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Abstract

This work proposes an extension of the well-known Eisert—Wilkens—Lewenstein
scheme for playing a twice repeated 2 x 2 game using a single quantum system
with ten maximally entangled qubits. The proposed scheme is then applied to the
Prisoner’s Dilemma game. Rational strategy profiles are examined in the presence
of limited awareness of the players. In particular, the paper considers two cases of
a classical player against a quantum player game: the first case when the classical
player does not know that his opponent is a quantum one and the second case, when
the classical player is aware of it. To this end, the notion of unawareness was used,
and the extended Nash equilibria were determined.

Keywords Prisoners dilemma - Quantum games - Games with unawareness

1 Introduction

In the recent years, the field of quantum computing has developed significantly. One
of its related aspects is quantum game theory that merges together ideas from quantum
information [1] and game theory [2] to open up new opportunities for finding optimal
strategies for many games. The concept of quantum strategy was first mentioned
in [3], where a simple extensive game called PQ Penny Flip was introduced. The
paper showed that one player could always win if he was allowed to use quantum
strategies against the other player restricted to the classical ones. Next, Eisert Wilkens
and Lewenstein proposed a quantum scheme for Prisoners Dilemma game based on
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entanglement [4]. Their solution leads to a Nash equilibrium that a Pareto-optimal
payoff point.

Since then, many other examples of quantum games were proposed. Good overview
of quantum game theory can be found in [5]. One of the latest trends is to study quantum
repeated games [6,7]. In particular, quantum repeated Prisoner’s Dilemma [8,9] was
investigated. In [8], the idea was to classically repeat the Prisoner’s Dilemma with
strategy sets extended to include some special unitary strategies. That enabled one to
study conditional strategies similar to ones defined in the classical repeated Prisoner’s
Dilemma, for example, the “tit for tat” or Pavlov strategies.

We present a different approach taking advantage of the fact that a repeated game
is a particular case of an extensive-form game. A twice repeated 2 x 2 game is an
extensive game with five information sets for each of the two players. Instead of using
a classically repeated scheme based on two entangled qubits [8], we consider a twice
repeated game as a single quantum system which requires ten maximally entangled
qubits. Our scheme uses the quantum framework introduced in [10] and recently
generalized in [11], according to which choosing an action in an information set is
identified with acting a unitary operation on a qubit.

In this paper, we examine one of the most interesting cases in quantum game
theory—the problem in which one of the players has access to the full range of uni-
tary strategies whereas the other player can only choose from unitary operators that
correspond to the classical strategies. Additionally, we examine the quantum game in
terms of players’ limited awareness about available strategies. We use the concept of
games with unawareness [12—14] to check to what extend two different factors: access
to quantum strategies and game perception affect the result of the game.

2 Preliminaries

In what follows, we give a brief review of the basic concepts of games with unaware-
ness. The reader who is not familiar with this topic is encouraged to see [12].
Introductory examples and application of the notion of games with unawareness to
quantum games can be found in [15,16].

2.1 Strategic game with unawareness

A strategic form game with unawareness is defined as a family of strategic form
games. The family specifies how each player perceives the game, how she per-
ceives the other players’ perceptions of the game and so on. To be more precise,
let G = (N, (Si)ien, (i)ien) be a strategic form game. This is the game played by
the players which is also called the modeler’s game. Each player may have a restricted
view of the game, i.e., she may not be aware of the full description of G. Hence,
Gy = (Ny, ((S)v)ien,, ((#i)v)ien,) denotes player v’s view of the game for v € N.
That is, the player v views the set of players, the sets of players’ strategies, and the pay-
off functions as Ny, (5;)v and (u;)y, respectively. In general, each player also considers
how each of the other players views the game. Formally, with a finite sequence of play-
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ers v = (i1, ..., I,) there is associated a game G, = (Ny, ((Si)v)ien,, (Ui)v)ien,)-
This is the game that player i; considers that player i» considers that ...player i, is
considering. A sequence v is called a view. The empty sequence v = ¢ is assumed
to be the modeler’s view, i.e., Gy = G. We denote an action profile ]_[l. eN, Si in Gy,
where s; € (S;)y by (s),. The concatenation of two views v = (iy, ..., i,) followed
by o = (ji, ..., jn) is defined to be v = V¥ = (i1, ..., in, ji,--., jn). The set of all
potential views is V = [ J2 ) N where N = [Tj—i N and NO =g,

Definition 1 A collection {G},c) where V C V is a collection of finite sequences of
players is called a strategic-form game with unawareness and the collection of views
V is called its set of relevant views if the following properties are satisfied:

1. Foreveryv € V,
v'v € Vifand only if v e N,. (D)
2. Forevery v'v € V,
veV, B#Nyy CNy, O#(Si)ys C(Si)yforalli € Nyy. 2)
3. If v"v'v € V, then
V'V € Vand Gyvg = Gyvvy 3)

4. For every strategy profile (s),"; = {s;}jen,;. there exists a completion to an
strategy profile (s)y = {5, Sk} jeN,;.keN,\N,-; such that

Ui)y5(($)vs) = Ui)y(($)v)- (4)
2.2 Extended Nash equilibrium

A basic solution concept for predicting players’ behavior is a Nash equilibrium [17].

Definition 2 A strategy profile s* = (sy, 52, ..., sy) is a Nash equilibrium if for each
playeri € {1, ..., n} and each strategy s; of player i
ui(s*) > ui(si, s*;), )

where SiiZZ(Sj)j;ﬁi.

In order to define the Nash-type equilibrium for a strategic-form game with unaware-
ness, it is needed to redefine the notion of strategy profile.

Definition 3 Let {G,},c) be a strategic-form game with unawareness. An extended
strategy profile (ESP) in this game is a collection of (pure or mixed) strategy profiles
{(o)v}vey where (0), is a strategy profile in the game G, such thatforevery v"v'v € V
holds

(0v)y = (oy)vy as well as (0)y v = (0)vyvvs. (6)
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To illustrate (6), let us take the game G,—the game that player 1 thinks that player
2 is considering. If player 1 assumes that player 2 plays strategy (02)1> in the game
G12, she must assume the same strategy in the game G that she considers, i.e.,
(02)1 = (02)12.

Next step is to extend rationalizability from strategic-form games to the games with
unawareness.

Definition4 An ESP {(0),},cy in a game with unawareness is called extended ratio-
nalizable if for every v"v € V strategy (oy), is a best reply to (o_y)y~y in the game
Gyy.

Consider a strategic-form game with unawareness {G,},c) . For every relevant view
v € V, the relevant views as seen from v are defined to be V¥ = {v € V: v"v € V}.
Then, the game with unawareness as seen from v is defined by {G~;};5e)». We are
now in a position to define the Nash equilibrium in the strategic-form games with
unawareness.

Definition 5 AnESP {(0),},c) in a game with unawareness is called an extended Nash
equilibrium (ENE) if it is rationalizable and for all v, v € V such that {G ;};eyv =
{G:5}5eps we have that (o), = (0)3.

The first part of the definition (rationalizability) is similar to the standard Nash equi-
librium, where it is required that each strategy in the equilibrium is a best reply to
the other strategies of that profile. For example, according to Definition 4, player 2’s
strategy (02) in the game of player 1 has to be a best reply to player 1’s strategy (o1)12
in the game G1>. On the other hand, in contrast to the concept of Nash equilibrium,
(01)12 does not have to a best reply to (02); but to strategy (02)121.

The following proposition shows that the notion of extended Nash equilibrium
coincides with the standard one for strategic-form games when all views share the
same perception of the game.

Proposition 1 Let G be a strategic-form game and {G,},cy a strategic-form game
with unawareness such that for some v € V, we have G»; = G for every v such that
v*v € V. Let o be a strategy profile in G. Then,

1. o is rationalizable for G if and only if (0), = o is part of an extended rational-
izable profile in {G}yep.

2. o is a Nash equilibrium for G if and only if (o), = o is part of on an ENE for
{Gy}vey, and this ENE also satisfies (0)y = (0)y"p-

Remark 1 We see from (3) and (6) that for every v"v"v € V anormal-form game G ,v~j
and a strategy profile (0,3, determine the games and profiles in the form G~~~
and (0)yv..~v'5, respectively, for example, G121 determines G2, 21. Hence, in gen-
eral, a game with unawareness {G,},cy and an extended strategy profile {(o)y}yey
are defined by {Gy}yepnuggy and {(0)y}veNuig), Where

N={weV|v=_(>1,...,i,) withi; # i}y for all k}. @)
Then, we get {Gy},ey from {Gy}yenrugg by setting G = Gy forv = (iy, ..., i) €

N and ¥ = (i1, ..., ik, ik, iks1s - - -, in) € V. For this reason, we often restrict our-
selves to N U {#J} throughout the paper.
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2ag,  agtag agtay agtay agtag  2ay  agtay agtay agtag agtag  2ayq  agta, aptag aytag agtag 2ay

2bgy  bogtbyy bogtbig bogtbyy boythey  2bg by tbyg by thyy bigtbyy aygtag  2byg  bygtby byytbyy byytbyy byytby, 2by,

Fig.1 Twice repeated 2 x 2 game represented by an extensive-form game

3 Twice repeated 2 x 2 game

The concept of a finitely repeated game assumes playing a normal-form game (a stage
of the repeated game) for a fixed number of times (see, for example, [18]). The players
are informed about the results of consecutive stages. Let us consider a 2 x 2 bimatrix
game

((doo, boo) (ao1, bm)) . )

(@10, b10) (a1, b11)

In the two-stage 2 x 2 bimatrix, the game can be easily depicted as an extensive-form
game (see Fig. 1). The first stage of the twice repeated 2 x 2 game is a part of the
game where the players specify an action C or D at the information sets 1.1 and 2.1.
When the players choose their actions, the result of the first stage is announced. Since
they have knowledge about the results of the first stage, they can choose different
actions at the second stage depending on the previous result. Hence, the next four
game trees from Fig. 1 are required to describe the repeated game. Each player has
five information sets at which they specify their own actions; player 1’s information
sets are denoted by 1.1, 1.2, 1.3, 1.4 and 1.5, player 2’s information sets are 2.1, 2.2,
2.3, 2.4 and 2.5. Note that player 2’s information sets consist of two nodes connected
by dotted lines. This is intended to show a lack of knowledge of the player 2 about the
previous move of player 1. Recall that a player’s strategy is a function that assigns to
each information set of that player an action available at that information set. In our
example, this means that each player’s strategy specifies an action at the first stage and
four actions at the second stage. For example, strategy (C, C, D, D, C) of a player in
the game given in Fig. 1 says that the player chooses action C at the first stage, and
depending on one of the four possible results of the first stage, he chooses actions C,
D, D, C, respectively.
If player 1 plays that strategy whereas player 2 chooses, for example (D, C, D, C, C),

then the resulting strategy vector determines the unique path from the node 1.1 that
intersects the nodes 2.1, 1.2 and 2.3 and gives the payoff outcome (ag; +a19, bo1 +b10).

@ Springer



269 Page 6 of 20 K. Rycerz, P. Frackiewicz

The players can also choose their own actions in a random way, i.e., according
to some probability distribution determined by themselves. Such strategies are called
behavioral strategies (see, for example, [2]).

Definition 6 A behavior strategy of a player in an extensive-form game is a function
mapping each of his information sets to a probability distribution over the set of
possible actions at that information set.

For example, in the case of the game given by Fig. 1, player 1’s and player 2’s behavioral

strategies are determined by quintuples (p1, p2, p3, p4, ps) and (q1, 42, 43, 94, 45),
respectively, in which p; and g; are the probabilities of choosing their first strategy
at information set i. The payoff outcome resulting from playing by the players the
general behavioral strategies is

(2a00, 2boo) p1g1p2g2 + (aco + aot, boo + bo1) p1g1p2(1 — g2)
+ (aoo + a0, boo + b10)p1g1(1 — p2)q
+ (aoo + ai1, boo + bi)prgi1(1 — p2)(1 — q2)
+ (ao1 + ago, bor + boo) p1(1 — q1) p3g3
+ 2ao1, 2bo1) p1(1 — q1) p3(1 — g3)
+ (ao1 + a0, bor + b1o)p1(1 — q1)(1 — p3)g3
+ (ao1 + ai1, bor + b)) pi(l — qi)(1 — p3)(1 — q3)
+ (a10 + aoo, b1o + boo) (1 — p1)q1 pags
+ (a10 + ao1, bro + bor)(1 — p1)q1pa(1 — q4)
+ (2ai0, 2b10)(1 — p1)q1(1 — pa)qa
+ (aio + a1, bio + i) (1 — p1)gi(1 — pa)(1 — qa)
+ (a11 + aoo, b1 + boo)(1 — p1)(1 — q1) p5qs
+ (a11 +ao1, bir +bo)(1 — p1)(1 —q1) ps(1 — gs)
+ (a11 + aio, bi1 +b1o)(1 — p1)(1 — q1)(1 = ps)gs
+ 2ary, 2b11)(1 — p)(A — g1 — ps)(1 — gs). )]

4 Construction of a twice repeated 2 x 2 quantum game

We propose a scheme of playing a twice repeated 2 x 2 game. It is based on the
protocol introduced in [10], where a quantum approach to general finite extensive
quantum games was considered. A two-stage 2 x 2 game is an example of an extensive
game with ten information sets. According to the idea presented in [9], we associate
choosing an action at an information set with a unitary operation performed on a qubit.
As a result, each player specifies a unitary action on each of five qubits. To be more
specific, let us consider a 2 x 2 bimatrix game (8). We define a triple

Too = (H, {SUQR)®°, SUQR)®Y, (u1, u2)), (10)

where
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‘H is a Hilbert space ((Dz)
SU(2) is the special unitary group of degree 2. The commonly used parameteriza-
tion for U € SU(2) is given by

10
W) = J* (® Ui (0, o, ﬂ») J10)®10, =

®10

e?cos ¢ ielfsin
. 2 . 2 0 27). 11
<le_1ﬂ Sin % e_la cos % ) € [07 ]T]v o, ;B S [07 jT) ( )

|\Wr) is the final state determined by a strategy ®?=1 Ui 6;, i, Bi) € SU2)®3 of
player 1 and a strategy ®}‘0:6 Uj0;,aj, Bj) € SU(2)®> of player 2 according to
the following formula:

(1910 +i01%), (12)

Sl -

i=1

the payoff vector function (i1, u2) is given by

10
(w1, u2) (® Ul-(e,»,a,»,ﬁi)) = tr (X[ W) (W) , (13)

i=1

where

= (2a00, 2b00)|00) (00| ® 1%* ® |00) (00| ® 13

+ (a0 + ao1. boo + b01)100)(00] ® 12° @ [01)(01] ® 1%?

+ (aoo + a10. boo + b10)101)(01] ® 1% ® |00)(00] ® 1%*

+ (ago + a11. boo + b11)101)(01] ® 1%° @ [01)(01] ® 1=°

+ (ao1 + aoo. bot + b00)[0)(0] ® T ®10)(0] ® 1% ® [1)(1] ® 1 ® [0)(0] ® 1%*
+(2a01,2b01)|0>(0|®1®|O)(O|®IL®2®|1)(1|®IL®|1>(1|®1®2

+ (ao1 + @10, bor + 510)[0)(0] ® 1T @ [1)(1] ® 1®? @ [1)(1| @ 1 ® [0) (0] @ 1%2
+(ao1 + a1, bor +biNI0Y0| @ T @ 1)1 @12 @ [1)(1| @1 ® |1)(1] ® 1%?
+ (a10 + aoo. b1o + boo)|1)(11 ® 1%? ® |0)(0] ® 1 ® 0)(0] ® 1%* ® [0)(0| ® 1
+ (@10 + ao1, bio + bon) 1)1 ® 1> ®0)(0] @ 1 ® [0)(0] @ 1¥? @ [1)(1| ® 1
+ (2aig, 2b10) N1 @ 122 @ [1)(1] ® 1 ® [0)(0] ® 122 ® [0)(0] ® 1

+ (@ +ai, bio+ o)1 RIS* @ 1)(1| @1 ®[0)(0] @ 1¥? @ |1)(1| ® 1
+ (@11 + ago. biy + boo)|1) (1] ® 1% ® [0)(0] ® [1)(1] ® 1%* ® [0)(0]

+ (a11 4 aor, biy + bon)|1)(1] ® 183 @ [0)(0] @ [1)(1] @ 193 ® [1)(1]

+ (a1 + a0, by + b1 1)(1] @ 1% @ [1)(1] @ [1)(1]| ® 1%* ® [0)(0]

+ Qary, 261N {1 @ 1% @ [1)(1] @ [1)(1] @ 13 @ [1)(1]. (14)

(
(
(
(

The construction (14) of the operator X results from the following reasoning. First
note that the information sets 1.1, ..., 1.5 of player 1 are associated with the first five
qubits, and the information sets 2.1, ..., 2.5 of player 2 are associated with the other
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five qubits. Now, consider, for example, the outcome (2agg, 2bgp). In the classical
case that payoff outcome is obtained if the players choose their first strategies at the
information sets 1.1, 2.1, 1.2 and 2.2. These information sets are assigned to the first,
sixth, second and seventh qubit, respectively. Therefore, the state 0 measured on those
qubits results in the outcome (2aqg, 2bgp) in the quantum game. In similar way, we
can justify the other terms of (14).

The scheme defined by (10)—(14) is an extension of the classical way of playing the
game. As in the case of the standard Eisert—Wilkens—Lewenstein scheme, the model
I'po determines the game equivalent to the classical one by restricting the strategy
sets of the players.

Proposition 2 The game determined by

5 10
(H, {(X) U;(6;,0,0), X) Ui (6:, 0, 0)} G, Mz)) (15)
i=1 i=6

is outcome-equivalent to the two-stage bimatrix 2 X 2 game.

Proof Let us first consider the outcome (2aqg, 2bgp). Denote by P the projection of
(14) corresponding to that outcome,

P = 100)(00| ® 1%* ® [00)(00| ® 1®3. (16)
If player 1 and 2 choose ®f=1 U;(6;,0,0) and ®}26 U; (6,0, 0), respectively, the
final state becomes
10
(W) = J 7 (® Ui (6;, 0, 0)) J10)®1°, (17)
i=1
and the probability of obtaining (2ao, 2boo) is

0 0 0 0
tr(P|We) (Wg|) = cos’ El cos? 52 cos? 36 cos? 37 (18)

So, by substituting
cos? (61/2) = p1, cos® (62/2) = pa, cos® (B/2) = q1, cos® (67/2) = q2, (19)

the right-hand side of (18) multiplied by (2aqg, 2bgp) is equal to the first term of (9).
Similarly, the outcome (a9 + a1, b1o + b11) is associated with the projection

P=11){11®1%2@ |1)(11®1®0)(0] @ 1%? @ |1)(1]| ® 1. (20)
In this case,

% 0. 0, %
tr(P'|Ws) (¥g]) = sin’ 51 sin? = cos? 22 sin? 2

5 > 5 (21)
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Substituting
cos” (61/2) = p1. cos” (64/2) = ps, cos” (66/2) = q1, cos’ (69/2) = qa, (22)
we obtain (1 — p1)g1(1 — p4)(1 — g4). In general, a strategy profile in the form
5 10
® U; (2 arccos \/pi, 0,0) ® ® U; (2 arccos \/gi—s, 0, 0) (23)
i=1 i=6

results in the outcome (9). O

Twice-repeated quantum Prisoner’s Dilemma with unawareness

The Prisoner’s Dilemma is one of the most interesting problems in game theory. It
shows how the individual rationality of the players can lead them to an inefficient
result. Let us consider a general form of the Prisoner’s Dilemma

C D
C ((R,R) (S.T)
D ((T,S) (P,P))’ 24)

where T > R > P > S. The payoff profile (R, R) of (24) is more beneficial to both
players than (P, P). However, each player obtains a higher payoff by choosing D
instead of C (in other words, the strategy C is strictly dominated by D). As a result,
the rational strategy profile is (D, D), and it implies the payoff P for each player. A
similar scenario occurs in a case of finitely repeated Prisoner’s Dilemma game. By
induction, it can be shown that playing the action D at each stage of finitely repeated
Prisoner’s Dilemma constitutes the unique Nash equilibrium.

We assume that the modeler’s game Gy (the game that is actually played by the
players) is defined by (10). Player 1 being aware of all the unitary strategies also views
the quantum game, i.e., G| = I'g. Next, we assume that player 2 perceives the game
to be the classical one. In other words, player 2 views the game of the form

Tec = (H, {1, 021, {1, 0, }®5), (u1, u2)).

We then assume that player 1 finds that player 2 is considering I'cc, and higher-order
views v € {21, 121,212, ...} are associated with I'cc. We thus obtain a game with
unawareness {I'y},¢), defined as follows:

FQQ ifv e {(/), l},

Fv = .
I'cc otherwise.

(25)
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In what follows, we determine the players’ rational strategies by applying the notion of
extended Nash equilibrium. First, we need to formulate the lemma that specifies player
1’s best reply to the Nash equilibrium strategy of the classical twice repeated Prisoner’s
dilemma. Recall that the action D corresponds to ioy in the quantum scheme (10). This
implies that (io,)®? is a counterpart of the unique Nash equilibrium (D, D, D, D, D)
in the classical game. The following result is a part of the extended Nash equilibrium.

Lemma 1 Player 1’s best reply to (io)®> in the set SUQ)® is of the form

T =U,(y1) @ Ux(02) U (y2) ® U (63)U(y3) ® U (ya) ® Ux(65)U(y5), (26)

where 6; € [0, /2], Y vi =km/2, k € 2Z + 1.

The complete proof of Lemma 1 is given in “Appendix A.” Here, we derive the result
of playing the strategy profile (t* ® (io)®>). The player 1’s payoff resulting from
playing the strategy (26) against (i, )®? is

5
. 03
uy (t* ® (10x)®5> =28 cos? <Zl yi> cos’ >
1=
5 93 5
+(S + P) cos? (Z y,-) sin’ - +2T sin? (Z y,). (27)

i=1 i=1

Thus, player 1 obtains the maximal payoff 27" by choosing 215: Vi = km/2, k €
27 + 1.

Remark 2 1t is worth noting that the strategy (26) turns out to be a nontrivial extension
of the quantum player’s best reply to strategy io in the one-stage Prisoner’s Dilemma.
Recall that according to [4,19], the Eisert—Wilkens—Lewenstein approach to game (24)
is defined by the final state

(W) = JT (U161, a1, B1) ® Ua (62, @2, B2))J100),

1
J=—A®1+i0, ® oy), 28
\/E( x ® 0x) (28)

and the measurement operator

Y= > (aij, bij)lij)ijl. (29)

i,j=0,1
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In case
W) = JT (Ui (61, 1, B1) ® o) J]00) (30)
0 0
— sin B sin 31|00> +icosa cos 3‘|01>
. 0 .0
+ isinog cos;llO)—cos,Bl sm?|1l), 31D

player 1’s payoff u; (U (01, o1, B1) ® ioy) = tr (Y|W)(Wq]) = T if 6 = 0 and
ay € {n/2,3m/2}. Thus, the set of player 1’s best replies to ioy is

T 3w
{U1(0,a1,,31),011 6{

3
5,7},/3 € (0,2n)} = {Uzm,y = {” ””(32)

P
Proposition 3 Let {I'y},cy, be a game with unawareness defined by (25). Then, all

extended Nash equilibria {(c)v} of {U'v}vey, are of the form:

P ®5 D
() = {(r , (ioy) ) ifve{d 1}, (33)

(0%, (i0x)®7) otherwise.

Proof Since I'y = ['c¢ for v € Vp\{¥, 1}, it follows that (o), is a Nash equilibrium
in 'cc. We know from classical game theory that the unique Nash equilibrium in the
twice repeated Prisoner’s Dilemma is (D, D, D, D, D). In terms of the EWL scheme
that profile can be written as (iax)®5. Therefore,

@) = (0%, (o)), v e W\, 1), (34)

In order to prove that (o); = (01,02)1 = (r*, (iox)®5), we first note from the
definition of extended strategy profile that

(02)1 = (02)12 = (i0)®”. (35)
According to Definition 4, player 1’s strategy (o1); has to be a best reply to (02)] =
(io,)®° in the game I'y = I'pp. Since player 1 has access to all the unitary actions,
by Lemma 1, his best reply to (i 0)®is (07)] = t* given by (26). Finally, (6) implies
that

(o) = (o)1 =% and (02)g = (02)2 = (i) . (36)

O

5 Higher-order unawareness

Inthe previous section, we considered a typical case in which one of the players is aware
of quantum strategies, whereas the other player views the classical game. Then, we
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showed that the quantum player obtains the best possible payoff resulting from playing
an extended Nash equilibrium. An interesting question that arises here is whether the
strategic position of the classical player can be improved by increasing his awareness
about the game. Let us consider the case that player 1 views the quantum game. In
addition, player 2 is aware of using quantum strategies by player 1, (I'; = I'gc) and
he knows that player 1 views the quantum strategies (I'y; = I'g¢). The formal way
of describing the problem is twofold. Player 1 can perceive the game with quantum
strategies for both players (I} = I'pp), or he may think that he is the only one who
has access to all the unitary strategies (I' = I'g¢). As long as player 1 finds that
player 2 is considering the classical game I'cc (i.e., I'}, = I'{, = I'cc), both ways
describe the same problem. Formally, the case in which the classical player is aware
of using the quantum strategies by player 1 is given by collections of games {I",} or
{I'’} where

Foo ifve{d 1},
I, = Foc ifve({2,21}, or I, =
I'cc otherwise,

r ifvel{d1,2,21},
oc Hvel LNET
I'cc otherwise.

In order to find out the reasonable outcome of (37), we need to determine player 2’s
best reply to T*.

Lemma 2 Player 2’s best reply to T in the set {1, io,}®° is of the form
3 =10{1,i0,}® ®1. (38)

Proof Since player 2’s payoff function is linear in each pure strategy of {1, io,}®>
when player 1’s strategy is fixed, any mixed best reply cannot lead to a higher payoff.
It is therefore sufficient to compare the expected payoffs of player 2 that correspond to
strategy profiles from t*® {1, io, }¥>. We obtain the following four different outcomes

Strategy profile Player 2’s payoff

*® (n ® {1, i} ® 1) (P + T)sin2 (85/2) + 2P cos? (65/2)
*® (n ®1(1,i0:)® ® iax) (P + R)sin? (05/2) + (P + S) cos? (65/2)
*® iax®{]1,iax}®2®]l®{]l,iax}) S+ P

* @ (iox ® (1, i0x}®? @ ioy ® {1, i(rx}> 28

From the fact that T > R > P > S, we see that player 2’s best reply is given by
(38) for every 05 € [0, 7 /2]. O

Lemma 2 enables us to determine all the extended Nash equilibria in {I",} defined by
37).
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Proposition4 Let {I',},cy, be a game with unawareness defined by (37). Then, all
extended Nash equilibria {(0)v} of {U'v}vey, are of the form:

(. 73) ifve{n2),
@)y = 1 (7%, (i0,)®?) ifve{l, 21}, (39)
((ti)®5, (ti)®5) otherwise.

Proof The proof proceeds along the same lines as the proof of Proposition 3. Without

restriction of generality, we can assume that {I",} = {I")/} according to (37). Similar
arguments to those in the proof of Proposition show that

(0)y = ((iox)®5, (iax)®5) L wefl2,212,121,. .. (40)
and
@)y = (r*, (io*x)®5> . vell2l). (41)
Since (0y)y = (0y)y~y (see Definition 3),
(01)2 = (o1)21 = 7" (42)

Now, (072)2 is a best reply to (o7)2 in the game I'). By Lemma 2, (01)2 = ;.
Consequently,

(0)2 = (% ). 43)
O

According to (39), the result of the game is (0)2 = (0)y = (7%, 73). It corresponds
to the following payoffs: (P + ) sin®(#5/2) + 2P cos®(#s/2) for player 1 and (P +
T)sin(05/2) 4+ 2P cos?(05/2) for player 2. Since player 1 does not have the most
preferred parameter 65 in 7*, the difference between player 2 and player 1 payoff can
take any value of (T — §) sin? (65/2). If we assume that the parameter 65 is uniformly
distributed over [0, 7] then, on average, player 2 gets

1 T 65 1
—(T — S)/ sin® —dfs = (T — S) 44)
T 0 2 2

more than player 1.

6 Summary and conclusions

In this paper, we proposed a new scheme for a twice repeated quantum game based
on the fact that it is a particular case of an extensive form game. We analyzed the

@ Springer



269 Page140f20 K.Rycerz, P. Frackiewicz

scheme for a twice repeated Prisoner’s Dilemma game, with focus on the situation
where players have different perception of the game described by the formalism of
the games with unawareness [12].

In particular, we determined the extended Nash equilibrium for the case where one
player has access to full range of quantum strategies, while the other perceives the
game as a classical one. We found best replies of the quantum player to the classical
equilibrium strategy. This result is an extension of the corresponding one-stage version
of the game, and it similarly allows quantum player to get the best possible outcome.

We also discussed high-order unawareness, where we slightly increase game per-
ception of the classical player, so that he knows that his opponent is actually a quantum
player, while the quantum player is not aware of that knowledge of the classical player.
We show that this situation improves the strategic position of the classical player. As a
result of playing the extended Nash equilibrium, the difference between the classical
and quantum player’s payoffs is always nonnegative and strictly positive as long as
the parameter 65 # 0 in the player 1’s equilibrium action t*. Therefore, the average
payoff of the classical player is grater that the payoff of the quantum player.

Our results showed that the proposed scheme is a nontrivial generalization of the
well-known EWL scheme. It can be easily extended to any repeated 2 x 2 quantum
game. Additionally, in the future it should be possible to implement our scheme on
already existing quantum hardware: IBM-Q or Rigetti computing. The research based
on the proposed scheme is also promising in the incoming era of quantum internet as
indicated by appearing quantum network simulators such as Simulaqron, which can
be used to simulate two players playing over quantum net.
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Appendix: Proof of Lemma 1

Proof First, note that a unitary matrix U € SU(2) can be written as a product of the
rotation matrices U, and Uy in the following way:

€' cos % ie'P sin % ) B ( 79 cog % ie!v=9 gin % )

ie”P sin % e~ cos g ie ! r=8gin % et +) cos %

iy  isinf\ /e
= (60 e—oi)/> (cos%9 zsmgz> <eO e9i5> = U.(y)Ux (0)U,(8). (45)

1 S1In bl COS 3

U@, a,p) = (
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The probability of winning the biggest payoff by a quantum player is described by:

P :f1(91994)f2(0’ )’15)» (46)

where 6 = (62, 03,605), ¥ = (Y1, 2, ¥3, V4, ¥5) and 8 = (81, &2, 83, 84, 65). Functions
in (46) are defined as

0 o
f1(61, 64) = cos? (—‘) cos? (—4) 47)
2 2
and
5 5
f2(0,9,8) = fece(8) sin® (Z 8i + Z)/i)
i=1 j=
+ fsce(0) sin (ZS trn-—rntwntnut Vs)
+ fesc(0) sin (ZS tritrn-vt+nut Vs)
+ fssc(8) sin (2:5 tr-—r-vitrt 7/5)
+ fees (0) sin (ZS trtrntytn- Vs)
+ fses () sin (ZS tri—rtyitra- )’5)
+ fess (0) sin (Z8 tritrn-vtnu- 7/5)
+ fs5(0) sin (Z(S tri—rv-v»twn- Vs) (43)
where

fccc(o) = C0S2

02
(3
Ssce(@) = sin® (9?2

foss(0) = sin® (%) sin’ (953) sin’ (%5) ) (49)
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For each ) € [0, 27], 604 € [0, 2] we have f1(61,04) € [0, 1], and f>(6, y,$) €
[0, 1] is satisfied for each 8 € [0,27],y € [0,27],8 € [0,27]. So if
f1(61,04) f2(0,y,8) =1, then

J1(01,64) =1 and f>(0,y.8) = 1. (50)

0

To obtain fi(61, 64) = 1, we need cos? ( > ) = 1 and cos? (%4) = 1. That implies

U, () = I inrepresentation (45) and therefore strategy elements for qubits 1 i 4 have
the form

Ui =U;(y1 +61) = Uz(ay), (51)
Uy = Uy(ys + 84) = Uz (aa). (52)

To see which conditions need to be fulfilled to obtain f>(@, y, §) = 1, first note that
fCCC(o) + fscc(o) + fCSC(o) + f:XSC(o) + fCCS(o) + fSCS (0) + fCSS(o) + fSSS(o)
= cos® % cos? 9—3 cos? 0—5 + sin? 0—2 cos? % cos? 9—5
2 2 2 2 2 2
+ cos? 0—2 sin? 9—3 cos? s + sin? @ sin® 6—3 cos? 9—5
2 2 2 2 2
) ) ) .

(%
2 (72 p
4+ cos ( > )
02 3\ . 05 . 02\ . 03 05
2 (V2 2 (93 2 (Y 2 (72 2 (Y3 2 (Y5
-+ cos (2>sm <2>sm <2)+s1n <2)sm 2)sm <2)
0 % %
(o (5) o (3)) (o (3)
% (% (%
+ sin? (?3) (cos2 <?5> + sin? (g)) =1. (53)

Then, we can write

f2(07 v, 8) = fccc(o)sccc(sv )+ fscc(o)sxcc(sv )+ fcsc(o)scsc(sv Y)
+ fosc (0)Ss55c (8, ) + -+ + fis5(0)5555(8, V), (54)

where sg04(8, ) € [0, 1] for ggg € {ccc, ccs, csc, ..., sss}, nggg(é’) = 1 and
foge(0) € [0, 1] for each 6.
If we introduce:

5 5
Gsum = Y _Gi +vi) = Y (@), (55)

i=1 i=1
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then we can rewrite (48) as:

200, 7.,8) = feee®)(SIn* (@gum)) + foce(B) sin® (gum — 22)
+ fesc(0) Sin® Cgum — 2¥3) + fuse(8) Sin* (@gum — 272 — 23)
+ foes () Sin* (ctgum — 25) + fies (8) sin® (@gum — 272 — 2y5)
+ foss (8) sin? (gum — 23 — 2y5)
+ fiss (0) $in* (@gum — 22 — 2y3 — 25). (56)

To obtain f>(f, y, §) = 1foreach ggg € {ccc, ccs, csc, ..., sss}forwhich foe, > 0,
there have to be s4¢, = 1. The list of these conditions for i, j, k € {2, 3, 5} is shown
in detail in the following table:

(@) if fogq > 0 (b) then sgg, = 1
cos2(9,~)cos2(9j)c0s2(8k) >0 sinz(asum) =1
sin®(0;)cos?(0)cos?(Gk) > 0 sin? (atgum — 2yi) = 1 (57

cos®(6;)sin(8;)sin®(6) > 0 sin®(gum — 2y — 27 = 1
sin(0;)sin®(0;)sin>O) > 0 sin®(otgum — 2yi — 2yj — 2) = 1

Let us consider several cases.

1.

If for each ggg € {ccc, ccs, csc, ..., 555} fgqq > 0, then all conditions listed in
(57(b)) apply. From the first condition, as;;, = 21'5:1 a = Z?:l i +yi) =k%
where k is odd. Also, from all conditions, for every w € {2,3,5} y,, = nw%
where n,, € {0, 1, 2, 3, 4}.

If ny is odd: U,(yy) = I and

Uy = Ux(Qw)Uz(‘sw) = Ux(gw)Uz(‘sw + Vw) = Ux(gw)Uz(aw)- (58)

If ny, is even:

Vs = V) Us(0u) U (8) = Uz (n5) Us @)Uz (8)

= Uy (=0,)U; (Sw + I’l%) = Uy (=0w)U;(8y + Yu) = Ux (=0y,) U, (ay).
(59)

If there exists at least one w € {2, 3, 5} for which cos?(6,,) = 0 or sin®>(6,,) = 0,
if cos?(6,,) = 0 then

Uw = U;(yu)Ux () U, (81)
= U, (yw)ioxU;(8w) = iox U (8w — Yw) = i0x Uz (Bw). (60)
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if[(a)] sin%(8,,) = O then

Uy = U (yu)Ux (0 U, (8w)
= U (yw)U;(8w) = U8y + yw) = U (o). (61)

Next, we consider three subcases: exactly one, exactly two and exactly three w €
{2, 3, 5} such that cos?(6,,) = 0 or sin’(6,,) = 0.

(b) Thereexists exactly one w € {2, 3, 5} for which cos?(fy,) = Oor sin? 0y) = 0.
If cos2(6,) = O then, according to (57), the following conditions for v, r €
{2,3,5} and v # w, r # w apply:

Sin? (Csum — 2yw) = 1,

sin® (@um — 2vw — 210) = 1,

Sin? (@gum — 2Yw — 297) = 1,

Sin (Csum — 2%w — 290 — 2¥r) = L. (62)

Next, from the first condition of (62), we have: ogym — 2Yw = Buw +
Zi:l, piwp = k%, where k is even. And from all conditions of (62):
Yo =n%, Y = n%n €{0,1,2,3,4}.

From that, the actual strategy elements for qubits w, v and r are:

Uy = ioxU(Bw), Uy = Ux(0n)U;(ay) or Uy = Ux(=0,)U(ay), Uy =
Uy (0,)U () or Uy = Ux (—6,) U, ()

If sin? (6w) = 0 then, according to (57), the following conditions for v, r €
{2,3,5} and v # w, r # w apply:

sinz(asum) =1,

sin® (@gum — 2y0) = 1,

sin? (Qgum — 2y5) = 1,

Sin? (Qgum — 290 — 2yr) = 1. (63)

Next, from the first condition of (63), we have: o, = Z;zl op = k7, where
k is even. And from all the conditions of (63): yy = n%, yy =n%, y, =n7,
ne{0,1,2,63,4}.

From that, the actual strategy elements for qubits w, v and r are:

Uy = Ugay), Uy = Ux(0)U (ay) or Uy = Ux(=0)Uz(ay) Uy =
U,(0)U;(ar) or Uy = Ux (—=0,) U (atr).

(b) There exist exactly one w € {2, 3, 5} that cosZ(6y) # 0 and sin?(6y) #0.In
that case, we use similar inference as in previous one and present the final results
for simplicity. In these case, there are three possibilities for v, r € {2, 3, 5}:
If cos2(6,) = 0, cos2(6,) = 0, then the actual strategy elements are:

Uy = Ux(0w)U;(ay) or Uy = Ux(—0y)U (), Uy = io U;(By), Uy =
ioxUz(Br),
and gy — 2yy — 2y = Zizl;p#v;p#r op + By + B = k%, k-even.
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If cos2(6,) = 0, sin(6,) = 0, then the actual strategy elements are:

Uy = Ux (00U (o) or Uy = Ux(=0y)Uz(aw), Uy = iox U (By), Uy =
U, (),

and oy — 2y = Zizl;m&v ap + By = k75, k-even.

If sin(6,) = 0, sin%(6,) = 0, then the actual strategy elements are:

Uy = U (0w)U;(ay) or Uy = Ux(=0u)U(aw), Uy = Uz(ay), Uy =
U (),

and oy, = Zf;:l ap = k7, k-even.

(c) Forall w € {2, 3, 5}, cos?(8,,) = 0 or sin?(6,,) = 0. In that case, we also use
similar inference as in previous ones and present the final results for simplicity.
In these case, there are four possibilities for w, v, r € {2, 3, 5}:

If cos?(6,,) = 0,cos2(0,) = 0,cos2(,) = 0, then the actual strategy elements
are:

Uy =ioy U (Bw), Uy = io U (By), U = io Uy (By)

and ogym — 2y — 20 — 2, = a1 + g4 + Bu + Bu + Br = k5, k-even.

If sin(6,) = 0,cos2(6,) = 0,cos2(6,) = 0, then the actual strategy elements
are:

Uy = Uzay), Uy = io U (By), Ur = iox U (Br)

and oy — 2y0 — 2y = Z;zl;p#vl,#r ap + By + By = k%, k-even

If sin? Op) = 0,sin? 0y) = 0,cos? (6,) = 0, then the actual strategy elements
are:

Uy = Uz(ay), Uy = Uy(ay), Uy = io Uz (Br)

and oy — 2y, = Z;zlzp#r ap + Br = k7, k-even.

If sin? By) = 0,sin? 6y) = 0,sin? (6;) = 0, then the actual strategy elements

are:
Uy = Uz(ay), Uy = Uz(ay), U = Uz(ay)
and gy, = szl ap = k%, k-even, O
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