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Abstract
The aim of the paper is to study the problem of absentminded driver in the quan-
tum domain. In the classical case, it is a well-known example of a decision problem
with imperfect recall that exhibits lack of equivalence between mixed and behavioral
strategies. The optimal payoff outcome is significantly lower than the maximum pay-
off appearing in the game. This raises the question whether a quantum approach to the
problem can increase the strategic position of the decision maker. The results that we
present in the paper clearly reveal the benefits from playing the absentminded prob-
lem with the aid of quantum objects. Through appropriately chosen initial quantum
state, the unitary strategies enable the decision maker to obtain the maximum possible
payoff. At the same time, our scheme comes down to the classical problem with a
suitable restriction of unitary strategies.

Keywords Absentminded driver · Quantum games · Eisert–Wilkens–Lewenstein
scheme

1 Introduction

Quantum game theory is a field developed at the interface between game theory and
quantum computing. This interdisciplinary area of research assumes that games are
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played with the use of objects that behave according to the postulates of quantum
mechanics. The theory has begun with using quantum computing formalism to a
sequential game called PQ Penny Flip [1], where it was shown that the quantum
player has a strategy that will always win against a player who only uses classical
strategies. The first formal approach to playing a general 2 × 2 game was introduced
by Eisert et al. [2]. They used their scheme for the Prisoner’s Dilemma game and
showed that the players’ strategies extended to the two-parameter unitary operators
can lead to the Pareto-optimal Nash equilibrium. Another quantum approach to 2× 2
games was presented in [3] and further generalized to m × n bimatrix games in [4].
Marinatto and Weber defined a scheme in which unitary operators are restricted to the
identity and the Pauli operator X with which the players act on a two-qubit state. The
quantum scheme that goes beyond bimatrix games is the one introduced by Li et al.
in [5] and generalized in [6].

Application of quantum computing to game theory can go beyond standard games
and explore single-player decision problems, in particular, as we show in this paper,
decision problems with imperfect recall. This type of games has gained interest after
appearance of the paper [7]. Piccone and Rubinstein introduced the problem of the
absentminded driver which led to several comments and discussions. The problem
concerns the driver who drives home on a highway. There are two highway exits,
and the driver needs to choose the second one to get home. However, the essential
assumption of the problem is that the driver suffers from imperfect recall what makes
getting home difficult for him. In the version of the problem introduced in [7], the
optimal strategy yielding the expected payoff equal to 4/3 is to drive straight with
probability 2/3 (hereafter, we assume the model parameters as in [7]).

One of the main reasons for studying games in the quantum domain is a possibility
of better correlation of players’ strategies and thus obtaining payoffs higher than
in the classical case. The works [8–10] are some of the many examples of papers
showing the advantage of using quantum computing in 2 × 2 games. There are also
benefits from using the quantum approach for decision problems described by single-
player games. In particular, a decision maker can increase his payoff in decision
problemswith imperfect recall. First attempts to use the notion of qubits in the problem
of absentminded driver were presented in [11]. The authors applied the maximally
entangled two-qubit state to prove that the decision maker can obtain the expected
payoff equal to 2. Another paper [12] confirmed the previous payoff result. In this
case, the Eisert–Wilkens–Lewenstein scheme [2] was applied.

Both models of quantum playing the absentminded driver problem implied the
optimal payoff of 2. Therefore, the natural question arises whether that outcome is an
upper bound for all quantum schemes.

In Sect. 2, we reformulate the Eisert–Wilkens–Lewenstein scheme to adapt it to
the problem of absentminded driver. Section 3 is devoted to the introduction of the
classical absentminded driver model along with the calculation of the optimal strategy
for the problem of two and n intersections. In Sect. 4, in addition to [12], we study three
initial states—entangled as well as separable ones—and analyze which one gives the
highest payoff value. As we show, the model enables the decision maker to obtain the
maximum payoff provided for the game equal to 4, by using separable initial states.
In Sect. 5, we prove that the optimal strategy based on separable initial states can
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be generalized to the problem of n intersections, while preserving the same highest
payoff. The decision problem of the absentminded driver in the quantum domain can
be thus fully solved. We test the proposed model for n = 4, on IBM-Q. In Sect. 6, we
also analyze the effect of initial state entanglement on the game result and show that
in spite of its lack, the optimal strategy cannot be reproduced by classical probability.

2 The Eisert–Wilkens–Lewenstein scheme

In this section, we review a generalized form of the Eisert–Wilkens–Lewenstein
scheme for 2 × 2 bimatrix games that we use in our work. The presented approach is
similar to [13].

A 2 × 2 bimatrix game is a two-person game with two-element sets of strategies
that can be described by two 2 × 2 matrices

(A, B) =
(

(a00, b00) (a01, b01)
(a10, b10) (a11, b11)

)
. (1)

Player 1’s strategies are identified with the rows, player 2’s strategies are identified
with the columns. If player 1 chooses row k and player 2 chooses column l, their
resulting payoffs are akl and bkl , respectively.

The quantum version of this game depends on the choice of the initial state

|�(γ )〉 = (cos (γ /2)|00〉 + i sin (γ /2)|11〉, (2)

where γ ∈ [0, π/2] is a real parameter which is a measure of the initial state entan-
glement. Let

C0 =
(
1 0
0 1

)
, C1 =

(
0 i
i 0

)
(3)

represent the two possible actions of the driver: “exit” or “continue,” respectively. For
k, l ∈ {0, 1} define

|�kl(γ )〉 = Ck ⊗ Cl |�(γ )〉. (4)

Then {|�kl(γ )〉 : k, l ∈ {0, 1}} is a basis of C2 ⊗ C2 for any γ ∈ [0, π/2].
Definition 1 The Eisert–Wilkens–Lewenstein approach for the initial state (2) to the
game (1) is defined by a triple

(N , (Di )i∈N , (vi )i∈N ), (5)

where

• N = {1, 2} is the set of players,
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Fig. 1 The absentminded driver
problem with 2 intersections.

• Di is a set of unitary operators from SU(2) with typical elements

Ui (θi , αi , βi ) =
(

eiαi cos θi
2 ieiβi sin θi

2

ie−iβi sin θi
2 e−iαi cos θi

2

)
, θi ∈ [0, π ] and αi , βi ∈ [0, 2π),

(6)

• vi : D1 × D2 × [0, π/2] → R is the i’s player payoff function given by

v1(U1,U2, γ ) =
1∑

k,l=0

akl |〈�kl(γ )|U1 ⊗U2|�(γ )〉|2 (7)

v2(U1,U2, γ ) =
1∑

k,l=0

bkl |〈�kl(γ )|U1 ⊗U2|�(γ )〉|2, (8)

where akl and bkl for k, l ∈ {0, 1} are the payoffs of (1).

3 The absentminded driver

The problemof the absentminded driver (as given in Fig. 1)was introduced byPiccione
and Rubinstein in [7] and was further investigated in [14–16]. It belongs to the class
of games and decision problems with imperfect recall. The name of the problem is
derived from a certain story that describes that decision problem. A decision maker is
planning a trip home. The way home leads through the highway with two consecutive
exits 1 and 2. The decision maker has to take the second exit to get home (payoff
λ > 2). Taking the first exit leads to a catastrophic area (payoff 0). The decision
maker can also continue beyond the second exit but then he cannot turn back home
and he only has a possibility to find a motel to spend the night (payoff 1). What makes
the problem interesting is the absentmindedness of the driver. When he arrives at an
intersection, the driver cannot tell whether the intersection leads to the first or the
second exit. This is depicted in Fig. 1 as a dashed rectangle that covers the nodes 1
and 2. It denotes an information set of the decision maker. Identifying information
sets in an extensive game is a crucial point in determining a range of player’s moves
in the game. According to the definition of pure strategy in an extensive game, it is a
function that assigns an action to each information set (see [17] for a formal definition).
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Fig. 2 The absentminded driver problem with n intersections.

Therefore, the absentminded driver has only two pure strategies: continue all the way
or exit. The first strategy would lead him to a payoff of 1. The other strategy would
provide him a payoff of 0. The move, for example, to continue when passing through
the first intersection and exit at the second one is not allowed to him because of his
absentmindedness.

The decision maker can also use so called behavioral strategies that specify prob-
ability distribution over actions available at his information sets. Since he cannot
differentiate decision nodes, the driver specifies identical probability distributions at
each of his two decision nodes. If p denotes the probability of continuing at an inter-
section (playing the action C), the decision maker faces the problem of maximizing
the expected payoff

V (p) = λp(1 − p) + p2. (9)

Byusing standard formula for parabolic function dependingonλparameter,weobtain:

argmaxp∈[0,1] V (p) =
{{1} if λ ≤ 2,{

λ
2(λ−1)

}
if λ > 2.

(10)

From (10), we conclude that the driver has no incentive to choose the exit action when
λ ≤ 2. Therefore, throughout the paper, we assume that λ > 2. Then the optimal
behavioral strategy is λ/(2(λ − 1)), which results in an expected payoff of

max
p∈[0,1] V (p) = λ2

4(λ − 1)
. (11)

In particular, for the widely used in the literature [7,14] value λ = 4, the expected
payoff (9) of the decision maker is maximized at p = 2/3 with the expected payoff
4/3.

The absentminded driver problemwith n intersections.

The problem under consideration can easily be generalized to any finite number of
intersections (Fig. 2). It may be assumed that choosing the exit at the first n − 1
intersections leads the driver to a catastrophic area (payoff 0), choosing the actions:

123



34 Page 6 of 21 P. Fra̧ckiewicz et al.

continue and exit at the n-th intersection gives the driver the payoff of 1 and λ, respec-
tively. Then, the expected payoff resulting from playing a general behavioral strategy
(p, 1 − p), where p is the probability of choosing the action continue is

V n(p) = pn−1(1 − p)λ + pn . (12)

From equation

d

dp
V n(p) = pn−2 ((n − 1)λ − np(λ − 1)) (13)

it follows that

argmaxp∈[0,1] V n(p) =
{{1} if λ ≤ n,{

(n−1)λ
n(λ−1)

}
if λ > n,

(14)

i.e., if λ ≤ n then the function (12) has a maximum of maxp∈[0,1] V n(p) = 1 at
p = 1 and only for λ > n, the maximum is maxp∈[0,1] V n(p) > 1 at p < 1. Closer
examination of (12) shows that the optimal payoff of the n-intersection problem is far
below the maximum payoff λ. Assuming, for example, λ = 2n, the resulting payoff
forms a decreasing function such that

4

3
≥ 2n

(
n − 1

2n − 1

)n−1

−−−→
n→∞

2√
e

≈ 1.213. (15)

In the following sections, we show that the decision maker is able to obtain a much
better payoff when the problem is considered in the quantum domain.

4 Quantum approach to the absentminded driver and its dependence
on initial states

In this section, we present the absentminded driver problem in the EWL quantization
scheme. As we shall show below, the 2×2 games EWL scheme can be easily adapted
to absentminded problem. In the original scheme, each of two players moves once. It
can be identified with moving twice by the decision maker in our problem. Another
change we need to make is to limit the choices made by the decision maker. He moves
twice but with the same unitary operation. This meets a similar requirement as in the
problem played classically in which the decision maker, due to his absentmindedness,
specifies one probability distribution over both actions—the driver, when approaching
the intersection does not know which intersection he is passing. Thus, regardless of
the number of intersections, the driver follows the same strategy at each of them. It
corresponds to the EWL quantum game (5) with one unitary strategy that is repeated
at each intersection.

The form of the payoff function in our quantum model follows from the following
reasoning. There is one qubit associated with each intersection and its state is |0〉 for
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“exit” and |1〉 for “continue” the highway. In case of two intersections, the four possible
states are |kl〉, where k, l ∈ {0, 1} correspond to the first and second intersection,
respectively. Thismeans that according to the problem illustrated in Fig. 1, the outcome
exit in the first intersection is associated with the basis states |00〉 and |01〉. In the case
of the outcome continue at the first intersection, the outcomes exit and continue at
the second intersection are identified with |10〉 and |11〉, respectively. As a result, the
payoff function is defined as

v�(U , γ ) = λ

∣∣∣〈�10(γ )|U⊗2|�(γ )〉
∣∣∣2 +

∣∣∣〈�11(γ )|U⊗2|�(γ )〉
∣∣∣2 . (16)

4.1 The quantum approach based on the initial state
|9(�)〉 = cos (�/2)|00〉 + i sin (�/2)|11〉.

Let us consider state (2). By determining the modules of elements that generate payoff
functions (7) or (8), i.e.,

∣∣∣〈�00(γ )|U⊗2|�(γ )〉
∣∣∣ =

∣∣∣∣e2iα sin 2β sin γ sin2
θ

2
+ 1

2
cos2

θ

2

(
e4iα(cos γ + 1) − cos γ + 1

)∣∣∣∣ ,
(17)∣∣∣〈�01(γ )|U⊗2|�(γ )〉

∣∣∣ = 1

2

∣∣∣(e2iα cos
γ

2
+ ie2iβ sin

γ

2

)
sin θ

∣∣∣ , (18)
∣∣∣〈�10(γ )|U⊗2|�(γ )〉

∣∣∣ = 1

2

∣∣∣(e2iα cos
γ

2
+ ie2iβ sin

γ

2

)
sin θ

∣∣∣ , (19)
∣∣∣〈�11(γ )|U⊗2|�(γ )〉

∣∣∣ =
∣∣∣∣e2iα sin2

θ

2

(
cos2

γ

2
+ e4iβ sin2

γ

2

)
+ i

2

(
e4iα − 1

)
e2iβ sin γ cos2

θ

2

∣∣∣∣ ,
(20)

we can rewrite (16) as follows

v�(U , γ ) = λ

4

∣∣∣(e2iα cos γ

2
+ ie2iβ sin

γ

2

)
sin θ

∣∣∣2

+
∣∣∣∣e2iα sin2 θ

2

(
cos2

γ

2
+ e4iβ sin2

γ

2

)
+ i

2

(
e4iα − 1

)
e2iβ sin γ cos2

θ

2

∣∣∣∣
2

.

(21)

We claim that

max
U∈SU(2),γ∈[0, π

2 ]
v�(U , γ ) = λ

2
. (22)

Indeed, let us notice that for γ = θ = π
2 and β − α = (k + 3

4 )π , for integer k ∈ Z,

non-diagonal elements are
∣∣〈�10(γ )|U⊗2|�(γ )〉∣∣2 = ∣∣〈�01(γ )|U⊗2|�(γ )〉∣∣2 = 1

2 .
It follows that the remaining diagonal elements (17) and (20) have to vanish, what
coupled with our assumption that λ > 2 proves (22). For smaller or no entanglement
0 ≤ γ < π/2, one can show that the maximum payoff corresponds to α = 0 and
β = 3

4π but different values of θ and is given by
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Fig. 3 The dependence of the
absentminded driver maximal
payoffs on γ for three initial
states |�(γ )〉 (red), |	(γ )〉
(black) and |
(γ )〉 (blue).

v�(θ, γ ) = cos2 γ sin4
θ

2
+ λ

4

(
cos

γ

2
+ sin

γ

2

)2
sin2 θ. (23)

The maximum (22) at γ = θ = π
2 decreases from to the value λ

2 to the classical

value (11) equal to λ2

4(λ−1) , for γ = 0 and θ = arccos 1
1−2λ . The maximum value of

v�(U , γ ) calculated numerically for 0 ≤ γ ≤ π/2 is an increasing function of γ as
shown in Fig. 3.

4.2 The quantum approach based on the initial state
|8(�)〉 = cos (�/2)|01〉 + i sin (�/2)|10〉.

The scheme given by Definition 1 does not exclude other initial states |�〉 as long as
{Ck ⊗Cl |�〉 : k, l ∈ {0, 1}} forms a basis for C2 ⊗C2. In particular, we can examine
other entangled states to see if it affects the optimal payoff of the decision maker. If
we consider the initial state |	(γ )〉, then the components

∣∣〈	kl(γ )|U⊗2|	(γ )〉∣∣ of
(7) or (8) are as follows:

∣∣∣〈	00(γ )|U⊗2|	(γ )〉
∣∣∣ = cos2

θ

2
, (24)

∣∣∣〈	01(γ )|U⊗2|	(γ )〉
∣∣∣ = 1

2

∣∣∣(e2i(α+β) cos
γ

2
− i sin

γ

2

)
sin θ

∣∣∣ , (25)
∣∣∣〈	10(γ )|U⊗2|	(γ )〉

∣∣∣ = 1

2

∣∣∣(cos γ

2
− ie2i(α+β) sin

γ

2

)
sin θ

∣∣∣ , (26)
∣∣∣〈	11(γ )|U⊗2|	(γ )〉

∣∣∣ = sin2
θ

2
. (27)

In the same manner as in the case of the initial state |�(γ )〉, we define the decision
maker’s payoff function

v	(U , γ ) = λ

∣∣∣〈	10(γ )|U⊗2|	(γ )〉
∣∣∣2 +

∣∣∣〈	11(γ )|U⊗2|	(γ )〉
∣∣∣2

= λ

4

∣∣∣(cos γ

2
− ie2i(α+β) sin

γ

2

)
sin θ

∣∣∣2 + sin4
θ

2
. (28)

123



Quantum absentminded driver problem revisited Page 9 of 21 34

In this case, the element (26) has its maximal value for α + β = π/4. Indeed, in this
case −ie2i(α+β) = 1 and (26) is an increasing function of 0 ≤ γ ≤ π/2. Because
(27) does not depend on α and β, we can simplify the problem of maximization of
v	(U , γ ) in the following way:

max
U∈SU(2),γ∈[0, π

2 ]
v	(U , γ ) = max

θ∈[0,π ] v	

(
U

(
θ, α,

π

4
− α

)
,
π

2

)
= max

θ∈[0,π ]

(
λ

2
sin2 θ + sin4

θ

2

)
.

(29)

From

∂

∂θ
v	

(
U (θ, α, β),

π

2

)∣∣∣∣
α+β=π/4

= 0 (30)

we obtain the unique nontrival solution θ = arccos 1
1−2λ , which substituted to

v	(U (θ, α, π/4 − α), π
2 ) gives

v	

(
U

(
arccos

1

1 − 2λ
, α,

π

4
− α

)
,
π

2

)
= λ2

2λ − 1
. (31)

Comparison of (22) and (31) shows that the driver benefits from switching to the
entangled state |	(π/2)〉 for any value of λ. In particular, for λ = 4, the maxi-
mal value of v	(U , π

2 ) is 16
7 = 2.(285714) > 2 = maxU∈SU(2) v�(U , π

2 ). Note
that compared with the previous case, the maximal payoff can be higher provided∣∣〈	10(γ )|U⊗2|	(γ )〉∣∣ >

∣∣〈	01(γ )|U⊗2|	(γ )〉∣∣, what is the case with (25) and (26).
For smaller or no entanglement 0 ≤ γ < π/2, the maximum payoff corresponds

to α + β = π
4 but depends on θ and is given by

v	(θ, γ ) = λ

4
(1 + sin γ ) sin2 θ + sin4

θ

2
. (32)

The payoff decreases from to the value (31) for γ = π
2 and θ = arccos 1

1−2λ to the

classical value (11) equal to λ2

4λ−4 , for γ = 0 and θ = arccos 1
1−λ

. The numerically
calculated maximum value of v	(U , γ ) for 0 ≤ γ < π/2 is shown in Fig. 3.

4.3 The quantum approach based on the initial state
|4(�)〉 = cos (�/2)|00〉 + i sin (�/2)|10〉.

Although, it may seem that entanglement plays a crucial role in the EWL scheme, it is
a quantum coherence that may increase a player’s payoff in the absentminded problem
even in the absence of entanglement. Our last case is the separable initial state

|
(γ )〉 = cos (γ /2)|00〉 + i sin (γ /2)|10〉, (33)
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the components defining the payoff function are:

∣∣∣〈
00(γ )|U⊗2|
(γ )〉
∣∣∣=

∣∣∣∣cos θ

2

(
cos

θ

2
(cosα+i sin α cos γ )−i sin β sin γ sin

θ

2

)∣∣∣∣ ,
(34)∣∣∣〈
01(γ )|U⊗2|
(γ )〉

∣∣∣ = 1

2

∣∣∣∣
(
2 sin β sin γ sin2

θ

2
+ i(cosα + i cos γ sin α) sin θ

)∣∣∣∣ ,
(35)∣∣∣〈
10(γ )|U⊗2|
(γ )〉

∣∣∣ = 1

2

∣∣∣∣2 sin α sin γ cos2
θ

2
+ (i cosβ + cos γ sin β) sin θ

∣∣∣∣ ,
(36)∣∣∣〈
11(γ )|U⊗2|
(γ )〉

∣∣∣ =
∣∣∣∣sin θ

2

(
sin α sin γ cos

θ

2
+ sin

θ

2
(sin β cos γ + i cosβ)

)∣∣∣∣ .
(37)

In this case, the highest maximal payoff is reached provided
∣∣〈
10(γ )|U⊗2|
(γ )〉∣∣ =

1. Although γ is no more an entanglement factor, the maximal value of the payoff still
corresponds to γ = π

2 , θ = 0 and α = π
2 . The payoff is then v
(U , γ ) = λ, i.e., the

highest possible for this game. The maximal payoff equal to λ is also attainable for
the initial state |
′(γ )〉 with exchanged qubits |0〉 and |1〉. A significant feature of this
solution is that the driver, despite his absentmindedness, will certainly choose the right
exit. Such a situation is not possible in the classical game, in which the driver has only
a mixed or behavioral strategy based on one-dimensional probability. In a quantum
game based on the separable initial state, using the appropriate SU(2) strategy will
lead the driver to the proper exit. For smaller values of parameter 0 ≤ γ < π/2, the
maximum is still at α = π

2 and β = 0 and depends also on 0 ≤ θ ≤ π by

v
(θ, γ ) = 1

8

(
2 cos2 γ cos θ + cos 2γ − 3

)
((1 − λ) cos θ + λ + 1). (38)

Here again the payoff decreases from λ for γ = π
2 and θ = 0 to the classical value

(11) for γ = 0 and θ = arccos 1
1−λ

. The numerically calculated maximum value of
v
(U , γ ) for 0 ≤ γ ≤ π/2 is shown in Fig. 3.
It is also worth noting that the EWL absentminded driver problem based on the initial
state |
(γ )〉 would not be a valid pattern for an expansion to a two-player game. In
this case, the player number 2, whose qubit is always |0〉, has only one-dimensional
strategy set while his opponent has a full SU(2) strategy set.

5 The quantum absentminded driver’s problemwith n intersections

Aswe showed in theprevious section, the decisionmaker is able to obtain themaximum
payoff λ in the case of |
(π/2)〉 = (|00〉 + i |10〉)/√2. The question arises as to
whether the payoffλ can be obtainedwhen the driver facesmore than two intersections.
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In Sect. 3,wegeneralized the absentmindedproblem ton intersections.Nowwe rewrite
the problem in terms of the EWL scheme.

Let us first generalize the EWL scheme to n qubits. In order to extend our finding
for |
(π/2)〉, we shall consider the initial separable state

|
〉 =
n⊗

k=1

|
k〉, where |
k〉 =
{ |0〉+i |1〉√

2
if k < n,

|0〉 if k = n.
(39)

Similarly to (4), we define 2n states of n qubits with the use of (3) as follows:

|
i1,i2,...,in 〉 =
n⊗

k=1

Cik |
〉, ik ∈ {0, 1}. (40)

We claim that states (40) form a orthonormal basis for
(
C2

)⊗n
.

Lemma 1 A set

B =
{

n⊗
k=1

Cik |
〉, ik ∈ {0, 1}
}

(41)

is orthonormal.

Proof We check at once that each element of (41) is a unit vector. We will show that
(41) is also orthogonal. Let |ξ1〉, |ξ2〉 ∈ B, then

〈ξ1|ξ2〉 = 〈
|
n⊗

k=1

C†
ik

n⊗
k=1

C jk |
〉 = 〈
|
n⊗

k=1

C†
ik
C jk |
〉 =

n∏
k=1

〈
k |C†
ik
C jk |
k〉,

(42)

but note that if |ξi 〉 = |ξ j 〉, then ik = jk for at least one k ∈ {1, 2, . . . , n} and
C†
ik
C jk = ±C1, then

〈
k |C1|
k〉 = 0, k = 1, 2, . . . , n (43)

and it follows that 〈ξ1|ξ2〉 = 0. ��
Based on the decision problem depicted in Fig. 2 and the identification |0〉 for exit and
|1〉 for continue, the payoff function takes the following form:

λ|〈
1,1,...,1,0|U⊗n|
〉|2 + |〈
1,1,...,1|U⊗n|
〉|2. (44)

Proposition 1 Expression (44) coincides with the classical payoff function of the n-
intersection absentminded driver problem for U = U (θ, 0, 0).

Proof First note that |
11...10〉 = (C1)
⊗n−1 ⊗C0|
〉 and |
〉 = U (π/2, 0, 0)⊗n−1 ⊗

C0|0〉⊗n . Moreover,
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U (π/2, 0, 0)†C†
1U (θ, 0, 0)U (π/2, 0, 0) = U (θ − π, 0, 0). (45)

We thus get

〈
1,1,...,1,0|U (θ, 0, 0)⊗n |
〉 (46)

= 〈0|⊗n
(
U

(π

2
, 0, 0

)⊗n−1 ⊗ C0

)† (
C⊗n−1
1 ⊗ C0

)†
U (θ, 0, 0)⊗nU

(π

2
, 0, 0

)⊗n−1 ⊗ C0|0〉⊗n

(47)

= 〈0|⊗n
(
U (θ − π, 0, 0)⊗n−1 ⊗U (θ, 0, 0)

)
|0〉⊗n (48)

= cos
θ

2

(
sin

θ

2

)n−1

. (49)

By a similar argument, we obtain

〈
1,1,...,1|U (θ, 0, 0)⊗n|
〉 =
(
sin

θ

2

)n

. (50)

Now, writing sin2(θ/2) = p yields

λ|〈
1,1,...,1,0|U (θ, 0, 0)⊗n |
〉|2+|〈
1,1,...,1|U (θ, 0, 0)⊗n |
〉|2=λpn−1(1 − p)+pn

(51)

that coincides with the classical payoff function. ��
Proposition 2 Optimal strategy in the n-intersection absentminded driver problem
given by (44) is U (0, π/2, 0)⊗n and it implies the payoff of λ.

Proof Let us consider the final state U (0, π/2, 0)⊗n |
〉. First note that |
〉 can be
written as

|
〉 = U
(π

2
, 0, 0

)⊗n−1 ⊗ 1|0〉⊗n, (52)

and

|
11...10〉 = U (π, 0, 0)⊗n−1 ⊗ 1|
〉
=

(
U (π, 0, 0)⊗n−1 ⊗ 1

) (
U

(π

2
, 0, 0

)⊗n−1 ⊗ 1

)
|0〉⊗n

= U

(
3

2
π, 0, 0

)⊗n−1

⊗ 1|0〉⊗n . (53)

Then

〈
11...10|U (0, π/2, 0)⊗n |
〉 (54)
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= 〈0|⊗n

(
U

(
3

2
π, 0, 0

)⊗n−1

⊗ 1

)†

U
(
0,

π

2
, 0

)⊗n
(
U

(π

2
, 0, 0

)⊗n−1 ⊗ 1

)
|0〉⊗n

= 〈0|⊗nU

(
0,

3

2
π, 0

)⊗n−1

⊗U
(
0,

π

2
, 0

)
|0〉⊗n = (−i)n−1i . (55)

As a result,

λ|〈
1,1,...,1,0|U (0, π/2, 0)⊗n|
〉|2 + |〈
1,1,...,1|U (0, π/2, 0)⊗n |
〉|2 = λ. (56)

��

In the appendix,wepresent sample realizationof the absentmindeddriver problemwith
four intersections for initial state (39) using IBM-Q. The actual quantum circuit for that
problem is visualized inFig. 4.We run the circuit using IBM-Q real device (ibmq_lima)
and compared the results with that obtained by Qiskit statevector simulator. As can be
seen in Fig. 5, the result from the real device includes also some random noise caused
by the decoherence. Next, we have used measurement error mitigation method [18]
to reduce that noise. The final result is shown in Fig. 6.

6 Classical solution of the absentminded driver problem in terms of
quantum computing formalism

The maximal payoff value of λ obtained by using the separable state |
〉 may suggest
that the solution can be obtained classically without using quantum resources. In this
section, we will show that this is not the case. Recall from Proposition 1 that unitary
strategies of the formofU (θ, 0, 0) in the quantum absentminded driver problem can be
identifiedwith probability distributions over the actions exit and continue. In particular,
the unitary operators C0 and C1 given by (3) can be identified with the action exit and
continue, respectively. Given the fact that the player specifies only one probability
distribution (p, 1− p), where p is the probability of choosing the action continue the
final state corresponding to the classical strategies can be written as a density matrix

ρfin = (1 − p)2C0 ⊗ C0ρin(C0 ⊗ C0)
† + (1 − p)pC0 ⊗ C1ρin(C0 ⊗ C1)

†

+p(1 − p)C1 ⊗ C0ρin(C1 ⊗ C0)
† + p2C1 ⊗ C1ρin(C1 ⊗ C1)

†, (57)

where ρin is a density matrix for an initial state. Let us now consider the initial state
|
(π/2)〉 given by (33). Let us construct the measurement operator according to the
payoff function (44) for a 2-qubit setting,

M = λ|
10(π/2)〉〈
10(π/2)| + |
11(π/2)〉〈
11(π/2)|, (58)
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where

|
10(π/2)〉 = C1 ⊗ C0|
(π/2)〉 = 1√
2
(−|00〉 + i |10〉),

|
11(π/2)〉 = C1 ⊗ C1|
(π/2)〉 = 1√
2
(−i |01〉 − |11〉).

(59)

Then for ρin = |
(π/2)〉〈
(π/2)|

ρfin =

⎛
⎜⎜⎝

1−p
2 0 −i

2 (1 − 3p + 2p2) 0
0 p

2 0 i
2 p(−1 + 2p)

i
2 (1 − 3p + 2p2) 0 1−p

2 0
0 i

2 p(1 − 2p) 0 p
2 .

⎞
⎟⎟⎠ (60)

Thus, the expected payoff resulting from playing a probability distribution (p, 1− p)
over {C0,C1} is

tr(ρfinM) = tr

⎛
⎜⎜⎜⎝

1
2λ(1 − p)p 0 i

2λ(1 − p)p 0

0 p2

2 0 i p2

2
i
2λ(1 − p)p 0 1

2λ(1 − p)p 0

0 −i p2

2 0 p2

2

⎞
⎟⎟⎟⎠ = λ(1 − p)p + p2, (61)

which coincides with the classical result (9). Now, let us consider the purely quantum
strategy U (0, π/2, 0). Then

ρ
Q
fin = U (0, π/2, 0)⊗2ρin

(
U (0, π/2, 0)⊗2

)† =

⎛
⎜⎜⎝

1
2 0 i

2 0
0 0 0 0

− i
2 0 1

2 0
0 0 0 0

⎞
⎟⎟⎠ . (62)

The expected payoff associated with the final state ρ
Q
fin is then

tr(ρQ
finM) = tr

⎛
⎜⎜⎝

λ
2 0 iλ

2 0
0 0 0 0

− iλ
2 0 λ

2 0
0 0 0 0

⎞
⎟⎟⎠ = λ. (63)

This shows that the unitary operator U (0, π/2, 0) has no counterpart in the classical
strategies. The advantage of the quantumgame is the three-parameter space of possible
strategies, which in the case of the classical game are reduced to a single-parameter
probability distribution.
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7 Conclusions

In the classical absentminded driver problem, there is a sequence of exits that the
driver passes one after the other. However, his absentmindedness causes that he does
not realize which exit he is passing. This situation is modeled in a quantum game by a
system of n qubits, each associated with one exit. The state of each qubit determines
the driver’s behavior at a given intersection—the first |0〉 state determines his exit. The
initial state of qubits is a superposition of various combinations of individual states
that differ, e.g., in the degree of entanglement. The quantum game strategy transforms
unitarily, i.e., in a manner specific for quantum evolution, the initial state into the final
state that determines the driver’s behavior. The most favorable driver’s payoff, equal
to λ, corresponds to the use of the last highway exit. This is equivalent to transforming
the initial state into an n-qubit vector |1〉⊗n−1|0〉.

In case of a highway with two intersections, we have considered three possible
initial states |�(γ )〉 = cos γ

2 |00〉+ i sin γ
2 |11〉, |	(γ )〉 = cos γ

2 |01〉+ i sin γ
2 |10〉 and

|
(γ )〉 = cos γ
2 |00〉+i sin γ

2 |10〉. All these initial states for γ = 0 lead to the classical
driver’s payoff value (11), which for λ = 4, is equal to 4

3 . In case of γ = π
2 their

value increases to 2 in case of �(π
2 ) and to 16

7 for 	(π
2 )—both of these initial states

are fully entangled. Unexpectedly the highest possible value 4 of the absentminded
driver is reachable for 
(π

2 ), i.e., for the separable initial state. The dependence of
the maximum payoff on the γ coefficient for λ = 4 and all considered initial states is
shown in Fig. 3.

In two-player games, the entanglement of an initial state vector is necessary to
maintain the equal position of both players. Each of them, realizing his strategy through
the use of an appropriate unitary transformation, can affect the other player’s qubit
through entanglement. In case of a separable initial state, like 
(π

2 ), the status of the
qubits and therefore of players is not equivalent. One of the qubits (the second one)
has a fixed value |0〉 and its owner has less power to affect, the other player qubit by
transforming his own. This is why the separable initial states are not acceptable initial
states for two-payer games.

Although the entanglement of the initial wave function is needed for quantization
of two-player games, it is not necessary in case of one-player games such as the
absentminded driver problem. Using the strategy in the form of a three-parameter
unitary transformation, the separable initial state of the game can be prepared in such
a way as to transform it into the final state optimally suited to the driver’s problem.
This is particularly possible, because quantum approach allows for manipulation of
amplitude phases of the player state. On the other hand, in the classical absentminded
driver’s problem, only a single-parameter strategy (exit probability) is possible. The
use of this single-parameter at each intersection gives a classical maximum much
lower than the optimal value. The coherent behavior of the qubit under the action of
transforming gates is crucial for the physical implementation of the quantum game.
Making the right decision to exit the highway is thus programmed into a quantum
device which, if only coherent, will give the driver the correct indication of which exit
to use.
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For the classical absentminded driver problem with increasing number of inter-
sections n, the maximal payoff significantly decreases, in the limit of n → ∞ and
increasing λ = 2n it is equal to 2/

√
e. In the quantum case, we have followed the most

favorable solution of 2 intersections and assumed the separable initial state, which is
the tensor product of n − 1 identical equatorial qubits (|0〉 + i |1〉)/√2 and the last
one in the |0〉 basis state. It is shown that in that case the maximal payoff remains the
highest possible equal to λ, i.e., the driver following the strategy found in Proposition
2, is sure to choose the right exit.

In general, whether the entanglement is really indispensable for quantum comput-
ing is a crucial question still open. For example [19] shows that even fully separable,
highly mixed states can contain quantum correlations useful for quantum informa-
tion technologies, whereas [20] describes examples of algorithms in which quantum
computing without entanglement has advantage over classical one. It should also be
mentioned that the well-known quantum protocols like Deutsch-Jozsa algorithm [21],
Simon’s problem [22] and Grover’s search algorithm [23] are all based on manipu-
lating complex amplitudes rather than taking advantages of correlations induced by
entanglement. The EWL quantum game scheme exhibits quantum advantage either
with the use of entangled or separable initial states depending on the game-theoretical
problem. In case of a two-player game, the players independently choose their strate-
gies, which are therefore not correlated—then the entangled state enables coordination
of their strategies. On the other hand, when a decision problem (a one-player game)
is considered, the decision maker with more than one action at his disposal can coor-
dinate the actions even in the classical game. In this case, coherent transformations
on the amplitudes of the initial state may be sufficient to achieve an advantage over
playing the game classically.

To sum up, our work has shown that the use of quantum computing in decision
problemsmay imply higher reasonable payoff results as it occurs in two-player games.
We believe that our work will initiate further efforts to apply the quantum formalism
to game theory problems that go beyond bimatrix games.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix

Here we present the Qiskit code for generating the quantum circuit for the absent-
minded driver decision problem with varied number of intersections; size variable
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indicates the number of intersections. The J gate for initial state (39) is realized as:

U⊗n−1
1 ⊗U2 =

(
1√
2

(
1 −1
i i

))⊗n−1

⊗
(
1 0
0 i

)
(64)

The U1 gate is realized by Qiskit parametrized gate

UI BM (θ, φ, λ) =
(

cos( θ
2 ) −eiλ sin( θ

2 )

eiφ sin( θ
2 ) ei(φ+λ) cos( θ

2 )

)
(65)

and is equal toUI BM (π/2, π/2, 0).U2 is realized directly in Qiskit as Clifford S gate.
The strategy U (0, π/2, 0)⊗n of the driver is realized as Z gates acting on each qubit.

#create quantum circuit for four intersections :
size=4
circ = QuantumCircuit( size )

#J gate :
# S gate acting on qbit 0
circ . s(0)
# U(pi /2 , pi /2 ,0) acting on qbits 1. . size−1
for ind in range(1 , size ) :

circ .u(pi /2 , pi /2 ,0 , ind)
# Barrier for separation
circ . barrier ()

#Player strategy
for ind in range(0 , size ) :

circ . z( ind)
circ . barrier ()

#Hermitian conjugate of J
circ . sdg(0)
for ind in range(1 , size ) :

circ .u(pi /2 , pi , pi /2 , ind)
circ .draw()

The created circuit is shown in Fig. 4
Next we use IBM-Q statevector simulator to execute the code:

# Select the StatevectorSimulator from the Aer provider
simulator = Aer.get_backend( ’ statevector_simulator ’)

# Execute
result = execute( circ , simulator ) . result ()
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Fig. 4 Quantum circuit for
absentmined driver (case of four
intersections). Please note that,
according to IBM-Q convention
q0 is located on the top of the
circuit

# get date for the histogram
counts = result . get_counts ()

Next we create the circuit for measurement and add it to the previously created
game circuit to run it on the quantum device. Here ibmq_lima was chosen as the least
busy device.

# Create a measurement Quantum Circuit
meas = QuantumCircuit( size , size )
meas. barrier (range( size ))

# map the quantum measurement to the classical bits
meas.measure(range( size ) , range( size ))

#add game and measurement circuits together
qc = circ + meas

#choose the provider and the least busy operational no−simulator
backend with at least 4 qubits
provider = IBMQ.get_provider (hub=’ibm−q’)
n=4
backend = least_busy(provider .backends( f i l t e r s=lambda x: x. configuration ( ) .
n_qubits >= n
and not x. configuration ( ) . simulator and x. status ( ) . operational==True))

# execute 1024 shots and draw the histogram
shots = 1024
job = execute(qc , backend=backend, shots=shots , optimization_level=3)
results = job . result ()
answer = results . get_counts ()
plot_histogram(data=[answer , counts ] , color=[’red ’ , ’blue ’] , legend=
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Fig. 5 Comparison of the statevector simulator and ibmq_lima results for absentminded driver game (case
of four intersections)

Fig. 6 Comparison of ibmq_lima results with and without the error mitigation for absentminded driver
game (case of four intersections)

[ ’quantum device
results ’ , ’simulation results ’])

The results are shown in Fig. 5. Next, for improvement we used measurement error
mitigation available in IBM Qiskit.

#prepare the calibration circuits
qr = QuantumRegister( size )
meas_calibs , state_labels = complete_meas_cal(qr=qr , circlabel=’mcal’)

# execute calibration circuits
job = execute(meas_calibs , backend=backend, shots=1000)
cal_results = job . result ()
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# Prepare calibration matrix
meas_fitter = CompleteMeasFitter( cal_results , state_labels ,
circlabel=’mcal’)

# Get the f i l t e r object
meas_filter = meas_fitter . f i l t e r

# apply the calibration matrix to the results from quantum device
mitigated_results = meas_filter . apply( results )
mitigated_counts = mitigated_results . get_counts(0)

# compare the results
plot_histogram(data=[answer , mitigated_counts ] , color=[’red ’ , ’green ’] ,
legend=[’quantum
device results ’ , ’mitigated quantum results ’])

The results are shown in Fig. 6.
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