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Abstract Let H be a Krull monoid with finite class group G such that every class
contains a prime divisor. Then every non-unita € H can be written as a finite product
of atoms, say a = uj - ... - ug. The set L(a) of all possible factorization lengths
k is called the set of lengths of a. There is a constant M € N such that all sets of
lengths are almost arithmetical multiprogressions with bound M and with difference
d € A*(H), where A*(H) denotes the set of minimal distances of H. We study the
structure of A*(H) and establish a characterization when A*(H) is an interval. The
system L(H) = {L(a) | a € H} of all sets of lengths depends only on the class group
G, and a standing conjecture states that conversely the system L£(H) is characteristic
for the class group. We confirm this conjecture (among others) if the class group is
isomorphic to C), with r, n € N and A*(H) is not an interval.
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1 Introduction and main results

Let H be a Krull monoid with finite class group G such that every class contains a prime
divisor (holomorphy rings in global fields are such Krull monoids and more examples
will be given later). Then every non-unit of H has a factorization as a finite product
of atoms (or irreducible elements), and all these factorizations are unique (i.e., H is
factorial) if and only if G is trivial. Otherwise, there are elements having factorizations
which differ not only up to associates but also up to the order of the factors. These
phenomena are described by arithmetical invariants such as sets of lengths and sets of
distances. For an overview of recent developments in Factorization Theory, we refer
to [3].

We recall some basic concepts and then we formulate the main results of the present

paper. For a finite nonempty set L = {m, ..., my} of positive integers with m| <
- < mg, we denote by A(L) = {m; —m;_1 | i € [2, k]} the set of distances of L.
If a non-unit a € H has a factorizationa = uy - ... - uy into atoms u1, ..., ug, then k

is called the length of the factorization, and the set L(a) of all possible factorization
lengths k is called the set of lengths of a. Since H is Krull, every non-unit has a
factorization into atoms and all sets of lengths are finite. Furthermore, all sets of
lengths L(a) are singletons if and only if |G| < 2. Suppose that |G| > 3. Then there
is anelementa € H with |L(a)| > 1, and since the n-fold sumset L(a) + - - -+ L(a) is
contained in L(a"), it follows that [L(a")| > n for every n € N. Therefore, the system
L(H) = {L(a) | a € H} of all sets of lengths of H consists of infinitely many finite
subsets of the integers, and there are arbitrarily large sets of lengths.

The set of distances A(H) is the union of all sets A(L) over all L € L(H).
Since the class group is finite, A(H) is finite, and since every class contains a prime
divisor, A(H) is a finite interval with min A(H) = 1 ([13]; the maximum of A(H)
is unknown in general, see [7,14]). The set of minimal distances A*(H) is a crucial
subset of A(H), defined as

A*(H) = {min A(S) | § C H is a divisor-closed submonoid with A(S) # @}.

It has been studied by Chapman et al. (see, e.g., [8, Chap. 6.8], [4,9,21]), and the
original interest in A*(H) stemmed from its occurrence in the Structure Theorem for
Sets of Lengths. For convenience of the reader, we formulate the Structure Theorem
and recall that the given description is best possible ([8, Chap. 4.7], [24]).

Theorem A Let H be a Krull monoid with finite class group. Then there is a constant
M € N such that the set of lengths L(a) of any non-unit a € H is an AAMP (almost
arithmetical multiprogression) with difference d € A*(H) and bound M.

The last couple of years have seen a renewed interest in A*(H) partly motivated
by the Characterization Problem (which will be discussed below). Among others,
the maximum of A*(H) has been determined (we have max A*(H) = max{r(G) —
1, exp(G) — 2} by [15]), and a better understanding of A*(H) opened the door to
progress in a variety of directions (e.g., [12]).

Whereas the set A(H) of all distances is an interval, the structure of A*(H) is much
more involved. A simple example shows that the interval [1, r(G) — 1] is contained
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in A*(H) (Lemma 3.2) and thus A*(H) is an interval if r(G) > exp(G) — 1. In the
present paper, we further study the structure of A*(H), which allows us to establish
a characterization when A*(H) is an interval. Here is our first main result.

Theorem 1.1 Let H be a Krull monoid with finite class group G such that every class
contains a prime divisor.

Suppose that |G| > 3, exp(G) = n, r(G) = r, and let k € N be maximal such that
G has a subgroup isomorphic to C],j. Then

[,r—1]u {max{1, L%J —1}}U[max{1,n—k—1},n—2]

C AYH) C [1,max{r—l,L%J—1}]U[max{1,n—k—l},n—2].

In particular, the following holds:
) Ifr > |_’§’J — 1, then

A*(H) = [l,max {r —1, ng _ 1}] Ulmax{l,n —k —1},n —2].

(2) The following statements are equivalent:

(a) A*(H) is an interval.

(b) max{l,n —k — 2} € A*(H).

(©) n—k—2<max{r—1,[5] —1}.

(d) r—i—kzn—10r(r+k:n—2andGEC§r+2).

Thus, in particular, if r(G) > L%J — 1, then A*(H) is completely determined.
However, if r(G) is small with respect to L%(G)J , then the structure of A*(H) remains
open. The complexity of this case, even for cyclic groups, can be seen from a recent
paper by Plagne and Schmid who studied A*(H) in case of cyclic class groups [20].

In order to present our second main result, we recall the Characterization Problem
for class groups. The monoid B(G) of zero-sum sequences over G is a Krull monoid
with class group isomorphic to G, every class contains a prime divisor, and the systems
of sets of lengths of H and that of B(G) coincide. Thus L(H) = £L(B(G)), and it is
usualtoset L(G) := L (B (G)). In particular, the system of sets of lengths of H depends
only on the class group G. The associated inverse question asks whether or not sets
of lengths are characteristic for the class group. More precisely, the Characterization
Problem for class groups can be formulated as follows (for surveys and a detailed
description of the background of this problem, see [8, Sect. 7.3], [10, p. 42], [6,23]).

Given two finite abelian groups G and G’ with |G| > 3 such that £L(G) = L(G').
Does it follow that G = G'?

The system L£(G) is studied with methods from Additive Combinatorics. In par-
ticular, zero-sum theoretical invariants (such as the Davenport constant or the cross
number) and the associated inverse problems play a crucial role (surveys and detailed
presentations of such results can be found in [8,10,17]). Most of these invariants are
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well understood only in a very limited number of cases (e.g., for groups of rank two,
the precise value of the Davenport constant D(G) is known and the associated inverse
problem is solved; however, if n is not a prime power and r > 3, then the precise
value of the Davenport constant D(C}) is unknown). Thus, it is not surprising that
most affirmative answers to the Characterization Problem so far have been restricted
to those groups where we have a good understanding of the Davenport constant. These
groups include elementary 2-groups, cyclic groups, and groups of rank two (for recent
progress, we refer to [11]).

The first groups, for which the Characterization Problem was solved whereas the
Davenport constant is unknown, are groups of the form C;, where r,n € N and
r < % [16]. Based on Theorem 1.1, we extend these results and give an affirmative
answer to the Characterization Problem for all groups C;, for which A*(C}) is not an
interval.

Theorem 1.2 Let G and G’ be finite abelian groups and letk, k' € N be maximal such
that G has a subgroup isomorphic to C é‘xp(c) and G' has a subgroup isomorphic to

CK Gy Suppose that 1(G)+k < exp(G)—2,G % C5\(0 . and that L(G) = L(G").
Then exp(G) = exp(G') and k = k'. In particular,

(1) if7(G) = | 25D | + 1, then 1(G) = 1(G);

(2) if G = Chog) then G = G,

In Sect. 2, we gather the required background both on Krull monoids as well as on
Additive Combinatorics as needed in the sequel. In Sect. 3, we study structural prop-
erties of (large) minimal non-half-factorial subsets of finite abelian groups. Finally,
the proofs of Theorems 1.1 and 1.2 will be provided in Sect. 4.

2 Background on Krull monoids and their sets of minimal distances

Our notation and terminology are consistent with [8,10,17]. Let N denote the set of
positive integers and Ny = N U {0}. For a, b € Q, we denote by [a,b] = {x € Z |
a < x < b} the discrete, finite interval between a and b. If A, B C Z are subsets of
the integers, then A+ B ={a + b | a € A, b € B} denotes their sumset, and A(A)
the set of (successive) distances of A (thatis,d € A(A) if and only if d = b — a with
a,b € A distinct and [a, b] N A = {a, b}).

By a monoid, we mean a commutative semigroup with identity that satisfies the
cancelation laws. If H is a monoid, then H* denotes the unit group and A(H) the set
of atoms (or irreducible elements) of H. A submonoid S C H is called divisor-closed
ifa € S,b € H, and b divides a, then we have b € S. A monoid H is said to be

e atomic if every non-unit can be written as a finite product of atoms;
e factorial if it is atomic and every atom is prime;
e half-factorial if it is atomic and |L(a)| = 1 for each non-unita € H (equivalently,
A(H) = 0).
A monoid F is factorial with F* = {1} if and only if it is free abelian. If this holds,
then the set of primes P C F is a basis of F, we write F = F(P), and everya € F
has a representation of the form:
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a=[]p"® withv,(@) €Ny and v,(a) =0 foralmostall p € P.
peP

A monoid homomorphism 6: H — B is called a transfer homomorphism if it
has the following properties:

(T1) B=60(H)B* and 6~ (B*) = H*.
(T2) If u € H, b, c € B and 6(u) = bc, then there exist v, w € H such that
u=vw, O(v) ~b, and O(w) >~ c.

If H and B are atomic monoids and 8: H — B is a transfer homomorphism, then
(see [8, Chap. 3.2])

L(H) = L(B), A(H)= A(B), and A*(H)= A*(B).

2.1 Krull monoids

A monoid H is said to be a Krull monoid if it satisfies one of the following two
equivalent conditions:

(a) There exists a monoid homomorphism ¢ : H — F into a free abelian monoid F
such that a | b in H if and only if p(a) | ¢(b) in F.
(b) H is completely integrally closed and v-noetherian.

A detailed presentation of the theory of Krull monoids can be found in [8,18]. To
recall some examples, note that an integral domain is a Krull domain if and only if its
multiplicative monoid of nonzero elements is a Krull monoid. Thus, Property (b) shows
that every integrally closed noetherian domain is a Krull domain. Rings of integers
in algebraic number fields, holomorphy rings in algebraic function fields, and regular
congruence monoids in these domains are Krull monoids with finite class group such
that every class contains a prime divisor ([8, Sect. 2.11 and Examples 7.4.2]). Monoid
domains and power series domains that are Krull are discussed in [2,19], and note
that every class of a Krull monoid domain contains a prime divisor. For monoids of
modules that are Krull and their distribution of prime divisors, we refer the reader to
[1,5].

Sets of lengths in Krull monoids can be studied in the monoid of zero-sum sequences
over its class group. To recall the basic concepts, let G be an additive finite abelian
group and Go C G asubset. Anelement S = g;-...-g € F(Gy) is called a sequence
over Go, o (S) = g1 + - - - + g; denotes its sum, K(S) = 25:1 ordlm € Qs its cross
number of S, |S| = [ its length, and h(S) = max{v,(S) | g € supp(S)} the maximal
multiplicity of S. Since the embedding

B(Go) ={S € F(Go) | 0(S) =0} — F(Go)
satisfies Property (a) above, B(Gy) is a Krull monoid, called the monoid of zero-

sum sequences over Go. Its significance for the study of general Krull monoids is
summarized in the following lemma (see [8, Theorem 3.4.10 and Proposition 4.3.13]).
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Lemma 2.1 Let H be a Krull monoid with finite class group G such that every class
contains a prime divisor. Then there is a transfer homomorphism 6 : H — B(G). In
particular, we have L(H) = ﬁ(B(G)) and

A*(H) = A*(B(G)) = {min A(B(Go)) | Go C G with A(B(Gy)) # ¥}.

Thus, A*(H) can be studied in an associated monoid of zero-sum sequences and
can be tackled by methods from Additive Combinatorics. The existence of a transfer
homomorphism to a monoid of zero-sum sequences is not restricted to Krull monoids,
but it holds true for the so-called transfer Krull monoids and thus Theorem 1.1 holds
true for transfer Krull monoids over finite abelian groups. We refer to [6] for a discus-
sion of this concept and just mention one additional example. Let O be a holomorphy
ring in a global field K, A a central simple algebra over K, and H a classical maximal
O-order of A such that every stably free left R-ideal is free. Then there is a transfer
homomorphism from H to the monoid of zero-sum sequences over a ray class group
of O ([25, Theorem 1.1]).

2.2 Zero-sum theory

Let G be an additive finite abelian group and Go C G asubset. We denote by (Go) C G
the subgroup generated by Go. Then G = C,,, @ --- & C,,,, where r = r(G) € Ny
is the rank of G, n, = exp(G) is the exponent of G,and 1 < ny | --- | n, € N. Itis
traditional to set

A(Go) := A(B(Go)). A(Go) := A(B(Go)), and A*(Go) := A*(B(Go)).
Clearly, the atoms of B(Gg) are precisely the minimal zero-sum sequences over Gy.

The set A(Gy) is finite, and D(Gg) = max{|S| | S € A(Gy)} is the Davenport
constant of G¢. The set G is called

half-factorial if the monoid B(G) is half-factorial (equivalently, A(Ggo) = ?);
non-half-factorial if the monoid B(Gg) is not half-factorial (equivalently,
A(Go) # 9);

minimal non-half-factorial it A(Go) # ¥ but every proper subset is half-factorial;
e an LCN-setif K(A) > 1 forall A € A(Gy).

The following simple result ([8, Proposition 6.7.3]) will be used throughout the
paper without further mention.

Lemma 2.2 Let G be a finite abelian group and Gy C G a subset. Then the following
statements are equivalent :

(a) Gy is half-factorial.
(b) k(U) =1 for every U € A(Gy).
(¢) L(B) = {k(B)} for every B € B(Gy).
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We define
m(G) = max{min A(Go) | Go C G is an LCN-set with A(Gg) # @},

and we denote by A(G) the set of all d € N with the following property:

Forevery k € N, there exists some L € £(G) whichisan AAP (almost arithmetical
progression) with difference d and length [ > k.

Thus, by definition, if G’ is a further finite abelian group such that £(G) = L(G"),
then A{(G) = A{(G’). The next proposition gathers the properties of A*(G) and of
A1(G) which are needed in the sequel.

Proposition 2.3 Let G be a finite abelian group with |G| > 3 and exp(G) = n.

(1) A*(G) € A1(G) C {dy € A(G) | dy divides some d € A*(G)}. In particular,
max A*(G) = max A (G).

(2) max A*(G) = max{exp(G) — 2, M(G)} = max{exp(G) — 2, r(G) — 1}. If G is
a p-group, then m(G) = r(G) — 1.

(3) Ifk € N is maximal such that G has a subgroup isomorphic to C fl‘, then

A*(G) C A(G) C [l,max {m(G), L%J _ 1}] Ulmax{l,n —k — 1}, n — 2]

and

[1,1(G) — 1]U {max{l, L%J _ 1}}
Ulmax{l,n — k — 1}, n — 2] C A*(G) C A(G).

Proof (1) follows from [8, Corollary 4.3.16] and (2) from [15, Theorem 1.1 and
Proposition 3.2]. (3) In [22, Theorem 3.2], it is proved that A*(G) is contained in the
set given above. The set [1, r(G) — 1] U [max{l,n — k — 1}, n — 2] is contained in
A*(G) by [8, Propositions 4.1.2 and 6.8.2] and {max{1, I_%J — 1}} is contained in
A*(G) by |G| > 3 and [8, Theorem 6.8.12]. O

3 Minimal non-half-factorial subsets of finite abelian groups
Throughout this section, let G be an additive finite abelian group with |G| > 3,
exp(G) =n,andr(G) =r.

The first three lemmas gather basic properties of A*(G) and of non-half-factorial
sets.

Lemma 3.1 Let Gy C G be a subset.
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(1) Foreach g € Gy,

ged ({Vg(B) | B € B(Go)}) = ged ({vg(A) | A € A(Go)})
= min ({Vg(A) | Vg(A) > 0, A € A(Gy)))
= min ({Vg(B) | V¢(B) > 0, B € B(Gp)})
= min ({k € N | kg € (Go \ {g})})
= ged ({k € N| kg € (Go \ {g})})

In particular, min ({k eN|kg e (Go\ {g})}) divides ord(g).

(2) Suppose that for each two distinct elements h, h' € Gowe have h ¢ (Go\{h, h'}).
Then, for any atom A with supp(A) C Go and any h € supp(A), we have
ged(vy(A), ord(h)) > 1.

3) If G is minimal non-half-factorial, then there exists a minimal non-half-factorial
subset G C G with |Go| = |G| and a transfer homomorphism 0 : B(Go) —
B(G}y) such that the following properties are satisfied :

(a) Foreach g € G{, we have g € (G \ {g})-

(b) For each B € B(Gy), we have K(B) = k(G(B)).

(c) If Gy has the property that for each h € G§, h ¢ (E) for any E C G\ {h},
then G also has the property.

Proof See [15, Lemma 2.6]. O

Lemma 3.2
(1) Ifg € Gwithord(g) > 3, thenord(g)—2 € A*(G). Inparticular,n—2 € A*(G).
Q) Ifr =2, then[1,r — 1] C A*(G).
(3) Let Go C G be a subset.
(a) Ifthere exists a U € A(Gg) with K(U) < 1, then min A(Go) < exp(G) — 2.
(b) If Gg is an LCN-set, then min A(Gg) < |Go| — 2.

Proof See [8, Proposition 6.8.2 and Lemmas 6.8.5 and 6.8.6]. O

Lemma 3.3 Let Go C G be a non-half-factorial subset satisfying the following two
conditions:

(a) There is some g € Gq such that A(Gy \ {g}) = 0.

(b) There is some U € A(Go) withK(U) = 1 and gcd(v,(U), ord(g)) = 1.

Then K(A(Gg)) C N and

min A(Gy) | ged{k(A) — 1| A € A(Gy)}.
Note that the conditions hold if A(G1) = 0 for each G1 C G and there exists some
Gy such that (Gy) = (Go) and |G2| < |Go| — 2.

Proof The first statement follows from [8, Lemma 6.8.5]. If A(G1) = ¢ for all
G1 € Gy, then Condition (a) holds. Let Go» € G1 € Gy with (G2) = (Gy). If
g € G1\Ga,then (G2) = (Go) implies that thereissome U € A(G1) withv,(U) = 1,
and since G| C Gy, it follows that K(U) = 1. O

@ Springer



Sets of minimal distances and characterizations... 727

Lemma 3.4 Let Gy C G be asubset, g € Go\ {0}, and g € (Go\ {g}). Then for each

prime p dividing ord(g), there exists an atom A € A(Gg) with2 < |supp(A)| < r+1,

Vg(A) < ord(g)/2, vg(A) | ord(g), and p 1 Vg (A). In particular,

(1) if |Gol = r + 2, then there exist so < ord(g) and E C Gy \ {g} such that
508 € (E);

(2) iford(g) is a prime power, then there exists a subset E C Go \ {g} with |E| <r
such that g € (E).

Proof We set exp(G) =n = p]fl e pf’, where 7, k1, ..., k, € Nand py,..., p;
are distinct primes. Let v € [1, t] with p, | ord(g). Since g € (Go \ {g}). it follows

that 0 # kug e G, = < =h|heGo\ {g}>. Obviously, G, is a p,-group. Let
p\}
E, C Gy \ {g} be minimal such that k g € < . Ev>. The minimality of E, implies

that |E,| =

and it implies that - E,, is a minimal generating set of G|, :=

v

n
2E,
Py

v| <G =1(G) <1(Gy)

<p’+va>. Thus, [8, Lemma A.6.2] implies that p’,zv

(note that r*(G)) is the total rank of G7)). Putting all together, we obtain that

L= IE| = | E|=1G) =r.

p’

Let d, € N be minimal such that d, g € (E,). Since 0 # 4 B g € (E,), it follows that

d, < ord(g). By Lemma 3.1.1, d, | ged (< e ,ord(g)) and there exists an atom U,

such that V¢ (Uy) = d, and |supp(U,) \ {g}| < |E,| < r. Therefore, | supp(U,)| <
r+1,d, | ord(g), and p, 1 d,. Since p, | ord(g), it follows that d,, < ord(g)/2 and
| supp(Uy)| = 2.

If |Go| = r +2,then |E,| <r < |Go\ {g}| implies that E,, C Gy \ {g}, and the
assertion holds with £ = E,, and so = d,,.

If ord(g) is a prime power, then ord(g) is a power of p, which implies that
gcd( T ,ord(g))_lwhenced =1land g € (E,). O

Lemma 3.5 Let Gy C G be a minimal non-half-factorial LCN-set with |Go| > r +2
such that h € (Go\ {h}) for every h € Gg. Suppose that for each two distinct elements
h,h' € Go,wehaveh ¢ (Go\{h, h'}), andeachatom A € A(Gg) withsupp(A) =
has cross number K(A) > 1. Then min A(Go) < [5] — L.

Proof We choose an element g € Gy. If ord(g) is a prime power, then there exists
E C Go\ {g} such that g € (E) and |E| < r < |Go| — 1 by Lemma 3.4.2, a
contradiction to the assumption on G. Thus, ord(g) is not a prime power.

Let s € N be minimal such that there exists a subset E C Gy \ {g} with sg € (E),
and by Lemma 3.4.1, we observe that s < ord(g). Let E C Gg \ {g} be minimal such
that sg € (E). By Lemma 3.1.1, there is an atom V' with vg(V) = s| ord(g) and
supp(V) = {g}UE C Go. By Lemma 3.1.2, for each 2 € supp(V), v (V) > 2 which
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implies that s > 2. Thus, there is a prime p € N dividing s and hence p | s | ord(g). By
Lemma 3.4, there exists an atom U such that | supp(U1)| < r + 1, Vg (Uy) | ord(g),
and p 1 V¢ (U1), and therefore supp(U;) € Go.

Letd = ged(s, Vg(U1)). Thend < s < Vg (Uy) and there exist x; € [1, 29& 1]

and x; € [1, ;’;C(‘L(,ﬁﬁ — 1] such that d + ord(g) = x15 + x2Vg(Uy). Let V¥IU}? =

g® . W, where W e B(Go) with Ve (W) = d, and let W; be an atom dividing
W with vg(Wy) > 0. Since V(W) < d < s, the minimality of s implies that
supp(W1) = Go and hence k(W}) > 1. Since G is minimal non-half-factorial, we
have that K(V) = k(U;) = 1. Therefore, there exists / € Nwith2 <[ < x; + x such
that {/, x1+x2} C L(V¥IU?). Let W = X|-...- Xy, 4, and g8 = g¥1. . gri+n
suchthat X; g¥ = V foreachi € [1, x;]and X;g” = U foreachi € [x;+1, x1+x2],
where X1, ..., Xx,4x, € F(Go) and y1, ..., Yx,4+x, € N. If there exist distinct i, j €
[1,x1 +x2]suchthaty; = y; = 1,then 2vo (W) +2 =2d +2 < Vo (X; 87 X ;g%7) <
yi +¥j + Vg(W) which implies that y +7 + y; > Vg(W) + 2 > 3, a contradiction.
Therefore |{i € [1,x14+x2] | yi = 1}| < 1.Itfollowsthat 14+2(x;4+x2—1) < ord(g).
Then

ord(g) + 1 —ZSLnJ—l-

min A(Go) < x1 +x2 —1 < 3

O

Lemma 3.6 Let Gy C G be a minimal non-half-factorial LCN-set with |Go| > r +2
suchthath € (Go\{h}) forevery h € Gg. Suppose that one of the following properties
is satisfied :

(a) For each two distinct elements h, k' € Go, we have h ¢ (G \ {h, h'}), and there
is an atom A € A(Gg) with K(A) = 1 and supp(A) = Gy.
(b) There is a subset Gy C Gg such that (G,) = (Go) and |G>| < |Go| — 2.

Then min A(Go) < max{r — 1, [ 5] — 1}

Proof Assume to the contrary that min A(Gg) > max({r, L%J} Then Lemma 3.2.3.
(b) implies that |G| > 2+min A(Go) > 5 + 1. If Property (a) is satisfied, then there
exists some g € Gy such that Vg (A) = 1. By Lemma 3.3, each of the two Properties
(a) and (b) implies that k(U) € N for each U € A(Gg) and

min A(Go) | ged ({(k(U) — 1| U € A(Go)}) .
We set
Q1 ={A € A(Gp) | k(A) =1} and Q-1 ={A € A(Gp) | k(A) > 1}.
Thus, for each Uy, Uy € 2.1, we have
n
k(U;) > max {r + 1, LEJ + 1} and

(either K(U}) = k(Uy) or |K(U}) — K(Uy)| > max {r, SJ}) . G-b

@ Springer



Sets of minimal distances and characterizations... 729

Furthermore, for each U € Q_; we have h(U) > 2 (otherwise, U would divide every
atom U; € Q-1). We claim that

e Al.ForeachU € Q. 1, thereare Ay, ..., A,, € Q_;, where m < % such that
UAp-...- A, can be factorized into a product of atoms from Q—;.

Proof of A1 Suppose that Property (a) holds. As observed above, there exists some
g € Gy such that vy (A) = 1. Lemma 3.4 implies that there is an atom X such that
2 < [supp(X)| < F(G) + 1 and 1 < V,(X) < ord(g)/2. Since g ¢ (Go \ {g, h}) for
any h € Go\ {g}, it follows that v, (X) > 2,and |Go| > r +2 implies supp(X) C Gy.

Suppose that Property (b) is satisfied. We choose an element g € G \ G2. Then
g € (G2) and, by Lemma 3.1.1, there is an atom A’ with Vg(A’) = 1 and supp(A”) C
G, U {g} € Gy. This implies that A’ € Q_. Let h € G such that v, (A") = h(A).

ord(h)
Since h(A") > 2, we obtain that AThon T = pord) W, where W is a product

of f‘;{?fgf‘))] — 1 atoms and v, (W) = [(I’qr?y,'))]. Thus, there exists an atom X’ with

2<Ve(X) < [HR1 <5+ 1.
Therefore, both properties imply that there are A, X € A(Gp) and g € G such
that K(A) = K(X) = 1,Vg(A) =1,and 2 < V(X)) < 5+ 1. Let U € Q1.

If ord(g) — Vg(U) < Vg(X) < 5 + 1, then

UAord(g)—vg(U) — gord(g)S’

where S € B(Go) and ord(g) — Vg (U) < % Since supp(S) € Gy, S is a product of
atoms from Q_;.
If ord(g) — Vg (U) > V4(X), then

UXLM@# ) 40rd(e)—Vg (U)—ve (X)- [ T Q)

where S is a product of atoms from Q2—; (because supp(S) C Go) and

ord(g) — Vg (U)
Ve (X)

ord(g) v, (U)

L I tord(g) = Ve (U) =V (X) - |y z)— |

d(e)— _ _
< (o Vg\(,l:()?o (ve00-1) FV(X) — 1

0rd(§) Ve )+ _ nl

2 2

O
We set
QL ={A € A(Go) | k(A) = min{k(B) | B € Q-1}} C Q-1,
and we consider all tuples (U, Ay,...,A;), where U € SZ;I, m € N, and
Ay, ..., Ay € Q—1, such that UA| - ... - A, can be factorized into a product of

@ Springer



730 Q. Zhong

atoms from _1. We fix one such tuple (U, Ay, ..., A, ) with the property that m is
minimal possible. Let

UAi-...-Ap=Vi-...-V, with teN and Vi,...,V, € Q. (3.2)

We observe that k(U) = t — m and continue with the following assertion.

e A2 Foreachv € [1,], wehave V, {UA| ...  Ay_1.
Proof of A2. Assume to the contrary that there is sucha v € [1, ¢], say v = 1, with
Vi|UA-...-Ap_1. Thenthere are/ € Nand 71, ..., T} € A(Gp) such that
UAy-...- Ay 1 =WVTy-...-Ty.

By the minimality of m, there exists some v € [1,/] such that T}, € Q. , say v = 1.
Since

1
Zk(Tv)zk(U)-i-(m—l)—l—k(Tl)Sm_QS?7

v=2

and kK(T") > 4 forall 7' € Q.y, it follows that T»,..., 7} € Q—;, whence | =
1+ Z{;:Z k(T,) < m — 1. We obtain that

Vily-... TIAp, =UA{-...- Ay, =V -...- V,
and thus
T ... - T1Ap =V -...- V.

The minimality of m implies that K(77) > K(U). It follows that
n—3 n
K(T) —k(W) =m—1—1=m=2= == < | 3| < k@) — k),

a contradiction. O
With the minimal integer m, as fixed before A2, we consider all the tuples
(A},...,A),), where A},..., A, € Q_y, such that UA] - ... - A}, can be factor-
ized into a product of atoms from ©2_;. We fix one such tuple (A’ ..., A,’n) such that
| supp(A},)| is minimal. For simplicity of notation, we suppose that (A}, ..., A)) =
(A1, ..., Ap).
By Eq. (3.2), there are X1, Y1, ..., X, ¥; € F(G) such that

UA;-...-Ap_1=X1-...- Xy,
A=Y -...-Y;, and V; = X;Y; foreach i € [1,¢].

@ Springer



Sets of minimal distances and characterizations... 731

Then A2 implies that |Y;| > 1 foreachi € [1,¢],and weseta = |{i € [1,¢] | |Y;]| =
1}|. If @ < 2m, then

n>Apl =7+ F|Y >a+20t —a) =2t —a > 2t —2m,
and hence min A(Gg) <t—1—m < %— 1, a contradiction. Thus « > 2m + 1. After

renumbering if necessary, we assume that 1 = |Y1| = --- = Y| < |[Yg41] < --- <
|Y;]. Let Y; = y; foreachi € [1, @] and

So={y1,y2,--+s Ya}- (3.3)

Foreveryi € [1,a], Vi | yiUA;-...-Ap—1 whence vy, (V;) < 14V, (UA;-...-Ajp—1)
and since V; t UA| - ... - Ap_1, it follows that

Vy (Vi) =Vy, (UA - ... A1) + 1. (3.4)

Assume to the contrary that there are distinct 7, j € [1, o] such that y; = y;. Then

Vy,(UA - - A1) + 1=V (Vi) = vy, (X)) + 1T = vy, (V) = vy (X;) + 1.
Since X; X |UA; -...- Ay_1, we infer that
Vy(UAL - Apm) 2V, (X X)) =V, (ViV) =2 =2V, (UA - ... A1),

which implies that vy, (UA; ... A, _1) = 0, a contradiction to supp(U) = Gy. Thus,
|So| = @ and
| supp(Am)| > |So| = o > 2m + 1. (3.5)

We proceed by the following assertion.
e A3.|supp(Ap)| <r+1.

Proof of A3 Assume to the contrary that | supp(A,,)| > r + 2. We fix one element
g € Sp. Let so € N be minimal such that there exists a subset £ C supp(A,,) \ {g'}
such that sog’ € (E). By |supp(A,;)| > r + 2, Lemma 3.4 (applied to the subset
supp(A;;) C Go) implies that so < ord(g’). Let E be a minimal subset with this
property. Thus, by Lemma 3.1.1, there exists an atom A" with v,/(A") = 50 and
supp(A”) = {g’} U E C supp(A,,) C Go which implies that k(A") = 1.

If so = 1, then we assume that g’ = y;. Since vy, (V1) =V (UAy-...-Ap—1) +1
by Eq. 3.4 and Vi |UA; - ... - Au—1 - y1, we obtain that | supp(UA; - ... Apu—1 -
A’ (V)™Y| < |Go| and hence UA; - ...- A,_1 - A’ can be factorized into a product

of atoms from -1, a contradiction to the minimality of | supp(A,,)|.

Suppose sg > 2. We distinguish two cases:

CASE 1: |supp(A) NSyl > m + 1.

We may suppose that {y1, ..., yu+1} C supp(A)NSp. Then Vi -...- Vi1 [UA; -
v Ap_1A'andK(UA; . ..- A1 A'(Vi-...- Vi)Y < K(U). By the minimality
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of K(U), we have that UA| - ... - A;;_1 A’ can be factorized into a product of atoms
from -1, a contradiction to the minimality of | supp(A4,,)|.

CASE 2: |supp(A’) N Sy| < m.

Let p be a prime dividing so. Lemma 3.4 (applied to the subset supp(A,;) C Go)
implies that there exists an atom A;, € A(supp(A,;,)) such that | supp(A;,)I <r+l1<
| supp(Ay)| and p Tvg’(A/p)

Let d = ged(so, vg/(A;,). Then d < s and

dg' € (508’ Vg (A})g') C ((supp(A”) U supp(A))) \ {g}).

Thus, by minimality of so, we have supp(A,)\{g'} = ( supp(A”)Usupp(A’p)) \{g'}.
It follows that

I supp(A’,) N Sol = 1So \ supp(A”)| = [Sol — [ supp(A”) N Sp
>2m+1—m=m+ 1.

Similar to CASE 1, UA; - ... - Am_lA/P can be factorized into a product of atoms
from Q_1, a contradiction to the minimality of | supp(A;,)]|. m]
We consider all tuples T = (X1, Y1,..., X;, Yy), where X1, Y1,..., X, Y; €

F(G), such that

UAy-...-Ap1=X1-...- Xy,
Ay =Y -...-Y;, and V; = X;Y; foreach i € [1,¢].
After renumbering if necessary, we can assume that |Y;| = 1 for each i € [1, s1],

|Y;| = 2 and supp(Y;) = 1 foreachi € [s; + 1, s3], |Y;| = 2 and supp(Y;) = 2 for
eachi € [sp+1, s3],and |Y;| > 3foreachi € [s3+1, t], where 51, 52, 53 € [0, 7]. Let
Fi(T) =supp(Y1-...-Y5), Fo(T) =supp(Yg, 41 - ... Yy,), F3(T) = supp(Yy,41 -
...+ Yg),and Fy(T) = supp(Ygy41 - ... - Yy).

Now, we fix one such tuple T = (X1, Y1, ..., X;, ¥;) such that (a7 = |{i € [1, 7] |
|Yi| = 1}, |[Fi(T) N F3(T)|) e (N2, +) is minimal with respect to lexicographic
order.

e Ad. There exists a subset {g, ..., g¢} C supp(A,,) with £ < r — m such that
UAy-...- Am_lg(frdg‘ Cael ggrd(g‘) can be factorized into a product of atoms
from Q—_;.

Proof of A 1f F1(T) N F4(T) # O, there existi € [1,s1] and j € [s3 + 1, ¢] such
that Y; NY; = {y;}, where ¥; = {y;}. ByEq.3.4,v,.(X;) > l.Let X| = Xiyi_l, Y =
Y yi, X} =Xy, Y]/. = ijl._1 and substitute X;, ¥;, X;, ¥; with X/, Y/, X;., Y]/. inthe
tuple T = (X1, Y1, ..., X;, Y;). Thus, we get a new tuple 7’ such that a7 = ay — 1,
a contradiction to the minimality of a7. Thus Fi(T) N F4(T) = .

If Fi(T) N F3(T) # @, there exist i € [1,s1] and j € [s2 + 1, s3] such that
Y NY; = {y;i}, where ¥; = {y;}. Let Y; = {y;, y;}, where y; # y;. By Eq. 3.4,

vy, (X;) > 1. Let X = Xiyi_l, Y = Y,»yi,X} = X;yi, Y]’. = ijl-_l and substitute
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Xi,Y;, X;,Y; with X7, Y/, X}, Y]’. in the tuple T = (X1, Y1, ..., X;, Y;). Thus, we
get a new tuple T such that o' = az, |Fi(T") N F3(T")| = |F1(T) N F3(T)| — 1, a
contradiction to the minimality of (ch =i e [1,¢] ]| |Yi| = 1}, |F1(T) N F3(T)|).
Thus Fy(T) N F5(T) = 9.

Suppose that |F{(T) N F>(T)| > m. Then let {g1, ..., gn} C F1(T)N F>(T) and
Y; = gi, Y54 = g7, foreachi € [1, m]. Hence

[T ViVes) TUA; - Ao @290 gordtem),
ie1,m]
and
-1
kJUA; - ...Am_lgi)rd(gl) R gr(:lrd(gm) H A — kW) - 1.
ie[l,m]

It follows by the minimality of K(U) that UA; - ... Am_lgfrd(gl) e g,?fd(g’”) can be
factorized into a product of atoms from 2—. Note thatr +1 > |supp(A,,)| = 2m+1
by A3 and Eq. 3.5. We have that £ = m <r — m.

Suppose that |F1(T) N Fo(T)] <m — 1. Then |F(T) \ F2(T)| > m + 2. Since
Fi(T) N F4(T) = Wand FiI(T) N F3(T) = @, we let {g1,...,8m+2} C F1(T)\
(F>(T) U F3(T) U F4(T)) and supp(Au) \ {81, .. gmt2} = {h1, ..., he), where
£ <r—1—m.Weassume that ¥; = g; foreachi € [1, m + 2]. Therefore

[T vitvar-.. A, nge0 . pge®o)
i€[m+3,t]
and
—1
k{vAr. . Apn O T v
i€[m+3,t]

=k(U)+m—14+L—(t—-—m—=2)<r <k(U)-—1.

It follows by the minimality of K(U) that UA; - ... Am_lg?rd(gl) e g,‘;,rd(g’”) can be
factorized into a product of atoms from Q_;. O
By A4, we consider all 7 € [1,m — 1]and J € [1, {] such that U [[;c; Ai [] ¢,

d(g; N .
,g(-)r &) can be factorized into a product of atoms from €2—;. We fix such 7 and J with

|1|+]J]| being minimal. Then |I|+|J| <m —1+£€ <r—1.Since J # , we choose

. d(g; . .
jo € Jandhence U [[;c; Ai [T \(jo) g?r 6 cannot be factorized into a product of

atoms from Q—; by the minimality of |7| + |J|.
Now, we consider all tuples (U’, A}, ..., A:n/71, g), where U' € Q_ |, m" € N,
Al ... A, €Q-j,andg € Gosuchthat U'A}-. .. A:n,_lgord(g) can be factorized

into a product of atoms from Q_; and U’'A’ - ... A/ ,_| cannot be factorized into a
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product of atoms from Q—;. We fix one such tuple (U’, A}, ..., A}, |, g) with m’
being minimal. Thus m” < |I| + |J| <r — 1. Let

UAy - AL g% = Wy Wy, where Wy, ..., Wy € Qy,

and we claim that

e AS5. Foreachv € [1,1'], we have W, t U'A} -...- A} ,_,.

Proof of A5 Assume to the contrary that there is such a v € [1, ¢'], say v = 1, with

Wi|U'A}-...- Al | Thenthereare/ € Nand T1, ..., T; € A(Go) such that
UAy .- Ay =WiTi-...- T,

Since U’A’ -... A/ ,_, cannot be factorized into a product of atoms from Q_1, there

exists some v € [1,/] such that T, € Q.1,say v = 1, and 77 - ... - T; cannot be

factorized into a product of atoms from 2—;. Since

1
D K@) =KW+ —1) =1 —K(T) <m' —2<r-3,
v=2

and K(T") > r + 1 for all T’ € Q-1, it follows that 7»,...,T; € Q—;, whence
=1+ Zi:z k(T,) <m’ — 1. We obtain that

WiT) ... - T1g%®) = U'A} - Ay 18%) =Wy Wy,
and thus
Ty ... - T;1g°® =W, . ... W,.
Since T7 - ... - T; cannot be factorized into a product of atoms from 2_;, we obtain

that k(77) > k(U) by the minimality of m’. It follows that
K(T) —k(U)=m'—1—-1l<m' =2<r—-3<r <k(T7) — k),
a contradiction. O

LetU'A}-.. AL, | = X{-...-X) and go4®) = g”1.. . .g¥ suchthat W; = X/g¥
foreachi € [1,t']. By A5, weobtainthat y; > 1foralli € [1,¢/].If|{i € [1,¢']|y; =

1} = 2,say y1 = y» = 1, then Vo(W1) = Vg(W2) = 1+ Vo(U'A} ...~ A), )
by A5 and hence Vg (X1X2) = Vg (W1) + Vg (W2) =2 =2V (U'A} -...- Al ) >
Ve(U'AY ...~ Al ,_ ) +Vg(X1X2), acontradiction. Thus, [{i € [1,#']|y; =1}] < 1

and hence 1 + 2(t' — 1) < ord(g) < n. It follows that
k(U =1t —m' < ntl o [EJ
2 2

a contradiction. O
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Proposition 3.7 We have m(G) < max{r — 1, | 5| —1}.

Proof Let Gy C G be a non-half-factorial LCN-set. We have to prove that

min A(Go) < max {r —1, L%J - 1} .

If G1 C Gy is non-half-factorial, then min A(Gy) = gcd A(Gy) | ged A(G1) =
min A(G1). Thus, we may suppose that G is minimal non-half-factorial. By Lemma
3.1.3.(a), we may suppose that g € (Go \ {g}) for all g € Go.

If |Go| < r + 1, then min A(Gy) < |Go| —2 < r — 1 by Lemma 3.2.3. Thus, we
may suppose that |Gg| > r + 2 and we distinguish two cases.

CASE 1: There exists a subset Go C Gg such that (G2) = (Go) and |G3| <
|Gol — 2.

Then Lemma 3.6 implies that min A(Gg) < max{r — 1, L’%J — 1}

CASE 2: Every subset G| C Go with |G{| = |Gg| — 1 is a minimal generating
set of (Gy).

Then, for each & € Gg, Go \ {h} is half-factorial and & ¢ (Gq \ {h, h'}) for any
h' € Go \ {h}. It follows that Lemma 3.5 and Lemma 3.6 imply that min A(Gy) <
max{r — 1, I_%J — 1} O

4 Proofs of the main theorems

In this section, we give the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1 Let H be a Krull monoid with finite class group G where |G| >
3 and every class contains a prime divisor. We set exp(G) = n, r(G) = r, and let
k € N be maximal such that G has a subgroup isomorphic to Cff. By Lemma 2.1, it
suffices to prove the assertions for the Krull monoid B(G).

Propositions 2.3.3 and 3.7 immediately imply the required inclusions for A*(G),
namely that

[,r—1]u {max{l, ng - 1}} Ulmax{l,n —k — 1}, n —2]
@.1)
C A*(G) C [l,max {r 1, L%J - 1}] Ulmax{l,n —k — 1}, n —2].

It remains to verify the in particular statements.

(1) Ifr > | 5| — 1, then [1, max{r — 1, | 5] — 1}] C [1,r — 1]U {max({1, | 5] — 1}}.
Therefore, A*(G) = [1, max{r — 1, L%’J — 1}JU [max{l,n — k — 1},n — 2] by
Eq. 4.1.

(2) (a) = (b) Suppose that A*(G) is an interval. Since max{1, n —k —2} < max{r —

1,n — 2} = max A*(G), we obtain that max{l,n — k — 2} € A*(G).

(b) = (¢) Suppose that max{l,n —k — 2} € A*(G).If n —k — 2 < 0, then
n—k—2<max{r —1,|5] —1}.Ifn—k—-2>1,thenn -k -2 ¢
A*(G) C [1, max{r — 1, I_%J —1}]JU[n —k—1,n —2] by Eq. 4.1. Therefore
n—k—2<max{r—1,[5] -1}
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(¢c) = (d) Suppose thatn—k—2 < max{r—1, | 7] —1}. Thereforen—k—2 < r—1
orr <n—k—2< L%J —1.Ifn—k—-2<r—1,thenr+k>n—1.1f
r<n—k-2<l|5]-1,thenn—r—-2<n—k-2<[5]-1<75—1and
r < |5]-1<5—1LItfollowsthatn—2 = n—r—24r < 5—1+5-1=n-2
which implies thatn —r —2=n—k —2 =75 —1andr = 5 — 1. Therefore
r=k,n=2r+2,and hence G = C£r+2'

(d) = () Ifr+k=n—-2and G = Cj,_,, then A*(G) = [1, 2r] is an interval by
LLIfr+k > n—1,thenr > |5 | andhence A*(G) = [1, r — 1]U[max({1, n —
k — 1}, n — 2] is an interval by (1). O

Proof of Theorem 1.2 Let G and G’ be finite abelian groups with exp(G) = n and
r(G) = r. Let k, K € N be maximal such that G has a subgroup isomorphic to Cﬁ

and G’ has a subgroup isomorphic to Cé‘;p(G,). Suppose that

r+k<n—2 G#Ch,, andthat L£(G)=L(G).

By our assumption and Theorem 1.1.2, we have that A*(G) is not an interval,
n—k—2¢ A*(G),andn —k —2 > max{r, L%J }. By Proposition 2.3, we obtain that
max A((G) = max A*(G) = max{r—1,n—2}=n—-2,n—k—2 ¢ A{(G),and n —
k —1 € A{(G). Note that D(G) = D(G’) and A{(G) = A{(G’) (see [8, Proposition
7.3.1]). Then max A;(G") = max{r(G') — 1,exp(G’) — 2} = max A{(G) = n — 2,
n—k—2¢A(G),n—k—1¢€A(G).Ifr(G") > exp(G’) — 1, then A{(G) =
[1,r(G") — 1] by Proposition 2.3, a contradiction. It follows that exp(G’) = n by
max A1(G') = exp(G’) — 2. Suppose that kK’ > k + 1. Thenn —k — 2 € [n —
kK —1,n—2] C A{(G") = A{(G), a contradiction. Suppose that k¥’ < k — 1. Then
n—k—1¢[n—k —1,n—2]andhencen —k — 1 € [1, max{r(G') — 1, [ 5 | — 1}1.
Ifn—k—1<r(G)—1,thenn —k—-2¢€[1,r(G)—1] C Ai(G) = A1(G), a
contradiction. Otherwise n —k — 1 < L’%J — 1, a contradictionton — k — 2 > L%J
It follows that k = k’.

Inparticular,if r > | 5 |+ 1, then[1,r —1JU[n—k—1,n—2] = A|(G) = A(G)
and hence [1,r(G")] C [1,r — 1] C [1, max{r(G') — 1, L’%J — 1}]. Therefore, by
r > %]+ 1, we obtain that r(G') = r.

If r(G) =k, then G = C}, is a subgroup of G’. Thus D(G) = D(G’) implies that
G=G. O
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