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Abstract
Intertemporal choices play a fundamental role in the lives of individuals, and the Dis-
counted Utility model is the essential framework for describing decision makers’ attitudes 
in front of alternatives structured over multiple periods. The classical formulation of the 
model assumes constant preferences over time, i.e., it assumes that individuals’ choices 
are consistent. Empirical evidence, however, shows that individuals’ preferences do not 
respond to this assumption, generating temporally inconsistent decisions. This paper 
addresses the problem of temporal inconsistency in order to interpret and describe anoma-
lous choices, i.e., not rationalizable from a theoretical point of view, through the cognitive 
distortions of the decision-maker. Indeed, even if we assume that the investor is a rational 
subject, behavioral finance suggests that an anomaly is part of the human being and must 
be recognized as a systematic condition of the decision-making process. Exploiting the 
relationship between the rate of impatience and temporal preference, this work aims to 
demonstrate that the degree of decrease in impatience quantifies the weight of emotional 
drives in the anomalies of intertemporal choices. An experimental approach based on con-
structing the hyperbolic factor for each individual in different contexts is presented to test 
our results. The variability in the collected data highlights that individuals’ behavior is very 
different, suggesting the need to project strategies in personalized finance.

Keywords  Intertemporal choice · Discounted Utility model · Hyperbolic discount · 
Inconsistency · Anomalies · Impatience · Hyperbolic factor · Decreasing impatience

1  Introduction

The numerous real actions which seem little anchored to the canons of rationality have 
created a discrepancy between the theoretical-normative, rational context and the effective 
actions of investors (Rubaltelli, 2016). The Discounted Utility model, proposed by Samu-
elson (1937), assumes that individuals’ choices do not change over time (Cruz Rambaud 
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et al. 2018a). This study analyzes, from a psychological perspective, the situations in which 
these choices are inconsistent. Indeed, inconsistency in intertemporal choices refers to the 
inconsistency of the decision-making process between the short and long term. Specifi-
cally, the former appears when an individual changes her attitude towards the choice and, 
thus, there is a change associated with haste and, consequently, with impatience. Therefore, 
the anomalies derived from the Discounted Utility model will be related to emotional fac-
tors through a description involving impatience and its degree of decrease.

To clarify the characteristics of the above phenomenon, Prelec (2004) has proved the 
equivalence between a decreasing impatience in time and the selection of non-optimal 
results from any temporal point of view. Based on this approach, this research compares 
the preferences exhibited by an investor adjusted to hyperbolic discounting with others 
who follow exponential discounting, by describing the central anomalies of the Discounted 
Utility model in terms of impatience. This study shows that delay effect, for which “as the 
waiting time increases, discount rates tend to be higher in short intervals than in longer 
ones” (Ventre and Ventre 2012; Cruz Rambaud and Muñoz Torrecillas 2016), is deter-
mined by a discount function which decreases non constantly, indicating a steep trend 
depending on the interval in which the evaluation periods reside. The interval effect, which 
suggests the situation in which shorter intervals bring more significant discounts per unit 
time (Read 2004; Read and Roelofsma 2003), is studied as a direct expression of whether 
preferences are affected by the subjective perception of time. The relationship between the 
interval effect and delay effect, inspired by Cruz Rambaud and Ortiz Fernández (2021), is 
also analyzed. Regarding the magnitude effect, which indicates the phenomenon whereby 
smaller amounts are discounted at a higher rate (Benzion et al. 1989; Holcomb and Nel-
son 1989; Cruz Rambaud et al. 2018b and 2018c), this paper proves that the increase of 
the considered amounts also increases individual’s propensity to wait. The latter attitude 
could be psychologically explained because small amounts are associated with immediate 
consumption whilst more significant results are linked to future investment. To study the 
sign effect, which stresses that the discount rate for gains is much higher than the discount 
rate for losses (Loewenstein and Thaler 1989), we will follow two roads. The first approach 
is based on the aversion to losses for which the disutility of negative amounts is greater 
than the utility perceived by a gain of the same entity. The second approach is based on 
the prospect theory. The psychological aspects of loss aversion are encapsulated in a coef-
ficient 𝜖 > 1 , representing the penalty related to negative versus positive outcomes. In this 
case, we will prove that the sign effect can be justified if the cardinal utility function, used 
to calculate the intertemporal utility function of a prospectus, is replaced by the utility 
function proposed by the prospectus theory (see Sect. 4.5).

Finally, the construction and analysis of the experimental part are presented empirically, 
confirming our hypotheses. This study suggests that, since the decrease in impatience can 
be seen as reflecting the irrationality underlying preference reversal and thus as the ori-
gin of inconsistent choices, this experimental approach can be adopted to study behavioral 
biases of individuals.

This paper is structured as follows. A brief description of the Discounted Utility model 
is presented in Sect.  2, followed by a more formal definition of preferences defined as 
inconsistent. In Sect. 3, the concept of impatience is introduced with a brief description 
of the various tools which are useful to calculate its degree. Specifically, in its fourth para-
graph, impatience is analyzed in the context of exponential discounting and is presented in 
terms of consistent choices. In Sect. 4, we compare consistent and inconsistent preferences 
through the variation of the degree of impatience. In this regard, the following anoma-
lies have been analyzed: the delay effect, the interval effect, the magnitude effect, and the 
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sign effect. Section 5 presents an empirical experiment to detect the presence of the former 
effects in contexts of intertemporal choice. Finally, Sect. 6 discusses the obtained results, 
and Sect. 7 summarizes and concludes.

2 � The discounted utility model and the discount rate

The term “intertemporal choice” is related to decisions whose consequences are distributed 
over time. The intertemporal dimension of this type of choice is that, once a set of goods 
has been fixed, the decision-maker must express a preference for results placed at different 
points in time. The individual behaviors do not always fall in the context of the economic 
perspective where a person is assumed to be represented by a single discount rate, specifi-
cally the image of her attitude towards the future. Analogous inconsistencies are met at a 
societal level.

The Discounted Utility (DU) model for measuring the utility of an intertemporal pro-
spectus, described by Samuelson (1937, 1952), provides that decision-makers shall add 
up the values associated with each alternative by considering the utility of the individual 
goods as if they were received immediately, multiplied by the discounted rate which is one 
of the main elements of the model because it reduces the utility associated with the present, 
based on the distance between the decision and the retraction of the considered result. In 
this way, let us consider the following example.

Example 1  Let us assume investing today on a figure of $50 with a rate of return r > 0 . 
After one year, the value of the amount is 50 + 50r . Therefore, if in a year we wanted to 
perceive $50, we should invest an amount equal to 50∕(1 + r).

By applying the reasoning of Example 1 to a good � , whose outcomes, at specific times 
t and t + 1 , are �t and �t+1 , respectively, its utility would result in:

where � is the intertemporal discount rate which gives the information on how the indi-
vidual estimates the outcome of � in the period t + 1 . By generalizing the former reasoning 
to n periods, one has:

where � ∶= 1∕(1 + �) is called the discount factor.
The expressions displayed in Table 1 (Read 2004) are among the most used discount 

functions depending on a parameter k, say Fk , with specification of their corresponding 
rates �k and discount factors fk.

Observe that, in all cases, the discount function is decreasing over time. However, the 
discount rate corresponding to the exponential model is constant for all future periods 

U(�t, �t+1) = U(�t) +
U(�t+1)

1 + �
,

U(�t, �t+1, �t+2,… , �t+n)

= U(�t) +
U(�t+1)

1 + �
+

U(�t+2)

(1 + �)2
+⋯ +

U(�t+n)

(1 + �)n

=

n∑

k=0

1

(1 + �)k
U(�t+k) =

n∑

k=0

�kU(�t+k),
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whilst, in all hyperbolic models, the discount rate is variable. These various formulations 
lead to different qualitative and quantitative conclusions in the prediction of behavior. In 
general, the descriptive power of the hyperbolic discounting for individual preferences is 
greater (Green and Myerson 1997).

A preference is temporally consistent only when using exponential discount where the 
discount rate is constant and the discount factor decreases steadily in the sense that, given 
two future instants t + m and t + n , with m < n , the discount factor only depends on the dif-
ference m − n and not on the values t and s.

Empirically, it has been shown that people tend to apply a drastic discount on short 
periods and a milder discount on more extended periods (hyperbolic discount). The conse-
quence of this mechanism is that preferences are inconsistent, i.e., they vary over time so 
that yesterday’s perfect plans are not as optimal today. For this reason, in recent years, the 
hyperbolic discount has been established as the default option for describing the behavior 
of hyperbolic agents.

3 � Impatience and inconsistency

3.1 � Definition of impatience: some results

Definition 1  A discount function in one variable is a map

such that

where:

•	 F(0) = 1,
•	 F(t) > 0 , for every t, and
•	 F(t) is strictly decreasing.

F ∶ ℝ
+
⟶ ℝ,

t ↦ F(t),

Table 1   Most used discount functions depending on a parameter k. Source: Read (2004)

Discount 
parameter

Exponential discounting Hyperbolic discounting

(Samuelson 1937) One parameter Generalized Proportional discount

(Mazur 1984) (Loewenstein and 
Prelec 1992)

(Harvey 1994)

Fk
(

1

1+�

)k 1

1+hk
(1 + �k)−�∕�

r

r+k

�k
�

1+�
h

1+hk

�

1+�k

1

r+k

fk
1

1+�

1+h(k−1)

1+hk

[
1+�(k−1)

1+�k

]�∕� r+k−1

r+k
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Therefore, the discount function represents the value at 0 of a $1 reward available at instant 
t (Cruz Rambaud and González Fernández 2019).

Definition 2  Let F(t) be a discount function in one variable. The impatience associated to 
F(t) in a generic interval [t1, t2] ( t1 < t2 ) is defined as:

Consequently, the patience associated to F(t) in the interval [t1, t2] ( t1 < t2 ) is defined as:

Theorem 1  Let be F1(t) and F2(t) two discount functions. The following three conditions 
are equivalent: 

	 (i)	 The ratio F2(t)

F1(t)
 is increasing.

	 (ii)	 The impatience represented by F1(t) is greater than the impatience represented by 
F2(t) , for every t1 and t2 such that t1 < t2.

	 (iii)	 If F1(t) and F2(t) are differentiable, for every t, 𝛿1(t) > 𝛿2(t) , where 

Theorem 1(iii) justifies that �(t) can be considered as an instantaneous measure of impa-
tience, i.e., it is not necessary to indicate the discounting interval (observe that this cri-
terion coincides with that displayed in (ii)). In the following, we will consider a flow of 
values (x0, t0;x1, t1;… ;xn, tn) ∈ (X × T)n+1 , where X = ℝ

m is the set of amount streams and 
T = ℝ

+ is the set of points of time. In addition, point t = 0 indicates “today” and, if the 
intertemporal prospectus is accepted by the decision-maker, it means that she will receive 
the amount xk at time tk and an outcome 0 ∈ X at times ti ≠ tk . We will assume that:

•	 For every x and y ∈ X , then x ⪰ y if, and only if, (x, 0) ⪰ (y, 0).
•	 There is x0 ∈ X such that x0 ≻ 0.
•	 ⪰ is a weak order relation.
•	 Preferences are continuous with respect to the product topology on X × T  , i.e., for every 

pair (x,  t), the sets {(u, s) ∈ X × T ∶ (u, s) ⪯ (x, t)} and {(u, s) ∈ X × T ∶ (u, s) ⪰ (x, t)} 
are closed. This hypothesis is equivalent to require that the transition from one prefer-
ence to another one is gradual, i.e., for every (x, t), (y, s) and (z, r) in X × T  , such that 
(y, s) ≻ (x, t) and (z, r) ≺ (x, t) , there exist u ∈ X and v ∈ X for which the indifference 
relations (u, r) ∼ (x, t) ∼ (v, s) hold. In particular, for every x, y and z in X and every 
s and t in T, such that (y, s) ≻ (x, t) and (z, s) ≺ (x, t) , there exists w ∈ X for which the 
indifference (w, s) ∼ (x, t) holds

•	 Preferences are monotonic, i.e., if x ⪰ y then (x, t) ⪰ (y, t) , for every t ∈ T .
•	 Preferences are impatient in the sense that, for every s < t , if x ≻ 0 , one has (x, s) ≻ (x, t) 

and, for every x ≺ 0 , then (x, s) ≺ (x, t) holds.

1 −
F(t2)

F(t1)
.

F(t2)

F(t1)
.

�i(t) = −
d lnFi(z)

dz

||||z=t
; i = 1, 2.
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•	 Preferences are represented by the Discounted Utility model in the following way: 

 where U is a utility function and F is a discount function.

3.2 � The decrease in impatience: a measure of its degree

Definition 3  The preference ⪰ exhibits decreasing impatience (DI) (resp. strictly decreas-
ing impatience) if, for every 𝜎 > 0 and 0 < x < y , (x, s) ∼ (y, t) implies (x, s + �) ⪯ (y, t + �) 
(resp. (x, s + 𝜎) ≺ (y, t + 𝜎)).

Definition 4  The preference ⪰ exhibits a decreasing impatience greater than ⪰∗ if, for every 
interval 0 ≤ s < t , 𝜌 > 0 , 𝜎 > 0 and, for every amount 0 < x < y and 0 < 𝛼 < 𝛽 such that 
(x, s) ∼ (y, t) , (x, s + �) ∼ (y, t + � + �) and (�, s) ∼∗ (�, t) imply (�, s + �) ⪰∗ (�, t + � + �)

.

Prelec (2004) experienced an equivalence between the selection of dominated results, i.e., not 
optimal from any time point of view and the decrease in the degree of impatience. In this 
sense, the decrease in impatience would be reflecting the irrationality underlying preference 
reversal. In addition, the degree of decrease in impatience indicates the “gap” between the 
concept of temporal preference and the concept of impatience.

The following result shows that the difference between the impatience rate and the time 
preference rate gives us information about how far we are moving away from stationarity 
throughout time.

Theorem 2  (Prelec 2004) Let ⪰ and ⪰∗ be two preference relations represented by U, F, U∗ 
and F∗ , where F and F∗ are differentiable at least twice. Let g(t) and g∗(t) be their respec-
tive impatience functions defined as g(t) ∶= F�(t)

F�(0)
 and g∗(t) ∶= (F∗)�(t)

(F∗)�(0)
 . The following state-

ments are equivalent: 

	 (i)	 ⪰ shows more DI than ⪰∗.
	 (ii)	 The difference between the impatience rate, defined as the ratio g�(t) to g(t), and the 

time preference rate is greater for function F than F∗ : 

The key idea of Prelec’s result is that the instantaneous discount rate of a preference exhib-
iting more decreasing impatience must have a smaller derivative. In general, for every dis-
count function F exhibiting decreasing impatience, one has:

∑

t

U(xt)F(t),

(
−
g�(t)

g(t)

)
−

(
−
F�(t)

F(t)

)
≥
(
−
(g∗)�(t)

g∗(t)

)
−

(
−
(F∗)�(t)

F∗(t)

)
.
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As 𝛿(t) > 0 , this justifies that − g�(t)

g(t)
− �(t) can be considered as a measure of decreasing 

impatience (see Theorem 3).
The importance of the degree of DI has led many researchers to look for a measure which 

could be calculated with simplicity. Rohde (2010) proposed a tool which does not need 
knowledge of the discount function and does not assume any information about the utility. 
In effect, consider the indifference relations (called a pair of indifference) (x, s) ∼ (y, t) and 
(x, s + �) ∼ (y, t + �) , with s < t , x < y , 𝜎 > 0 and 𝜏 > 0.

Definition 5  The hyperbolic factor is defined as the following rate:

A pair of indifference can be constructed by following the following steps (Rohde 2010): 

	 (I)	 Fix y ≠ 0 and fix s, t and � , with s < t and 𝜏 > 0.
	 (II)	 Find x such that (x, s) ∼ (y, t).
	 (III)	 Find � such that (x, s + �) ∼ (y, t + �).

3.3 � Relative impatience

Rohde (2009) has introduced different types of decreasing impatience: 

1.	 Starting from two rewards with different amounts and availability instants.
2.	 Starting from two rewards with the same amount, available at different times: 

(a)	 But compensating with a common time interval.
(b)	 But compensating with a common payment.

The first case allows the possibility that both dated rewards, (x, s) and (y, t) ( 0 < x < y ), are 
indifferent, giving rise to Definition 3. On the contrary, case 2(a) does not allow the indiffer-
ence between (x, s) and (x, t) ( 0 ≤ s < t ), unless the first amount x is anticipated and the sec-
ond x is delayed the same period of time:

d

dt
𝛿(t) = −

F��(t)F(t) − [F�(t)]2

[F(t)]2

= −
F��(t)F(t)

[F(t)]2
+

[F�(t)]2

[F(t)]2

= −
F��(t)F�(t)

F(t)F�(t)
+

[F�(t)]2

[F(t)]2

=
F�(t)

F(t)

[
−
F��(t)

F�(t)
+

F�(t)

F(t)

]

= − 𝛿(t)

[
−
g�(t)

g(t)
− 𝛿(t)

]
< 0.

H(s, t, �, �) ∶=
� − �

t� − s�
.

(x, s;x, t) ⪯ (x, s − �;x, s + �),



826	 V. Ventre et al.

1 3

for every 𝜏 > 0 such that � ≤ s . In this case, we will say that the preference ⪯ satisfies 
spread seeking. Finally, case 2(b) also does not allow the indifference between both 
rewards unless they are compensated by adding another amount available at time 0. This 
situation gives rise to definitions 6 and 7.

Definition 6  The preference ⪰ exhibits relative impatience if

with s < t and y ≻ 0.

The term “relative” indicates the dependence between the delay considered and the 
payment made in advance.

Definition 7  The preference ⪰ exhibits decreasing relative impatience (DRI) if every indif-
ference relation (x, 0;y, s) ∼ (z, 0;y, t) implies (x, 0;y, s + �) ⪯ (z, 0;y, t + �).

In this case, one has:

and

from where:

By dividing both sides of the former inequality by h and letting h → 0 , −F�(s) ≥ −F�(t) , 
whereby −F� is decreasing.

By comparing definitions 3 and 7, we can immediately observe that, for both con-
cepts, a time difference becomes less significant the further away it is from the present. 
However, the difference between two concepts is clarified by the following result:

Theorem 3  (Rohde 2009) For every t, one has:

where

and

In the following subsection, we will restrict our analysis to exponential discounting.

(x, 0;y, s) ≻ (x, 0;y, t),

x + yF(s) = z + yF(t)

x + yF(s + �) ≤ z + yF(t + �),

F(s) − F(s + �) ≤ F(t) − F(t + �).

DRI(t) = DI(t) + �(t),

DI(t) ∶= −
[lnF(t)]��

[lnF(t)]�
= −[ln �(t)]�

DRI(t) ∶= −
F��(t)

F�(t)
= −[lnF�(t)]�.
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3.4 � Impatience and exponential discount

Theorem  4  (Rohde 2009) The preference ⪰ is represented by the exponential discount 
F(t) = exp{−kt} , with k > 0 , if, and only if, the degree of decrease in relative impatience is 
constant and equal to k.

Thus, in case of an exponential discount function, as DI(t) = 0 , Theorem  3 results in 
DRI(t) = �(t) = k . Therefore, for decisions to be temporally consistent, the degree of 
impatience must remain constant over time, whilst the relative impatience must decrease 
over time constantly.

Theorem 5  Let A and B be two agents exhibiting exponential discount functions, FA and 
FB , with respective discount rates �A and �B . The following four conditions are equivalent: 

	 (i)	 If x and y are two arbitrary amounts such that x < y , available respectively at times 
s and t ( s < t ), then (x, s) ∼A (y, t) implies (x, s) ≻B (y, t).

	 (ii)	 Agent A is more patient than agent B.
	 (iii)	 The area under the graph of function FA(t) is greater than the area under the graph 

of FB(t).
	 (iv)	 The degree of decrease in the relative impatience of agent A is less than the degree 

of decrease in the relative impatience of agent B.

Proof  (i) ⇒ (ii). By hypothesis, FA(s)

FA(t)
<

FB(s)

FB(t)
 , that is, FA(t)

FB(t)
>

FA(s)

FB(s)
 . We can therefore apply 

Theorem 1, for which the increase of FA(t)

FB(t)
 is a condition equivalent to state that the impa-

tience represented by FB(t) is greater than that represented by FA(t) . So, A is more patient 
than B.

(ii) ⇒ (iii). By hypothesis, 𝛿A < 𝛿B . In this case,

(iii) ⇒ (iv). This proof of this implication is immediate because, in this case, 𝛿A < 𝛿B , and 
DRI(A) = �A and DRI(B) = �B.

(iv) ⇒ (i). By hypothesis, 𝛿A < 𝛿B . Consider two amounts x and y such that x is available 
at time s and y is available at time t, with s < t . Assume that agent A exhibits the indiffer-
ence (x, s) ∼A (y, t) . In these conditions, one has:

This inequality implies (x, s) ≻B (y, t) . 	�  ◻

Thus, the information related to the area under the graph of the discount function is 
linked to the degree of decrease in the relative impatience of the agent.

∫
+∞

0

exp{−𝛿Az}dz = −
exp{−𝛿Az}

𝛿A

]+∞

0

=
1

𝛿A
>

1

𝛿B
= ∫

+∞

0

exp{−𝛿Bz}dz.

U(x)

U(y)
=

FA(t)

FA(s)
= exp{−𝛿A(t − s)} > exp{−𝛿B(t − s)} =

FB(t)

FB(s)
.
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3.5 � Decrease in impatience and misperception of time

The expression proposed by Prelec (2004) to calculate the degree of decrease in impatience 
is equivalent to the speed with which the discount rate varies:

This equality determines a game between impatience and subjective perception of time. 
Delfino (2011), deepening this topic, observed that an increase in the temporal sensitivity 
gives rise to a decrease in the discount rate variation. We can then conclude, in terms of 
misperception of time, that:

•	 DI(t) ≥ 0 if the objective and subjective times are bound by a reverse relationship.
•	 DI(t) ≤ 0 if the objective and subjective times are proportional.

Therefore, the discount rate can identify the decrease in impatience but cannot measure its 
degree and this means that distinct objects remain.

4 � The decreasing impatience in anomalies

As the DI property determines significant effects on the selection of dominated results 
and decision persistence, the degree of impatience will be the protagonist of our study. In 
the light of the former observation, some anomalies of the Discounted Utility model will 
be analyzed by comparing the behavior of an agent A (exponential discount) and another 
agent B (hyperbolic discount).

4.1 � Delay effect

The delay effect consists in a reversal of preferences due to the increase in the deferral 
interval. For example, suppose that initially agent B is indifferent between receiving a cer-
tain amount x at time s and a greater amount y at time t but, postponing both receptions by 
a constant period h, if the delay effect holds, this agent will prefer y at t + h over x at time 
s + h:

However, as far as agent A is concerned, since the exponential discount provides that alter-
natives are always perceived in the same way (Thaler and Shefrin 1981), one has:

By applying the definition of the Discounted Utility model, one has:

DI(t) = −
[lnF(t)]��

[lnF(t)]�
= −[ln �(t)]�.

(1)(x, s) ∼B (y, t) ⇒ (x, s + h) ≺B (y, t + h).

(x, s) ∼A (y, t) ⇒ (x, s + h) ∼A (y, t + h).

U(y)

U(x)
=

FA(s)

FA(t)
=

FA(s + h)

FA(t + h)
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and

This means that agent B’s discount factor decreases non-constantly by indicating a steep 
trend based on the interval in which the evaluation periods reside.

Theorem 6  If condition (1) holds, then the rate of variation of the discount function FB is 
decreasing.

Proof  To analyze the rate of decrease of the discount function FB , just note that, starting 
from the former inequalities, we have:

Taking natural logarithms:

and re-ordering and dividing by h:

Letting h → 0:

Thus, 𝛿B(s) > 𝛿B(t) , which indicates that the rate of variation of FB decreases over time dif-
ferently from that of agent A which instead is constant. 	�  ◻

Until now, we have always assumed that, for every x and y in X, and for every s and t in 
T, (x, s) ∼A (y, t) implies (x, s) ≺B (y, t) . In the following theorem, we are going to assume 
that the former hypothesis has some exemptions.

Theorem  7  Assume that agent A exhibits constant time preference �A and agent B 
decreasing time preference �B(t) . If there exist x0 and y0 in X, and s0 and t0 in T such that 
(x0, s0) ∼A (y0, t0) and (x0, s0) ∼B (y0, t0) , then:

•	 There is � such that, for every t ∈ [0, �) , agent B is more impatient than agent A and, 
for every t ∈ (�,∞) , agent B is more patient than agent A.

•	 There is T < 𝜏 such that, for every t ∈ [T , �] , agent A exhibits less impatience, but 
greater relative impatience, than agent B.

Proof  As (x0, s0) ∼A (y0, t0) and (x0, s0) ∼B (y0, t0) , then:

U(y)

U(x)
=

FB(s)

FB(t)
>

FB(s + h)

FB(t + h)
.

FB(s)

FB(t)
>

FB(s + h)

FB(t + h)
.

lnFB(s) − lnFB(t) > lnFB(s + h) − lnFB(t + h),

lnFB(s) − lnFB(s + h)

h
>

lnFB(t) − lnFB(t + h)

h
.

−(lnFB)
�(s) > −(lnFB)

�(t).

exp

{
−∫

t0

s0

�Adz

}
= exp

{
−∫

t0

s0

�B(z)dz

}
,
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from where:

Consequently, as �B(t) is decreasing, there is � ( s < 𝜏 < t ) such that �B(�) = �A . Moreover,

•	 For every t such that 0 ≤ t < 𝜏 , �B(�) ≥ �A.
•	 For every t such that t ≥ � , 𝛿B(𝜏) < 𝛿A.

So, for every t ∈ [0, �) , agent B is more impatient than agent A and, for every t ∈ (�,∞) , 
agent B is more patient than agent A. Obviously, FA(𝜏) > FB(𝜏) . As �A = �B(�) , there 
is T ( 0 < T < 𝜏 ) such that, for every T < t < 𝜏 , −F�

A
(t) > −F�

B
(t) . So, for every t such that 

T < t < 𝜏 , agent A exhibits less impatience, but greater relative impatience, than agent B. 	
� ◻

Consequently, for choices close enough to the present moment, agent B will be more 
inclined to accept smaller and immediate amounts. In effect, let x and y be two amounts 
such that (x, 0) ∼A (y, t) , where s < t < 𝜏 . Then (see the proof of Theorem 7) 𝛿B > 𝛿A , which 
implies (x, 0) ≻B (y, t).

By translating the choice into the future, agent B’s impatience will diminish to such an 
extent that the preference falls on the higher and less immediate results. In effect, let x and 
y be two amounts such that (x, h) ∼A (y, t + h) , where h > 𝜏 . Then 𝛿B < 𝛿A , which implies 
(x, h) ≺B (y, t + h).

4.2 � Interval effect

The interval effect is a direct expression of the fact that preferences are conditioned by the 
subjective perception of time. In fact, Zauberman et al. (2009), by studying through a series 
of experiments the relationship between the time at which a prospectus is assessed and the 
review of the result, have shown that people perceive time differently from reality and, there-
fore, that their choices at a given time do not depend on the actual duration of the interval but 
on how it is perceived by the agent.

In effect, consider the following indifference relationships, where d2 − d1 = d3 − d2:

•	 I1: (x1, d1) ∼ (x2, d2) and (x2, d2) ∼ (x3, d3).
•	 I2: (x1, d1) ∼ (X3, d3).

For Agent A (who exhibits exponential discounting), one has:

from where:

However, from an experimental perspective (Agent B), given that the interval [d1, d3] is 
larger than [d1, d2] and [d2, d3] , the inequality U(X3) < U(x3) holds. Thus,

∫
t0

s0

�Adz = ∫
t0

s0

�B(z)dz.

U(X3)

U(x1)
=

FA(d1)

FA(d3)
=

FA(d1)

FA(d2)

FA(d2)

FA(d3)
=

U(x2)

U(x1)

U(x3)

U(x2)
,

U(X3) = U(x3).
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from where:

Taking d3 = d1 + h , subtracting 1 in the two sides of the former inequality and letting 
h → 0 , one has:

The latest inequality is compatible with the following three possibilities: 

1.	 �B(t) is constant.
2.	 �B(t) is increasing.
3.	 �B(t) is decreasing.

Let us analyze the three cases separately.
Case 1. If �B(t) is constant, then Agent B exhibits exponential discount and, as indi-

cated in Sect. 3.4, agent A is more impatient than agent B. This explains why agent A 
requires a higher reward to be compensated for waiting from d1 to d3.

Case 2. If �B(t) is increasing, one has:

which implies

and then

Last inequality indicates that DRIB(t) < 𝛿B(t) , which is equivalent to DIB(t) < 0 , which 
confirms the assumption that �B is increasing.

Case 3. If �B(t) is decreasing, analogously to case 2, it can be shown that 
DRIB(t) > 𝛿B(t) , i.e., DIB(t) > 0.

An alternative analysis of this phenomenon could be carried out by considering 
Agent B’s perception of the interval [d1, d3] . The latter, in fact, is perceived differently 
from the actual duration equivalent to 2 times [d1, d2] and, with respect to which, it will 
be larger depending on the distance from the present, the length of the interval itself 
and the sign of the DI(t). Nyberg et al. (2010) claim that men spend most of their time 
thinking about the past or imagining the future: the term “time of mental travel” refers 
to the activity in which such thoughts concern the self. So, preferences are conditioned 

U(x1)FB(d1) = U(X3)FB(d3) < U(x3)FB(d3),

FB(d1)

FB(d3)
=

U(X3)

U(x1)
<

U(x3)

U(x1)
=

FA(d1)

FA(d3)
.

𝛿B(d1) < 𝛿A(d1).

𝛿B(t) < 𝛿B(t + h),

F�
B
(t)

FB(t)
>

F�
B
(t + h)

FB(t + h)
,

F�
B
(t)

F�
B
(t + h)

<
FB(t)

FB(t + h)
,

lnF�
B
(t) − lnF�

B
(t + h) < lnFB(t) − lnFB(t + h)

−[lnF�
B
(t)]� < −[lnFB(t)]

�.
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not only by one’s ability to imagine but also by the will to make the efforts necessary to 
realize the mental representation.

From inequality U(x1)FB(d1) < U(x3)FB(d3) , we know that there is an instant D3 for 
which U(x1)FB(d1) = U(x3)FB(D3) , from which FB(D3) < FB(d3) , and so D3 > d3 . Then:

The relationship between D3 and d3 indicates how the agent perceives time intervals. 
Therefore,

•	 If agent B shows increasing impatience, she imagines the moment farther than it is, a 
perception which increases with d1 and d2 − d1 . By projecting herself at the moment in 
question, her impatience is such that she accepts a smaller amount than that she actu-
ally would like to receive. The larger the interval is, the greater the impatience and the 
more dilated the perception of the interval will be.

•	 If agent B shows decreasing impatience, then the situation is the opposite to the previ-
ous one, in the sense that the perception of the interval [d1, d2] will be more dilated for 
intervals closer to the present ( d1).

4.3 � Relationship between the delay and interval effects

In Sects. 4.1 and 4.2, we have verified that the variation in impatience is the key to read 
how the expectation is perceived. This is due to two factors:

•	 the variation of the period between the decision and the reception of the result, and
•	 the variation of the intervals which separate the involved amounts.

In effect, by considering an agent with hyperbolic discount and so decreasing impatience, 
the two anomalies would be as follows:

•	 The discount rate is reduced as the deferral period increases.
•	 The discount rate is reduced as the interval length increases.

From this point of view, it is therefore possible to retract the phenomenon of the delay 
effect as a particular case of the interval effect. Setting d1 = 0 means that the increase in 
the range d2 − d1 coincides with an increase of the period. The aim of the following para-
graphs is to interpret the preferences not in terms of delay but according to the length of 
the considered intervals, with d2 − d1 = d3 − d2 = h . In effect, assume that (x, 0) ∼B (y, h) . 
There is an agent A (with exponential discount function) such that (x, 0) ∼A (y, h).

As h increases, the slope of the discount function decreases and the tendency of the 
agent to wait for the larger and later amounts is amplified. In effect, from preferences 
(x, 0) ∼A (y, h) and (x, 0) ∼B (y, h) , one has FA(h) = FB(h) . By assuming that FB varies with 
a decreasing speed with respect to FA then FA(2h) < FB(2h) . Therefore:

So, from the indifference (x, h) ∼A (y, 2h) , one has:

D3 − d1 > d3 − d1 = 2(d2 − d1).

FA(h)

FA(2h)
>

FB(h)

FB(2h)
.
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This inequality is equivalent to saying that:

4.4 � Magnitude effect

The magnitude effect concerns the change in the discount rate according to the size of 
amounts. Many studies, such as Andersen and Harrison (2013), demonstrate that, for 
smaller amounts, the discount rate has a trend steeper than the corresponding to larger 
amounts, highlighting the need to formulate a model which considers the amount of money.

However, the first reading of the phenomenon follows from observing that the agent is 
willing to wait longer in order to obtain a more significant result, as is the case of the delay 
effect. From this point of view, the two anomalies are not so different but, whilst the impa-
tience of the delay effect depends on time and its perception, for the magnitude effect the 
impatience depends on the monetary value and the subjective perception that the agent has 
of it. Therefore, to exclude a model which explicitly considers the involved amounts, it 
would be sufficient to consider that the perceived utility and the patience are closely 
related. A psychological explanation, provided by Loewenstein and Thaler (1989), is that 
small sums are associated with immediate consumption whilst larger amounts are linked to 
an idea of future investment. From this point of view, delays in small amounts lead to a 
greater variation in the discount function. In effect, consider the following preferences, 
with s < t , x < y , X < Y  and U(y)

U(x)
=

U(Y)

U(X)
:

and

We can immediately observe that, by increasing the amounts, the time interval that agent B 
is willing to wait to receive the highest amount also increases, showing a patience greater 
than that she would exhibit in the case of less important sums.

Let us demonstrate that the degree of decrease in impatience depends not only on how 
much longer we are willing to wait but also on the difference of amounts. In particular, the 
agent B’s impatience associated to the period [s, t] ( s < t ) for X and Y is less than that of 
agent A:

from which

and so

U(y)

U(x)
=

FA(h)

FA(2h)
>

FB(h)

FB(2h)
.

(x, h) ≺B (y, 2h).

(x, s) ∼A (y, t); (X, s) ∼A (Y , t)

(x, s) ∼B (y, t); (X, s) ≺B (Y , t).

FA(s)

FA(t)
=

U(Y)

U(X)
>

FB(s)

FB(t)
,

FB(t)

FB(s)
>

FA(t)

FA(s)
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Observe that, since agent A’s impatience is constant, from (x, s) ∼A (y, t) and (x, s) ∼B (y, t) , 
it follows that the degree of DIB(t) increases as the initial amount increases. In fact, for 
agent A, a change in results does not involve a change in value ( FA(s) − FA(t) ), under the 
condition U(y)

U(x)
=

U(Y)

U(X)
 , suggesting that it is only the degree of decrease in impatience that is 

sensitive to the absolute difference in results. Loewenstein and Thaler (1989) already 
observed that the consumer is influenced by this factor: the perception between €10 today 
and €15 tomorrow is different from the perception between €100 today and €150 tomor-
row. The difference between the sums of the second case is felt more.

Theorem 8  Let x and y, with x < y , and X and Y, with x < X < Y  , such that U(y)

U(x)
=

U(Y)

U(X)
 . If 

(x, s) ∼B (y, t) , then (X, s) ≺B (Y , t) if, and only if, U(y) − U(x) < U(Y) − U(X).

Proof  In effect, by taking s = 0 , if (x, s) ∼B (y, t) then FB(t) =
U(x)

U(y)
.

Necessity. As (X, s) ≺B (Y , t) , one has FB(t) >
U(X)

U(Y)
 , from which:

and

By multiplying the last inequality by U(Y) and taking into account that U(Y)

U(y)
> 1 , it follows 

U(y) − U(x) < U(Y) − U(X).
Sufficiency. Assume that Y − X > y − x . As [1 − FB(t)]X > [1 − FB(t)]x , by combining 

both inequalities, one has:

from where Y > XFB(t) and so (X, s) ≺B (Y , t) . 	� ◻

Moreover, by considering the most significant sums, the preferences (X, s) ∼A (Y , t) and 
(X, s) ≺B (Y , t) are equivalent to saying that agent A is more impatient than agent B by 
Theorem  1, because FB(s)

FB(t)
<

U(X)

U(Y)
=

FA(s)

FA(t)
 implies FB(t)

FA(t)
>

FB(s)

FA(s)
 and so the ratio FB(t)

FA(t)
 is 

increasing.

4.5 � Gain‑loss asymmetry

Gain-loss asymmetry, also known as sign effect, means that people tend to anticipate losses 
more than earnings of the same magnitude. In that case, instead of comparing agents A 
and B, we will compare agent B discount functions in losses ( F− ) and gains ( F+ ) situations 
trying to characterize their differences. By observing that the delay of an amount implies 
a greater risk due to the uncertain nature of the future, it is understood that, taking into 
account the impatience, an agent will prefer to obtain a profit as soon as possible and to 

1 −
FB(t)

FB(s)
< 1 −

FA(t)

FA(s)
.

1 −
U(x)

U(y)
= 1 − FB(t) < 1 −

U(X)

U(Y)

U(y) − U(x)

U(y)
<

U(Y) − U(X)

U(Y)
.

Y − XFB(t) > y − xFB(t) = 0,
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delay losses as much as possible. However, experimental evidence shows us exactly the 
opposite (Yates and Watts 1975).

From a psychological point of view, this phenomenon is justified by considering that 
waiting for a loss generates a negative utility. In this sense, therefore, anticipating a nega-
tive result means stopping to worry about it. Loewenstein and Thaler (1989) observed in 
this connection that individuals suffer from a loss aversion for which the disutility of nega-
tive amounts is greater than the utility perceived by a gain of the same magnitude. In order 
to formalize this situation, consider 0 < x < y and s < t . In this case, by focusing the sign 
effect on the discount functions F+ and F−:

By calculating the impatience in the interval [s,  t], taking into account both preferences, 
one has:

Therefore, the individual will be less patient when it comes to losses and so, taking 
t = s + h , one has:

Letting h → 0:

and so

A second approach which can be used to analyze the gain-loss asymmetry is the well-
known prospectus theory, developed by Tversky and Kahneman (1992). From the point of 
view of this behavioral theory, the value assigned to a result x is based on the change from 
a reference point according to the following function:

The psychological aspects of loss aversion are enclosed in the coefficient 𝜖 > 1 which rep-
resents the penalty related to negative compared to positive results1. Numerous studies have 
estimated the value of � and the founders of the theory have proved that � = 2.25 (Tversky 
and Kahneman 1992). So, in terms of losses, the perceived difference is more than double 
the actual difference. Therefore, for the sign effect to occur, impatience must depend on the 
difference in the utility functions of involved results.

(x, s) ∼ (y, t) implies (−x, s) ≻ (−y, t).

1 −
F+(t)

F+(s)
= 1 −

U(x)

U(y)
= 1 −

U(−x)

U(−y)
< 1 −

F−(t)

F−(s)
.

1 −
F+(s + h)

F+(s)
< 1 −

F−(s + h)

F−(s)
.

−
(F+)�(s)

F+(s)
< −

(F−)�(s)

F−(s)

𝛿+(s) < 𝛿−(s).

V(x) ∶=

{
U(x), if x ≥ 0

−U(−𝜖x), if x < 0

1  Observe that this condition is less restrictive than that presented by Al-Nowaihi et al. (2008).
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Theorem  9  If the utility of a result is calculated as V(x), where 𝜖 > 1 (according to the 
prospectus theory) and U is concave ( U′′ < 0 ), then, for every 0 < x < y and s < t , 
(x, s) ∼ (y, t) implies (−x, s) ≻ (−y, t).

Proof  In effect, for every 0 < x < y and s < t , (x, s) ∼ (y, t) implies F(t)
F(s)

=
U(x)

U(y)
 . In this case, 

one has:

Therefore, V(−x)
V(−y)

<
F(t)

F(s)
 and then V(−x)F(s) > V(−y)F(t) , which means (−x, s) ≻ (−y, t) . 	

� ◻

Another approach could be given by the following theorem.

Theorem 10  If the utility of a result is calculated as (observe that this utility function satis-
fies loss aversion provided that |x| > 1):

where 𝜖 > 1 (according to the prospectus theory) and 0 < 𝛼 < 𝛽 , then, for every 0 < x < y 
and s < t , (x, s) ∼ (y, t) implies (−x, s) ≻ (−y, t).

Proof  In this case, one has:

Therefore, V(−x)
V(−y)

<
F(t)

F(s)
 and then (−x, s) ≻ (−y, t) . 	�  ◻

5 � Experimental phases

In this Section, we are going to check whether the observations previously made have an 
experimental value. Specifically, through the hyperbolic factor, we are going to focus on 
the variation of the degree of impatience in order to understand that:

•	 The greatest variation occurs for shorter intervals close to the present.
•	 The greatest variation occurs for less important outcomes.
•	 The variation according to the sign of the result.

5.1 � Design of a questionnaire for the calculation of the hyperbolic factor

The idea underlying to this subsection is to construct pairs of indifference, as indicated in steps 
(I)-(III) at the end of Sect. 3.2, in order to use the hyperbolic factor as a measure of the vari-
ation of the degree of impatience. As we are mainly interested in understanding the extent 
of the variation, it will sometimes be considered only the module of the obtained result. The 

V(−x)

V(−y)
=

−U(+𝜖x)

−U(+𝜖y)
=

U(+𝜖x)

U(+𝜖y)
<

U(x)

U(y)
.

V(x) ∶=

{
x𝛼 , if x ≥ 0

−𝜖(−x)𝛽 , if x < 0

V(−x)

V(−y)
=

−𝜖x𝛽

−𝜖y𝛽)
=

(
x

y

)𝛽

<

(
x

y

)𝛼

=
x𝛼

y𝛼
.
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first question, built with the purpose of studying the delay effect, results in the pair of indif-
ference (x, s) ∼ (y, t) and (x, s + �) ∼ (y, t + �) , by remembering that the exponential discount 
predicts the condition � = �.

As specified in step (I), fix s = 0 , t = 6 , � = 12 , and y = €500. To derive the value of the x, 
respondents were asked: 

You must receive a sum of € 500 in 6 months, not before the set date but,
alternatively, there is the possibility to immediately collect a certain result
by reducing the total to be collected. To accept the offer, how much at least
do you want to receive today? x = · · ·

Obtained the first indifference (x, s) ∼ (y, t) , step (III) was simulated as follows: 

You must receive a sum of € 500 in 18 months, not before the set date but
you are given the opportunity to anticipate the claim and collect a result of
x instead of € 500. To accept the offer, how long do you want to receive the
x-digit? σ = · · ·

In this way, all the parameters necessary for the calculation of the hyperbolic factor have 
been identified. Then:

Leaving unchanged s, t and � , we changed the initial outcome by lowering it to a total of 
€50. In fact, although the hyperbolic factor is independent of y (Rohde 2010), we believe 
that � can be affected by this variable:

Leaving the sum of €50 and s = 0 , the values of t and � have been changed in the third 
question in order to study how the hyperbolic factor varies when intertemporal prospec-
tuses involve periods closer to the present:

Finally, to study how the impatience varies based on the sign associated with the utility of 
amounts, respondents answered the following question: 

You have to pay a sum of € 500 in 18 months, not before the set date, but
you are given the option to pay a lower result of x instead of € 500. How
long would you commit to paying the payment? σ = · · ·

H(s, t, y, �) = H(0, 6, 500, 12) =
� − �

t� − s�
=

12 − �

6�
.

H(s, t, y, �) = H(0, 6, 50, 12) =
� − �

t� − s�
=

12 − �

6�
.

H(s, 1, y, 1) = H(0, 1, 50, 1) =
� − �

t� − s�
=

1 − �

�
.
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5.2 � Sample analyzed

The test was administered to a sample of 52 people aged between 18 and 65, 48.08% of 
whom were women. During the phase concerned with the collection of the data neces-
sary for the calculation of the hyperbolic factor, the interviewed individuals were con-
stantly urged to communicate their preferences as soon as possible. In fact, due to the 
low complexity of the proposed intertemporal perspectives and the impossibility of sim-
ulating the effect of the passage of time in a single interview, the tension generated by 
the haste in answers was necessary to obtain a considerable manifestation of behavioral 
distortions, indispensable for analysis. We point out that individuals were interviewed in 
a telematic mode.

5.3 � Analysis of results

Let us start by comparing the hyperbolic factors H(0, 6, 500, 12) and H(0, 6, 50, 12). 
We expect values to be generally higher in the second case on the basis that the dis-
count function has a steeper trend for less significant amounts. In fact, recalling that a 
psychological explanation for the phenomenon is to associate the smaller outcome with 
impending consumption, we expect that they have a greater hyperbolic factor. The pur-
pose is then to study how the hyperbolic factor varies as the considered values change, 
analyzing whether, for values with equal ratio, the difference between them plays or not 
a significant role.

The reference value for the study is the median. Remember that the median is a posi-
tion index which divides the distribution into two equal parts and it is therefore rec-
ommended when the data have a high variability: the minimum and maximum values 
shown in Table 2 justify its choice.

Observe that the distribution of the minimum value remains unchanged when less 
important amounts are considered and, in the same case, the distribution of the maxi-
mum value doubles. The median of the hyperbolic factors for the sum of €50 is about 6 
times greater than that related to the amount of €500, in line with our forecasts. The fol-
lowing graphs point out how the distribution varies according to the figures considered: 
observe that, whilst for H(0, 6, 500, 6) there are multiple peaks, for H(0, 6, 50, 6) the 
graph is more homogeneous with only a peak at the maximum value (Figs. 1, 2).

Table 2   Comparison of hyperbolic factors H(0, 6, 50, 12) and H(0, 6, 500, 12). Source: Own elaboration

Values H(0, 6, 500, 12) H(0, 6, 50, 12)

Minimum value and distribution 0.00 (3.85%), M (0%), F (100%) 0.00 (3.85%), 
M (50%), F 
(50%)

Maximum value and distribution 66.50 (17.31%), M (55.56%), F (44.44%) 66.50 
(40.38%), M 
(61.90%), F 
(38.10%)

Median 2.83 18.12
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In order to investigate the influence of the difference between the considered 
amounts, the ratio H(50)

H(500)
 of those respondents who presented the condition 500

x500
=

50

x50
 was 

analyzed. The sample with this condition is 28.85% of the total of which:

•	 46.67% showed no change in the value of the hyperbolic factor (57.7% were men);
•	 13.34% showed a steeper discount for larger amounts (100% women); and
•	 40% showed a steeper discount for smaller amounts (of which 66.67% were women).

It would be interesting to understand, from a behavioral point of view, the trait which 
characterizes 46.67% of the sample which is not prone to such behavior. In addition, 
women are more sensitive to this phenomenon.

Let us now draw attention to the comparison between H(0,  6,  50,  12) and 
H(0, 1, 50, 1) for which we expect the discount to be steeper for the shorter time frame 
(Table 3).

Fig. 1   Distribution of the hyperbolic factor H(0, 6, 500, 12). Source: Own elaboration

Fig. 2   Distribution of the hyperbolic factor H(0, 6, 50, 12) Source: Own elaboration
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Observe that the hyperbolic factor for the shortest prospectus has a maximum value 
of almost a half of the maximum value for larger elevations, whilst distributions remain 
mostly unchanged. It follows that:

•	 Who serves hyperbolically applies most of the decrease in impatience in the first period 
from “today” to “2 months”.

•	 The rate at which the discount function decreases, also decreases over time.
•	 As the length of the interval increases, the discount decreases (see Sect. 3.3).

Recall that this study has been divided into three cases: constant, increasing, and decreas-
ing discount rate. Tables 4 and 5 allow us to consider the case of a decreasing rate over 
time. In fact, most of the sample has a positive term for the numerator, indicating a decreas-
ing impatience over time: t = 1 and � = 1.

Now, let us compare the values H(0, 6, 500, 12) and H(0, 6,−500, 12) . In this way, we 
expect higher values in the second case, due to the negative utility of the outcome. Chang-
ing the sign of the fixed amounts, most respondents presented a variation in the hyperbolic 
factor, as shown in Fig. 3.

Thus, only by changing the sign, 78.85% presented a different value of the hyperbolic 
factor of which only 41.48% showed a higher figure for negative amounts. While expect-
ing the opposite, it must be borne in the way that, in a payment situation, the impatience 
of the debtor and the individual who is going to receive the debt is added up by lowering 

Table 3   Comparison between the hyperbolic factors H(0, 1, 50, 1) and H(0, 6, 50, 12). Source: Own elabo-
ration

Values H(0, 1, 50, 1) H(0, 6, 50, 12)

Minimum value (distribution) 0.00 (7.69%), M 
(25.00%), F (75.00%)

0.00 (3.85%), M (50%), F (50%)

Maximum value (distribution) 32.33 (48.08%), M 
(64.00%), F(36.00%)

66.50 (40.38%), M (61.90%), F(38.10%)

Median 13.29 18.12

Table 4   Numerator of the 
hyperbolic factor H(0, 1, 50, 1). 
Source: Own elaboration

� − � Distribution

Positive 90.39%
Negative 1.92%
Null 7.69%

Table 5   Numerator of the 
hyperbolic factor H(0, 6, 50, 12). 
Source: Own elaboration

� − � Distribution

Positive 94.23%
Negative 1.92%
Null 3.85%
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Fig. 3   Distribution of the sample 
which presented different values 
for H(500) and H(−500) . Source: 
Own elaboration

Table 6   Comparison between the hyperbolic factors H(0, 6, 500, 12) and H(0, 6,−500, 12) . Source: Own 
elaboration

Values H(0, 6, 500, 12) H(0, 6,−500, 12)

Minimum value (distribution) 0.00 (3.85%), M (0.00%), F (100.00%) 0.00 (7.69%), M (75%), F (25%)
Maximum value (distribution) 66.50 (17.31%), M (55.56%), F 

(44.44%)
66.50 (32.69%), M (58.82%), F 

(41.18%)
Median 2.83 3.17

Fig. 4   Distribution of H(0, 6,−500, 12) . Source: Own elaboration
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the degree of decrease in total impatience. Nevertheless, by explicitly comparing the val-
ues H(0, 6, 500, 12) and H(0, 6,−500, 12) , we note that the discount function for negative 
amounts is much steeper: the percentage of distribution of the maximum value has almost 
doubled compared to the case of positive utilities, and the median has a higher value (see 
Table 6).

Figure  4 shows that the distribution in the case of negative amounts is more 
homogeneous.

6 � Discussion

The aim of the paper has been to contribute to the discrepancy between the normative theo-
retical framework of intertemporal choices and the actual actions of individuals. There-
fore, this study starts from the analysis of the fundamental, theoretical elements of the 
Discounted Utility model, i.e., an essential reference to the study of intertemporal choices 
because it provides a description of the investor’s behaviour when making a choice struc-
tured over several periods. The discount function has the task of reducing the present util-
ity according to the time distance between the decision and the receipt of the outcome, 
and is decreasing in time. In fact, since the future is uncertain, outcomes acquire different 
values depending on whether the receipt is imminent. The psychological factors underlying 
this mechanism are encapsulated in the discount rate, whose value quantifies how the indi-
vidual perceives the indeterminacy of the future. The second key element of the model is 
the investor’s impatience, whose value is related to the rate at which the discount function 
decreases. Classical formulations of the model predict a constant decrease in the assumed 
discount function of a linear or exponential nature. This condition is equivalent to requir-
ing, by definition, constant impatience. Empirical and behavioural evidence has prompted 
researchers to introduce discount functions of a hyperbolic nature to explain the phenom-
enon of time inconsistency, i.e., the decision-maker varies his preferences over time. This 
attitude is not acceptable from a theoretical point of view since, in line with a rational 
investor profile, preferences should always be consistent over time.

Prelec (2004), analyzing the decision-making processes with the aim of understand-
ing the characteristics underlying the temporal inconsistency, has proved an equivalence 
between the selection of results which are not optimal from any temporal point of view and 
a decreasing impatience over time. From Prelec’s studies, it is possible to conclude that the 
speed with which impatience decreases quantifies the difference between preferring sooner 
or later outcomes. What has been said also determines a relationship between objective and 
subjective time in the sense that not only the indeterminacy of the future is perceived indi-
vidually but also the time intervals have their own extension. By collecting all this infor-
mation, in our study, we have described the anomalies of the Discounted Utility model 
through the degree of decrease in impatience in relation to the behavioral anomalies of 
the investor. By the term anomalies, we mean those attitudes which cannot be rationalized 
from a theoretical point of view and lead, in terms of intertemporal choice, to inconsist-
ency. Our analysis has provided not only a method to be able to quantify the relationship 
between the lack of decision-making persistence and the psychological mechanisms of the 
individual, but it has allowed us to experience that the inconsistency is precisely the incon-
sistency due to the decision-making process in relation to choices affecting the individual 
short or long term. This inconsistency is linked to the impatience of the individual and 
is therefore the direct consequence of the emotional impulses of the decision-maker. To 
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experiment with what has been tried, a test was implemented to collect the elements use-
ful for calculating the decrease in impatience through the hyperbolic factor, in different 
decision-making contexts.

Our experiment allowed us to prove that the inconsistency, linked to emotional drives, 
translates from a financial point of view into impatience, and impatience leads in turn to 
financial anomalies. In fact, during the experimental phase, the candidates were urged to 
respond quickly to provoke haste and agitation, essential for perceiving the anomalies.

The approach adopted in this paper is original and can pave the way for personalized 
behavioral finance. Indeed, quantifying the psychological factors that guide our choices 
with the degree of decrease in impatience can indicate a specific measure of the cognitive 
distortions underlying the decision-making process. The latter statement is equivalent to 
affirming that the interpretation and correction of existing models can actually be achieved 
only by taking into account the reasons behind the discrepancy between theory and empiri-
cal evidence, analyzing, in particular, the extent to which these factors have weight in the 
decision-making persistence.

7 � Conclusion

Our study provides an important application in the field of behavioral finance. This disci-
pline, describing the investor’s attitude within the market, has made it possible to under-
stand that the attitudes considered anomalous are due to systematic cognitive processes. 
Assuming that individuals are by nature far from perfect rationality allows us to understand 
why choices often worsen the individual state. In this regard, Thaler and Sunstein (2008) 
introduced the concept of nudge: if a behavior is caused by a distortion of the decision-
making process, then the same distortion can be pushed towards a better option, by inte-
grating the skills in the behavioral field with the analysis of the decision-making context.

To maximize the effectiveness of this technique, it is necessary to consider that each 
investor has his own personality. A possible development of this study could be made by 
considering the relationship between the decrease in the degree of impatience and the 
temperament of decision-makers. Indeed, since the decrease in impatience reflects the 
inconsistency of decision-making underlying the phenomenon of temporal inconsistency, 
it would be of interest to analyze to what extent cognitive distortions, peculiar to the tem-
perament of the individual, interact with the domain of intertemporal choices.

In this regard, we observe that the multiple differences between the personality of indi-
viduals suggest the impossibility of building a strategy which can give the same well-being 
to everyone. The analysis of the degree of decrease in impatience is the first step to realize 
the parameters of the investor because it allows us to relate the emotional impulses with 
the decision-making process. We can therefore think of creating homogeneous classes of 
investors, which instead represent a heterogeneous category, defined through the cogni-
tive boundaries that unite them. The individual analysis of the response to the stimulus of 
nudge can be studied in the same way as the relationship existing between a body and the 
movement that follows it. In fact, even the investor, like all bodies, is endowed with inertia 
which represents the tendency to preserve one’s state, thus resulting in an obstacle to the 
implementation of optimal financial planning. Only, by following this path, do we believe 
it is possible to improve individual choices and the attitude towards the decisions made.

We observe that our idea can be extended to non-financial fields, as the nudge theory 
which is also applicable in the social field. The irrational degeneration of the behaviors 
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described through the degree of decrease in impatience can lead to mechanisms which are 
deleterious for the individual.

However, there are two limitations of this approach to be considered. The first limit is of 
a computational nature since, in order to consider all the determining factors, the response 
to the nudge would require many variables. To overcome this limit, it is therefore necessary 
to identify the essential factors which are not excessively specific. For example, gender, 
temperament, and age could be considered, neglecting marital status, geographic location, 
and family status. Although the latter still have a weight in the decision-making process, 
they could be neglected in order not to get lost in an endless number of subclasses of the 
various cognitive boundaries. The second limit is instead of a moral nature and it is about 
freedom of choice. The authors of the theory speak of “libertarian paternalism” to indi-
cate the maintenance of individual freedom of choice in a context in which the architects 
of choices direct the subjects. In this regard, we should therefore question the boundary 
between “gentle push” and persuasion.

However, the power of nudging is indisputable, but we cannot actually call it a totally 
new approach. In fact, the limited rationality of individuals has long been exploited to the 
detriment of individuals themselves by large companies which, through advertising, condi-
tion choices and preferences without damaging our freedom. The innovation of nudging, 
however, lies in the fact that behavioral distortions are seen as strengths, not weaknesses, 
for the realization of effective strategies. Thus, decision theory, nudge theory and intertem-
poral choice theory can together provide a method with great social impact.

Finally, as shown by our results, the study of intertemporal choices, through the analy-
sis of impatience, must be immersed in models which consider the many factors affecting 
the agent: only through the interpretation of all the mechanisms, we can reach a faithful 
description of reality.
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