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Abstract We compute the Fourier coefficients of a basis of the space of degree two
Siegel-Eisenstein series of square-free level N transforming with the trivial character.
We then apply these formule to present some explicit examples of higher representa-
tion numbers attached to non-unimodular quadratic forms.
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1 Introduction

Eisenstein series have played an important role in the theory of Siegel modular forms,
dating back to Siegel’s Hauptsatz which expresses the genus-average Siegel theta
series as a linear combination of Eisenstein series. Despite their distinguished history,
there are still some perhaps surprising gaps in our knowledge of the Eisenstein series.
An important example of this is that the Fourier coefficients of the Siegel-Eisenstein
series remain unknown in many cases.

Various authors have worked on the case of Siegel-Eisenstein series for the full
symplectic group Sp,, (Z) and we mention only a sample of the results here. Maass
[11,12] obtained a formula for the Fourier coefficients of degree 2 Siegel-Eisenstein
series by explicitly computing the local densities in Siegel’s formula. His results were
also obtained by Eichler—Zagier [5] by realising the Siegel-Eisenstein series as the
Maass lift of the corresponding Jacobi—Eisenstein series. More recently, formula for
general degree n have been obtained via different methods by Kitaoka and Katsurada
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(first degree 3 [7,9], then any degree [8]) and Kohnen (even degree [10]), Choie—
Kohnen (odd degree [2]). Katsurada’s approach has more in common with Maass’
approach, whereas Kohnen’s approach (for even degree) is at least nominally closer
to that of Eichler—Zagier with his linearised version of the Ikeda lift playing a role
simlar to the Maass lift.

In the case of modular forms transforming with character y under the Hecke-
type congruence subgroup FO(") (N) the situation is less well-known. To the author’s
knowledge, the only explicit results in the literature pertain to a single Eisenstein series
when the degree is n = 2 and the character y is primitive modulo N. First Mizuno [13]
considered the case of squarefree N and obtained the Fourier coefficients by realising a
level N Eisenstein series as a Maass lift of a corresponding level N Jacobi-Eisenstein
series. The argument is more difficult than Eichler—Zagier’s at level 1 since the author
requires analytic machinery to prove the coincidence of the lift with the desired form.
An extension of this result, dropping the assumption that N be squarefree, was obtained
by Takemori [15] by computing the local densities. A related result, again in the context
of n = 2 and arbitrary level N but now with no restrictions on the character, is due to
Yang, who explicitly computes the local densities in Siegel’s theorem. Yang’s methods
are rather different: following Weil and Kudla he interprets those local densities in
terms of the local Whittaker function coming from the representation attached to the
Eisenstein series. He explicitly computes this latter quantity ([17] for p # 2; [18] for
p = 2), which is essentially equivalent to computing the Fourier coefficients of the
genus-average theta series, hence the Fourier coefficients of a Siegel-Eisenstein series.

Since quadratic forms are rarely unimodular the corresponding theta series will
usually be modular forms of level N > 1. Additionally, itis important for the arithmetic
theory of these quadratic forms that we have explicit formule for Fourier coefficients
for a basis of the space of Siegel-Eisenstein series. Although we do have some Fourier
coefficients when N > 1, we only have these for a single Eisenstein series, but (for
large enough weight) the dimension of the space of Siegel-Eisenstein series of level
N is strictly bigger than 1.

In this paper we consider only the case n = 2. After setting up notation in Sect. 2, in
Sect. 3 we consider the case when the level N is squarefree and the character y is
the trivial character modulo N. Under these assumptions we can use the following
very simple method to obtain relations amongst the Fourier coefficients: let p be a
prime not dividing N, then an appropriate sum of level N p Eisenstein series produces
a level N Eisenstein series, and after acting on this relation with Hecke operators at
p the explicit formula from [16] produce enough linear relations among the Fourier
coefficients to write down a formula for the coefficients of a level Np Eisenstein series
in terms of those of the level N one. Using a convenient level 1 formula, namely that
of [5], one can then argue by induction to obtain Fourier coefficients for a full basis
of the Eisenstein subspace in the case of squarefree level and trivial character. This is
carried out in Lemma 3.1: the main bulk of the computation is then placing these in a
more elucidating form as stated in Theorem 3.3.

Let us remark that the important feature that makes this work is that the level Np
Fourier coefficients add up to something known in the base case of the induction. So
for example in the case of primitive character this approach seems unlikely to succeed.
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Fourier coefficients of degree two Siegel-Eisenstein series 543

In the case of squarefree level the transformation character will always be a product of
primitive and trivial characters, and if one knows the Fourier coefficients for Eisenstein
series transforming with a given primitive character x then one can argue as suggested
above to obtain Fourier coefficients of Eisenstein series of any squarefree level and
character which has yx as the underlying primitive character. However one would need
to know the Fourier coefficients for a full basis at the primitive stage in order to deduce
the Fourier coefficients for a full basis at later stages. As noted above no such formula
for a full basis are currently available.

Finally in Sect. 4 we emphasise this point regarding the importance of having
Fourier coefficients for a full basis of the Eisenstein subspace by showing how one can
compute the genus representation numbers of an integral quadratic form by combining
knowledge of the Fourier coefficients of a basis for the Eisenstein subspace with the
well-known formula for the value a theta series takes at a 0-dimensional cusp of (the
Satake compactification of) 1"0(2) (N)\H,. There is a finite number of integral quadratic
forms which have a single-class genus, and from the viewpoint of degree 2 represen-
tation numbers only the 8-dimensional ones have dimension large enough to study via
Siegel-Eisenstein series (i.e. the Eisenstein series of degree 2 and weight 4 converges)
of even weight (since odd weight Eisenstein series are problematic to define with triv-
ial character). Amongst these 8-dimensional integral quadratic forms, or equivalently
even integral lattices, only 5 satisfy the condition that their level be squarefree and their
character trivial. Of course one of these is the unimodular lattice Eg for which degree
2 representation numbers (i.e. explicit formul® for the number of times it represents
a quadratic form in 2 variables) follow (for example) from the formula of [S]. The
remaining 4 have small prime level and for these we will note how the methods of this
paper give new closed formulz for their degree 2 representation numbers.

2 Siegel-Eisenstein series and Hecke operators

Preliminaries For any ring R, we let R"*" denote the set of n X n matrices over R,

and ngfrf the additive subgroup of symmetric matrices. Define the algebraic group

GSp,,, = [g € GLoy; g (12 _12) g =xA(g) (12 _12) for some A(g) € GL1] .

If R is a subring of R we write GSpZ1 (R) for the subgroup of GSp,,, (R) comprised of
those g for which A(g) > 0. A : GSp,,, — GL; defines a homomorphism, the kernel
is by definition Sp,,. We define the congruence subgroup

Fo(n)(N) = [(é g) € Sp,y,(Z); C =0 mod N} .

We also write I"™ for Fo(")(l) = Sp,,(Z). Let H,, = {Z € CL; J3(z) > 0} be the

sym > ™
Siegel upper half space of degree n. Let k be a positive integer; we define the weight

k slash operator on functions f : H,, — C for g = (2 g) S GSp2+n (R) by
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(flk&)(Z) = A(g)"M/? det(CZ + D) * f(AZ+ B)(CZ+D)"™H. (1)

We say a holomorphic function f : H, — C is a Siegel modular form of degree n,
weight k, level N, and character x (modulo N) if

fley = x(det(D)) f

for all y = (é g) € 1"0(">(N ). The complex vector space of such functions is

denoted M,((”) (N, x). We are mainly interested in the case when y is the trivial char-

acter 1y modulo N, for which we abbreviate M,(C")(N ) = M,((")(N ,15). In this
paper we will mostly work with the case of Siegel degree two in which case we drop
the superscript @, so for example My (N) = M,({z)(N), Ih(N) = I“O(z)(N), and
I:=T® =Sp,(7).

Siegel-Lisenstein series Fix a positive integer N and assume k > 4 is

even. We define an Eisenstein series for each O-cusp of the Satake compactifica-
tion S(IH(N)\Hy) of Ih(N)\Hy; that is, for each element of the double coset

I \I'/TH(N), where
A B
re=](28)<r).

To do so, pick such an element 5,191 0(N), and define

Ey (1) = D det(Cy7 + Dy)~*
Y

where I'oyo[0(N) = L, Iy, and y = (éy gy ) One may easily check that,
y Dy

under the restriction that & be even, this series depends only on the double coset
I'soyoIp(N) and is independent of the choice of the representative y. Under the
assumption k > 4 (using the Hecke trick for small weights) the series converges
and thus defines a nonzero element of My (N). Letting )y vary over a system of
representative for I',o\I"/IH(N) we obtain a basis of the Siegel-Eisenstein subspace
of My (N). This basis is characterised by the property that [£,, is the unique Siegel—-
Eisenstein series that takes value 1 at the cusp corresponding to y and O at all other
cusps, as can easily be checked from the definition. We shall refer to this basis as the
natural basis for the subspace of My (N) spanned by the Siegel-Eisenstein series. As
we shall see this is not an eigenbasis for Hecke operators at primes dividing the level,
but is useful for other computational purposes.

In order to describe the action of Hecke operators on Siegel-Eisenstein series it is
convenient to fix a choice of the representative 3. We do so in the same fashion as
[16], recalling the discussion via Lemmas 2.1 and 2.2. They are both readily verified;
the details of the computations are in [16] §2.
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Fourier coefficients of degree two Siegel-Eisenstein series 545

Lemma 2.1 Let S denote the set of coprime symmetric pairs of 2 x 2 matrices, and
let G € GLy(Z) acton S by (C, D) — (GC, GD).

(1) The map

A B
(C D)r—)(C,D)

induces a bijection between I'so\I' and GL(Z)\S.
(2) Let (éy g’/ ) € Ih(N) act (from the right) on GLy(Z)\S by
y Yy

GL2(Z)(C, D) — GLo(Z)(CA, + DC,,CB, + DD,).

Then the bijection of (1.) is an isomorphism of IH(N)-sets.

Let p = (Np, N1, N2) be a multiplicative partition of N, i.e. a triple of positive
integers such that NoN1N, = N (since N is squarefree the N; are coprime). Pick a

symmetric matrix M, such that
00
mod Ny,
00

1 0
M, = mod Nj,
10
mod Nj.
01

For C a square integer matrix, let 1k, (C) denote the rank of the reduced matrix over
Z/q7Z. We can use this data to characterise the IH(N) orbits of Lemma 2.1:

Lemma 2.2 Let (C, D) be a coprime symmetric pair. Then GL2(Z)(C, D) is in the
I'o(N)-orbit of GLo(Z)(My, 1) if and only if tk, (C) =1k, (M) forall g | N.

Corollary 2.3 Let (No, N1, N2) be a multiplicative partition of N, and let p be a
prime not dividing N. Then

GL2(Z) (M Ny, Ny, Ny) > DITO(N) = GL2(Z) (M (pNg, Ny N2y D TO(NP)
U GL2(Z) (M Ny, pNy, N2> D T0(Np)
U GL2(Z) (M Ny, Ny, pNo)» D ITO(NP).

Proof Follows immediately from Lemma 2.2. O

Let I'soyolo(N) be a cusp for IH(N). Since the summands for [E,,) depend only on the
bottom (block) row, Lemma 2.1 allows us to express £, as a sum over the I (N) orbit
of GL,(Z)(C, D) for some coprime symmetric pair (C, D). By Lemma 2.2 we may
assume that this is the Iy (V) orbit of GL2(Z) (M, I) for some M, as defined above.
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546 M. J. Dickson

. . 0 . .
We therefore take our choice of representative yy to be ), and hence identify a

1

M, I
cusp Lo yolp(N) with a matrix M,,. M, is in turn identified with a triple (No, N1, N2)
such that NoN{ N> = N by letting N; be the product of all primes ¢ | n at which M,
has rank i. For a triple (Ng, N1, N2) thus corresponding to a cusp ooyl 0(N) we
define E(NO,NI,NZ) = ]EVO'

Corollary 2.4 Let N be square-free, (No, N1, N2) such that NoN1 N> = N, and let
p be a prime not dividing N. Then

Evo, NN = Epno,Ni.No) + Bvg, pvi No) + Evg, 31, pVa)-
Proof Follows immediately from Corollary 2.3. O

Hecke operators Let p be a prime not dividing N. Define the Hecke operator T (p)
by

FIT(p) =P flawi,
i
where

Iy(N) (1" pln) R = || .

Similarly, define another Hecke operator Tj (p?) by

AT =27 fleyi

where

1
| P L [ ean =L vy

p

When p | N we define the Hecke operators in exactly the same way, but we use the
alternative notation U (p), U;(p?) to emphasise that p | N affects the representatives
in the coset decompositions. Note that [16] uses a definition of Hecke operators that is
equivalent to our double coset definition except that the representative matrices differ
by a factor of p. This makes no difference because under the normalisation of the slash
operator used by us (in (1)) and [16] scalars act trivially. We now quote the results of
[16] in the case of trivial character:
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Fourier coefficients of degree two Siegel-Eisenstein series 547

Proposition 2.5 The action of the Hecke operators U (p) on the level Np Eisenstein
series transforming with trivial character are as follows:

Epno.ni. M) [U(P) = Epng.nng + (1= p~ DE o, pny. o)
+ (1= p " HEwon1.pNs)»

=1

ENo,pni, N IU (p) = pk_lE(No,PNl,Nz) +(p pk_S)E(NoleypNz)’

Ewo.N1, pn) U (P) = PP Enig Ny, pia)-
Proof These are special cases of [16] Propositions 3.5, 3.6, and 3.7. O

Proposition 2.6 The action of the Hecke operators Uy (p?) on the level N p Eisenstein
series transforming with trivial character are as follows:

Epno NN [U1 (D7) = (P + DE g vvy) + (P 4+ DA = pHEwe. pivyova)
+ (1= pHEWo N1 pNs)»

E g, pii, N [U1(p?) = (p* 2
+ (P 2+ D = pTHEW N pN)»

Evo.n.pin [U1(p) = (p** 72 + p™ ) B, v.pv) -

+ P)EwNo, pNi,N2)

Proof These are special cases of [16] Propositions 3.8, 3.9, and 3.10. O

Proposition 2.7 The action of the Hecke operator T (p) on the level N (where p t N)
Eisenstein series transforming with trivial character is:

k=2

Ewo. NN I T(P) = (0% 73 + p* 1+ p* 72 + DEwy.vy -

Proof This is a special case of [16] Proposition 3.3. O
Let f € My(N). It is well-known that f has a Fourier expansion supported on
2-rowed, half-integral, positive semi-definite, symmetric matrices 7. We use the nota-

tion

£(Z) =" a(T: e (T2)), ©)
T

where e(z) = ¢¥"2. We will use the following result from [6] for the action of the
Hecke operators U (p), U ( p?), and T (p) on Fourier expansions:

Proposition 2.8 Ler f(Z) = > ;a(T; f)e(tr(TZ)) € My(N). For M any matrix,
write T[M] ="MTM. Then, for p | N,

a(T; flU(p)) = a(pT; f),

= 2 o(r[(0)]) - (E])

o mod p
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548 M. J. Dickson

and, for pt N,

a(T; fIT(p)) = a(pT: f) + Pk_2 (Za mod p ¢ (%T |:(1 0 )i| ; f)

)

3 Calculation of the Fourier coefficients

A computation based on [16] Fix a partition (Ng, N1, N») of the squarefree integer
N and let E(y,, N, n,) be the associated Eisenstein series transforming with the trivial
character modulo N. Recall that (for T a 2-rowed, half-integral, positive semi-definite,
symmetric matrix) we wrote a(T; f) for the T'th Fourier coefficient of f. We also
write a(T) = a(T; E(ny, Ny, N,)), and we define

ao(T) = a(T; Epng, Ny, N2))»
a((T) = a(T; By, pny.No))s
ax(T) = a(T; Eng. Ny, pNo))-

Lemma 3.1 In the above notation

P24 pP = pP 2 P P = p 4 Da(T) = P+ P 4 p? — papT) + pPap’T)
(Pk = D(p*=2 -1 ’
PR R 3 1y a(T) 4 (p 4 pEU g pd e p — p ok p R a(pT) — (02 + pFHa(p?T)
P=DE*2 =1 ’
pa(T) — (p* + p~*a(pT) + p~Ha(pT)
(P = D(p*=2 -1 '

ao(T) =

am="

ar(T) =
Proof By Corollary 2.4 we have
Ewo, Ni.N2) = E(pNo,Ni.N) + B, pNi,No) + B, N1, piNa) » (3)
and comparing the 7'th Fourier coefficient in this gives
a(T) = ao(T) + a(T) + ax(T). “)
Now apply U (p) to (3). By Proposition 2.5 we have

Ewo, Ny, M) U (P) = E(png, Ny, N2
+ (1 - Pil)E(No,le,Nz)

+(P* P - - P_I)E(No,Nl,pNz)«

Note that E(y, n,,n,)|U(p) makes sense since Ky, n;,N,), @ priori a modular
form of level N, is also a modular form of level Np. Hence by Proposition 2.8
a(T; Eng.ny Ny U (p)) = a(pT; Eng. Ny . N,)) and we have
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Fourier coefficients of degree two Siegel-Eisenstein series 549

a(pT) = ao(T)
+(PF 1= pHa (1)
L (P23 g g - D (D). Q)

Similarly, apply U;(p?) to (3) we obtain

a(T; Evg, vy Nl U1 (pD) = (p + Dag(T)

+(pF 2 P P2 1 — p Y (T)
+(p 2k—2 _I_p2k—3 +pk—1 _ pk—3
+p+1=p~ = pHax(D). ©

Solving (4), (5) and (6) simultaneously we obtain
(P2 — pP 2 4 pF — pk — p 4 Da(T) + (p* + p)a(pT) — p*a(T; By, vy N U1 (p)

@@= DR =)
(7a)
a1y = SR P = PH A pt A p o palpT) + (pF 4 p?)a(T: By U1 (%)
(P = D(p*2 -1
(7b)
an(T) = S Pl + P 4 p)a(pT) — p?a(T: By U1 (P2).
(PF=Dp*=2 -1
(7c)

Comparing Fourier expansions at p7 in Proposition 2.7 we have

2k—3 k—1

a(pT; Evg, v NI T (p)) = (p* 7 + p*~1 4+ p 2 + Da(pT)

On the other hand, by Proposition 2.8,

o B 70 =D+ 72 (3 a(r](49)])

a mod p

+a (T [(g ?)D) + % (T)

= a(p*T) + p*2a(T; Eng.ny Ny 1U1(pD) + pH3a(T).

Hence
a(T: Bvg. vy N lUH(PY)) = —p*2a(p®T) + (P + p + 1+ p~*Da(pT)
—p"a(r),
and substituting this in to (7a), (7b), (7c) we obtain the lemma. O

Formulce for the Fourier coefficients Note that, given the Fourier coefficients a(7") =
a(T; E(ny,Ny,N,))» Lemma 3.1 provides a formula for the Fourier coefficients ag(7T'),
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550 M. J. Dickson

a1(T), and a>(T). As these are written they are, of course, unsatisfactory; we will now
present them in a more familiar form.

Before proceeding let us recall the formula from [5] for the Fourier coefficients of
the level 1 Siegel-Eisenstein series [E of degree 2 at a positive definite matrix 7. This

formula is 5 AT
a(T;E) = Z a—p (2D )
(1 —k)¢(3 —2k) d?
dle(T)
a b/2 .
where e b2 ¢ = gcd(a, b, ¢), and H denotes the function defined by Cohen

in [3] (with first parameter in the notation of [3] set equal to k — 1): writing a positive
integer M with M = 0,—1 mod 4 as M = —Df 2 where D < 0 is fundamental
discriminant the function is

H(M) = L2~k xp) D u(@xp(@)g> D n*73,
glf hi(f/8)

where xp is the character associated with the extension Q(«/B). Now let N be any
(squarefree) positive integer and let 15 denote the trivial character modulo N. For
M = —Df? as above we define

Hy(M) = L2 =k xp) D Iv@u@xp@g > D Inmh*.
glf hl(f/8)

Note that H = H. Let us also remark that [5] provides a formula for the Fourier
coefficient a(7T'; E) when T is singular, namely

2 k=1 ;
a((l’l 0); IE) _ MZd\nd 1fn>0, (9)
00 1 ifn =0.
This is of course an illustration of how the Fourier coefficients of Eisenstein series of
degree n on singular matrices are given by those of Eisenstein series of degree n — 1.
Lemma 3.2 Let N be a squarefree positive integer, p a prime not dividing N, k a

positive integer, M a positive integer with M = 0, —1 mod 4. Write M = —Df? as
above, then

Hyp(M)Cp p(ord,(f)) = Hy(M)

where

v v—1
Cpo) =D p!®* 3 —yp(p)p2 D" pI .
=0

J=0
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Fourier coefficients of degree two Siegel-Eisenstein series 551

Moreover, writing p>M = —D(pf)?, we also have
Hyp(p*M) = Hyp(M).
Proof From the definition we have

Hy(M)=LQ2—k xp)| D, In@u@xn@g"? > 1yhh*3

glf hl(f/8)
0rd,,(g)=0

—xo()P* DL W@u@xn@e T D vt

8lf hi(f/(pg))

ord, (g)=0

=LQ2—k xp) D Inp@u@xp@g"™ D 1yhh*3
glf hI(f/8)

ord, (h)=0
ord, (f) ord, (f)—1
» Z I3 () pk? Z P @h=3)
j=0 j=0

=LQ—k xp) D Inp(@u(@)g" D 1y, (h* 3¢, plord, (f)).

glf hl(f/g)
The second claimed equality follows immediately from the definition of Hy. O

m r/2

Theorem 3.3 Let T = ( ) be positive semidefinite. Let A = 4mn — r* and

r/2n
e = gcd(m,n,r). Write —A = Df? where D is a fundamental discriminant. Let xp
denote the character (2), and let 1 (-) be the trivial character modulo N. Then

(1) atT = (8 8), the Fourier coefficients are as follows:

a((o O)~]E )_ I if(No, Ni. No) = (N. 1. ),
0 0) "WoNLNI L= o wise.

(2) forT # (8 8) but A = 0, the Fourier coefficients are

2 _
a(T: Evo.m.v) = T (T3 No. N1 M) w0 > In@dd !,
d|
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552 M. J. Dickson

where Y(T; No, N1, N2) =[], [1,n, vi(p, ordp(e)) with

pri—1 pr—1
on(poup = LR

pc—1
va(p,up) =0.

(3) for T > 0, the Fourier coefficients are
a(T; g, Ny N2) = W(T; No, Ny Nz>;§le<d>dk—‘HN 2
» o N A) A - eG -2k £ )’

where W(T; No, N1, N2) = [; [1,,n, ¥i(p, ord,(e), ord, (1)) with

%3 k-2
)

—xp(P)p

« | prr @3 P2 (p -1
(p2k73 _ 1)(p2k72 _ 1)(pk72 _ 1)
_ pp=up)Qk=3) jup(k=1) p—1
(p*=3 =Dk = D(pF—2-1)

k—1
k-2 up(k—1) pi(p—1)
*owep =D [” ((sz TP TP 1))

I/fO(Pv l/lp, v[)) = (p

1
(PR ) (pT - 1)] ’

Yi(p,up, vp)
k—1 2
- =2y | pvp@k= pPFpr -1
=T @t [p e ((ka—z — D(pk — D(prk—2 — 1))
— pp=up)@k=3) pupk=1) p(pF1—1)
(P = D(F = D2 =1
pk

R e e T3
Vo (p,up,vp)

k+1

23 vp(2k—3) 14

(P*2-DHpF -1’

= (™ — xp(p)pHp

Proof Arguing by induction on the number of divisors of N, using 3.1 and the base
case (9), one obtains 1. and 2. These Fourier coefficients could also be obtained
by considering the cusp of support of ®(E(y,, n;,n,) to identify this as a degree 1
Eisenstein series. The more interesting case is that of 3. Here we will again proceed
by induction on the number of prime divisor of N, but now the calculations are more
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Fourier coefficients of degree two Siegel-Eisenstein series 553

technical. The base case is the formula (8) from [5] (we have the usual convention that
any product indexed by the empty set is equal to 1).

Now suppose we have a multiplicative partition (Ng, N1, N3) of the square-free
integer N, p is a prime not dividing N, and the coefficients a(T) = a(T'; E(ny, ny,N2))
are as stated in the theorem. To ease notation we shall write u, = ord,(e), v, =
ord, (f). Using both parts of Lemma 3.2 we can write

2
(I = k)¢ —2k)

1 itk— A

Jj=0 dle

a(T) = W(T; No, N1, N2)

2
¢(1 = k)e(3 —2k)

up
. A (10)
k—1 k—1 /
x ZZINp(d)d P/ VHy, (W) Cp.p (vp —J)
j=0 dle

- : k-1 A(T)
B é-(l - k){(3 — 2k) dzle le(d)d HNp (7)

= W(T; No, N1, N»)

“p
x | W(T; No, N1, Np) ZPj(k_l)Cp,D (vp —J)

j=0
Similarly,
2 A
a(pT) = 1y, (d)d* ' Hy (—)
z<1—k);<3—2k>dzle b P\ a2
up+1
x | W(pT; No, Ni, Na) D~ p/*"VC,p (v, +1-) |,
j=0
2 A
2 k—1
a(p’T) = 1y, (d)d* 'Hy (_)
c<1—k)c<3—2k>dzle: P P\ a2
u,,+2
x | W(pT; No, N1, No) D p/* D€, p (v +2— )
j=0

If zd|e le(d)dk_lHNp(A/dz) = 0 then the above formule and Lemma 3.1 give
the result, so we may assume not. Then, again by Lemma 3.1, we have

(P* — D(P*2 = DW(T; pNo, N1, N2)

3k—2 2k—1 2k—2 k+1
=TT+ pT - -

P+ p pr—p+1
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_ B
x [ W(T; No, Nis No) D~ p/70C, b (v — )
L J=0
+(=pH T = P = PP 4 p)
B ord, (e(T))+1
x | W(pT; No, Ni, No) D" p/* D¢, p (v, +1- )
L j=0
up+2
+p” | W(PPT; No, Ni, No) D p/0C, p (v, +2 - )
Jj=0

(p* — D(P* 2 = DW(T; No, pN1, N2)
_ (_p2k71 . pk+1 _ p3 1)

up
x | W(T; No, N1, N2o) D~ p/*" V€ p (v — )
L Jj=0
+(p2k—1 + pk-H + p3 +p2 —p +p—k+4)
B up+1
x | W(pT; No, Ni, Na) >~ p/*VC,p (v, + 1)
L Jj=0
up+2
H(=p® = pTH [ W(PPT: No, N1, No) D p/ D€y p (v +2 ) |
j=0

(" — D(P* ™2 — DW(T; Ny, N1, pN2)

Up
= p | W(T; No, N1, N2) ij(kfl)cp,D (vp =)

j=0
up+1
+(=p* = p T | W(pT; No, Ni, No) D~ p/ 0 Cpp (vp + 11— )
J=0
up+2
+p | W(pPT; No, Ni, No) D pI* D¢, p (v, +2 - )
j=0

We aim to find a solution to these equations subject to the initial condition
W(T;1,1,1) = 1. From this initial condition and the right hand side of the above
formula we see that W (T'; No, N1, N>) only depends on T via the underlying funda-
mental discriminant D and the local quantities u, = ord,(e(7T")) and v, = ord,(f)
at primes g | NoNiN;. In particular if p is a prime not dividing NoN|N, then
W(pT; Ny, N1, N2) = W(T; Ng, N1, N»). Thus we can remove W (T'; Ny, N1, N2)
as a common factor from all terms on the right hand side of the above system of
equations, which then simplify to
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(p* — D(PH*™2 = DW(T; pNo, N1, N2)
Ltp )
P = —p+ D pIVC, b, - )
j=0
~(p* 4+ 0P = P)Cpp(p + 1) + PPCp (0 +2) | W(T: No, Ni. N,
(P* — D(p* ™2 — DW(T; No, pN1, No)

Up

=¥ 2= = p) D EVC, py — )+ (P!
j=0

+p° = p+p " HC, 0, + 1)
—(P2+ pHC (0, + 2)] W(T; Ny, N1, Na),
(p" = D(P* 2 = DW(T: No, Ny, pN2)
=[P Cpp(p + D) + pTEEC, D (0, + D] (T No, N1, Vo).

In the third of these we note that

1)+p(vp+2)(2k—3) k=2 (vp+l)(2k 3) (11)

Cp,D(Up +2)= Cp,D(Up + xp(p)p

thus
(" = D(P* 2 — DW(T; Ny, Ny, pN2)
= pkt! [p<”P+1><2"‘3> - m(p)p"‘zp”v@k‘”] W(T; No, Ny, Np)

= pUrk=3) [p3k_2 - XD(P)PZk_l] W (T; No, N1, No).

This gives the formula for v, stated in the theorem. For v we note that p3*—2 —

p* = prtp = = D = p),so

Up
P = = p) D e, ), — )

j=0
B up ) P )
=™ =p) | D pUtEDC, by — =D PV C, pw = )
| j=0 =
=t = py | prtVEDC ) b, —up) — Cpp(vy)
up—l B
+ > pUthED e, p, — j) = Cpp(vy — j = 1]
j=0
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= (¥ = py | p@tIEDC, L, —up) — Cpp(vy)
up—1
n Z p(]+l)(k_1) I:p(vp—])(zk—3) _XD(p)pk 2 (Up Jj— 1) Q2k— 3)]
j=0

Also, expanding as with (11) we have

P* 4 p? = p+pHC, pw, + 1) = PP+ pHC, p(v) +2)

= (p* ' = p)Cpp@) — (P 4+ p)prF I PET — yp(p)p* D
Combining these in to the formula for W(T'; Ny, pN1, N2) we obtain

(" = D(P*2 = DY(T; Ny, pN1, N2)

_ (p2k—1 —p) p(“p“)(k_l)C,,,D(v,; —up)

up—1

+ > puthiE=D [p<vp—j)<2k—3) xp(p) pk=2 pltr—i=D k= 3>]
j=0

—(pF 4 pyprr Y (p2"_3 -~ XD(P)Pk_Z) W(T; No, Ny, Ny)

_ {pu,,(kfl)pkfl(kafl —p)

(p—up)2k=3) yupk—1) _ Hup(k—1)
2k—1 k—1P p p
+ |:(P - p) (p p2k73 1
pUrCk=3) _ p(vp—up)(Zk—3)pup(k—l))

+

pk72 —1
—(PF + pp I (P = ()P (T N, Ny V)

_ [(ka—3 — (P ) [pvp(zk—3) (Pk_l(P2 — 1))
p

k=2 _ 1

2%-2 k—1
_ ppup)@k=3) up =) (P(p - D" — 1))]
(p%*=3 —D(pk2 -1
k(o 2k—2
—1
+otn (PP - 1)p“1’““”%] V(T No. N1, N2)-

This gives the formula for ¥/ stated in the theorem. One can argue in a similar fashion
to derive the formula for v, but given that we have found these formule to | and
Y it is less painful to instead argue from the observation that by (10) we have
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W(T; pNo, N1, N2) +W(T; No, pN1, N2) +W(T; No, Ny, pN2)

Up
= W(T; No, N1, No) D p/*"VCp pw, — )
j=0

so we can obtain ¥y by evaluating the sum on the right hand side. But this is easily
done, namely

Up
> pI*e, pw, — )

j=0
Up vp—j—1
N lll ERRTE POl S
j=0 i=0
(up+1)(k=1) _ “p (vp—j)(2k=3) _
pr 1 B _ o pvr 1
:(W)“P% —xo(pptH 3 p D (W)
j=0
k—2
= (p* 7 = xp(p)p*H | pr Y P
(P 3 —D(pk-2 -1
1
L (p—up)(2k=3) u,(k—1)
! s ((sz — D7 - 1))]
k-2 *k—1) p!
-2 _1 upk—
+ (xp(p)p ) [p <(p2k_3 DT 1))

1
(PP (pT - 1)] '

Subtracting Y1 + 1> from this we obtain the formula for ¥ stated in the theorem. O

4 Applications to representation numbers of quadratic forms

Let L be a lattice in Z** endowed with a quadratic form Q : L — Z. Then Q defines
a symmetric bilinear form on L by the formula

B(x,y) =0(x+y)—0x) -0

which is integer valued and moreoever satisfies B(x, x) € 2Zforallx € L. Conversely
given such a bilinear form B we can define a quadratic form by the rule Q(x) =
%B(x, x). This sets up a bijection, so that specifying a Z-valued quadratic form Q is
equivalent to specifying a Z-valued bilinear form B such that B(x, x) € 2Z for all
x € L. We shall refer to a lattice endowed with either of these equivalent structures
as an even lattice. Picking a basis (eq, ..., exr) for L we can map B to the matrix
B(e;, ej), which we call a Gram matrix for L. A Gram matrix then has integer entries
and is even ones on the diagonal, we call such a matrix even integral,
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For such an even lattice L we form the degree n theta series by

QIEn)(Z)z Z enitr(’XSXZ)
X eZ2kn

— Z rS(T)eﬂitr(TZ),

>0
T even integral

where S is any Gram matrix for L, and rg(7T) = #{X € Z2kn. tXSX = T} is the

number of representations of the n-variable quadratic form 7" by S. This in the form
of the Fourier expansion of a Siegel modular form (c.f. (2)). It is well-known that 6 g’)
is indeed a Siegel modular form, namely 02”) € M,(C">(N , x) where the level N is the
level of the the lattice L (equivalently the smallest integer N such that NS~! is an

even integral matrix) and the character is

((—l)kdet(S))
X=\—"_ ")

Note that if det(S) is a (global) square then this character is trivial. Let us remark that
both the level and character are genus-invariants of the quadratic form.

With L as above we write Gg(zr)l L (Z) for the genus theta series of L. This is formed
as follows:let L = L1, L, ..., Ly be the inequivalent lattices in the genus of L, write

O (L;) for the size of the isometry group of L;, w = Zfl: 1 ﬁ, and put

h
1 1
(n) _
Ggen(L)(Z) - E z O(Ll.)eLi'

i=1
LetS = S1, $2, ..., Sy be Gram matrices for L = L1, L», ..., Ly respectively. Then

Opny (D)= D Faen(s) (D™ D),

T>0
T even integral

where

N
Feen(s) (T = — > — a5

i=1

measures the average number of representations of 7' by the genus of S. In this section
we consider the problem of computing the average representation numbers rgen(s) (7).

The key to doing this is Siegel’s Hauptsatz, which says that 9;:31( L) lies in the subspace

of M,E")(N , x) spanned by Eisenstein series. Siegel went on to expresses the Fourier
coefficients rgen(z) (T) as a product of p-adic densities of solutions to the representation
problem. Here we will give a very explicit formula for these representations numbers
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(in our special case) in terms of the Fourier cofficients of Siegel-Eisenstein series,
under the assumption that the level is squarefree and the character is trivial.

Hence suppose that N is squarefree. It is well-known that the (n — 1)-cusps of the
Satake compactification S (1"0(") (N)\H,,) of the complex analytic space 1"0(") (N)\H,
are in bijective correspondence with positive divisors of N (see [4] for a description of
the full cuspidal configuration of the Satake compactification in this case). Specifically,
one may use the following system of representatives: for each p | N, fix a matrix y,

satisfying the conditions
-1
" ") mod p,
0,

0
") mod ¢ forallg | N,q # p.

n ln

=

S = = 2O
3

Ford | N,setys =[] pla Vp (@and y; = 1a,). Write @ for the Siegel lowering operator

2()(2) =kli)n;of(g ZOA)

where Z € H, and Z' € H,,_. The Siegel lowering operator maps Siegel modular
forms of degree n to Siegel modular forms of degree n — 1, and geometrically corre-
sponds to restricting f to a particular (n — 1)-cusps. With y; as above, the function
f = @(flyq) corresponds to restricting f to the cusp represented by yg.

Proposition 4.1 Let L be an even lattice and S a Gram matrix of L. Suppose that
the level N is squarefree and det(S) is a square, so that 61 € My (N). For a prime

divisor p of N, let s,,(L) be the Hasse invariant of Q on L ®z, Z,, normalized as in
[14]. For any divisor d of N, let d,, be the highest power of p dividing det(S). Then

—n/2 -1
@0, lkva) = [T (45" *sp(0)") 013",
pld

where
#.d # 1

denotes the lattice dualized at all primes p | d.

Proof Let p be any prime divisor of d. Applying [1] Lemma 8.2(a) with [ = n (noting
that the factor y, (d,) = 1 since d, is a square) we obtain

—n/2
0, vy = dp" s, (L)"6),.
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where

1
Lhr = L#HZ[—:| L
P

denotes the lattice dualized only at p. Since d), and s, are local to p and N is squarefree
we can apply this result now at other primes dividing d to see that

0" 1va = [T (45" sp(L)") 631,
pld

where L*4 is as in the statement of the proposition. Applying the Siegel lowering
operator we obtain the result. O

Corollary 4.2 Let L be an even integral lattice of rank 2k, k > 4. Assume that the level
N is squarefree and the transformation character of 0y, trivial, so that 0 € My (N).
Let E(ny, Ny, Ny) be the Eisenstein series in the natural basis. Then

Ogen(L) = z c¢(No, N1, N2)E(ng, Ny No) s

where the sum is over all tuples (Ng, N1, N») of positive integers such that NoN1 N, =
N, and the coefficients are given by

—-1/2 _
c(No. N1, N2y = [T dy s [T 4,
PIN1 pIN2
In particular if T € ngxmz is positive definite and semi-integral then the average
representation number rgen(s)(T) is given by

reen(s)(T) = ZC(NO, N1, N2)a(T; E(Ng, vy, N2)s

where the sum and c(No, N1, N2) are as above, and a(T; By, ny,N,)) is given by
Theorem 3.3.

Proof By Siegel’s Hauptsatz we know that 0ge (1) is a linear combination of Eisenstein
series. Now the Eisenstein series comprising our basis are characterised by E(ny, v, n5)
being the unique weight k and level N = NoN| N> Eisenstein series which takes the
value 1 at the cusp corresponding to (Ng, N1, N2) and the value O at all others. One
easily checks that this condition is

D (D (Eng, N1, N0 lYAs) lyny) = 1.
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Thus to express 6 2") as a linear combination of Eisenstein series it suffices to compute
the value of 92") at the O-cusp (No, N1, N2). By Proposition 4.1 we have

—-1/2 —
@ (@ (61" 1vw) Ivm ) = [T s> [] 05,

PINt PIN2
using the fact that N1 and N, are coprime. O

We emphasise that everything in Corollary 4.2 is completely explicit. To illustrate
this we consider the case when the genus of the quadratic form corresponding to
S contains only one isomorphism class. Then the average and exact representation
numbers rgen(s) () and rg(T) are the same object and Corollary 4.2 gives us an exact
formula for these. Now if S is of size 2k then it describes a modular form of weight
k; in order to analyse this with Eisenstien series we require k to be even and at least
4. According to the Nebe—Sloane database there are 36 8-dimensional lattices which
form a single-class genus (and none in higher dimensions divisible by 4); of these there
are 5 which satisfy the condition that the level be squarefree and the transformation
character trivial. As noted in the introduction one of these (which has matrix S| in the
following) is Eg, the others are not unimodular but have small prime level. Explicitly
these lattices are the following: we regard a symmetric matrix S = (s;;) of size 8 as
being determined by a tuple

v(S) = (511, 521, $22, 831, 532, $33, - - -, 581, 582, 583, 584, 585, 586, 587, 588)-

Then the Gram matrices S; for the 8-dimensional single-genus even lattices of square-
free level and trivial character are determined by

v(Sp)y=@2,1,2,1,1,2,1,0,0,2,1,1,0,0,2,1,1,0,0, 1,2, 1, 0,
1,0,0,0,2,1,1,0,1,1, 1,0, 2),

v($) =@2,-1,2,0,-1,2,0,0,-1,2,0,0,0,-1,2,0,0, -1, 0,
0,2,0,0,0,0,0,0,2,0,0,0,0,0,0,1, 2),

v(S3)=@2,1,2,-1,-1,2,1,1,0,2,1,1,0,1,2,1,1,0,1, 1,2, 1,
1,0,1,1,1,2,1,1,0,1,1, 1, 1, 2),

v(S4) =(2,0,2,0,0,2,1,1,1,2,0,0,0,0,2,0,0,0,0,0,2,0,0,0,
0,0,0,2,0,0,0,0,1,1,1,2),

v(Ss) =(2,0,2,0,0,2,1,-1,1,4,0,0,0,1,2,0,0,0,-1,0, 2,0,
0,0,-1,0,0,2,0,0,0,1,0,0,0,2).

Computing the level of each lattices and applying Proposition 4.1 we obtain the data
listed in Table 1. With the easily computable formula of Theorem 3.3 one can now
compute representation numbers of these quadratic forms very quickly on a computer.
Of course the same reasoning applies to allow quick computation of representation
numbers of genus-averages of quadratic forms, provided that the level is squarefree
and the transformation character is trivial.
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Table 1 Degree two representation numbers of the quadratic forms in eight variables which are the unique
form in their genus

Matrix Level Number of representations of T’

S1 1 a(T;Eq 1,1,1))

S 3 a(T;Bq,3,1,1)) + (1/3)a(T; Eq (1,3,1) + (1/9 a(T; Eq (1,1,3)
53 2 a(T;Bq,2,1,1) + (1/2) a(T; Eq (1,2,1)) + (1/4) a(T; Eq (1,1,2)
Sy 2 a(T;Eq,2,1,1)) + (/Y a(T; Eq (1,2,1)) + (1/16) a(T; g (1,1,2))
Ss 2 a(T;Eq 2,1,1)) +(1/8)a(T; Eq (12,1)) + (1/64) a(T; Eyg (1,1,2))
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