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Abstract
In this paper, we investigate the holonomy structure of the Quantum Zermelo naviga-
tional problem introduced by Russel and Stepney (Phys Rev A 90:012303, 2014). We
show that the curvature algebra describing infinitesimally the non-commutativity of
parallel translation is infinite dimensional. Consequently, we obtain that the holonomy
group cannot be a finite-dimensional group. These results demonstrate the deep dif-
ference between the Riemannian and Finslerian model and show that new phenomena
occur.

Keywords Quantum Zermelo navigation · Riemann and Finsler geometry ·
Holonomy · Curvature

1 Introduction

In recent years, more and more focus tends to the applications of Finsler geometry in
several fields of natural sciences. From general relativity through wildfire spread and
seismic ray modeling to quantum mechanics, a lot of different areas take advantage of
the tools of Finsler geometry [15,18]. The investigations of B. Russel and S. Stepney
in [19,20] opened a new way for the geometric investigations of several interesting
phenomena in Quantum Information Processing (QIP) by the application of Bao et al.
[2] theorem on the one-to-one correspondence between the solutions of the Zermelo
navigational problem and Randers metrics. The holonomy group is a very natural
geometric object. In a broader sense, it is a geometric concept which refers to the
property that if we transport an object along a closed path, it may not return to its
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original state. This phenomenon occurs in different areas of physics such as string
theory [11] and what before the middle of the twentieth century was not considered as
a geometric theory: quantummechanics. The first appearance of the so-called quantum
adiabatic holonomy was during the investigations of the dynamical Jahn–Teller effect
[12]. Berry [4] showed that the adiabatic phase is a general phenomenon, and as
pointed out by Simon [21], the celebrated Berry phase is an example of holonomy.
The appearance of Randers manifolds, which are special types of Finsler manifolds, in
QIP together with the method for realizing quantum computation through holonomy
transformations proposed by Zanardi and Rasetti [23] served as a base motivation for
us to start investigating Finslerian holonomy groups in a quantum mechanical setting.

In geometry, the holonomy group is the transformation group generated by parallel
translations along closed curves with respect to a canonical connection. In the n-
dimensional Riemannian case, the connection is the Levi–Civita connection and the
generated holonomy group is a subgroup of the orthogonal group O(n) [5]. In the
Finslerian setting, the canonical connection is a homogeneous (but not necessarily
linear) and norm-preserving (but not necessarily metric) connection [1,10]. In contrast
to the Riemannian case, in which the complete classification of holonomy groups
is known [3], there are only partial results about the holonomy groups of Finsler
manifolds [13,17,22]. In [14,16], a method has been developed to investigate the
holonomy,which consists of considering the tangent structure of the holonomygroups,
called the holonomy algebra. The holonomy algebra can offer important information
on the holonomy group and give also the possibility to determine the holonomy group
even in some infinite-dimensional cases [13,17].

In this paper, we show a new non-trivial application of this theory in Quan-
tum Mechanics by using the 2-dimensional Quantum Zermelo problem introduced
in [7]. By investigating the curvature algebra describing infinitesimally the non-
commutativity of parallel translations, we prove that its dimension is infinite.
Consequently, we obtain that the holonomy group cannot be a finite-dimensional
group. This result demonstrates the radical difference between the Riemannian and
Finslerian model and shows that with respect to the classical Riemannian settings, a
new phenomenon occurs: the presence of an ineliminable force extends hugely the set
of holonomy transformations and therefore the set of states realizable from one given
state.

2 Preliminaries

2.1 Randers model of quantum information processing

In a closed finite-dimensional quantum system, the state space is Cn for some n ∈ N

and the physical states can be identifiedwith the rays of this space, that is the projective
space CPn−1 of the underlying Hilbert space. In QIP, the task of the “navigator” is to
find the shortest path from an initial state |�I 〉 to a final state |�F 〉. Thismeans that one
have to find the geodesics of the corresponding Riemannian manifold. The situation is
slightly changed if we take into account an ineliminable force on the manifold, which
can be represented as a vector field also referred to as the “wind”. This formulation
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indicates that this problem is equivalent to the Zermelo navigational problem on a
Riemannianmanifold. In [2], the authors proved that the problemof finding the shortest
path (in terms of time) in this setting is equivalent to that of finding the geodesics of a
suitable Randers manifold, which is a special kind of Finsler manifold. The problem is
hard to solve on the level of state space, but in [7] and in [6] the authors showed that one
can lift this problem to the space acting on the states: the special unitary group SU(n).
The task is then to find a control Hamiltonian Ĥc(t) in the Lie algebra su(n) of SU(n)

which together with a time-independent Hamiltonian Ĥ0, representing the effect of
the ineliminable external field, forms Ĥ(t) = Ĥc(t)+ Ĥ0 and generates the evolution
of our initial state to the final state. The physical motivation and explanation can be
found in [7]. Here, we are focusing on the geometric background of the Finslerian
model. Geometric aspects and elementary solution to the time-independent quantum
navigation problem can be found in [8].

Let M be an n-dimensional manifold, T M its tangent manifold, π : T M → M the
canonical projection. Local coordinates (xi ) on M induce local coordinates (xi , yi )
on T M where y = yi ∂

∂xi
.

2.2 Finsler metric

A function F : T M → R+ is called the Finsler (norm) function, if it is a positively
1-homogeneous continuous function, smooth on T M\{0} and

gi j = 1

2

∂2E

∂ yi∂ y j
,

is positive definite at every y ∈ TxM\{0}, where E := 1
2F2 is the energy function of

F . Formally, the Finsler metric g = gi jdxi ⊗ dx j on M is the same as a Riemannian
metric, except that the coefficients gi j can depend on the y variable, that is on the
direction too. The hypersurface of TxM defined by

Ix ={ y ∈ TxM : F(y)=1 } . (1)

is called the indicatrix at x ∈ M . The geodesics of (M,F) are given by the solutions
of a system of second order ordinary differential equations

ẍ i = f i (x, ẋ),

in a local coordinate system, where f i (x, y) are determined by the formula

f i (x, y) = gil
(1
2

∂g jk

∂xl
− ∂g jl

∂xk

)
y j yk, i = 1, . . . , n.

Oneof themost accessible and demonstrative Finslermetrics comes fromZermelo’s
navigation problemwhere the geodesics corresponds to the paths of shortest travel time
in a Riemannian manifold (M, h), under the influence of a wind or a current which is
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represented by a vector fieldW . The geometry can be described in terms of a Finslerian
setting with the Finsler function

F(x, y) =
√
hx (W , y)2 + hx (y, y)(1 − hx (W ,W )) − hx (W , y)

1 − hx (W ,W )
(2)

where hx (W ,W ) < 1. As the results of [2] show, there is a one-to-one correspondence
between the solutions of the Zermelo navigational problem and Randers metrics.

2.3 Covariant derivative and parallel translation

A vector field X = Xi (t) ∂
∂xi

along a curve c : [0, 1] → M is called parallel if
DċX(t) = 0 where the covariant derivative is defined as

DċX =
(
dXi

dt
+ Gi

j (c, X) ċ j
)

∂

∂xi
, (3)

with Gi
j = − 1

2
∂ f i

∂ y j . For any X0 ∈ TcoM , there exists a unique parallel vector field
X(t) along the curve c such that X0 = X(0). One can easily see, that if X(t) is
a parallel vector field along c, then λX(t) is also parallel along c for any λ ≥ 0.
In this way, the homogeneous parallel translation along a curve c is defined by the
positive homogeneous mapP t

c given byP t
c(X0) = X(t). Since the parallel translation

preserves the Finslerian norm, it can be considered as a map between the indicatrices

P t
c : Ico → Ict . (4)

The parallel translation on a Finsler manifold can also be introduced by considering
the associated Ehresmann connection: the horizontal distribution is determined by the
image of the horizontal lift TxM → T(x,y)T M defined in the local basis as

(
∂

∂xi

)h
= ∂

∂xi
− Gk

i (x, y)
∂

∂ yk
, (5)

where y ∈ TxM . We have the decomposition TyT M = Hy ⊕ Vy, where V = ker π∗
is the vertical distribution. The corresponding projectors are denoted by h and v. The
horizontal lift of a curve c : [0, 1] → M with initial condition X0 ∈ Tc0M is a curve

ch : [0, 1] → T M such that π ◦ ch =c, dch
dt =( dcdt )

h and ch(0)= X0.
Then the parallel translation can be geometrically obtained as P t

c(X0) = ch(t).
The horizontal distribution HT M is, in general, non-integrable. The obstruction to
its integrability is given by the curvature tensor R = 1

2 [h, h] which is the Nijenhuis
torsion of the horizontal projector [10]. The curvature tensor field is defined by R =
Ri
jk(x, y)dx

j ⊗ dxk ⊗ ∂
∂ yi

where

Ri
jk = ∂Gi

j

∂xk
− ∂Gi

k

∂x j
+ Gm

j G
i
km − Gm

k G
i
jm

in a local coordinate system.
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2.4 Holonomy group, holonomy algebra, curvature algebra

The holonomy group Holx (M) of a Finsler manifold (M,F) at a point x ∈ M is the
group generated by parallel translations along piece-wise differentiable loops starting
and ending at x . Considering the parallel translation (4) on the indicatrix Ix , a holon-
omy element is a diffeomorphism Pc : Ix → Ix , and therefore the holonomy group
can be considered as a subgroup of the diffeomorphism group of the indicatrix Ix :

Holx (M) ⊂ Di f f ∞(Ix )

The tangent Lie algebra hol x (M) of the holonomy group is called the holonomy alge-
bra [14]. Any Lie subalgebra of hol x (M) inherits its tangential property. In particular,
the curvature algebra Rx , generated by vector fields in the image of the curvature
tensor, is a Lie subalgebra of hol x (M). Consequently, the element of the curvature
algebra is tangent to the holonomy group Holx (M). At the level of Lie algebras, we
have

Rx ⊂ hol x (M) ⊂ X∞(Ix ) (6)

and therefore at the level of groups, we get

exp(Rx ) ⊂ exp(hol x (M)) ⊂ Holcx (M) ⊂ Di f f ∞(Ix ) (7)

where Holcx (M) denotes the topological closure of the holonomy group with respect
to the C∞ topology of Di f f ∞(Ix ). More about the tangent Lie algebras of diffeo-
morphism groups and about the holonomy group and holonomy algebra can be found
in [14].

3 Holonomy of quantum information processing in Randers model

3.1 2-Dimensional Quantum Zermelo problem

We consider a specific case of the two-state quantum system: a single spin particle in
a magnetic field. The manifold is SU(2) and its tangent space can be identified with
su(2), which is the 3-dimensional Lie algebra of 2× 2 Hermitian matrices. As in [7],
we consider an invariant “wind” vector field, represented in the Lie algebra by Ĥ0 and
the invariant Riemannian metric coming from the Killing form:

h( Â, B̂) := tr( Â†B̂), (8)

Â, B̂ ∈ su(2). The Lie algebra su(2) is spanned by Ê1 = iσ1, Ê2 = −iσ2, Ê3 = iσ3
where the sigmas are the Pauli matrices:

σ1 =
(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.
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We will work with the coordinates (x, ξ) on the tangent bundle, where (x) =
(x1, x2, x3) are coordinates on the group SU(2) and (ξ) = (ξ1, ξ2, ξ3) are the invariant
coordinates in the Lie algebra su(2) with respect to the basis E := {

Ê1, Ê2, Ê3
}
. The

relation between the standard coordinates and the invariant coordinates on TG =
G × g can be found by ρ−1

x,∗(x, y) = (x, ξ), where ρ : SU(2) → SU(2) is the

right translation. Modulo a rigid transformation, we can suppose that Ĥ0 = cÊ1 with
c ∈ R. With (8) and W = Ĥ0, one can calculate (2) and find the corresponding
invariant Randers metric:

F(ξ) = 1

1 − 2c2
(
αξ + βξ

)
, (9)

with a Riemannian norm α and a 1−form β:

αξ :=
√
2ξ21 + 2ξ22 + 2ξ23 − 4ξ22 c

2 − 4ξ23 c
2, βξ := −2c ξ1. (10)

For simplicity, the 3-dimensional Finsler space corresponding to the 2-dimensional
Quantum Zermelo problem will be denoted by Q = (SU(2),F).

We note that the indicatrix (1) is

I=
{

ξ ∈ su(2) : αξ = 1 + 2cξ1 − 2c2
}

. (11)

a two-dimensional compact manifold. Let E := 1
2F2 be the energy function. The

invariant formulation of the Euler–Lagrange equations, called the Euler–Poincaré
equations

d

dt

∂E

∂ξ
= −ad∗

ξ

(
∂E

∂ξ

)
, (12)

can be used to determine the geodesic equation on the Lie algebra [9]. Using the basis
E = {

Ê1, Ê2, Ê3
}
. the equations (12) take the form

d

dt

∂E

∂ξd
= −Cb

ad
∂E

∂ξb
ξa (13)

where Cb
ad are the structure constants with respect to the basis E : The nonzero terms

are determined by C3
12 = C1

23 = C2
31 = 2. We get that

ξ̇1 = 0, ξ̇2 = −2c ξ3F(ξ), ξ̇3 = 2c ξ2F(ξ). (14)
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3.2 Curvature algebra and holonomy

The curvature tensor can be obtained from the spray coefficients. The restriction of
the curvature vector fields R(Êi , Ê j ) on the indicatrix (11) is

R1 := R(Ê1, Ê2)
∣∣I = − ξ2

αξ

∂ξ1 + (ξ1 − c)

αξ

∂ξ2 ∈ X∞(I) , (15a)

R2 := R(Ê1, Ê3)
∣∣I = − ξ3

αξ

∂ξ1 + (ξ1 − c)

αξ

∂ξ3 ∈ X∞(I) , (15b)

R3 := R(Ê2, Ê3)
∣∣I = − ξ3

αξ

∂ξ2 + ξ2

αξ

∂ξ3 ∈ X∞(I) , (15c)

where αξ is defined in (10). The curvature algebraR is generated by the commutators
of the vector fields Ri , i = 1, 2, 3, that is:

R = 〈
R1, R2, R3

〉
Lie. (16)

It is not difficult to calculate the first Lie brackets of the curvature vector fields:

[R1, R3] = 1

αξ

R2 + 2c ξ2

α2
ξ

R3, [R2, R3] = −1

αξ

R1 + 2c ξ3

α2
ξ

R3. (17)

More generally, we have the following:

Lemma 3.1 Let L0 = R2 and denote Lk = [
Lk−1, R3

]
the Lie bracket of the vector

field Lk−1 and R2 for k ≥ 1. Then

Lk =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

εk

αk
ξ

R2 + 2kc
εk ξ2

αk+1
ξ

R3, if k ≡ 0 mod 2,

εk

αk
ξ

R1 − 2kc
εk ξ3

αk+1
ξ

R3, if k ≡ 1 mod 2,
(18)

where εk = −1, if k = 4l + 1 or k = 4l + 2 and εk = 1, if k = 4l + 3 or k = 4l for
some l ∈ N.

Proof We prove the lemma by recurrence. Using the fact that the curvature vector
fields (15) are tangent to the indicatrix (11), one can find for odd k:

[Lk, R3] =
[

εk

αk
ξ

R1, R3

]
−

[
εk2kc ξ3

αk+1
ξ

R3, R3

]

= εk

αk+1
ξ

(
R2 + 2c ξ2

αξ

R3

)
+ εk2kc ξ2

αk+2
ξ

R3

= εk+1

αk+1
ξ

R2 + 2(k + 1)c
εk+1 ξ2

αk+2
ξ

R3 = Lk+1,
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where we used that εk+1 = εk when k is odd. For even k, we have analogous compu-
tation:

[Lk, R3] =
[

εk

αk
ξ

R2, R3

]
+

[
εk2kc ξ2

αk+1
ξ

R3, R3

]

= εk

αk+1
ξ

(
−R1 + 2c ξ3

αξ

R3

)
+ εk2kc ξ3

αk+2
ξ

R3

= εk+1

αk+1
ξ

R1 − 2(k + 1)c
εk+1 ξ3

αk+2
ξ

R3 = Lk+1,

where we used that εi+1 = −εi when k is even. �
Proposition 3.2 In the presence of external wind W, the curvature algebra R of the
Finsler metric (9) is an infinite-dimensional Lie subalgebra ofX∞(I) of smooth vector
fields of the indicatrix (11).

Proof By definition, the curvature algebraR is the Lie subalgebra ofX∞(I) generated
by the curvature vector fields [14, Definition 4.10]. In the case of the Finsler metric (9),
the curvature algebra (16) is generated by the three curvature vector fields (15) and by
their successive Lie brackets. If the external windW is nonzero, then c �= 0 and, using
the notation of Lemma 3.1, we have Lk ∈ R for any k ∈ N. As the formulas of (18)
show, every Lk can be expressed by some combination of the curvature vector fields,
but the coefficients are polynomialswith increasing degree in each step. Consequently,

{ Lk | k ∈ N } ⊂ R
( ⊂ X∞(I)

)

is an R−linearly independent infinite set of vector fields in the curvature algebra, that
is R is an infinite-dimensional Lie subalgebra of X∞(I). �

We remark that if there is no external wind, that is c = 0, then (9) is a Riemann
metric: On the indicatrix, we have αξ = 1 and one can easily see thatR is isomorphic
to so(3).

Theorem 3.3 The holonomy group Hol(Q) of the 2-dimensional Quantum Zermelo
problem in the presence of an external wind W is not a finite-dimensional Lie group.

Proof We do not know at the moment if the group Hol(Q) has a smooth Lie group
structure or not, butwe do know that it is a subgroup ofDi f f ∞(I), the diffeomorphism
group of the indicatrixI.WithI being compact, the tangent space of the groupHol(Q)

is a Lie subalgebra of X∞(I), see [14, Sec. 4]. The tangent algebra of the holonomy
group Hol(Q) is the holonomy algebra hol(Q), and as (6) shows, it contains the
curvature algebraR. As Proposition 3.2 shows,R is infinite dimensional, and therefore
hol(Q) is also an infinite-dimensional Lie algebra. Consequently, from (7) we get that
the holonomy group Hol(Q) cannot be a finite-dimensional Lie group. �

We remark that if there is no external wind W , then Q = (
SU(2), α

)
is a

3-dimensional Riemannian manifold and its holonomy group Hol(Q) is the 3-
dimensional special orthogonal group SO(3).
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4 Conclusion

Theorem 3.3 demonstrates clearly the deep difference between the Riemannian and
Finslerian model: in the Riemannian setting, the holonomy group is necessarily a
finite-dimensional Lie group. But using the Finslerian model in the presence of a
magnetic field, this is no longer true: the holonomy group can be a much larger group.
Indeed, there are examples, where the topological closure of the holonomy group is the
diffeomorphism group of the indicatrix [13,17]. Until now, results on the holonomy
are obtained on cases, where the parallel translations are linear (thoroughly analyzed
by Szabó [22]) or the flag-curvature is constant. We note that in the 2-dimensional
Quantum Zermelo problem considered above the flag-curvature is not constant: with
an explicit computation one can show thatQ has a non-constant scalar flag-curvature.
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