 S(x)S(xP)W, (x). 7)

If deg O = 1, then § is a constant, say S(x) = So # 0. Equation (7) implies

W L1 =xF p p=1p(P
p) =5 (TP =T PG ).
Observe that deg W, (x) = p — 2. If deg P > 1, then the degree of the polynomial of
the right-hand side of the last equation is equal to deg(x?~' P(x?)) > 2p—1 > p—2,
a contradiction. Hence, deg P = 0, so we can write P(x) = Py # 0. Then we get
from the last equation

P
Wp(x)ZS—2(1+X+-~-+x1’_2),

that is again a contradiction, since not all coefficients of W, (x) are equal to each other.
Thus we may assume that deg Q = 2 and deg S = 1.

Let us write S(x) = S1x + So. From (7) we get S(x?) | x?~1 P(x?)S(x), but S(x7)
and P (xP) are co-prime, so S(x?) | x?~1§(x). Thus there exists a polynomial 7 (x)
such that S(x?)T (x) = x?~1S(x), and by comparing the degrees we get deg T = 0.
Comparing the coefficients of xP~1 implies Sp = 0, i.e., S(x) = Sjx. Equation (7)
implies

1 —xP

1
W, (x) = Sl_x ( - P(x) — P(xp)>.

Ifdeg P > 2, then deg <S+x (1_"p P(x)— P(xp))) = pdeg P —1 > p—2. Hence,

1—x
deg P < 1. Write P(x) = Pjx + Py. Thus
1 1 —x?
Wyx) = — (P1x + Po) — (P1x? + Po)
Six \1—x
_ P+ PR

(1+x+~~-+x”*2),
S
that is a contradiction.
Summing up our discussion: we proved that there are no polynomials P, Q € C[x]
satisfying Eq. (6) and thus the function Y, (x) cannot be rational. O

Remark 4.7 In the above proof, instead of use result of Nishioka, we could use classical
result of Fatou: if a power series Y -, anx" with integer coefficients converges inside
the unit disk, then it is either rational or transcendental over C(x) [6]. However, it is
clear that the burden of the proof lies in the proof of irrationality of ¥, (x).
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An immediate consequence of our result is the following.
Corollary 4.8 The sequences (y,(n))nen, , (2p(n))nen, are not periodic.

Proof 1Ttis clear that the ordinary generating function of a periodic sequence is rational.
However, in the theorem above we proved that the ordinary generating functions of
our sequences are transcendental. O

Remark 4.9 One can investigate further properties of the sequence (y,(1))nen, . We
note only one property. More precisely, one can easily prove the following summation
formula:

p—1

1
> ) =sp(p" =
k=1

5 Further congruences for dp, (pn) — d,,, (n)
Observe that Theorem 3.5 can be viewed as a generalization of Lemma 3.2. Therefore,
it is natural to use this more general fact in order to generalize some of results that

we have previously obtained. In the sequel, we will need the following lemma, that
is a generalization of Wolstenholme’s theorem [12], which says that for p € P>5 the

following congruence holds:
(p”f) - (’”) (mod p?).
pi i

The Wolstenholme’s theorem is equivalent to the following pair of the congruences:

p—1 1 p—1 1
Z — =0 (mod pz) and Z —2 = 0 (mod p),
-1V —

y_ =
that will be used in the proof.
Lemma5.1 Letm € N>y, i € {0,...,m}, p € P>3. Then

(W) _ (’”) (mod pPrm+n(()+3-x).
pi I

where x = [p =3]—[p =3, va(m) > 1, v3((")) =0].

Proof The statement is obvious if i = Q ori = m. Assume 1 <i < m — 1 and denote
a :=v,(m). Then

pm\  TTZ o(Pm pm — pJ+p pm —pj — B
<'>_ ' 1_[ l_“_[ pj+8

pl j=1‘] j=0pB=1
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i—1 p—
pm—(pj+p)
( )HH pi+B

J=0p=1

In order to finish the proof, it is enough to show that for each j:

p—1 p—1
[[m =i+ ) =]]wi+p) (mod p**3).
B=1 p=1
We have
p—1 p—1
[Twm—wi+p)—T]wi+s
p=1 p=1
p—1 p—1
=p'm* ) ]_[ pi+B —pmd []wi+p
Yi<y2 B=I y=1 B=1
B#y1. 2 B#y

p—1 p—1
+[[wi+8-[]wi+s

B=1 B=1
p—1
=[]wi+p | p*m®
El y§2 (pj + )/1)(17] +72)
p—1 1
—pm . (mod p**3).
27

If p = 3and v3(m) and v3 (( )) are arbitrary, we are in fact interested in the congruence
modulo p®*+? instead of p"‘+3. In that case, the quantity in the brackets simplifies to

p—1 1 p—1 p—1
D ) DE T S S PPl
=1 pJ + 4 y=1 y=I

so the statement holds. When p = 3 and additionally v3(m) > 1 and v3 (('7)) =0,

then 3%13 | 32m2, so the expression in the square brackets simplifies in the same way
as before. Hence,

3—-1 3—1
[[em—-Gi+-[]Gi+8
B=1 p=1

=0CBm—-@Gj+1))3Bm—-@G3j+2)—-Gj+13j+2)

1 1
=-3m@B;j+1)3;+2)| ———
m(1+)(1+)<3j+1+3j+2>
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6j +3
Gj+1DGj+2)
=—9m2j+1)=9m(j — 1) (mod p**3).

=-3m@3j+ DH3j+2)

Therefore,
Gm—3j+1)Gm—3j+2)=Gj+DGj+2) +9m(j — 1) (mod p**3).
The conditions 3 | m and 3 1 (') imply 3 | i. Thus

= l(3m—<3j+1>><3m (3j+2)

()
Gj+DGj+2)
()T (+ 7% 575)
Gj+1)3j+2)
i—1
(’") (1—9m(]—1))_(’? 1—om Y (-1
j=0
()0 (5 ) )i

The proof of this case is complete.
Assume that p > 5. Wolstenholme’s Theorem implies

w
w
<~ 3
~
1

~. \
'—‘ O

0

~.
Il

T
N——"

~.
Il
=}

(]

”i 1 _1”1< Lo, )
Pty 2 pi+y pitp—vy

-3~<
L

2j+1
“(pj+V)Pj+p—v)

Il
(SR las}
Il M

p—1
B . p I 2
:—(2]+1)EZP:0(m0dp ),
y=1
and
p—1 1 p—1 1 0 (nod »)
- 7 = — =0 (mod p
o it oy
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Therefore,
2
—1 p—1
1 1] (5 1
> —— =52 — o | =0(mod p).
2

iy Pt YOPI+y2) 21\ PPty iV )/)
Hence, indeed

p—1 p—1

[[om =i+ ) =]]wi+p) (mod p**)

B=1 B=1
and the proof is finished. O

Remark 5.2 For i = 1, it is possible to strengthen the result. Indeed, using the tech-
niques from the proof of Lemma 5.3 we get

<pm) B <(pm—l)...(pm—p+1) >
—m=m -1
p (p—D!

= ((pm—-D+p—Dpm—D+p—2)...
(- D!

(pm =1+ 1) —(p—DYH

=m|p*m-17 )" —+p(m—l)2

Yi<Y2 yiya y= 1
v,,(m)+vp(m71)+37x).

x (mod p
We can repeat the proof of the previous fact and get result modulo pVr ") +vp(n=D+3=x
Observe that at most one of the number v, (m) and v, (m — 1) may be non-zero. Hence,

if v,(m — 1) = 0, we can still apply Lemma 5.3 that is better in this case. Finally, we
get

<Pm> =m (mod p2vp(m)+vp(m—l)+3—x).
p

However, we will not need this fact later.

Now we want to state a stronger version of Lemma 3.3. Let us define
O (n) := dm(pn) — dp(n).

Lemma5.3 Let p € P=3, m € Nxy. Then 9,,(1) = 0 (mod p?"»(mW+3=1r=3ly gnd

min{m,n}
Z (_l)l <m> l?m(n _ l) = (—l)n+1 |:<pm) _ <m):| (mod p2vp(m)+3—[17=3]).
i pn n

i=0
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Proof We prove only the case p > 5. If p = 3, the proof is analogous and in fact
simpler because of some additional cancellations. Let us write m = p®k, where p 1 k.

For n = 1 we have

dn(p) =

Z( 1)’( )d (p — i) + d (1) — mdy (0)

=dm<1>+[(p>—m}dm(0> Z( 1)( )dm<p—z>

By Lemma 5.1 we get that p>*+3 | (pzl:l)

— m. Moreover,

—D...(pm—i—+1 —1)i-!
(mvzw#mi )fm1l+)zm# ) (mod p+2)
L 1.
and using Theorem 3.5 we obtain the congruence
Z( D7 ) o >—Z< 1)’ pm (1)”
m(n —i) = r
p—1 1
= —p’m? — =0 (mod Aty

Thus always d,, (p)

4
i=1

= d,, (1) (mod p?**+3)i.e., 9,,(1) = 0 (mod p>**3). Now assume

that n is arbitrary . The recurrence relation for d,, (n) gives

min{pm, pn} min{m,n}
du(pm) == Y (= 1)( )d (pn—D+ Y (- 1)(l.>dm(n—i>
i=1 i=0
min{pm, pn}
=dum)— Y (= 1)( )d (pn =)
l;ll
min{m,n} min{m,n}
+ Z (- 1)’( )dm(n Z (- 1>P’< )d (pn — pi)
where
min{pm, pn}
Ti=— Y (- 1)’( )d (pn — i),

i=1
pfi
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min{m,n}
= > (—1)’( )
i=1

min{m,n}

dp(n—i)— Y (=1)

( )dm(P(n—l))
i=1

At first, we deal with ¥;. Observe that if i = §p + y for some 6 € N and y €

(,...

, p — 1}, then

—i+1)

i

<pm) (pm —1)...(pm
= pm

i!

Mz pm = p Tz (om =

7o

_pﬁ

K R
[1 j=1PJ]

i—1 .
Ijipri J

—J 1_[] lp’fj( j).l
M- '

1 R
LptjJ

i

m-—j o1
mel_[Tj(_l)l 1 8.?(m0d pC\l-'rQ.)'

Hence,

D

j=1
min{pm, pn) 5] .
- ) (- 1)pmH— -1’
i:}(} j=1 7
pri

min{m—1,n—1} p—1

2.2
—p'm® ), )
=0 r=1

min{m—1,n—1}

_pPm? Z (-1
1=0

min{m—1,n—1}

—pPm® Y (-]

=0

p—1
>
r=1

_ _p3m2(l7 - D@p—-1

6

!
N 1 m—
=D (pl+r)21—[

=17

! . p—1

J

) TT 2=
I
1

)ll"['"

min{m—1,n—1}

Jj 1
; (pl +r)?

1

r2

l

S

1=0 j=1

min{m—1,n—1}

2

=0

!

S =

j=1

=0 (mod p***+3).
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Now we focus on X,. We can write

min{m,n}

Z (= 1)( )[d (n—i) —du(p(n —1i))]

mm{m,n} , pm "
- Y (= [( ) - <.>]dm<p(n — i)
i=1 pt !
min{m,n}
Z (= 1)l<i )ﬁm(n — i)+ (=D)"H! [(;’:) _ (’:)} (mod p2*+3),

because p@t3 | (?’)’}:’) — (") by Lemma 5.1, and p**! | dy,(p(n — i)) for i # n. The
result follows. ]

Remark 5.4 From the above result we can write exact expression for the remainder of
the division of d,,(pn) — d,,(p) by p>’r+3=[P=31 More precisely, let

O (x) 1= D (n)x"

n=0

be the generating function of the sequence (¢, (n));'zo:O. Lemma 5.3 can be restated in
the following way:

m — < n pm m n
S e (M)

— Z( 1)Vl+l< ) n 4 (1 _ )C)m (mod p2Up(m)+3—[p=3]).

n=0

Equivalently, due to the identity
1 > (n+m—1 n
(1—x)m_,§< n )x’
we get the congruence
2 (n+m—1 - m m
o= (S0 ) (B () - () )
n=0 n n=0 pn n
= Pt pk k n—k

X" (mod p2up(m)+3—[p:3]).
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Observe that we can also rewrite the above functional equation for ®,, as

oD

—1+0,x) =

(I —=x)m
> m“i”’"}(_l)kﬂ (Pm) <n —k+m— 1)
n=0 \| k=0 Pk n—k

X xn (InOd p2v,,(m)+3—[p:3])_

Thus simply

dm (pn) — dp (n)
min{Zm,n}(_l)k+] ((pm) _ (m)) <l’l —k+m— 1)
= pk k n—k

min{m,n}
Z (_l)k+1 (pm> (n - k +m— 1) (mod pzvp(m)+3*[17=3])
pk
k=0

n—k

foralln > 1.

Lemma 5.3 allow us to simply get the following theorem concerning the problem of
finding natural numbers k such that the congruence d,, (pn) = d,, (n) (mod pVr"™+k)
holds for all n > 1.

Theorem 5.5 Let m € N>1 and p € Px3. If one of the following conditions holds:

1. p>5,
2. p=3andviy(m) > 1,

then the congruence
dy (pn) = dy (n) (mod p*r™*?)

is true for alln > 1.

Proof 1Itis easy to check that if p and m satisfy one of the conditions from the statement
then 2v,(m) + 3 — [p = 3] > v,(m) + 3. Lemma 5.3 implies that in order to prove
the theorem, it is enough to show that p**3 | (’;} ") — (V) for p and m satisfying one
of the conditions from the statement, and i € {1, ..., m}. If p > 5 it follows directly
from Lemma 5.1. Assume p = 3 and v3(m) > 1. From Lemma 5.1 it is enough to
show that then v, ((’7)) +3—x =3, ie, v, (('l")) > x.If 3 | i this is obvious
because x = 0 then. If 3 1 i, then 3 | (), so v, ((¥)) = 1 = x, so the inequality is

also satisfied. O
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6 Questions, problems and conjectures

In this section we collect some questions, problems and conjectures which appeared
during our work.
It is well known that if k € N and = 1 (mod 2), then

1 2%y — ;2% 1) = 0 (mod 2312y,
c12%1) — ¢; 2% 2) = 0 (mod 2°%)
(remember c(n) = b(2n), where b(n) counts the binary partitions of n). The above
congruences were conjectured by Churchhouse in [4] and independently proved by
Rodseth [10] and Gupta [8]. Moreover, it is known that there is no higher power of
2 which divides c{(4n) — c1(n). These results generated a lot of research devoted to
certain differences connected with other partition functions. This result motivates the
question concerning the divisibility of the number ¢, (2¥72n) — ¢,,(2¥n) by powers

of 2. We performed some numerical computations in case of m € {2,3, ..., 10} and
n < 10° and believe that the following is true.

Conjecture 6.1 For k € N and each n € N, we have
v2(c2k(4n) — cok(n)) = vo(n) + 2v2(k) + 3.
Moreover, for k € N and n € Ny the following inequalities hold:

V2 (Carq1(4n) — cak1(n)) = va(n) + 3,
V2 (Car43(4n) — caky3(n)) = vo(n) + 6.

In each case the equality holds for infinitely many n € N.

In case of p € P~3 we can use Theorem 5.5 to get some information about the
behavior of the differences d,,(p?n) — d,(n) modulo powers of p. However, we
predict that results obtained in this way are far from being optimal. For example, a
direct application of Theorem 5.5 gives

dn (™) — dip(n)

= (dn(p) = dn(pm)) + (dn (p1) = d (1))

=0 (mod p*»"™ 1),

On the other hand, we believe that the following, much stronger property, is true.

Conjecture 6.2 Assume thatm = pk+i for somek € Nandi € {0, ..., p—1}. Then
we have the following equality:

Vp(d (P*1) = dip(n)) = v (n) + 2v,(m) +3 — [p = 3].
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In the case i = p — 1 the following inequality is true:
Vp(dpip—1(p*n) = dpicsp—1 (1)) = vp(n) +4 — [p = 3],

For infinitely many values of n the above inequality is an equality.

In light of results obtained in the previous section, it is quite natural to ask about
existence of pairs m € Ny and k € N3 such that the following congruence

d(pn) = dyy (n) (mod p*2™+F) 8)

holds. We performed numerical search for values of m € {2, ..., 100} such that the
congruence (8) is satisfied for k = 5ork =6, p € {3,5,...,29} and all n < 103.
For k = 5 we found the following pairs:

(p,m) = (3,26), (3,27), (3, 53), (3, 54), (3, 80), (3, 81), (5, 24), (5, 25), (5, 49),
(5,50), (5,74), (5,75), (5,99), (5, 100), (7, 48), (7,49), (7,97), (7, 98).

Among the above pairs only the pairs (p, m) = (3, 80), (3, 81) extend to solutions of
(8) with k = 6.
We formulate the following general.

Problem 6.3 For which triples (p, m, k) € P>3 x N4 x Nx3 the congruence (8) holds
foralln e Ny?

Let p € Pand forn € Ny writen = Zf-;oeip", where ¢; € {0,1,..., p—1}and
k < log, n. This representation is just the (unique) p-ary expansion of n in base p.
Let us observe that the equality v, (n) = u implies¢p = --- = ¢,-1 =0and ¢, #0
in the above representation. Thus, if m € Z\{—1} is fixed, our results concerning the
exact value of v2(c;, (n)) and v, (dy, (n)) for p € P>3 given in Theorems 2.4, 3.5 and
3.7 respectively, imply that the set of values of the numbers of trailing zeros in the
binary expansion of ¢;, (n) and p-ary expansion of d,,(n)), n € N, is bounded. This
observation suggests the question whether the index of the next non-zero digit in the
binary expansion in ¢, (n) or p-ary expansion of d,, (n) is in bounded distance from
the first one. We state this in equivalent form as the following.

Question 6.4 Let m € Ny and write

cm(n)
Um(n) = 12 (W B l) '

dp (n) dpy (n)
Vp.m (1) = vp < ) [ V() (mod mD ’

where p € Px3. Does there exist m € Ny such that some of the sequences
(tm (n))nen, » Wpm(M))nen, has finite set of values?
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Table 1 Valuesof m € {1, ..., 100} such that Lm(IOS) < 4 together with the largest value of u, (n) for
n <103
m 3 15 23 27 35 39 47 59 63 67 79 8 91 95 99

My, (10%) 2 4 3 2 2 3 4 2 6 2 4 3 2 5 2
Lin(10%) 2 3 3 2 2 3 3 2 4 2 3 3 2 3 2

In order to see what is going on, we performed numerical computations for m €
{1,...,100} and n < 10°. We observed that in the considered range there are many
values of m such that the set of values of the sequence (u,, (1)), en is small (we looked
for sets with cardinality < 4). We define:

My (x) := max{u,(n) : n <x}, Lpx):=[{un(): n < x}|.

In Table 1 we present the results of our computations.

Our numerical computations strongly suggest that there should be infinitely many
m € Z such that the sequence (i, (n)),en is bounded. We even dare to formulate the
following.

Conjecture 6.5 Let k € Ny and m = 22k _ 1. Then the sequence (um(n))neN is
bounded.

In fact, we expect that for n € N the inequality u,x_;(n) < 2k is true.

In case of p € P~3 we expect that for all m € N the sequence (v, (1))neN, is
unbounded.

Finally, let us note that in earlier sections we proved results concerning the p-adic
behavior of the sequence (d,,; (1)),eny With p € P and m € Z\{0}. A first question
which comes to mind is whether anything similar can be proved for the sequence
(Sk.m(n))neN, where k is not a prime number. Here we back to our general definition
of Sk.m(n) as the n-th coefficient in the power series expansion of Hy ,, (x). We thus
ask about the behavior of ¢ (Sk (1)), where ¢ : N — Nis an analog of the p-adic
valuation function, i.e., for given n € N we define

or(n) :=max{s e N: k° | n} and @;(0) := +o0.

It is clear that if k£ ¢ P, then the function ¢ is not additive. Indeed, if k = k1kp with
ki,ko > 1 and ny = kyuy, no = koup with ged(ujuz, k) = 1, then gy (niny) =1 #
ok (n1) + @k (n2) = 0. However, the question concerning the behavior of the sequence
(@ (Sp k (n))nen is still interesting and non-trivial. Moreover, it seems that in the case
of composite k some new phenomena arise. We concentrate on the first non-trivial
case, i.e., k = 4, and formulate several conjectures.

Conjecture 6.6 (1) If m = 6 (mod 8), then the sequence (@a(Sam(n)))nen is
unbounded.
(2) If m #£ 6 (mod 8), then the sequence (¢4(S4,m(n)))neN is 4-automatic.
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3) Ifan = @4(Sa1(n + 1)), thenap = a7 = 1,a1 = a3 =0and

A4n+2 = A4p, A8n+5 = A8pn+3 = A8n+1 = d4n+1,

Alen+7 = 42n,  Alon+15 = Ap-
4) If by = @4(Sa2(n + 1)), thenbyp = by = 1,b3 =2 and
bant2 = bany1 = ban, bgnt7 = bant1, bien+11 = bien+3 = bgn+3.
(5) Fors € N>y we have
V2(84,25(n)) = s + 14 (v2(2n) (mod 2)).
In particular,

s+ 1
©4(S4,2s (n)) = {TJ + ((s + Dv2(2n) (mod 2)) .

(6) Fors € N>z and each m € N we have
©4(S4,25my25-1(1)) = 4(S4 25-1(n)).

Our numerical calculations suggest that for k = p® and m = p?,a,b € N, the
sequence of the p-adic valuations of Sy ,,(n) is p-automatic (and thus bounded). How-
ever, we were unable to formulate such nice formula for the corresponding valuation
like in the case k = 4 and m = 2°.

Anyway one can state the following general.

Problem 6.7 For given k = p?, where p € P and a € N4 characterize those values
of m € Ny such that the sequence (v, (Sk,m(n)))neN is p-automatic (is bounded).

Numerical computations suggest the following.

Conjecture 6.8 (1) If k is not a power of a prime number, then for each m € N the
sequence (o (Sk,m(n)))nen is unbounded.
(2) If k is not a power of a prime number, then for each m € Ny the sequence

(@ (Sk,m (1)) nen is not k-regular.
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