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1 Introduction In general, the joint analysis of multiple “coupled” queues turns
out to be very hard; a good overview of available methods is given in [1]. In this
paper, we share some thoughts on such analysis, based on a very simple example
system, consisting of two parallel discrete-time infinite-capacity single-server queues.
In either queue, the service of a customer requires exactly one slot, and customers
arrive independently from slot to slot, but the numbers of customers entering queue
1 and queue 2 during a slot, are not necessarily mutually independent. Let A(z1, z2)
denote their joint probability generating function (pgf). As each queue has their own
dedicated server, this “arrival correlation” is the only source of coupling between both
queues. The main objective of this paper is to shed a light on the analytic derivation of
the joint steady-state pgf U (z1, z2) of the numbers of customers present (the “system
contents”) in queue 1 and in queue 2.

2 Problem statement It is readily shown that U (z, z2) should satisfy the following
functional equation:

[z1z2 — A(z1, 22)1U (21, 22) = A(z1, 22)L(z1, 22) ()

where L(z1,22) £ (z2 — DU(z1,0) + (z1 — DU(0, 22) + (z1 — D(z2 — 1HU(0, 0).

The main mathematical difficulty in the full analysis of the system is to determine the

boundary functions U (z1, 0) and U (0, z2). Nevertheless, the marginal pgf U; (z) of the

system content in queue i can be easily deducted from (1) by choosing either {z; =

z,z2 = l}or{z; = 1, zo = z}, whichresults in the well-known formulas (seee.g. [2])
(I—=2)z—-1)

Ui(z) = Ai(Z)m ,i=1,2, ()

where A1(2) £ A(z, 1), A2(z) & A(1,2), A = A;(l) and A; < 1 for stability.

As we shall see, the precise nature of the “kernel” K (z1, z2) £ 71220—A(z1, 22), and,
hence, the pgf A(z1, z2), has acrucial impact on the difficulty level of the determination
of U(z1, z2). Some cases turn out to be easy, whereas others are extremely hard. Basi-
cally, the question we deal with in this paper is: what should A(z1, z2) look like to make
the analysis “feasible”? More context and partial answers are given in the next section.

B Herwig Bruneel
Herwig.Bruneel @UGent.be

1 Department of Telecommunications and Information Processing, Ghent University, Ghent, Belgium

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11134-022-09754-x&domain=pdf

186 Queueing Systems (2022) 100:185-187

3 Discussion In some cases, the joint pgf U(z, z2) can be derived by ad hoc reason-
ings, which do not require the “solution” of the functional equation (1). We provide
three examples.

First, assume the arrival streams in both queues are mutually independent. Then,
A(z1,22) = A1(z1) - A2(z2). Then, at any time, the system contents in both queues are
also independent, and, hence, U (21, z2) = Uj(z1)-U2(z2), where U, (z) is given by (2).

Next, suppose that during any slot, the number of arrivals in one of the two
queues, say queue 1, is either one or zero. In this case, A(z1, z2) can be expressed as
A(z1, 22) = ap(z2)+z1a1(22). As the server can process exactly one customer per slot,
no accumulation of customers can occur in queue 1. Itis easily checked that in this case,

U1, z2) = lao(e) + i (e)) 222 =Dy oyt =D
72 — A2(z2) 22 — A2(z2)

Finally, suppose that during any slot, both queues receive exactly the same number
of arrivals. Then, A(z1, z2) = A1(z122), and, in the steady state, the system contents
of queues 1 and 2 are always identical (possibly after some initial transient period).
Hence, U(z1, z2) = Ui(z122), where Uj(z) is the known function defined in (2).

We note that in these three “simple” cases, we were also able to find the above-
mentioned “solutions” for the pgf U(z1, z2) by purely mathematical means, i.e., by
just manipulating the functional equation (1), but this was not at all an easy task.

For ease of notation, we now confine ourselves to “symmetric” systems, where
A(z1, 72) = A(z2, z1), and, consequently, also U (z1, z2) = U(z2,z1) and U (z, 0) =
U@,2) 2 P(2).A very well-known special case of this model, often referred to as “the
symmetric clocked buffered switch”, has been treated with great care in, among others,
[3]. In this case, A(z1,22) = [1 — A+ A/2)(z1 + Zz)]z. In spite of this very simple
quadratic expression of A(z1, z2), the determination of P (z) (and, from this, U (z1, z2))
is extremely complicated and requires all the fine tools of complex analysis. In the
end, P(z) turns out to be a meromorphic function with an infinite number of poles.

The above examples illustrate the crucial importance of the exact form of A(z1, z2)
for the solution of the functional equation (1). A general principle method (for a slightly
different problem setting), suited for all possible choices of A(z1, z2), was discussed
in chapter II of [4], but this method, “the boundary value approach” involves singular
integrals, conformal mappings and additional numerical work. This raises the question:
can we find (sufficient) conditions that A(z, z2) should meet in order to allow for an
easier analysis? In the rest of this paper, we present some first ideas in this respect.

Suppose the pgf A(z1, z2) is such that for all # on some contour X in the complex u-
plane, and for a given real number r, there exists at least one value z> = z, () such that
(ru, zo(w)) and (ru=", zo(u)) are zero-tuples of the kernel K, i.e., K (ru, z2(u)) =0
and K (ru~"', zo(1)) = 0, and are in the area of convergence of the joint pgf U (z1, 22)-
Then, from (1), it follows that L(ru, zo(u)) = 0 and Lru™!, z2(u)) = 0, and, from
this, that (ru=! — DP(ru) = (ru — DP(ru~Y) forallu € *. Introducing the series
expansion P(z) £ Y20 p) 7', and identifying equal (positive or negative) powers
of the variable u on both sides of the equation, then leads to r2p(2) = p(0)+ p(1) and
r2p(k 4+ 1) = p(k), for all k > 2, from which the P-function can be readily derived:

P(2) = (pO)[r? 4+ z(z — D1+ p(DHrz}/r* — 21 ,
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i.e.,ameromorphic function with one single pole. It is important to mention that (many)
arrival pgfs A(z1, z2) exist that meet the above requirement. A “quadratic example” is

AGz1,22) = a(l +0zD)(1 +023) + B(z1 + 22)(1 + 02122)
+[1 —a(l+0)* = 28(1 +0)z122

with, inthiscase,r =1/4/o and U (z1, z2) =[(1 — 0)2A(z, 22)l/[(1—0z1)(1—022)].

Next, suppose that A(zy, z2) is an arrival pgf for which an analytic solution is
“feasible”, such as all the ones we discussed above. Then, it can be shown that this is
also true for the arrival pgf A(zl, 72), defined as A(zl, ) 21 = D(z1, 22)]z120 +
D(z1, 22) A(z1, z2). Here the function D(z1, z2) must be such that the new function
A(zl, z2) is a genuine joint pgf. For instance, if D(z1, z2) is areal positive constant not
larger than 1, this requirement is certainly fulfilled, but we have found other examples
as well. Moreover, if U(z1, z2) is the joint system-contents pgf corresponding to
A(z1,z2) and P(z) = U(z,0) = U(0, z), then the corresponding results for arrival
pef A(zl, z») can be shown to be

~ A(z1,z2) D(1,1) A

U(zi,22) = Uz, Zz)A(Zl, o) DGrzy) P(z)=D(, DPE) . ()
The main reason why this remarkable result is true is that the zero-tuples of the
kernel K (z1,z2) = z1z2 — A(z1, z2) are also zero-tuples of the kernel K(zl 22) =
2122 — A(z1, 22), because K (21, 22) = D(z1, 22)K (21, 22).

We are convinced that it must be possible to construct classes of arrival pgfs
A(z1, z2) for which the analysis is “feasible”, not only for the specific model dealt with
in this paper, but also for similar (possibly asymmetric or even transient) problems
that give rise to other kernels. We hope that the paper will incite more research in this
direction.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Adan, I.J., Boxma, O.J., Resing, J.A.C.: Queueing models with multiple waiting lines. Queueing Syst.
37(1), 65-98 (2001)

2. Bruneel, H., Kim, B.G.: Discrete-Time Models for Communication Systems Including ATM. Kluwer
Academic Publisher, Boston (1993)

3. Cohen, J.W.: On the determination of the stationary distribution of a symmetric clocked buffered switch.
In V. Ramaswami and P. Wirth, editors, Proceedings of ITC-15, Teletraffic Contributions for the Infor-
mation Age, volume 2a, pp. 297-307. Elsevier (1997)

4. Cohen, J.W., Boxma, O.J.: Boundary Value Problems in Queueing System Analysis. North-Holland
Publ. Cy, Amsterdam (1983)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/

	Some thoughts on the analysis of coupled queues
	References




