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Abstract In this paper, we study the transient behavior of a level dependent single
server queuing system with a waiting room of finite size during the busy period. The
focus is on the level dependent PH/PH/1/K queue. We derive in closed form the joint
transform of the length of the busy period, the number of customers served during
the busy period, and the number of losses during the busy period. We differentiate
between two types of losses: the overflow losses that are due to a full queue and the
losses due to an admission controller. For the M/PH/1/K, M/PH/1/K under a thresh-
old policy, and PH/M/1/K queues, we determine simple expressions for their joint
transforms.
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1 Introduction

In practice, it is often the case that arrivals and their service times depend on the
system state. For example, in roadway traffic networks it is well known that the ve-
hicle service time deteriorates as a function of the occupancy on the roadway [7].
In human-based service systems, there is a strong correlation between the volume of
work demanded from a human and her/his productivity. At the packet switch (router)
in telecommunication systems, when the buffer size increases, a controller drops the
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arriving packets with an increasing probability. Moreover, the transient performance
measures of a system are important for understanding the system evolution. All these
facts motivate us to study the transient measures of a state dependent queuing system.

The transient regime of queuing systems is much more difficult to analyze than the
steady state regime. This explains the scarcity of transient research results in this field
compared to the steady state regime. A good exception is the M/M/1 queue, which
has been well studied in both transient and steady state regimes. This paper is devoted
to the study of the more general case of the transient behavior of the level dependent
PH/PH/1/K queue, i.e., the level dependent PH/PH/1 queue with finite waiting room
of size K — 1. In particular, we shall analyze the measures related to the busy period.

Takécs in [15, Chap. 1] was among the first to derive the transient probabilities of
the M/M/1/K queue, referred to as P;;(¢). Basically, these are the probabilities that at
time ¢ the queue length is j given it was i at time zero. Building on these probabili-
ties, Takdcs also determined the transient probabilities of the M/M/1 queue by taking
the limit of P;;(t) for K — oo. For the M/G/1/K queue, Cohen [6, Chap. II1.6] com-
puted the Laplace transform of P;;(t) and the bivariate transform of the number of
customers served and the number of losses due to overflow during the busy period.
This is done using complex analysis. Specifically, the joint transform is presented as
a fraction of two contour integrals that involve K and the Laplace-Stieltjes transform
(LST) of the customers’ service time. Rosenlund in [13] extended Cohen’s result
by deriving the joint transform of the busy period length, the number of customers
served, and the number of losses during the busy period. In a similar way to [13],
Rosenlund in [14] analyzed the G/M/1/K queue and gave the trivariate transform. The
approach of Rosenlund is more probabilistic than Cohen’s analysis. However, Rosen-
lund’s final results for the trivariate transform for M/G/1/K and G/M/1/K queues are
represented as a fraction of two contour integrals. For more recent works on the busy
period analysis of the M/G/1/K queue we refer to [8, 16]. Recently, there has been
an increased interest in the expected number of losses during the busy period in the
M/G/1/K queue with equal arrival and service rate; see, e.g., [1, 12, 17]. In this case,
the interesting phenomenon is that the expected number of losses during the busy
period in the M/G/1/K queue equals one for all values of K > 1.

In this paper we shall assume that the distribution of the interarrival times and ser-
vice times is phase-type. For this reason, the embedding of the queue length process
at the instants of departures or arrivals becomes unnecessary in order to analyze its
steady state distribution. We emphasize that this is a key difference between our ap-
proach and those used in [6, 13, 14]. For an algorithmic method of the LST of the
busy period in the PH/PH/1 queue see, e.g., [10, 11]. Bertsimas et al. in [4] derived
in closed form the LST of the busy period in the PH/PH/1 queue as a function of the
roots of a specific function that involves the LST of the interarrival and service times.

In [2] we extended the results of Rosenlund in [13] for the M/M/1/K queue in
several ways. First, we studied a level dependent M/M/1/K queue with admission
control. Secondly, we considered the residual busy period that is initiated with n > 1
customers. Moreover, we derived the distribution of the maximum number of cus-
tomers during the busy period and other related performance measures. In this paper
we shall extend these results by considering the level dependent PH/PH/1/K queue. In
a similar way to [2], this shall be done using the theory of absorbing Markov chains.
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The key point is to model the event that the system becomes empty as absorbing.
Contrary to the analysis in [2], the derivation of the joint transform does not use the
explicit inverse of some Toeplitz matrices; here we shall proceed with a different
approach that is based on the analyticity of probability generating functions.

The paper is organized as follows. In Sect. 1.1 we give a detailed description of the
model and the assumptions made. Section 2 reports our results presented in a number
of different theorems, propositions, and corollaries. More precisely, Theorem 1 gives
our main result for the four-variate transform as a function of the inverse of a specific
matrix. Proposition 1 presents a numerical recursion to invert this matrix. In Proposi-
tions 2, 3, and 4 we derive the closed-form expressions for the four-variate transform
for the M/PH/1/K, the level dependent M/PH/1/K, and the PH/M/1/K queues.

1.1 Model

We consider a level dependent PH/PH/1/K queuing system, i.e., a level dependent
PH/PH/1 queue with finite waiting room of size K — 1 customers. The arrival process
is a renewal process with phase-type interarrival times distribution and with Laplace-
Stieltjes transform (LST) ¢; (w), Re(w) > 0, in the case where the queue length is
i €{0,1,...,K}. The service times distribution is phase-type with LST &;(w), in

the case where the queue length is i € {0, 1, ..., K}. A phase-type distribution can
be represented by an initial distribution vector «, a transient generator T, and an
absorption rate vector 77, i.e., T-179 = —¢T, where €7 is a column vector with all

entries equal to one. For more details we refer, for example, to [10, p. 44]. Then, it is
well known that the LST of the interarrival times can be written as follows:

¢i(w) = fi(wl—F)"'F’, Re(w) >0, (1)

where the initial probability distribution f; is a row vector of dimension M,, the
transient generator F; is an M,-by-M, matrix, and the absorption rate vector F} is a
column vector of dimension M,. Similarly, the LST of the service times reads

&(w) =s;(wl—8)7'S?, Re(w) >0, 2

where s; is a row vector of dimension My, S; is an My-by-M, matrix, and Si” isa
column vector of dimension M.

We assume that an admission controller is installed at the entry of the queue that
has the duty of dropping the arriving customers with probability p; when the queue
length is i € {0, 1, ..., K}. In other words, the customers are admitted in the queue
with probability ¢; = 1 — p; when its queue length is i. The arrivals at the queue of
size K are all lost. In the sequel, we shall refer to the latter type of losses as overflow
losses. It should be clear that in this case pxg = 1 and gg = 0.

We are interested in the queue behavior during the busy period, which is defined
as the time interval that starts with an arrival that joins an empty queue and ends at
the first time at which the queue becomes empty again. We note that an arrival at an
empty queue is admitted in the system with probability gg, 0 < go < 1. Similarly, we
define the residual busy period as the busy period initiated with n > 1 customers. Note
that for n = 1 the residual busy period and the busy period are equal. In the following,
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we shall assume that, unless otherwise stated, at the beginning of the residual busy
period the distribution vector of the phases of the interarrival times and service times
are distributed according to f, and s,.

Consider an arbitrary residual busy period. Let B, denote its length. Let S, denote
the total number of served customers during B,. Let L, denote the total number
of losses, i.e., arrivals that are not admitted to the queue either due to the admission
control or to the full queue, during B,,. We shall differentiate between the two types of
losses. Let L, denote the total number of losses that are not admitted to the queue due
to the admission control, during B,,. Let L¢ denote the total number of the overflow
losses that are not admitted to the queue because it is full, i.e., due to px = 1, during
B,. In this paper we determine the joint transform E[e’wgnzf”zg’% z3LZ], Re(w) >0,
|z1] <1, |z2] < 1, and |z3] < 1. We will use the theory of absorbing Markov chains.
This is done by modeling the event that “the queue jumps to the empty state” as
an absorbing event. Tracking the number of customers served and losses before the
absorption occurs gives the desired result.

A word on the notation: throughout x := y will designate that by definition x
is equal to y, 1{g) is the indicator function of any event E (1{g) is equal to one if
E occurs and zero otherwise), xT is the transpose vector of x, e; is the unit row
vector of appropriate dimension with all entries equal to zero except the i-th entry
which is one, and I is the identity matrix of appropriate dimension. We use ® as the
Kronecker product operator defined as follows. Let X and Y be two matrices and
x(i, j) and y(i, j) denote the (i, j)-entries of X and Y respectively. Then X ® Y is
a block matrix where the (i, j)-block is equal to x (i, j)Y. Finally, let det(X) denote
the determinant of the square matrix X.

2 Results

Before reporting our main result, we shall first introduce a set of matrices, then we
define our key absorbing Markov chain (AMC), and finally we order the AMC states
in a proper way that yields a nice structure. The event that the queue becomes empty,
i.e., the end of the busy period, is modeled as an absorbing event which justifies the
need of the theory of AMCs.

Let us define the following K-by-K block matrices: the matrix A that is an up-
per bidiagonal block matrix with i-th upper diagonal element equal to g; (F7 f;) ® I
and i-th diagonal element equal to F; @ I + 1 ® S;, the matrix B that is a lower di-
agonal matrix with i-th lower diagonal element equal to I ® (S7s;), and the matrix
C that is a diagonal matrix with i-th diagonal element, i = 1,..., K — 1, equal to
pi(FY fi) ® I and K-th element equal to 0, and the matrix D that is a zero block
matrix with (K, K)-block element equal to (Fg fx) ® L. Note that Fi" is a column
vector and f; is a row vector; thus Fl.” fi is a matrix. Similarly, Si” s; 1s a matrix. More-
over, note that A + B represents the generator of a level dependent PH/PH/1/K queue
restricted to strictly positive queue length; see, for example, [10, Chap. 3]. Let us
define Qg (w, z1, 22, 23) = wI — A — 71B — 22 C — z3D. For ease of presentation, we
shall refer to Qg (w, z1, 22, z3) as Qg. Appendix A gives a detailed description of
the structure of A, B, C, and D.
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Let P(t) := (Phy(t), Phy(t), N(@), S(t), L(t), L°(t)) denote the continuous-
time Markov process with a discrete state space 2 :={1,..., Ms} x {1,..., M} x
{0,1,..., K} x N x N x N, where Phy(t) represents the phase of the (if any) cus-
tomer in service at time ¢, and Ph,(t) the phase of the interarrival time at time ¢, N (¢)
represents the number of customers in the queue at time ¢, S(¢) the number of served
customers from the queue until 7, L¢(¢) the number of losses due to the admission
control in the queue until ¢, L°(¢) the number of overflow losses in the queue until 7,
and N the set of non-negative integers. States with N (¢) = 0 are absorbing. We refer
to this absorbing Markov process as AMC. The absorption of the AMC occurs when
the queue becomes empty, i.e., N (#) = 0. We set the AMC initial state at time t =0 to
P©O) = (ps, pa,n,0,0,0),n > 1, ps € {1, ..., My} with distribution vector equal to
sy and p, € {1, ..., M,} with distribution vector equal to f;,. For this reason, the time
until absorption of the AMC is equal to B, the residual busy period length. More-
over, it is clear that S, (resp. L9 and L{), the total number of departures (resp. losses)
during the residual busy period, is equal to S(B;, +¢€) = S, (resp. L°(B, +€) =L
and L°(B, +€)=LY), e > 0.

During a residual busy period, the processes S(¢), L°(¢), and L°(t) are count-
ing processes. To take advantage of this property, we order the transient states of the
AMC,i.e., (i, j, k,I,m,0) € Q\{(-,-,0, -, -, -)}, increasingly first according to o, then
m, 1, k, j, and finally according to i. In the following we shall express the generator
of the AMC as a function of the aforementioned matrices A, B, C, and D (see Appen-
dix A for further details). The proposed ordering implies that the generator matrix of
the transitions between the transient states of the AMC, denoted by G, is an infinite
upper diagonal block matrix with diagonal blocks equal to Gg and upper diagonal
blocks equal to Uy, i.e.,

Go Uy 0
G=|0 G v o -] 3)

We note that Go denotes the generator matrix of the transitions which do not in-
duce any modification in the number of overflow losses, i.e., LY (¢). Moreover, Uy
denotes the transition rate matrix of the transitions that represent an arrival at a full
queue (an overflow), i.e., transitions between the transient states (i, j, K, [, m, 0) and
(i,j',K,I,m,0+ 1), where j’ is the initial phase of the next interarrival time just
after an overflow loss. For this reason, Uy is a block diagonal matrix with diagonal
blocks equal to Ugg. The blocks Ugg are in turn diagonal block matrices with entries
equal to D. See Appendix A for a detailed description of the matrices D, Ugp and Up.
The block matrix Gy is also an infinite upper diagonal block matrix with diagonal
blocks equal to G, and upper diagonal blocks equal to U;. Therefore, Go has the
following canonical form:

G U 0
Go= 0 G U, o --. ’ 4)
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where U; denotes the transition rate matrix of the transitions that represent a dropped
arriving customer by the admission controller, i.e., transitions between the transient
states (i, j, k,I,m, o) and (i, j', k,I, m+1, 0). For this reason, Uy is a block matrix of
diagonal entries equal to C. See Appendix A for a full description of the matrices Uj
and C. The matrix G is the generator matrix of the transition between the transient
states (i, j, k,I,m,0) and (i’, j',k’,I',m, 0), i.e., the transitions that do not induce
any modification in the number of overflow losses and of losses due to the admission
controller. Observe that G| has the following canonical form:

The upper diagonal blocks of G represent the transition between the transient states
@i, j,k,I,m,0)and (i’, j,k—1,l+1,m,0), i.e., a transition that models a departure
from the queue. For this reason, the upper diagonal blocks are equal to the afore-
mentioned matrix B. The diagonal blocks of G; represent the transitions due to a
modification in the interarrival phase, service phase, or an arrival that is admitted
to the queue. For this reason, the diagonal blocks of G equal A. Note that a full
description of the matrices A and B is given in Appendix A.

In the following we model the event that the queue becomes empty, i.e., the end of
the busy period, as an absorbing event. The joint transform is deduced by determining
the last state visited before absorption.

We are now ready to formulate our main result.

Theorem 1 (Level dependent queue) Assume that the residual busy period starts
with n customers at time zero, and at time zero the phases of the interarrival time and
the service time are distributed according to f, and s,. The joint transform of B,
Sn, and L, is then given by

—wB, S, L& L? _ T
E[e w "Zan2”23n] =1Z1€n ®fn ®Sn(2K] (6] ®€) ®Sf
PlOOf Let us deﬁne

i j o (8) = P(P(t) = (i, j,k,1,m, 0) | P(0) = (ps, pa, n, 0,0,0)).

The Laplace transform of 7t; ;j k 1.m,0(f) is given by
o
~ —wt
ﬂi,j,k,l,m,a(w) = / e ni,j,k,l,m,o(t) dt, Re(w)>0.
t=0
Moreover, let us define the following row vectors:
Hj,k,l,m,o(w) = (ﬁ'l,j,k,l,m,o(w)s cees ﬁMg,j,k,l,m,o(w))»
Hk,l,m,o(w) = (Hl,k,[,m,u(w)y ceey HMa,k,l,m,a(w))v

ﬁl,m,o(w) = (ﬁl,l,m,o(w)’ B ﬁK,l,m,o(w))-
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The Kolmogorov backward equation of the absorbing state (i, j, 0,1, m, 0) reads

Eni,j,O,l,m,o(t) = ﬂi,j,l,l—l,m,o(t)si)(i)v (6)

where Sf(i) is the i-th entry of Si’. Since (i, j, 0,1, m, 0) is an absorbing state, it is
easily seen that

JTi,j,O,l,m,o(t) = IP)(Bn <ft, Phs(Bn) = i, Pha(Bn) = j7 Sn = l, Lf, =m,
Ly =0|P(0) = (ps. pa:n.0,0,0)).

Hence, the Laplace transform of the left-hand side (1.h.s.) of (6) is equal to the joint
transform E[e_WB” . I{Phs(Bn)=i} . I{Pha(Bn)=j} . l{S,,:l} . 1{L§,:m} . I{LZ:"}]' Taking
the Laplace transform on both sides in (6) and summing over all values of i and j
gives

17 Ai=1,m,0(w)SY

ME

Ele™"5 15, =) - Yrg=m) - Lrg=0)] =
1

.
Il

;:1

1,I-1,m, a(w)e ® SO
Ti-1m.o(w)(e1 ®e)' ®S7.

Removing the condition on S, L§,, and L{, we deduce that

(o, S ol o]

E[e”"B"z] z2 z; ZZZZlZ2 BTy mo(w)(e1 @) ® 8¢
=1 m=00=0

oo oo

oo
=21 ZZZI Z ) Zzgﬁl,m,o(w)(el e’ ®S). ()

=0 m=0 0=0

We now derive the right-hand side (r.h.s.) of E[e~wB» zf” Z5" z3 "] Taking the Laplace
transforms of the Kolmogorov backward equations of the AMC, we find that

Iy o (W) (WE = A) = 1100180 @ fr @ 55 + Ly=1)IT1—1 m.o(w)B
+1{mzl}ﬁl,m—1,o(w)c+l{ozl}ﬁl,m,o—l(w)]l (8)

where e, ® f, ® s, represents the initial state vector of the AMC, and the matrices
[ _m_o

A, B, C, and D are given in Appendix A. Multiplying (8) by z7z5'z5 and summing
the result first over all o, then m, and finally / yields that

o
Zzl Z Y 4 Mmoo w)wl— A —z/B—2C—23D) =€, ® f, ®sp. (9)
=0 m=0 0=0

Note that (wl — A — z1B — zC — z3D), Re(w) > 0, is invertible since it has a dom-
inant main diagonal. Inserting (9) into (7) completes the proof. Il
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Remark 1 Assume that the residual busy period starts with n customers at time zero,
and at time zero the phases of the interarrival time and the service time are distributed
according to some distribution vectors f,o and s;q. The joint transform of B,,, S, and
L, is then given by

_ LS L? _
E[e "Bz} 25" 23" = 2160 ® fr0 ® 500Q5 (e1 ® ) @ S7.
Proposition 1 The joint transform By, S1, L{, and L{ is given by
_ LS LY _

E[e Bz 2 = afiesiXn e’ @59,
where X;,i =1, ..., K — 1, and satisfies the following (backward) recursion:
Xi=wl-F, @I -1®S; —22p; F fi ® 1 — 21¢;: F{ f; ® IX; 1) 'I® 87 1Si+1,s
with

Xk =uwl-Fx I -1I® Sk —Z3F1{éfl( ® L

Proof According to Theorem 1, the joint transform of By, Sy, L{, and L can be
written as

LS LY
E[e P22, 2 | = 21 1 ® 51Qk (1, De” @ 57,

where Qg (1, 1) is the (1, 1)-block entry of QI_{I. Let us partition the matrix Qg as

follows:
Q1| Q2
Qkx = |7 , (10)
Q21|Qk-1
where Q1 :=wl-F1 @I -1®S; —up1F{i®L Qun:=—a1 1 F{ f1®L
Q:=—z1IRI® Sé’sz, and Qg is obtained from the matrix Qx by removing

its first blocks row and first blocks column. Some simple linear algebra shows that
the inverse of Qg reads

0=l < Q! |—Qfllle(Q§2)‘1)
ey @yt ’

(11)

where Q] := Q1 — Q12Q}]_1Q21 and Q3, := Qg1 — Qleﬁlle- It is then read-
ily seen that

—wBy S L L -1
Ele™P2)'s) 'z | =21 iws(Q)) ¢’ ® 857

=211 ®s1(Qu —Q12(QK—1)_1Q21)_16T ® Sy
=21/i®s1(wl-F QI -1®S| —z22p1 F{ /i ®1

— 1 FY i ©1Qg (1, DI® S§s) el ® 87, (12)
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where Qg _1(1, 1) is the (1, 1)-block entry of Q;l_l. Qx—1 is a tridiagonal block
matrix. Repeating the manner of partitioning the matrix Qg to Qg—_1 one can show
that

Qx-1(L,LD=wl —F,I —1® S; —upF @ 1-q:F; f, ® IQg_2(1, DI
® Sé)S3.

Qx—2(1, 1) is the (1, 1)-block entry of Q}l_z and Qg _» is obtained from the matrix
Qg —1 by removing its first row and first column. For this reason, we deduce by

. . LS LY . . . ..
induction that E[e~%5B1 zf‘ 25 113 '] satisfies the recursion defined in Proposition 1. [J
2.1 M/PH/1/K queue

For the M/PH/1/K we have that —F; = F/ fi =A,i=1,...,K,S; =S and §}s; =
S°s,i=1,...,K.Let &(w) = s(wl — S)~15° denote the LST of the service times.
Moreover, we assume thatg; =¢,i=1,..., K — 1.

Lemma 1 The function x — 71&(w + A(1 — gx — pz2)) has M + 1 distinct non-null
TOOIS 11, ..., T M 41, Such that 0 < |r| < |ra| < -+ < |rpmy+1l-

Proof Ttis well known that &£ (w), the LST of the service times which has a phase-type
distribution of M; phases, is a rational function. Therefore, the denominator of & (w)
is a polynomial in w of degree M and the numerator is a polynomial of degree < M.
For this reason, the numerator of x — z1§(w + A(1 — gx — pz2)) is a polynomial in x
of degree My + 1. Therefore, the function x — z1&(w + A(1 —gx — pz2)) has M + 1
roots. It is easily checked that zero is not a root of this function.

For clarity of presentation, we will assume that these roots are distinct. In Sect. 3
we shall relax this assumption by considering the case where r;1; =r; +le, € > 0,
ief{l,...,Mg+1}and!=0,..., L —1, and in our final result taking the limit ¢ — 0.
This means that we have that r; is a root of multiplicity L.

Let D, denote the circle with center at the origin and with radius 7, and | % | <

n < |r1l, where ry is the root with the smallest absolute value of
x—mS(w%—A(l—qx—ng)):O. (13)
O

We are now ready to present the main result of the M/PH/1/K queue.

Proposition 2 (M/PH/1/K queue) The joint transform of By, S,, LY, and L, for the
M/PH/1/K queue is given by

1 dx
]E[ —wBy Sn LG L"] Zm fDn xK= ' " gx+pza—z3 x—z21§(w+A(l—gx— pzz))
e Zl Zz 3 1 dx

2711 fDr] *K-T gx+pz3—z3 x—z21E(w+A(1—gx—pz2))
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Proof According to Theorem 1, the transform of B,, S,, Ly, and L{ for the
M/PH/1/K queue can be reduced as follows (due to the Poisson arrivals we have

that f, = 1 and the vector e is of dimension one, i.e., ¢ = 1 in Theorem 1):
_ S, LS LY _
E[e "5z 2y" 23" | = z1en ® sQ' ] ® 8, (14)

where Qg in this case is a K-by-K tridiagonal block matrix with upper diagonal
blocks equal to Eg = —g Al i-th diagonal blocks equal to E; = wI+ A(1 — pz2)I — S,
i=1,...,K — 1, and K-th diagonal block equal to E’f =wl+ A1 —z3)I-S8,
and lower diagonal blocks equal to Ey = —z15%s. Therefore, Qk has the following
canonical form:

E Ey 0
E, E Ey 0
QK: 0 .'. .'. .'. .'. . (15)
: . E; Eg
0 --- 0 E; Ej
Letu=uy,...,ug) :=e, ® SQ}]. Note that each entry of the row vector u is in its

turn a row vector of dimension M and is a function of w, z;, z2, and z3. Then (14)
in terms of u can be rewritten as

]E[e_wB"zf”z;hz;”] =z1u15°. (16)
The definition of u gives uQg = e, ® s. Developing the latter equation yields

Li=oyui—1Eo + ui[Lizck—yE1 + L=y Ef] + Lick—nyuiv1Ba = Ljimpys,  (17)

wherei =1, ..., K. Since u is analytic, we deduce from (17) that u;,i =2,..., K,
are analytic. Multiplying (17) by x’ and summing over i we find that

< i K * n 1 -
E uix! = (u1Ex + x* ug (xEg + E; —E}) + x"s)( xEo + E; +;E2
i=1
21 -
= (zlulS(’s —x"s + 2axX(gx + pzr — zg)uK)<S — pIl+ ;S”s) ,
(18)

where p :=w 4+ A(1 — gx — pz2). Let S, := S — pl. Note that under the condition
that Re(p) > 0 the matrix S, is nonsingular. Hence, the Sherman—Morrison formula,
see, for example, [3, Fact 2.14.2, p. 67], yields

—1
21 -1 21 -1 -1
S, + —SOS) =S ———S_'S5%S_ . (19)
< T x * x+Z1SS;1S0 * *
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The multiplication to the right of (18) by the column vector §° and (19) gives

K

ZuixiSO = ;l(zlulSos —x"s+ka(qx+ng—z3)uK)S;ISO. (20)
P x + 21585 S°

From (2) we know that sS;'S° = —£(p) and S;'S° = —(&!(p), ..., EM5(p))T,
where £/ (p) = e; (pI —S) 1 5°. Therefore, £(p) =s(&'(p), ..., EM5(p))T is a linear
combination of £ (p), i =1, ..., M;. Inserting sS;lS” and S;lS” into (20) yields

Zu x'§0 = ; _le( )|:(Z1u15" —x")&(p)

M;
+0xK(gx + pra—23) ) ukjE (p)}, 1)
j=1

where ug = (uki,...,uxm,). We recall that ; S’ is an analytic function. For this
reason, the Lh.s. of (21) should be analytical for any finite x. This implies that the
singular points, roots of x — z1£(p), on the r.h.s. of (21) are removable.

Lemma 1 and the analyticity of ) ,.Kzl uix' S give

M
211 S°E(0;) + ArK (qri + pz2 — 23) ZMKjé’(pi) =ri'E(p),
Jj=1
i=1,... My +1, (22)

where p; := w + A(l — gr; — pz2). The system of equations in (22) has My + 1
equations with M 4 1 unknowns which are z1u1S°, uk1, ..., ukpm,. Using Cramer’s
rule, we find that

B ¢ Lo det(M*)
R[e~wBn ;Sn Lbn Ln 50 = 23
[e7"Pz)"2y" 23" | = 21w et M)’ (23)

where det(M) is the determinant of the (Mg + 1)-by-(M + 1) matrix M with i-th

row equal to (§(p;)/[ArK (qri+pza—23)1,8"(0i), ... §M (o)), i =1,..., Mo+ 1.
Therefore, M has the following canonical form:

§(pD) 1 .. M
Y Spr— & (p1) §% (p1)

£on) oy My
M= )»riK(qri+p12713) & (i) E" (pi)

E(pmg+1)
)»r,ﬁSH (grmg+1+pz2—23)

Elom,+1) - EM(pm,41)
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The matrix M* is obtained from M by replacing its first column with

( £(p1) E(PM+1) )T

Ak (gry + pza — ) M,{;:fl (grmy+1 + pz2 —23)

The Laplace expansion of the determinant along the first column of M and M* gives

Ms+1 &) (=D*! MG 1
Lz Le Zi:l )trlKin(ql‘i-ﬁ-[)Zz—Z})det( (ls ))

E[eiwgnzlsnzz "] =

Mg+1 _ E(p)(=Dit! .
Z,‘:] AriK—(qr,-+p12—z3)det(M(l’ 1)

Mt CDL Ger(M(, 1
Zl:l r,-K_I_n(qu‘[?Zz—Q) et(M(, 1))

= , (24)

Mﬁ'l ¢ M. 1
Vs ey St 1)

where M(i, 1) (resp. M*(i, 1)) is the My-by-M, matrix that results by deleting the
i-th row and the first column of M (resp. M*), and the second equality follows from
&(pi) =ri/z1 and M*(i, 1) = M(, 1).

Let D; denote the circle with center at the origin and with radius equal to 7.
Assume that |%| < n < |r1| with g # 0. Let us define fi(x) ~; gi(x) if
fi(x)/gi(x) = h(x) that is independent of i. Let Res, f(z) denote the residue of the
complex function f(z) at point a. The sum of the residues of the following complex
function:

1 1 1
xK=1=n gx 4+ pzy —z3 x — 216w + A(1 — gx — pz2))’

is equal to zero, including the residue at infinity, which is equal to zero (¢ # 0).
Therefore, we deduce that

S e E—det(M(, 1))

K gri 4 pza—23)

SMAT_CDT (M, 1))

i=1 rinl (qri+pz2—z3)

Lf 1 1 dx
2ri I Dy xK=1-1n gx+pzy—z3 x—z1E(w+A(I1—gx—pz2))
=T [y 1 dx ’ (25)
271 J Dy xK=1 gx+pzr—23 x—21E(w+A(1—gx—pz2))
if and only if
i ; 1
(—=1)'det(M(i, 1)) ~; Res,, (26)

x —z1E(w + A(1 — gx — pz2))’

In the following we shall prove condition (26). Since the service times have a
phase-type distribution, £(w) is a rational function with denominator, Q¢ (w), of
degree M; and numerator of degree < M;. Note that by Lemma 1 the roots of
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x —71E(w + A(1 — gx — pzp)) are distinct. Therefore, we deduce that

R 1 _ Qs(w+A(1 —gri — p22))
es,l. — — — = Mot
X —2fH+ A —gx —p2))  (—ag)M T2 1))
Qs (i)

M+1 '
l_[jzl’j#(,oi - /Oj)

M(i, 1) is an M,-by-M, matrix with j-th row equal to (El(pj),...,éMJ‘ (pj)) for
j=1,...,Ms+1and j #i. We have (see Appendix B for the proof)

M M+1
; i 2 i1 Goe — o)) -
det(M(i, 1)) = C(—1)i~! 1—1,_1 1;[4’:1/“ 7 _ +1st(pz) '
[T;21 Qe(op) 12 ji(pj = o)
The latter two equations give (26) right away, which completes the proof. O

Remark 2 In the case where |ri| < |pza — z3]¢ ™!, we choose the radius 5 such that

n < min(|r1], |pza — z3lg~1). To capture this modification, it is necessary to correct
the joint transform in Proposition 2 as follows:

c o

—wB Sn Ln Ln
E[e™"%z)"25" 23" ]

1 1 1 dx
27i fDn xK=T-n gx+pzr—z3 x—z21§(w+Ar(I—gx—pz2)) +Res, f1(2)

1 1 1 dx ’
27i fDn KT i pa—g i Ew A (I—gr—pa) T Res; f2(2)

where zg = | pz2 — z3]¢ ', and the functions fi(z) and f>(z) are the integrands of the

. . . . _ LS L°
contour integrations in the numerator and the denominator of E[e wB"zf" 2,"73"].

Remark 3 For the M/G/1/K queue, note that Rosenlund [13] obtained the trivariate
transform of By, S, and L. Recall that L is the total number of losses during the
busy period. Restricting Rosenlund’s result to the M/PH/1/K queue, Proposition 2
extends his result in two ways. First, it gives the four-variate joint transform of B,, S,,
Ly, and LY, for the case when n > 1. Secondly, it allows the dropping of customers
even when the queue is not full.

2.2 M/PH/1/K queue under threshold policy

Let m € {1, ..., K} denote the threshold of the M/PH/1/K queue length. According
to the threshold policy, if the queue length at time ¢ is i, the interarrival times and
service times are then defined as follows. For i <m — 1, we have —F; = Fl.” f = Ao,
Si =S, si =s,and p; = po. Form <i < K —1,wehave —F; = F/ f =11, S; =S
and s; = s, and p; = pj and pg = 1.

Let & (w) = s(wI—S8;)~! S = P;(w)/Q;(w) denote the LST of the service times
when the queue length is below the threshold (i = 0) or above it (i = 1). Moreover, we
let £/ (w) = e/(wI — 8;)7'S? = P (w)/ Q! (w). Note that since Qo(w) is the com-
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mon denominator of éé(w) we see that S(l)(w) = Pé(w)/ Qo(w) is a rational function
where Pé(w) is a polynomial of degree < M;. Let Cy denote the matrix with (j,1)-
entry equal to the coefficient of w/~! of the polynomial Pé(w). In the following, we
shall assume that the matrix Cy is invertible. Note that the Erlang, hyperexponential,
and Coxian distributions satisfy the latter assumption.

Lemma 2 The function x — 21§ (w +A(1 —q1x — p1z2)) has Mg+ 1 distinct non-null
rOOtS 111, « -« s F(Mg+1)l» such that 0 < |ry| <--- < |V(MS+1)I|’ [=0,1.

Proof The proof results by analogy with the proof of Lemma 1. g

Before reporting our main result on the M/PH/1/K under Threshold Policy in
Proposition 3, let us first introduce some notation.

Let Dy, denote the circle with center at the origin and with radius 71, <
N1 < |r11]. According to Lemma 2, 1 is the root with the smallest absolute value.

[p1za=23]

The contour integration v(l), [ =1, ..., My, is given by
) 1 EwHr(—qix—pi1z2)) dx
27i I Dy, xK—m q1x+p122—23 x—z1&§1(w+A(1—q1x—piz2))
v(l) =1z : ; ; - . (27)
2xi fDnl xK=m g x+p1z2—z3 x—z1&1 (w+A(1—g1x—p122))
Let pio = w + XAo(1 — gorio — poz2). Let us define vo(k, m) as follows:
(_l)k—l
vk, m) = — > Uy X X Uy kom=1,..., My, (28)
I=1,i#m Yl — Vm
where 1 <m| < -+ <mpy,—x < Mg, my,....my,—x #k, and (v1,...,vy,) =

(0104 -+ +» PG—1)0s P+1)05 - - - » P(M;+1)0)- Note that for k = M, D vy X -+ XV
is equal to one by definition. Finally, let 8(i) denote the following sum:

M M+1 My
B = vl) Y. Qolomo) Y _ coll, kyvok, m), (29)
=1 m=1,m#i k=1

where co(l, k) is the (I, k)-entry of C(;l.
We are now ready to report our main result on the M/PH/1/K under Threshold
Policy.

Proposition 3 (M/PH/1/K under threshold policy) The joint transform of By, Sy, L{,
and LY in the M/PH/1/K queue operating under the threshold policy is given by

ZMX-H 21=B0) Qo(pio)

. i=1 m—2 Ms+1 .
E[e_wBlelchlzL(f] _ Tio Hjél,j¢i(010 £i0) (30)
1523 M2 —p0) __ Oolpi) ’
s+

j= =
i=1 r,":’) Hj=1‘j#,'(pj0_pi0)

where rig and ri1 are given in Lemma 2, Qo(w) is the denominator of &y(w), and

B(i) is given in (29).
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Proof By analogy with Proposition 2, the joint transform By, S, L{, and L{ for the
M/PH/1/K queue can be written as follows:

LS L8 -
Ble™™2]'z; 2" | =211 @ sQef ® S, 3D

where in this case Qg has the following structure:

F
Qx — < 00|F01> .

Fio|F11
The matrix Fy;, I =0, 1, is a block tridiagonal matrix with upper diagonal blocks
equal to Eo; = —g; A1, diagonal blocks equal to E;; = wI + A;(1 — p;z2)I — S; and
lower diagonal blocks equal to Ey; = —z1 .57 s. Note that Fog is an (m — 1)-by-(m — 1)-
block matrix and F1; is a (K —m + 1)-by-(K — m + 1) block matrix. Moreover, the
(K —m+1, K —m + 1)-block entry of Fy; is equal to E’l*1 =wl+A;(1—-23)I-9S;.
The matrix Fo; is a block matrix with all its blocks equal to the zero matrix except the
(m — 1, 1)-block, which is Egg = —goXol. Finally, the matrix Fy¢ is a block matrix

with all blocks equal to the zero matrix except the (1, m — 1)-block, which is Eo; =
—271 Sf,v. Therefore, Foo, F19, F10, and F1 have the following canonical form:

Eio Ep 0
Ex Eio Ep 0
F()o: 0 s
: . Eg
0 0 Ex Ep
0 0
For = : : : S I
0 0 - i . 0
Ew 0 -« v - 0
0 -« oo . 0 Ey
0 —«« i i 0 0
Fo=|: : R
0 -« .. ... 0 0
E, Eg 0 - .-
Exy Ein Epp 0 .-
Fi = 0 )
: B . En Eg
0 0 Ey E
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Equations (11) and (31) yield

LS

— L _ -1
E[e"512]'2,"2y"] = z1e1 ® 5(Foo — ForFy,'Fio) ' ef ® S

= z1e1 ® 5(Foo — qorozi By, (1, SEsUTU) el ® 83,
(32)

where U is a row vector of blocks with all entries equal to zero except the last, which
is I, and Fﬁl (1, 1) is the (1, 1)-block entry of Fﬁl.

We shall now derive an expression for lel_ll (1, 1)S7. Note that lel_ll(l, 1)S7 is
a column vector with size M. Let v := lel_]l (1, 1)S7. First, observe that Fy; has the
same structure as the matrix Qg in (15) with K replaced by K —m + 1, A by A1, S
by Sy, and §%s by S{s. Second, note that the /-th entry of v can be written as follows:

v)=z1e1 @ e (F1) el @89, 1=1,..., M. (33)

Therefore, by analogy with the proof of Proposition 2, we find that v (/) satisfies (27).
Note that Fog — goAovsU TU has the same structure as the matrix Qg in (15) with

K=m-—1,Eg=Ey, E; =E 9, E; =Ejg, and ET =E19 — gorovs. Moreover, (32)

has the same form as (14). By analogy with the proof of Proposition 2, we find that

Za,x So

SO —
T _leo(p ) |:(Zlal 0 — X)&0(00)

M '
+ hogox™ ! Zam—lj (x&] (po) — U(j)éo(,oo))],

j=1

where a = (ai, ..., am—1) =1 ® s(Foo — qorovsUT UYL, am—1 = (@m-1y1, - -,
Am—1)M, ), and pg = w + Ao(1 — gox — poz2). Recall that r;9, i =0, ..., My + 1, are
the roots of x — z1&y(w + Xo(1 — gox — poz2)). The analyticity of Zlel a,-xng gives
that
My '
z1a185E0(pio) + Aoqorly ! Zam—lj (rio&g (pio) — v()&0(pio)) = riogo(pio),
j=1
where i = 1,..., M5+ 1 and p;o = w + Ao(1 — gorio — poz2). Cramer’s rule yields
that

Mg+1 éo(p,o)( 15}

E[eﬂ)Ble'thZ 0] =zia18] = = i B
Le2 %3 1= T M+ g (pig) (=D

Ziz.l &(p 2')6‘( ) det(N)

S Gl deu)
0
= (34)
lewzsl-’_l = ld t(N)
Tio
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where N is an M;-by-M; matrix that has the following canonical form:

Epi) —v(D/zi - EY(pro) — v(My) /21
N | &m0 vz 5 (im0 — (M) /21
ELpaino) —v(D/zi - ES (pasno) — v(My)/z1
£ (pmy+10) —v(1) /21 - %‘ém (PMy+1)0) — v(Ms)/z1

Let My(i, 1) denote the following matrix:

) o & 0
Mo 1) = 501(/0(1'71)0) S(ijz (Pi-1)0)
& (oi+no) o & (Pi+1)0)
£ (P +10) Séws (P(My+1)0)

It is easily seen that N can be decomposed as follows:
17
N=My@,1) — —e" v.
21
Since éé(w) = Pé(w)/Qo(w), l=1,..., M, are rational functions with common
denominator Qo(w) the decomposition of My(i, 1) gives
Mo (i, 1) =D(@)Vo(i)Co,

where D(i) is an M;-by-M; diagonal matrix with j-th diagonal element, j =
I,...,Mg+1and j # i, equal to 1/Q¢(pjo), Vo(i) is a Vandermonde matrix of
the following canonical form:

1 010 o (p10)Ms
, L picyo oo (pia—1yo)™s
Vo(i) = ,
L pisno - (patno)™s
U py+10 oo (Pg+1y0) M

and C is a matrix with (j, [)-entry equal to the coefficient of w/ ! of the polynomial
Pl(w).
By Sylvester’s determinant we have

det(N) = Zidet(Mo(i, D) (z1 — vMo G, D~ 'eT)
1
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= Zidet(Mo(i, D) (z1 — vCy Vo) ' D@ ). (35)
1

By analogy with Lemma 4 in Appendix B, we find that

My M+l
T2 T2 1 Govo — pjo) Qo(pio)

M1 Mo+1 :

Hj:?_ QO(;OjO) 1_[./':-1’__’/'75,' (/OjO — 0i0)

det(Mo(i, 1)) = det(Co)(—1)' "

Let (i) := vC&lVo(i)_ld, where d = D(i)~'e” . Therefore, d is a column vector
of dimension My with j-th entry equal to Qo(pj0), j =1,..., Mg+ 1and j #i. Let
vo(k, 1) denote the (k,[)-entry of V(i )~1. Note that the inverse of a Vandermonde
matrix is known in closed form; see, e.g., [9]. We deduce from [9] the values of
vo(k, I) that are given in (28). Let us denote cy(i, j) the (i, j)-entry of C. ! then it
is easily seen that §(7) is given by (29). Substituting B (i) and det(My (i, 1)) into (35)
gives det(N). Inserting det(N) into (34) completes the proof. O

2.3 PH/M/1/K queue

For the level independent PH/M/1/K queue we have —S; = Slf’si =u,i=1,...,K,
Fi=Fand F/ f; =F°f,i=1,...,K.Let ¢(w) = f(wI—F)~ ! F° denote the LST
of the interarrival times. Moreover, we assume that ¢; =¢q,i=1,...,K — 1, and
gk =0.

Lemma 3 The function x — (q + xpz2)¢(w + w(1 — z1x)) has M, + 1 distinct non-
null roots o1, ..., 0pm,+1, such that 0 < |o1| < |oz2| < -+ < |om,+1].

Proof The proof results by analogy with Lemma 1. (|

Before reporting our result on the PH/M/1/K queue, let us introduce some notation.
Let Ds denote the circle with center at the origin and with radius equal to § with

ﬁ < § < |o1]. oy is the root with the smallest absolute value defined in Lemma 3.

Let £(8), g(8), h(5), and I (8) denote the following contour integrations:

1 1 1 1
f(8)=—/

27i Jp; x" 1 g + pzax w + (1 — z1x)
dx
X , (36)
x —(q + pz2x)p(w + u(l —z1x))
) = 1 / 1 1 dx a7
8007 21 Jp, T g+ prax x — (g + paand(w + p(1 —z12)”
1 - d
h(s) = _/ q -; (pz2 —z3)x x @)
27i Jpy x%(q + pzax) x — (g + pxz2)¢(w + u(l —z1x))
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1 1y —
15) = _/ qﬂ;(Pm 23)X
27i Jp, x%(q+ pzax)
1 dx
x . (39)
w+ pu(l —2z1x) x — (g + pxz2)¢(w + u(l — z1x))
Finally, let R be defined by
n 1 1
(nz1) 40)

" quzi 4 pw+ Wz w+ (1 — pza) —quzr

We are now ready to report our result on the PH/M/1/K queue.

Proposition 4 (PH/M/1/K queue) The joint transform of By, Sy, L9, and L, for the
PH/M/V/K queue with p >0 (p=1—q)andn=1,..., K is given by

S)l L " L :1’

8)I (S
E[e~"n 2525 ]=((w+u)(1—pzz)—CIHZ1)<R+f(3)+g( L )),

h(é)
where f(5), g(8), h(5), 1(8), and R are given in (36)—(40).
Proof Due to the exponential service times, we have that s, = 1 and Si’ = . Then,

according to Theorem 1, the joint transform B,, S,, L{,, and L{ in this case can be
written as follows:

_ LS LY _

Ele “’B"zls”zz”z3"] =nzien ® fQi'el ®e, (41)
where Qg in this case has the same structure as in (15) with Eg = —gF°f, E| =
w+wWI—=F—pnF°fEf=w+wl—F—z3F°f,and E; = —zjul. Let b =
(b1,....bg):=e, ® fQEl. Note that each of the entries of the row vector b is in its

turn a row vector of dimension M, and is a function of w, z1, z2, and z3. Equation (41)
in terms of b can be rewritten as

M,
- Sp Ly Ly
j=1

By analogy with the derivation of (18), we find that

K

> bix' = (uziby — x" f + x5 (gx + pz2 — 23)bk F f)
i=1

x (F— 01+ (gx + pz2) FOf) ",

where 0 := w + u(1 — z1/x). Let F, := F — 61. Note that under the condition that
Re(0) > 0 the matrix F, is nonsingular. Hence, the Sherman-Morrison formula, see,
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for example, [3, Fact 2.14.2, p. 67], yields

qx + pz22

- F_'FofF;'. (43)
1+ (gx + pzo)tFy ' Fo ™ *

—1 _
(Fi+ (gx + pz) Ff) " =F; !

Multiplying to the right of Z;K=1 b;x' with the column vector F° and using (43) gives

1
1+ (gx + pz2) fF; ' Fo

K .
ZbixlF” =
i=1

x (miziby —x"f + xK(gx 4+ pzo — zg)bKF"f)F;lF". (44)

From (1) we have that fF,'F’ = —¢() and F,'F° = —(¢'(0), ..., ¢M6))7,
where ¢/ (6) = ¢; (61 — F)~! F°. Therefore, ¢ (6) = f(#'(6), ..., ¢ ()" is a lin-
ear combination of ¢'(0), i =1, ..., M,. Inserting fF;lFO and F;lF" into (44)
yields

ib po_ _XN@x+ P = )¢ @bk F + iz Y b1l (6) — X" (6)
‘X —_ — ’
prdl 1= (qx + pz2)$ )

45)
where b1 = (b11, ..., b1m,). Note that b; F° is a joint transform function. For this

reason, the Lh.s. of (45) is analytical for any finite x, and the poles on the r.h.s. of (45)
are removable. Note that the roots of 1 — (gx + pz2)¢(w + u(1 — z1/x)) are equal
to the inverse of the roots of x — (g +xpz2)¢ (w + (1 — z1x)). Therefore, Lemma 3
and the analyticity of Zlkz 1 bix' F° give

M,
q + (pz2 — 23)0; , 1
T’fﬁ(@f)bKF” + iz ) bl 0) =46,
i j=1 i
i=1,...,M,+1, (46)
where 0; := w + (1 — z10;). The system of equations in (46) has M, + 1 equations
with M, + 1 unknowns which are bx F°, b11, ..., b1y, . Using Cramer’s rule we find
that
l det(H)
_ LS L°
E[e Wanlsnzznz3n]:“Z1bleT=“Z1Zblj:_F(K)’ “7)
j=1

where K is given by

THEL TR () $lon - M)
1
K= : : : : :
PO 0L ¢ Opgy 1) @' Ontyr)) -+ OMOuty)
Mg +1
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and H is given by
LHP=0 g ) $lOn - PMao) o E
1
LM G Oyt 1) ¢ Ouar1) oo 9 Ona) g En,41)
ofF L Mg+1

1 1

The Laplace expansion of the determinant along the first column of K and H
gives

o e L THEREEeO)(— D det G, 1)
E[e~vBigSnglngln] = O
> LHEL_20 6 (9, (— 1)+ det(K (i, 1)

l

M,+1 12 —23)0; ; .
ol S LB () der(H G, 1)

T Mg+ —23)0; . . ’
Yot S EERL0L ()it det(K (i, 1)

where the matrices H(i, 1) and K(i, 1) are obtained by deleting the i-th row and
the first column of the matrices H and K, and the second equality follows from

¢(0;) = 0i/(q + pz20i).

Note that ¢ (w) is a rational function with denominator, Q4 (w), of degree equal to
M, and numerator of degree <M,. By analogy with the determinant of M(i, 1) that
is given in Lemma 4 in Appendix B, we find that

A TS G—0) 046
M 0s0)  T1H .07 -6
[ T o —0))
[T 040))
1

x Res,, ; (49)
x —(q +xpz2)p(w + pu(l — z1x))

det(K(@i, 1)) = Cr(~=1)' !

—C( 1)M+l1

where Cy is a constant that is a function of the polynomial parameters of the numer-
ators of ¢' (w),i =1,..., M,. Assume that g/|pz2| <6 < |o1|. We find that

M,+1
1 g+ (pz2 —23)0;i it .
— L K, 1
g S (=D det(K(i, 1))
M+l (o .
AU 0D ),

HMa+1 Q¢(9 )
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where 4 () is given in (38). Note that the minus sign that is next to 4(§) is due to the
fact that the sum of all residues of the function

q+ (pz2—z3)x 1
xK(q + pz2x) x—(q+ pxz2)p(w +pn(l —z1x))’

including the residue at infinity, which is equal to zero (K > 1), is zero. We shall refer
to the latter property of complex functions as the Inside-Outside property.
The expansion of the determinant of H(i, 1) along the last column yields

Ma+1 1 (_1)Ma+j+1
det(H(. D)= > — —det(J), (50)
=12 % 4 +p220;

where J is obtained by deleting the j-th row and the last column of the matrix
H(i, 1). It is easily seen that J is an M,-by-M, matrix with the /-th row equal to
@' @), ...,oMa0)),1=1,...,M, + 1 and [ #1i, j, and the last row is equal to e.
By analogy with the determinant of M(i, 1) we find that

M,+1 M,+1
7
det(h) = 5= I1 K (9) ]_[ [T G-
O i, j LY 1 j k=141 k£
Mq+1 M,
_ G 11 i (1)1 T2 T 0 — )
My+1 My+1
Q) _"2; . Qo) T2 O = 0 T2 s 61 = 6))
. My+1 My T rMa+1
_ CJ(—1)1+11< + 9[> Ma T3 I:I(ek—el) 04(0)
Q¢(0) =1 u+1 Q¢(9[) 0 l_[[ a1+1;1 (91 _91)
04(0;)
Mat1 ,
9]' Hl llgélj(el ej)

where Q4(0) is due to the last row of J which is equal to e = (1,...,1) =

(Pqi /0 é)(O), .. M“ /0 P Ma (0)). It follows from the definitions of the matri-
ces J and K that C J= Ck We note that

My+1 Matl oo
1_[ = (uzp)Met! l_[ (w ad —01)

Uz

= =1

w+p _ W+
wos i Q9 (0) = (q + p22 ) Py (0)
(—pz1)Ma

= (=DM Qs O)[(w + (1 — pz2) — guz1].

= (uz1)

where the second equality follows from the fact that o, [ = 1,..., M, + 1, are the
roots of x — (¢ +xpz2)¢(w + (1l — z1x)) and ¢ (w) = Py(w)/ Oy (w), and the last
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from ¢ (0) = 1. Inserting det(J) and [ *" 6, into (50) yields

Mg+1

det(HG, 1)) = >

J=Lj#i
= Cy(=D'[(w+ (1 — pz2) — guz1]

Hz IHk 1+1(9k o) Q¢ (6;)
200 6 T2 L 6 — 6)

1 (- l)M at+j+1

det(J
ot~ ' g+ pz20) D

Ma+1

1 1 04(0))
x Y ) M"“que . (51)
joti @ 4T PR 05[], s ;6 —6))

Note that, for p >0andn=1,..., K, we have

My+1

L 04(6))
> = )

I ) Mot
jotgei O AT P20 0 T2 ;O —0))

Mt 1 O —0,)04(0))

=DM Y S T me T
o0 4T PR 0[], 6 — 6

My+1
1 1 1 1
= (=DM 6 Z n—1 o Res,,
o 0T atpnoj 0 T x — (gt prx)dw+ pl —z1x)

My+1

1 1 1
- Z 1 Res,,
oo atpnoj U x— (gt pax)éw+ ud - z1x)

= (=DMt (0, (£(8) + R) + g(9)),

where the last equality follows for p > 0 from the Inside—Outside property of the
integrands of f(§) and g(§) that are given in (36) and (37),

1 1 1
R = ReSw+u 1
e x"H g + pax w+ u(l —z1x) x — (g + pz2x)p(w + u(l — z1x))
_ wa" 1 1 )
(w+ )"~ quzi + p(w+ Wz (w+ ) — pz2) —quzr’
Substituting (49) and (51) into (47) yields
8IS
E[e~" 2525 5] = (w + w) (1 — pza) — qum)(R + PO+ %)

where 1 (§) is given in (39), which completes the proof. Il
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Remark 4 For the G/M/1/K queue, note that Rosenlund [14] obtained the four-variate
transform of By, Si, L1, and the busy cycle defined as the time duration between
two consecutive arrivals to an empty system. Restricting Rosenlund’s result to the
PH/M/1/K queue, Proposition 4 extends his result in two ways. First, it gives the four-
variate joint transform of B,, S,, L, and L, for the case when n > 1. Secondly, it
allows the dropping of customers even when the queue is not full. Note that in the
particular case withn=1and p=1—¢ =0, we have f(6) =0, g(§) =1,and R =
—1/(w 4+ u(l — z1)). Inserting these values into the joint transform in Proposition 4
yields

e ZMa—H 1— z;o, 1—¢(w+u(1—z10;)) Q¢(9,

LE L° 0 w+p(l-z10:) nM“-H

IE[ —wB; 51, 1 1] 1=1,12i 0
e Zl Zz Z3

S Mo T 1 Q¢(9,>
=1 K Mg+l
! l_[l al/;’:z

f nz1(d=z3x) 1—¢p(w+u(l—z1x)) dx
Ds xK wtpu(l—z;x)  x—¢w+u(l—z1x))

f 1—z3x dx
Ds  xK  x—¢w+p(l-z1x))

We note that the last equation is in agreement with (11) in [14].

3 Discussion: non-distinct roots

Until now we have assumed that the roots in Lemmas 1, 2 and 3 are distinct. We shall
now relax these assumptions and show that the results in Propositions 2, 3 and 4 still
hold. In the following, we shall focus on extending the result in Proposition 2. This
can be done similarly for Proposition 3 and 4.

Letusconsider thatr;y; =r;+le,e >0,i € {1,..., M+ 1}and[ =0,..., L — 1,
and take the limit in our final result for ¢ — 0. This means that r; is a root of mul-
tiplicity L. In order to show that the results in Proposition 2 hold in this case, it is
readily seen that one must prove that

1 1 1
Res,, ——
x* 7t gx + pzr—z3x — 216w + A(1 — gx — pz2))
. 1 Qs (i+1)
= lim . (53)
6_’02 Kot arie + pz2 =23 HM—SH#H(PHI = pj)

First, note that when 7; is a root of multiplicity L, the complex residue reads

1 1
gx +pz2—z3x — 216w+ A(1 — gx — pz2))

Res;, K

1 dL1< 1 (x —r)k )
(L= DVaxE T \xK Y gx + pza —z3) x —ziE(w + A(1 — gx — pz2) ) |,

1 dL—l
T (AL (L — 1)l dxL]
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( 1 Q¢ (p) )
K=Y(gx + pz2 — z3) ]‘[M‘ﬂ#wi“_l(p — o)/ |x=r,

L—1 —1 L—1-]
! Z( (-7)=D
T (- rg)E- I(L—l)'e—>0€L ! (ri +1e)X=1(q(ri +1€) + pzo — z3)

Q¢ (pi — Aqle)
X : (54)
Hj:l,j;éi,_,,,i.:,_L_l(Pi —Agle — Pj)

where p = w + A(l — gx — pz2), pi = w + A(1 — gri — pz2), and the last equality
follows from the following identity for the analytical function f(x) around xg:

= 11510}; (1) =0 fo +ie).

Note that the latter equation follows right away using the Taylor series of f(xo +i€)
around x( and the binomial series of (x — 1)” and its derivatives.
The r.h.s. of (53) can be rewritten as

L-1
1 1 ;
lim Qs (pi+1)

=0y iy it pa =B T (i — )

Z 1 Q¢ (pi — Aqle)
(ri +le)K YqUi+le) +pr - [T (o — hgle - p;)
(55)
where
Q: (pi + Leo) _ (=D "1 Q¢ (pi + Leo)
nﬁﬁﬂ‘#ﬂrl(pi +leo—pj) - e ML —1~ l)!njv:s;r,ll;éo,...,L—ﬁpi +leo—pj)
() (=DE11 Q¢ (i + eo)

= 1M+l )
(L -1 60L : njzilgéo,._.,L—l(Pi +leo — pj)

with €g = —Age. Inserting the last equation into (55) shows that the r.h.s. and L.h.s. of
(53) are equal, which completes the proof.
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Appendix A

In this appendix, we give the definition and the structure of some key matrices that

we shall refer to frequently.
The matrix A is a K -by-K upper bidiagonal block matrix with i-th upper diagonal
element equal to g; (F? f;) ® I and i-th diagonal element equal to F;  I+1®$§;, i.e.,

FI®I+I®S q(F{fH)®I 0 0
0 BI+108: @F)el 0 .. 0

gr-1(Fg_1 fxk-1) ®1
0 e 0 Fx @I +1®Sk

The matrix B is a K-by-K lower diagonal matrix with i-th lower diagonal element
equal to I® (S7s;). Therefore, B has the following canonical form:

0 0

I® (5952) 0 0

B= 0 I®(Sys3) 0 :
0 0 I®(S%sk) 0

The matrix C is a K-by-K diagonal matrix with i-th diagonal element, i =
1,...,K —1,equal to pi(Fi"ﬁ) ® I and K-th element equal to 0, i.e.,

p1(FY f1))®1 0 0

0 p(F )L 0 :

C: : .. .
0 0 pxa(FR_;fxk-»D®1 0

0 0 0

The matrix D is a K-by-K zero block matrix with (K, K)-block element equal to
(Fg fx) ® L. Therefore, D has the following canonical form:

0 .- ... 0

0 .- ... 0
D= : :

0 --- 0 0

0 - 0 (Fgfr)®I

The matrix Uy is an infinite size block diagonal matrix with diagonal blocks equal
toC,i.e.,

cC 0 - ...
u=[0 c o 0
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The matrix Ugg is an infinite size block diagonal matrix with diagonal blocks equal
to D. Therefore, Uy has the following canonical form:

D 0O .- ... 0
Up=|0 D 0 - 0

The matrix Uy is an infinite size block diagonal matrix with diagonal blocks equal
to Ugo, i.e.,

Uo 0O -+ - 0
Uo=| 0 U 0 - 0

Appendix B

The matrix M(i, 1) is an M,-by-M; matrix with j-th row equal to (El(,oj),...,
éM»‘(pj)) for j=1,...,M;+ 1 and j # i. Therefore, M(i, 1) has the following
canonical form:

o) - EMs(p)
] ey - e
M@ D= E'piv1) - EM(piy1)
Elom1) - EMs(om41)

Recall that £(p) = s(pI — S)~18° and £/ (p) = ¢; (pI — S) 1 S°. Moreover, £(p) is a
linear combination of &1 (p), ..., EM5(p), and it is a rational function with denom-
inator, Q¢ (p), of degree equal to My and numerator of degree <Mj. In addition,
gi(p), i =1,..., M, are also rational functions with denominator of degree <M
and numerator of degree smaller than the denominator. Therefore, it is easily seen
that £ (p) = P'(p)/ Qs (p), i = 1,..., My, where Q¢ (p) is the denominator of £(p).
Let C denote the matrix with (j, i)-entry equal to the coefficient of p/~! of the poly-
nomial Pi(p).

Lemma 4 The determinant of M(i, 1) is given by

T Tt o= o)) Qs(pn)

. (56)
H?ﬁlﬂ Q¢ (pj) H?ﬁf}# (pj — pi)

det(M(@i, 1)) = C(=1)"""

where C = det(C).
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Proof We decompose M(i, 1) as follows:
MG, 1)=D-V(@)-C,

where D is the diagonal matrix with j-th diagonal entry equal to 1/Q¢(p;), j =

l,...,M; and j #i, V(i) is the Vandermonde matrix of the following form:
1 pr o (™
. I pi1 (pi—1)Ms
V@)=
© 1 piq1 oo (pig)™
U pm+t oo (o)™

Note that the determinant of M(i, 1) reads
det(M(i, 1)) = det(D)det(V(i))det(C).

It is well known that the determinant of the Vandermonde matrix is given by, see, for
example, [5],

e T2 T ok — b

_ k=j+1\Pk 0j)

det(Vvi))= [] [1 x—pp=0"—70 :
J=1j# k=j+1,k#i l_[j:Lj;gi(pj—,Oi)

Since D is the diagonal matrix with j-th diagonal entry equal to 1/Q¢(p)), j =
1,..., M and j #1, it is readily seen that

detD) = ——
T2 s Qs (o))

Substituting the latter two equations into det(M(i, 1)) immediately yields (56), which
completes the proof. g
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