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Abstract
Advanced efficiency measurement methods usually fall within Stochastic Frontier Analysis (SFA), Data Envelopment
Analysis (DEA), or their derivatives. Although SFA has some theoretical advantages, it has been criticized for relying on
arbitrary and potentially restrictive assumptions about model specification. One strand of the literature suggests the use of
nonparametric SF models to cope with the issue. We follow an alternative path and demonstrate that it is possible to deal
with specification uncertainty and potentially restrictive assumptions while maintaining the advantages of the parametric
approach. First, we develop a flexible stochastic model based on generalized t and generalized beta of second kind
distributions, which encompasses virtually all known parametric SFA specifications. Second, we apply Bayesian inference
methods, which are less restrictive than those used so far, and propose feasible approximate alternatives based on maximum
likelihood. Third, we pool results from alternative specifications using model averaging. Our focus is on the distributional
assumptions regarding the compound error in SFA since this aspect has not been addressed so far in a satisfactory way.
However, extensions to other elements of specification uncertainty, like the choice of the frontier functional form, are
straightforward. Finally, we show simulations results and analyze two well-researched datasets, for which we obtain
probabilistic (density) estimates of efficiency scores that take into account the estimation error and model uncertainty in a
formally justified manner.

JEL codes C51 ● C52 ● C20 ● C11

Keywords Efficiency analysis ● Stochastic frontier model ● Bayesian model averaging ● Density estimation

1 Introduction

The main goal of Stochastic Frontier Analysis (SFA) is to
estimate (in)efficiencies of decision-making units using a
stochastic model of a frontier delimited by ideal, fully effi-
cient units; see Kumbhakar et al. (2020a, b) for an overview.

In order to achieve this, the usual (two-sided) observation
error is augmented with an additional, one-sided component,
representing some form of inefficiency. Nonparametric SFA
alternatives that rely on Data Envelopment Analysis (DEA;
Charnes et al. 1978) and its derivatives have been criticized
for ignoring the observation error. Since they are funda-
mentally non-stochastic, it is problematic, e.g., to assess
parameter or model uncertainty or conduct any kind of for-
mal statistical testing. Some of these issues have been
addressed in a number of ways; e.g., Simar and Wilson
(2015) use nonparametric methods in DEA-like approaches,
while Tsionas (2020) demonstrates a Bayesian interpretation
of DEA. A particularly appealing approach is represented by
Andor et al. (2019), which strives to combine results from
various DEA and SFA methods (see also Parmeter and
Zelenyuk 2019; Tsionas 2021).

Our key contribution is two-fold. First, we formulate a
parametric SFA framework that offers a considerable
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generalization in terms of distributional assumptions,
compared to existing alternatives. Second, we demonstrate
the applicability of exact and approximate inference
techniques, including those for model selection or aver-
aging, which is nontrivial for non-Gaussian models with
latent variables. Consequently, we make the generalized
formulation manageable for empirical work, avoid poten-
tial overparameterization issues, and account for parameter
and specification uncertainty.

Our results are, in a way, parallel to developments in
nonparametric inefficiency analysis, considering nonpara-
metric specification of the error terms, especially the
inefficiency-related ones (e.g., Assaf et al. 2021; Florens
et al. 2020; Sun et al. 2015; Griffin and Steel 2004). We
show that a similar flexibility gain can be achieved fully
parametrically by a generalization of distributional
assumptions for the symmetric observation error and the
inefficiency term. The parametric approach offers direct
control over model properties like monotonicity or tail
thickness. Moreover, it is possible to obtain (explicit)
mixture distributions reflecting model averaging.

Assaf et al. (2021) list three SFA-related research gaps,
i.e., (i) endogeneity, (ii) functional form specification and
(iii) distributional assumptions in the error terms. Our aim
is to fill some of these gaps within the parametric
approach. Leaving the endogeneity issues aside, we
believe that (ii) and (iii), which relate to model specifica-
tion uncertainty, can be dealt with using model comparison
and model averaging over a sufficiently broad model class.
Consequently, we first develop a very flexible stochastic
frontier (SF) model labeled GT-GB2, which is based on
generalized t and generalized beta of the second kind
(GB2) distributions (see Harvey and Lange 2017). Second,
we make use of model averaging techniques, including
Bayesian Model Averaging (BMA), which is a general
tool for inference pooling.

There are two ways for using model comparison tech-
niques in order to address specification uncertainty issues:
model averaging and model selection. Model selection
amounts to assuming a “point estimate” in model space.
Selection can be practically equivalent to averaging if one
model is clearly superior to others or if all specifications
imply very similar empirical conclusions. Otherwise,
model averaging seems to be a preferred technique.
However, model selection based on empirical criteria is
clearly better than arbitrary model choice, which is not rare
in practical applications of SFA. We use BMA as our
benchmark for model averaging due to its sound theoretical
background. Although BMA is predominantly applied to
covariate selection problems (Steel 2020), its applicability
is not limited to such cases. We focus on averaging over
competing stochastic assumptions. However, a simpler
option of model selection is obviously available. The

methodology presented here also allows for averaging or
selection over a broad class of frontier functional form
specifications, though we do not pursue this avenue. Our
model is also formulated in terms of a nonlinear parametric
frontier. Hence, though we estimate (log)linear frontiers in
the empirical part of the paper, we make no particular use
of the linearity assumption. It is also possible to generalize
our framework towards, e.g., a semiparametric frontier
formulation. Finally, although we demonstrate results from
a basic generalized SF model, we indicate that it can be
extended towards panel data framework, varying efficiency
distribution, or zero-inefficiency cases (Kumbhakar et al.
2013).

The Bayesian approach has made its way into SFA since
it allows for inference on latent variables (inefficiencies)
and parameters while accounting for the estimation uncer-
tainty. Early works on Bayesian SFA have also addressed
the issue of specification uncertainty to some extent; see van
den Broeck et al. (1994). Although Bayesian SF models
have gained popularity due to fast and reliable numerical
methods, e.g., Gibbs sampling, these numerical methods
impose limitations on model comparison, which leaves the
issue of model uncertainty unresolved in most practical
applications. Our approach to estimation is somewhat dif-
ferent since it relies on the direct numerical approximation
of the integrated likelihood function. Hence, our framework
can be used by both Bayesian and non-Bayesian research-
ers. We find it particularly attractive because it avoids ser-
ious limitations about the error term distribution, frontier
functional form, or prior class, which are implied by the
broadly used Gibbs sampling-driven Bayesian SF models.
We emphasize that our generalization involves broader
distributional assumptions and extends the scope of
admissible priors or functional forms. The generalization
comes at a considerable cost in terms of computation effort.
However, our approach is parallelization-friendly, and thus
it is in line with the recent hardware and software evolution.
Furthermore, we demonstrate not only exact, computation-
ally demanding methods, but also outline simplified,
approximate strategies that are likely to be more practical
while maintaining essential advantages of exact methods to
a satisfactory degree.

As far as model averaging and comparison are con-
cerned, we overcome three important barriers, which exist
in the abovementioned Bayesian SFA. First, due to the
availability of the integrated likelihood, it is possible to
effectively use, e.g., Laplace-type approximations in order
to compute marginal data density (and Bayes Factors).
These quantities are crucial for model comparison, and their
estimation is nontrivial in existing SF models. Second, as
our approach provides a general parametric class and allows
for unrestricted choice of priors, the so-called coherent
priors can be used for comparison of nested cases avoiding
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distortions induced by inherently contradictory prior beliefs,
see Makieła and Mazur (2020). Third, the unrestricted
choice of priors allows for Bayesian sensitivity analysis.
The competing Gibbs sampling-based models used in
Bayesian SFA restrict priors to certain parametric classes,
so sensitivity checks are feasible only within such classes.
Our approach extends the available model space and allows
for broad use of model selection or averaging, which in turn
allows model uncertainty to be fully addressed.

The general and flexible model, GT-GB2, may raise
concerns regarding its potential overparameterization.
Hence, we emphasize its use as a vehicle for model
comparison or specification search. In other words, we
avoid the overparameterization issue by using model
averaging or selection techniques over a set of nested or
limiting special cases. The same is true about potential
problems associated with identification of parameters.
Our general model is in principle identified. However, in
the case of weak sample information, the difference
between the prior and posterior information might be
limited (the likelihood function might be almost flat in
certain directions). Such members of our model class
should be ruled out by model selection criteria or down-
weighted by averaging procedures. This is in line with
our empirical and simulation-based results presented in
the paper.

To sum up, existing methods in parametric SFA may
implicitly introduce strong, possibly irrelevant assumptions
without sufficient empirical verification. Consequences,
such as distorted inference about structural properties of the
analyzed processes or spurious detection of non-existing
phenomena (e.g., spurious inefficiency), are therefore likely
to happen. Thus, the goal is twofold: (i) to develop a suf-
ficiently general SFA framework, and (ii) to use formal
model averaging (or selection) techniques to deal with
model specification uncertainty. We obtain density esti-
mates of efficiency scores (for managerial or regulatory
decision-making) that adequately reflect the uncertainty
about parameters and model specification.

The paper is structured as follows. Section ”Existing SFA
specifications: an overview of distributional assumptions”
provides an overview of the existing SFA literature with
respect to distributional assumptions. Section “Formulation
of the GT-GB2 model” presents the main assumptions,
outlines the model, its nested or limiting cases and possible
extensions. Section “Inference: likelihood-based methods for
the GT-GB2 model” describes the statistical methods.
Finally, Section “Simulations” provides simulation-based
evidence in favor of the new SFA framework and Section
”Empirical applications” presents two empirical applications
using well-researched datasets, which demonstrate the
empirical feasibility of the proposed methods. Section
“Conclusions” concludes with a discussion.

2 Existing SFA specifications: an overview of
distributional assumptions

The oldest and probably the most intensely researched field
in SFA is that concerning the specification of inefficiency
distribution. The first proposed extension to basic SF
models by Aigner et al. (1977) and Meeusen and van den
Broeck (1977) is probably the normal-truncated-normal
model by Stevenson (1980). It is a natural generalization of
the normal-half-normal model, in which the location of the
truncation point is not necessarily at the mode of the
underlying two-sided distribution. It should be noted,
however, that as van den Broeck et al. (1994) point out, this
model can be troublesome because of weak identification.
That is, multiple combinations of the two parameters’
values that govern this distribution (location and scale) after
truncation (at zero) can lead to very similar shapes. Also, if
the location parameter is less than zero, the resulting shape
after truncation becomes similar to the exponential case.
Another popular extension is the normal-gamma model,
proposed by Beckers and Hammond (1987) and Greene
(1990), which generalizes the normal-exponential model.
Although numerically challenging to estimate, see, e.g.,
Ritter and Simar (1997), it provides a good middle ground
between half-normal and exponential, which can be viewed
as its extreme cases (Greene 2008). An interesting gen-
eralization based on half-Student’s t distribution is intro-
duced by Tancredi (2002). Tsionas (2006), on the other
hand, suggests the normal-lognormal model, which allows
to model inefficiency over time as a stationary AR(1) pro-
cess (see also Emvalomatis 2012). This, however, comes at
a cost. Lognormal distribution has virtually no probability
mass near zero, which implies that the case of full efficiency
is practically excluded by construction. Tsionas (2007) also
studies models in which inefficiency follows Weibull dis-
tribution that, he argues, is better at handling outliers. The
most general distribution for inefficiency up to this date,
which nests most distributions proposed so far, has prob-
ably been proposed by Griffin and Steel (2008). They
develop an SF model based on generalized gamma dis-
tribution. Further research has turned its attention to Ray-
leigh distribution, which is a special case of Weibull
(Hajargasht 2015) or uniform and half-Cauchy distributions
(Nguyen 2010). Horrace and Parmeter (2018) also consider
truncated-Laplace distribution for inefficiency, though the
exponential case is used in their application. Finally, Par-
meter et al. (2019) and Isaksson et al. (2021) discuss some
averaging techniques for weighting conditional inefficiency.
These estimators, however, are applicable to a limited class
of SF models. The large volume of proposals comes from
the fact that the theory provides very limited information as
to how inefficiency distribution should look. Oikawa (2016)
provides some evidence in favor of gamma distribution.
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This, however, is dismissed by Tsionas (2017), who
argues that inefficiency does not follow any of the dis-
tributions used so far. Hence, further research is required
to pursue more flexible distributions that can better reflect
inefficiency.

The random disturbance (i.e., observation error) is tra-
ditionally assumed to be normal. This, however, may be too
restrictive in practice especially in the presence of outliers
or sample heterogeneity (not only in SFA; see, e.g., Lange
et al. 1989). That is why more attention has been given
recently towards relaxing assumptions about the observa-
tion error. Tancredi (2002) proposes to use Student’s t
distribution and develops the Student’s t-half-Student’s t
model, which directly generalizes the normal-half-normal
case. Later, Tchumtchoua and Dey (2007) estimate this
model using Bayesian inference, while Griffin and Steel
(2007) briefly discuss Bayesian estimation of Student’s t-
half-normal, Student’s t-exponential, and Student’s t-
gamma SF models using WinBUGS software package. A
good overview of contemporary methods for handling
outliers is provided by Stead et al. (2018), who propose a
logistic-half-normal model, and Wheat et al. (2019), who
use Student’s t distribution. Horrace and Wang (2022)
propose nonparametric tests to check if one deals with
heavy tails in the observation error term (or inefficiency).

Apart from the abovementioned, there is one more
strain of SFA literature that deserves attention due to its
inevitable proximity with the proposed framework. For
some time now, there has been an ongoing effort to make
SFA more “flexible” by introducing nonparametric ele-
ments, especially in terms of nonparametric treatment of
errors. Probably the first attempt has been made by Park
and Simar (1994) who introduce an SF model where the
density of the individual firm-specific effects is unknown.
Griffin and Steel (2004) introduce Bayesian semipara-
metric model, in which distribution of inefficiency is
modelled nonparametrically through a Dirichlet process
prior (with exponential centering distribution). Sun et al.
(2015) capture inefficiency through firm and time-effects
in the intercept. Finally, Assaf et al. (2021) model ineffi-
ciency in terms of firm-specific and time-specific effects. It
is worth mentioning that even though the abovementioned
specifications provide flexible efficiency modelling they
do not avoid imposing strong assumptions on the sym-
metric error component.1

To sum up, existing inference methods provide results
that may be misinterpreted due to their failure to account for
alternative formulations that have practically the same

explanatory power. The problem is closely related to that of
weak identification. For example, Das and Bandyopadhyay
(2008) note that once the error components’ independence
assumption is removed, an SF model is “near-non-identifi-
cation” under specific parametric configurations of the
distribution. Hence, identifiability in SFA may not so much
pertain to the generalization of the error components but
rather to the underlying assumptions under which the dis-
tinction between the two components (and their interaction)
is made. We shall pay special attention to this issue and
discuss it further in subsequent sections.

3 Formulation of the GT-GB2 model

Consider a frontier of the form Yt= g(xt; β) and the corre-
sponding observation equation:

yt ¼ ln g xt; βð Þ � ωut þ vt; t ¼ 1; ¼ ; T ð1Þ
with vt representing the i.i.d. observation errors with
symmetric and unimodal probability density function
(pdf), ut being an i.i.d. latent variables, taking strictly
positive values, representing the inefficiency terms, and
with known ω 2 �1; 1f g; thus the compound error is
εt ¼ vt � ωut. Basically ut and vt are assumed independent
of the regressors xt, though much effort has been made
recently in order to handle the potential endogeneity
problem in SF models; we return to this issue Section 4.
Here, g(x; β) is a known function (of unknown parameters β
and exogenous variables x) representing the frontier under
consideration; it corresponds to, e.g., cost function if
ω ¼ �1, or production function if ω ¼ 1. Additionally, yt
denotes the log of observable cost or output (Yt). We make
the following assumptions about vt’s and ut’s:

A1. vt’s are i.i.d. variables, with zero median, symmetric,
unimodal, and continuous pdfs: pv v; θ vð Þ� �

, v 2 R;
A2. ut’s are nonnegative i.i.d. variables, having con-

tinuous pdfs: pu u; θ uð Þ� �
, u 2 Rþ;

A3. all vt’s are stochastically independent of all ut’s.
2

In our view, the assumptions A1–A3 are minimalistic and
take into account the considerations regarding statistical
identification of parameters. In particular, we argue that given
a sufficiently general form of pu :ð Þ, and pv :ð Þ, the potential
gain in terms of statistical fit arising from the relaxation of
A1-A3 (for example, relaxation of independence of v’s and
u’s) would be very limited. It could also weaken overall
model identification, which SFA already suffers from to a
varying degree. The resulting likelihood function would have

1 Assaf et al. (2021) model observation error as a finite mixture of
normal distributions, which order is determined using Bayes Factors;
however, a finite mixture of normal distributions is still normal, i.e.,
the tails are not heavy.

2 Assumption A3 could also be relaxed; however, it would likely
prohibit a broad range of more complex distributions for the error
components due possible identification problems; see, e.g., Das and
Bandyopadhyay (2008).
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a very small curvature in certain directions in the parameter
space. Hence, although the resulting model would be locally
identified almost everywhere, the parameterization would be
less convenient from the statistical inference viewpoint.
Though a formal investigation of the issue is left for further
research, there is an informal motivation for assumptions A1-
A3. That is, crucial gains in terms of explanatory power are
likely to stem from a generalization of pu :ð Þ and pv :ð Þ rather
than from relaxing A1–A3.

Once the parametric form of pu :ð Þ and pv :ð Þ is set, the
vector of all statistical parameters is θ′=(β θ(v)′θ(u)′)′. Sta-
tistical inference regarding θ relies on properties of the
compound error term εt. In the general case, its density
pε :ð Þ is defined by the convolution of the respective den-
sities of vt and ut:

pε y� ln g x; βð Þ; θ εð Þ� � ¼ R
Rþ

pv y� ln g x; βð Þ þ ωu; θ vð Þ� �
pu u; θ uð Þ� �

du

ð2Þ

Note that in the majority of practical applications vt is
assumed to be Gaussian, while pu :ð Þ is half-normal or
exponential. Moreover, for now, we assume that there exists
a one-to-one relationship between parameters of the struc-
tural form, i.e., β, θ(v), θ(u), and the parameters of the
reduced form: β, θ(ε), so no identification issues arise (pos-
sible identification problems are discussed later). However,
in the case of stochastic frontier models, the statistical
inference is not restricted to θ’s, since the latent variables
(ut’s), are also within the scope of interest, as they represent
object-specific inefficiency terms.

We assume a general parametric distributional form for
pv :ð Þ, and pu :ð Þ, making use of two distributions: the gen-
eralized t distribution (GT) and the generalized beta dis-
tribution of the second kind (GB2, see references in Harvey
and Lange 2017), respectively:

fGT v; σv; νv;ψvð Þ ¼ 1
σv

ψv

B 1=ψv;νv=ψvð Þ2ν1=ψvv

1
νv

vj j
σv

� �ψvþ1
h i� 1þνvð Þ=ψv

;
ð3Þ

fGB2 u; σu; νu;ψu; τð Þ ¼ 1
σu

ψu

B τ=ψu;νu=ψuð Þντ=ψuu

u
σu

� �τ�1
1
νu

u
σu

� �ψuþ1
h i� τþνuð Þ=ψu

;
ð4Þ

with B(.,.) denoting the beta function. The above formula-
tion of the GT distribution assumes that the mode, median,
and mean (if the latter exists) is zero, in line with the usual
formulation of SF models. The GB2 density is often
formulated as fGB2 x; a; b; p; qð Þ ¼ aj jxap�1

B p;qð Þbap
x
b

� �aþ1
� �� pþqð Þ

:

The parameterization in (4) used throughout this paper is

its equivalent and implies: p ¼ τ=ψu, q ¼ νu=ψu, a ¼ ψu,
b ¼ σuν1=ψu

u . The reason for using an alternative parameter-
ization is to emphasize the relationship between GT and
GB2 distributions. Note that with τ= 1, the fGB2 :; σu;ð
νu;ψu; 1Þ distribution is equivalent to half-GT distribution
with parameters fGT :; σu; νu;ψuð Þ. In other words, the
absolute value of a GT variable distributed as fGT :; σu;ð
νu;ψuÞ follows the GB2 distribution fGB2 :; σu; νu;ψu; 1ð Þ.
Additionally, the reason for not using the double GB2
(instead of GT) for pv :ð Þ is that we would violate A1 (by
double GB2 we mean symmetric distribution over the real
line such that the absolute value of the corresponding
variable follows the GB2 distribution). The double GB2
distribution with τ > 1 would be bimodal, whereas τ < 1
implies a lack of continuity at the mode (with the density
function approaching infinity from both sides of zero). We
find such properties to be undesirable given the interpreta-
tion of the symmetric observation error term vt that is
broadly accepted in SFA. However, the framework
described here could in principle be extended to encompass
such cases, as the resulting density of observables, pε :ð Þ
would be nevertheless continuous.

It is clear that σv in (3) and σu in (4) are scale parameters
(with σv being analogous to the inverse of precision in
Student’s t distribution), while ψ’s and ν’s are shape
parameters. In particular, νu and νv control tail thickness
(and, hence, the existence of finite moments – analogously
to the degrees-of-freedom parameter in Student’s t dis-
tribution). Moreover, for parameters νu and νv we also
consider the limiting cases (of νu ! 1 or νv ! 1). In
order to analyze the limiting behavior of the normalizing
constants and the kernels of (3) and (4), note that (following
Harvey and Lange 2017; who cite Davis 1964):

ψ

B τ=ψ ; ν=ψð Þντ=ψ
!

ν ! 1
ψ

Γ τ=ψð Þψτ=ψ
; ð5Þ

1
ν

xj j
σ

� 	ψ

þ1


 �� τþνð Þ=ψ !
ν ! 1 exp � 1

ψ

xj j
σ

� 	ψ
 �
; ð6Þ

where Γ :ð Þ denotes the gamma function. The above formula-
tions indicate the relationship with the exponential family of
densities, nested as limiting cases in the general model used
here. In principle, it is also possible to consider the limiting
behavior for ψu or ψv, though these cases are less interesting
from the empirical point of view given the usual interpretation
in SFA; so this option is not considered here (e.g., ψv ! 1
implies convergence towards uniform distribution on an
interval). Note that each of the abovementioned parameters
governs a specific characteristic of the compound error (i.e.,
different combinations of the parameters’ values do not lead to
similar shapes of pε :ð Þ), and thus under assumptions A1-A3
the GT-GB2 SF model is identified.
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We emphasize the following special cases:

1. As ψv ¼ 2, the GT distribution (3) reduces to the
Student’s t distribution:

fST z; σ; νð Þ ¼ 1
σ

2

B 1=2; ν=2ð Þν1=2
1
ν

z

σ

� �2
þ1


 �� 1þνð Þ=2
;

ð7Þ
with σ equivalent to σv and ψ equivalent to ψv in (3);

consequently, the GB2 distribution in (4) with
τ= 1 and ψu ¼ 2 reduces to the half-Student’s
t case.

2. As νv ! 1, the GT distribution (3) reduces to the
Generalized Error Distribution (GED):

fGED z; σ;ψð Þ ¼ 1
σ

ψ

2Γ 1=ψð Þψ1=ψ
exp � 1

ψ

zj j
σ

� 	ψ
 �
;

ð8Þ

consequently, the GB2 distribution with τ=1, νu !
1 reduces to half-GED.

3. The GB2 distribution (4) reduces to the generalized
gamma distribution (GG) as νu ! 1:

fGG z; σ; τ;ψð Þ ¼ 1
σ

ψ

Γ τ=ψð Þψτ=ψ

z

σ

� �τ�1
exp � 1

ψ

z

σ

� �ψ
 �
:

ð9Þ

The original parameterization of the generalized gamma
distribution, according to Stacy (1962, Eq. 1), is
fGG z; a; d; pð Þ ¼ p

Γ d=pð Þad z
d�1 exp � z

a

� �p� �
. The relationship

between the original parameterization and the one used in
(9) is as follows: d ¼ τ, p ¼ ψ , a ¼ σψ1=ψ . The Gaussian
case can be obtained as a conjunction of the Student’s t and
GED sub-cases since it requires νv ! 1, and ψv ¼ 2
(analogously, GB2 becomes half-normal with τ= 1,
νu ! 1, and ψu ¼ 2). Moreover, setting ψv ¼ 1 instead of
ψv ¼ 2 leads to the Laplace distribution or the exponential
case for GB2 with ψu ¼ τ ¼ 1, and νu ! 1. The general
SF model considered here is labeled GT-GB2, while its
special case, which assumes τ= 1, is labeled GT-HGT (as
the GB2 distribution is reduced into the half-GT case).
Other special cases, with literature references, are listed in
Table 1. Also, the density of εt implied by (2), (3), and (4)
in GT-GB2 is in general asymmetric and includes skew-t
and skew-normal distributions as special cases.

Note that in the empirical analysis, we make an addi-
tional assumption: (A4) ut’s follow a non-increasing pdf,
and impose resulting restrictions on parameters of the
GT-GB2 model, excluding τ > 1. We are aware that there is
considerable SFA literature about non-monotonic distribu-
tions of ut’s, which would indicate their usefulness (see,
e.g., Stevenson 1980; Greene 1990; van den Broeck et al.

1994; Griffin and Steel 2004, 2007, 2008). Such applica-
tions, however, have assumed restrictive distributional
forms of vt’s, which could be the reason why non-
monotonic distributions of ut’s have been found relevant
in the first place (e.g., due to outliers; see Stead et al. 2018;
for a discussion about outliers detection and treatment). In
our view, a generalization of distributional assumptions
about vt is sufficient to maintain similar statistical fit,
despite the use of strictly non-increasing distribution of ut.
Thus, A4 is an additional assumption (or restriction) we find
plausible, which may also help with identification in SF
models in general, but not a requirement in the GT-GB2
model. We think that A4 is a reasonable assumption for
typical SF models with a single source of inefficiency.
However, if analysis of the economic process at hand
suggests the existence of many sources of inefficiencies,
e.g., as in Oh and Shin (2021), the resulting compound error
representing total inefficiency (as a sum of source-specific
inefficiencies) might indeed violate A4 and follow, e.g., a
unimodal distribution with nonzero mode. Nonetheless, as
pu :ð Þ gets closer to that of a symmetric distribution, the
decomposition of errors in SFA becomes more problematic.
This issue is similar in nature to what is witnessed in
normal-truncated-normal and normal-gamma SF models, in
which different parametric configurations of ut and vt dis-
tributions can lead to a practically identical distribution of
εt, especially when the mode of u is above zero (Ritter and
Simar 1997). Hence, though the GT-GB2 model is identi-
fied also without A4 (allowing τ > 1) in our view, A4 is
economically reasonable in standard cases and it results in
more regular shapes of posterior or likelihood.

Finally, we note that some of the forms listed in Table 1
are obtained not through parametric restrictions but as
limiting cases. Although this may preclude simple hypoth-
esis testing in such cases, model comparison is still very
much feasible, e.g., (i) through likelihood ratios in case of
ML-based estimation or (ii) using Bayes Factors and pos-
terior probabilities in case of Bayesian inference. Both
approaches are discussed in the next section.

3.1 Possible model extensions: varying efficiency
distribution

The basic SFA formulation, labelled Common Efficiency
Distribution (CED-SFA), does not allow for heterogeneity
(across observations) in the inefficiency process. This
assumption is relaxed within the Varying Efficiency Dis-
tribution model class (VED-SFA; see, e.g., Koop et al.
1997). VED-SF models allow exogenous variables to
influence the inefficiency process. They are characterized by
the fact that the inefficiency distribution depends on certain
covariates (hence, u’s are independent but no longer iden-
tically distributed). Within the GT-GB2 framework a
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natural option is to replace σu in (4) with:

σu;t ¼ exp γ þ δwtð Þ; ð10Þ
where wt represent a vector of exogenous covariates driving
differences across objects with respect to inefficiency distribu-
tion, γ and δ are model parameters replacing σu. Importantly,
such a general formulation carries over to VED-type versions
of all nested special cases listed in Table 1, which results in a
whole new class of coherent VED-SFA formulations.

In principle, it is possible to extend the idea to consider
individual effects in shape parameters as well. However, it
is not obvious whether such formulation would turn out to
be empirically relevant. From empirical viewpoint, an
important distinction would be between covariate-driven σu,t
(individual effects in inefficiency terms) and covariate-
driven σv,t (heteroskedasticity in observation error). Such
formulations are fully feasible extensions to the GT-GB2
framework presented here.

Table 1 Selected models nested in GT-GB2 SF specification

pv v; :ð Þ pu u; :ð Þ Restrictions in GT-GB2 SF Reference Model label

Normal Half-normal νu; νv ! 1;ψu ¼ ψv ¼ 2; τ ¼ 1 Aigner et al. (1977) N-HN

Normal Exponential νu; νv ! 1;ψu ¼ 1;ψv ¼ 2; τ ¼ 1 Meeusen and van den Broeck (1977) N-EXP

Normal Gamma νu; νv ! 1;ψu ¼ 1;ψv ¼ 2 Greene (1990) N-GAM

Normal Weibull νu; νv ! 1;ψu ¼ τ;ψv ¼ 2 Tsionas (2007)
Griffin and Steel (2008)

N-W

Normal Gen.-gamma νu; νv ! 1;ψv ¼ 2 Griffin and Steel (2008) N-GG

Student’s t Half-Student’s t ψu ¼ ψv ¼ 2; τ ¼ 1 Tancredi (2002)b

Tchumtchuoa and Dey (2007)b
T-HT

Student’s t Half-normal νu ! 1;ψu ¼ ψv ¼ 2; τ ¼ 1 Griffin and Steel (2007)a

Wheat et al. (2019)
T-HN

Student’s t Exponential νu ! 1;ψu ¼ 1;ψv ¼ 2; τ ¼ 1 Griffin and Steel (2007)a T-EXP

Student’s t Gamma νu ! 1;ψu ¼ 1;ψv ¼ 2 Griffin and Steel (2007)a T-GAM

Student’s t GB2 ψv ¼ 2 NEW T-GB2

Student’s t Half-generalized t ψv ¼ 2; τ ¼ 1 NEW T-HGT

Student’s t Gen.-gamma νu ! 1;ψv ¼ 2 NEW T-GG

Student’s t Half-GED νu ! 1;ψv ¼ 2; τ ¼ 1 NEW T-HGED

t-Laplace GB2 νu ! 1;ψv ¼ 1 NEW TLAP-GB2

Laplace Exponentialc νu; νv ! 1;ψu ¼ ψv ¼ 1; τ ¼ 1 Nguyen (2010)
Horrace and Parmeter (2018)

LAP-EXP

Laplace Half-normal νu; νv ! 1;ψu ¼ 2;ψv ¼ 1; τ ¼ 1 NEW LAP-HN

Laplace Half-Student’s t νv ! 1;ψu ¼ 2;ψv ¼ 1; τ ¼ 1 NEW LAP-HT

Laplace Half-GED νu; νv ! 1;ψv ¼ 1; τ ¼ 1 NEW LAP-HGED

Laplace Gamma νu; νv ! 1;ψu ¼ ψv ¼ 1 NEW LAP-GAM

Laplace Half-generalized t νv ! 1;ψv ¼ 1; τ ¼ 1 NEW LAP-HGT

Laplace Gen.-gamma νu; νv ! 1;ψv ¼ 1 NEW LAP-GG

GED GB2 νv ! 1 NEW GED-GB2

GED Half-generalized t νv ! 1; τ ¼ 1 NEW GED-HGT

GED Half-Student’s t νv ! 1;ψu ¼ 2; τ ¼ 1 NEW GED-HT

GED Half-GED νu; νv ! 1; τ ¼ 1 NEW GED-HGED

GED Gen-gamma νu; νv ! 1 NEW GED-GG

GED Gamma νu; νv ! 1,ψu ¼ 1 NEW GED-GAM

GED Weibull νu; νv ! 1,ψu ¼ τ NEW GED-W

GED Half-normal νu; νv ! 1,ψu ¼ 2; τ ¼ 1 NEW GED-HN

GED Exponential νu; νv ! 1,ψu ¼ 1; τ ¼ 1 NEW GED-EXP

Generalized t Exponential νu ! 1;ψu ¼ 1; τ ¼ 1 NEW GT-EXP

Generalized t Half-normal νu ! 1;ψu ¼ 2; τ ¼ 1 NEW GT-HN

Generalized t Half-Student’s t ψu ¼ 2; τ ¼ 1 NEW GT-HT

Generalized t Half-GED νu ! 1; τ ¼ 1 NEW GT-HGED

Generalized t Half-generalized t τ ¼ 1 NEW GT-HGT

Generalized t Gen.-gamma νu ! 1 NEW GT-GG

All of the models listed (apart from N-W, GED-W and GED-GAM) are included in the empirical study
aThese models were only briefly discussed
bOnly models with common degrees of freedom parameter (i.e., νu ¼ νv) where considered
cThe paper discusses truncated Laplace but only exponential is used in estimation
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3.2 Possible model extensions: panel data
modelling

There is a number ways to account for panel data structure
in the proposed framework. First, we can consider u’s as
time-invariant effects (i.e., object-specific). This is the most
traditional setting in which inefficiency is to capture per-
sistent effects that differentiate objects’ performances. In
other words, all time-invariant differences in performances
are attributed to inefficiency and all transient effects are
treated as part of random disturbance (vit). The convolution
of densities for vit and ui is

f εð Þ ¼ Qn
i¼1

QT
t¼1

pε yit � ln g xit; βð Þ; θ εitð Þ� �

¼ Qn
i¼1

R
Rþ

QT
t¼1

pv yit � ln g xit; βð Þ þ ωuið Þ
� 

pu ui; θ
uið Þ� �

du

( )
:

ð11Þ

where i is the object index ði ¼ 1; ¼ ; nÞ and t is the time
index ðt ¼ 1; ¼ ; TÞ. This results in a likelihood function
similar to that in Eqs. (2)–(4). The change is that now we
evaluate only n integrals. On the other hand, however, each
integral needs to be calculated over a product of T densities
of pv. This is more challenging in terms of fine-tuning the
integration procedure (specifying relevant waypoints etc.)
and becomes more complex as T increases. We reckon,
however, that this is still not as time consuming as having to
evaluate nT integrals in the baseline (pooled) model. So the
net effect is likely an increase in computational speed.

Another popular way is to add another latent variable (αi)
to represent an object-specific effect much like in the True
Random Effects SF model (Greene 2004). In this setting
inefficiency is to capture transient effects that differentiate
objects’ performances over time, while the random effect αi
takes on the persistent part. Thus, time-invariant differences
are attributed to heterogeneity of the frontier yit ¼
ln g xit; βð Þ þ vit � ωuit þ αi: Assuming that αi and σ2α have
the traditional natural-conjugate normal-inverted gamma
priors we can employ hybrid MCMC procedures which
involve “wrapping” traditional data augmentation techni-
ques (e.g., Gibbs sampling) around the procedure discussed
in Section “Inference: likelihood-based methods for the GT-
GB2 model”.

The third option - probably the easiest to implement - is
to follow approach based on True Fixed Effects SF model
(Greene 2004). From a Bayesian perspective modelling
fixed effects amounts to having each prior on αi with a
different scale parameter (e.g., σαi ). Assuming that αi �
N 0; σ2αi

� �
we can simplify the problem by considering the

intercept, e.g., β0 � Nð0; σ2β0Þ, and the fixed effect jointly as

δi ¼ β0 þ αi. Hence, in practice this approach amounts to
estimating an object-specific intercept δi of the frontier
under the following prior: δi � Nð0; σ2αi þ σ2β0 þ 2ρiσαiσβ0Þ,

where ρi it the correlation between αi and β0. If we assume
independence between αi and β0 the prior on δi simplifies to
Nð0; σ2αi þ σ2β0Þ.

There are many other panel data modelling techniques
proposed within the SFA. However, the abovementioned
ones can be relatively easily incorporated within the pro-
posed framework.

4 Inference: likelihood-based methods for
the GT-GB2 model

In general, Bayesian SFA estimation amounts to sampling
from joint posterior of parameters and latent variables
p u; θ yjð Þ. Popular methods are based on Gibbs sampling
(see, e.g., Griffin and Steel 2007), interchangeably drawing
from two conditionals: p ujθ; yð Þ and p θju; yð Þ. Such sam-
plers are very efficient (in terms of computational power),
however, their successful application usually relies on cer-
tain simplifying assumptions as to the form of priors (being
quasi-conjugate in order to form standard full conditional
densities) as well as the frontier. We follow an alternative
path and split the problem into two parts. First, we develop
a satisfactory numerical representation of the integrated
likelihood (i.e., we integrate out the latent variables using
non-stochastic integration methods). We then use the inte-
grated likelihood, augmented with a prior p θð Þ, to sample
parameters from p θjyð Þ, i.e., the posterior for parameters
marginalized with respect to the latent inefficiencies u.
Second, we sample u’s conditionally on parameters, using
p ujθ; yð Þ, which is analogous to one of the steps in tradi-
tional Gibbs sampling. However, we never sample para-
meters conditionally on latent variables, so in our approach
it is possible to draw parameters only, e.g., for the purpose
of model comparison.3

It is possible to use general-purpose Bayesian algorithms
for each of the two steps; our choice is that of Metropolis-
Hastings (MH) sampler. Note that the outcome of our
algorithm is fully equivalent to that of existing Gibbs
sampling schemes, though those samplers are readily
available only for a very specific subset of our general
model space. In order to compare actual mixing properties
we can, e.g., reproduce results obtained using a standard
Gibbs sampler for N-HN model case; see Appendix B (Fig.
B3). Moreover, as we make use of the integrated likelihood,
it is possible to apply non-Bayesian methods within our

3 Note that sampling from p ujθ; yð Þ amounts to a sequence of T draws
from non-standard yet univariate distributions. We use an MH algo-
rithm with independent proposal, created as a mixture of two densities.
In our framework it is possible to sample fewer draws from p ujθ; yð Þ
using only every K-th draw from p θj; yð Þ or to sample inefficiencies for
selected objects only.
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framework, so it can be used by classically oriented
researchers as well. In order to obtain the integrated log-
likelihood function implied by (2)–(4), under our baseline
assumptions (A1–A3), note that the observations are i.i.d.
variables, so full log-likelihood for all the data can be tri-
vially decomposed into a sum of observation-specific log-
likelihoods of the general form:

lnLt ¼ Aþ Ct ð12Þ

where

A ¼ ln
1
σv

1
σu

ψv

B 1
ψv
; νvψv

� �
2ν

1
ψv
v

ψu

B τ
ψu
; νuψu

� �
ν

τ
ψu
u

0
B@

1
CA;

Ct ¼ ln
Rþ1

0

1
νv

yt�ln g xt;βð Þþuj j
σv

� �ψvþ1
h i� 1þνvð Þ

ψv

 

u
σu

� �τ�1
1
νu

u
σu

� �ψuþ1
h i� τþνuð Þ

ψu
du

!
:

This is not given in a closed form, as the integral in Ct

cannot be solved analytically in the general case. However,
it involves a number of one-dimensional integrals, which
can be (e.g., parallelly) evaluated with an arbitrary preci-
sion. Furthermore, in Bayesian estimation, the integrated
likelihood is multiplied by priors to obtain the kernel of
p θjyð Þ. As noted, the choice of priors is essentially unrest-
ricted. In the empirical part we assume proper priors with
independence across parameters. We leave the issue of
more advanced prior elicitation for further research, since
some form of prior dependence across parameters might be
reasonable. We assume proper priors also to allow for a
broad menu of model reducing restrictions. Further
numerical aspects are discussed in Appendix A.

Due to the direct use of integrated likelihood (12), point
estimation requires the usual optimization over the parameter
space (maximization of the integrated log-likelihood or log-
posterior ln p θjyð Þ). This in turn allows for computation of
Bayesian Information Criterion (BICs), or BIC-based approx-
imations of Bayes Factors for model comparison, as well as the
corresponding model weights (approximate posterior prob-
abilities of models) for model averaging. One may also prefer
to use an approximate LR-like model reduction testing proce-
dure for model selection instead. If an estimate of the covar-
iance matrix (e.g., via numerical Hessian of log-posterior) is
available, it is possible to compute Bayes Factors via Laplace
approximation, which is simple and quite reliable. Hence, it is
possible to conduct some form of formal model comparison (or
selection) and inference without the use of computationally
intensive MC procedures. This is rather unusual when dealing
with non-Gaussian models with latent structures.

As for interval estimation (or parameter estimation
uncertainty in general), one option is to use approximations
based on multivariate normality in the parameter space.
Properties of Maximum Likelihood (ML) estimation of
models of similar degree of complexity - though allowing
for closed-form likelihoods - are discussed by Harvey and
Lange (2017). However, our empirical results indicate that
indeed the multivariate normal approximation is not
necessarily relevant in the case of shape parameters (ψu, ψv,
vu, vv, τ). Therefore, in this paper, we make use of more
elaborate Bayesian inference techniques to deal with the
issue of parameter estimation error. We use informative
priors (to ensure the existence of the posterior), which
informally can be considered as being close to unin-
formative (see Appendix A). However, the goal could also
be obtained using, e.g., bootstrapping.

To summarize, the estimation strategy advocated here,
though computationally demanding, has three important
advantages over the standard Gibbs sampling-based Baye-
sian estimation in SFA:

● it does not require specific, “convenient” forms of pv :ð Þ
or pu :ð Þ – efficient Gibbs samplers have been developed
only for some special cases listed in Table 1;

● it does not require specific classes of priors, so it is
possible to conduct an in-depth analysis of prior
sensitivity and prior coherence;

● it does not rely on any specific (e.g., linear or loglinear)
form of the frontier g xt; βð Þ; although our empirical
applications in Section “Empirical applications” follow
previous studies and make use of the traditional
loglinear forms of g, this aspect is worth noting as it
further adds to the generality and potential attractiveness
of the proposed framework. The algorithm only requires
the computation of residuals g xt; βð Þ � yt. Hence,
numerous nonlinear alternatives like Constant Elasticity
of Substitution (CES), or semiparametric forms can be
used and their utility assessed using formal Bayesian
model comparison.

Note, however, that it would be possible to construct a
non-standard Gibbs sampler for the GT-GB2 model in the
spirit of traditional Bayesian SFA. It would require the so-
called Metropolis steps for drawing θ’s and u’s, though
omitting the need for computation of the integrated like-
lihood (therefore, saving the computational power used for
numerical integration). Though this option might be inter-
esting for certain practical purposes, however, we have
decided not to pursue this approach for a number of reasons.
First, the issue of model comparison would be difficult to
solve in practice since it is not easy to obtain reliable Bayes
Factors from Gibbs sampler output. Second, such sampler
would be considerably slower (compared to those of
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traditional Bayesian SFA) due to non-standard Metropolis
steps. Hence, the gain in computation time over our
approach would not be impressive. Third, our algorithm
draws parameters from p θjyð Þ, while its Gibbs-like coun-
terpart would draw from p θju; yð Þ. In our view the mar-
ginalized distribution p θjyð Þ is more convenient to sample
from (e.g., due to being flatter and independent of u’s),
compared to the conditional one, i.e., p θju; yð Þ. Conse-
quently, it is easier to develop and calibrate a proposal for
sampling p θjyð Þ; also, in our case, potential imperfections in
drawing u’s do not deteriorate the sampling quality for
parameters, since we omit drawing from p θju; yð Þ. Finally,
relying upon the computation of integrated likelihood
makes it possible for non-Bayesians to use this framework.
Details regarding inference on u’s are provided in Appendix
A, both in terms of exact Bayesian approach presented here
as well as its feasible ML-based approximation.

To mitigate the risk of overparameterization, the general
GT-GB2 specification described here is intended to serve as
a platform for specification search. One may estimate the
GT-GB2 model and do “traditional” hypothesis testing, also
known as Lindley-type testing in Bayesian inference.
Alternatively, it is possible to run a sequence of maximum-
posterior (or ML) estimates over a number of nested special
cases listed in Table 1, with a relatively little computational
cost. Such a sequence of point estimates can be used either
for model averaging or selection (BMA/S; based on quasi-
LR tests, BIC values, or BIC/Laplace approximation-based
Bayes Factors and model posterior probabilities). If the
results indicate one superior model, full MCMC inference
can be conducted for this case only. If there is no clear
winner, it is possible to restrict explicit averaging to a
smaller subset of models, running MCMC over a couple of
models with nonnegligible posterior probabilities and
combining the results using BMA. Such approximate stra-
tegies might be practical and sufficient to deal with most
model uncertainty problems. Our preference in the empiri-
cal section ultimately goes to model averaging over model
selection or hypothesis testing for the following reasons.

● Though more computationally demanding, BMA/S
procedures are more general and do not suffer from
some pitfalls inherent to traditional hypothesis testing
(e.g., asymptotic properties, low test power).

● If one specification clearly dominates over others, then
BMA produces similar results to BMS (because one model
will dominate the averaging process), but not otherwise.

● BMA makes it possible to promote parsimony via model
priors which penalize larger models, therefore further
mitigating the risk of overparameterization.

● SF models can suffer from weak identification, which can
be particularly troublesome in some specifications (e.g.,
normal-truncated-normal, normal-gamma). But, in general

every SF model can suffer from weak identification, e.g.,
as a consequence of insufficient sample information. In
such cases models with comparable fit may offer different
estimates of inefficiency and formal Bayesian model
averaging (though not ideal) seems like the best solution
from the decision-making perspective.

Using BMA also brings us conceptually closer to non-
parametric treatment of the composed error in SFA as we
deal with mixture modeling where weights are assigned
using formal Bayesian techniques (posterior model prob-
abilities). However, unlike with semi or nonparametric
treatment of the error in SFA, (i) we have mixture modelling
for both components, i.e., observation error and inefficiency,
(ii) we retain all the benefits of a fully parametric approach
and (iii) we know the exact mixture composition for v and u.
Moreover, suppose a researcher is making use of an existing
SF model. In that case, our approach provides a relatively
simple check to verify whether, for the dataset at hand, the
specification used is empirically accurate (by examining, e.g.,
BIC difference or LR-type ratio versus the GT-GB2 model).

Last but not least, there is still the question of possible
endogeneity treatment within such a framework. We do not
focus on this issue, as the most reliable way to deal with it is
via relaxing the assumption, thus creating a model with an
explicit form of endogeneity. Nonetheless, we believe that a
number of existing proposals can be adopted rather easily. For
example, if we have panel data Assaf et al. (2021) propose to
use lagged values as instruments. Also, Kumbhakar (2011)
shows that if producers’ objective is to maximize return to the
outlay (or can be framed as such) then one can remove
endogeneity by re-parameterizing the technology frontier
based on input distance function transformation. A more
challenging approach, though still feasible, would be to model
the dependence between inputs and error components using
copula functions (Amsler et al. 2016) or a vector of control
functions, the latter being likely less computationally intensive
to obtain (Centorrino and Pérez-Urdiales 2021). Finally,
Osiewalski et al. (2020) demonstrate a way to deal with
potential endogeneity in dynamic SF models using Vector
Error Correction (VEC) framework.

5 Simulations

Our simulation exercise is based on two data generating
processes (DGPs). The first one corresponds to traditional
SF models, and the other one represents one of the new
specifications developed in the paper. In order to avoid
unrealistic assumptions regarding non-standard DGP’s, the
simulation framework used here is closely related to one of
our empirical applications discussed later in Section
“Empirical applications” . The first DGP follows a standard
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normal-half-normal specification. We refer to it as “N-HN”
or “classic” DGP as it is based on the most commonly used
SF model. The second one follows Laplace-generalized
gamma specification, labelled “LAP-GG” DGP; we pick
this particular model since it achieved the best empirical fit
in one of our real-data applications.

The simulation design is as follows. We choose fixed
regressors from a well-researched dataset, which, in our
case, is the WHO (2000) study (we use the balanced panel
version of the dataset with 140 countries observed over 5
years; i.e., 700 data points). For “true” parameter values, we
take the point estimates obtained for the dataset; see Table
B1 in Appendix B, specific values are in rows labelled
LAP-GG and N-HN. Given fixed regressors and para-
meters, we repeatedly draw u’s and v’s, and thus obtain y’s

used for model estimation in each run. Our focus is two-
fold. First, we investigate whether the use of our framework
allows us to detect the correct specification (hence provid-
ing a useful tool for model selection). Second, we analyze
the results from inefficiency estimation. Note that the latter
is more demanding in terms of computation, and thus we
use fewer simulations in that case.

As previously mentioned, the GT-GB2 model is likely to
be overparameterized for most applications and should be
viewed primarily as a model search platform. We investigate
the performance using simple BICs, which are the most likely
to be used in practical applications (also, rescaled BIC dif-
ference approximates log of Bayes Factor). Table 2 sum-
marizes results of our model comparison exercise based on
100 datasets generated from N-HN and LAP-GG DGPs. Only
in two cases out of 200 iterations (100 generated datasets times
two DGPs) the procedure fails to select the “true” model, and
in one of those cases the difference is quite small (−0.12).
More generally, the simulation results indicate that indeed our
framework can be used for specification search (as there is no
tendency towards choosing overparameterized models).

Nonetheless, should the GT-GB2 model be used purely for
estimation, Fig. 1 provides some evidence in favor, especially
under non-classic, complex DGP. We plot pdfs of the error
components (v,u) based on the “true” DGP and compare them
against pdfs based on estimated vales from the GT-GB2 model
as well as the classic ones, i.e., N-HN and N-EXP. As one can
notice, the GT-GB2 model significantly outperforms the other
two (its pdfs almost overlap with the true ones) whenever the
DGP is complex, while maintaining a satisfactory fit (better
than N-EXP) when the DGP is simple.

Finally, since the key interest in SFA is about (in)efficiency,
Table 3 provides summary statistics, which compare “true”
inefficiencies with their point estimates (posterior means) from

Table 2 Simulation results: quantiles and min/max of BIC differences
vs. the model corresponding to the DGP (negative values are in favor
of a model in column label)

N-EXP N-HN N-GAM T-HN LAP-GG GT-GB2

Normal-half-normal DGP

Min 5.29 0 11.04 −0.12 −3.09 12.53

Q25 26.98 0 32.74 6.47 10.43 25.54

Q50 32.40 0 38.12 6.55 13.67 28.15

Q75 37.86 0 43.60 6.55 15.43 30.66

Max 60.63 0 66.28 6.55 19.77 32.22

Laplace-generalized gamma DGP

Min 13.03 56.85 15.99 62.31 0 10.11

Q25 60.45 116.98 54.10 104.48 0 17.44

Q50 78.60 134.49 66.24 122.29 0 18.77

Q75 90.79 150.51 81.01 136.62 0 19.36

Max 12.975 196.42 112.52 181.77 0 19.69

Fig. 1 Simulation results:
comparison of pv :ð Þ or pu :ð Þ at
“true” values of parameters vs.
those using averages of point
estimates from 10 simulations;
results for GT-GB2, N-HN and
N-EXP
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GT-GB2, N-HN and N-EXP. Our primary measure of quality
of fit is based on a simple statistic, which is the sum of squared
deviations (SSD) of the point estimates from real values of
inefficiency. Intuitively, the smaller the SSD the better the fit.
Interestingly, we find that GT-GB2 maintains a comparable,
rather small SSD regardless of the DGP, while classic models
can change their fit quite dramatically, and it can be sig-
nificantly off when the DGP is complex. Other characteristics
that should be of interest to practitioners, like mean ineffi-
ciency or inefficiency spread, are also in favor of the GT-GB2
model, which seems like the “safest” option. In particular, the
model appears to be tentatively “conservative” in inefficiency
measurement; i.e., over-estimation of inefficiency seems far
less likely compared to classic SF models. Given the results
from the complex DGP, one could even argue that classic SF
models tend to show substantially more inefficiency than there
really is (spurious inefficiency).

6 Empirical applications

Empirical applications are based on the following well-
researched datasets, extensively covered in many papers in the
field of (in)efficiency analysis (i) World Health Report by
WHO (see, e.g., WHO (2000); Tandon et al. 2000; Evans
et al. 2000; Hollingsworth, Wildman (2003); Greene 2004;

2005; 2017), and (ii) Spanish dairy farms (see, e.g., Cuesta,
2000; Alvarez, et al. 2006). For space considerations, more
detailed results are provided for the first dataset (WHO), while
for the latter, we report only basic results for model specifi-
cation search and averaging (for detailed results see Appendix
B). We note that BMA-type model averaging is usually
applied to ensure an adequate choice of exogenous variables
(within the same stochastic structure; see, e.g., Makieła and
Osiewalski 2018). Our use of BMA here is different; i.e., we
fix the set of exogenous variables and average results over
competing stochastic specifications as this reflects actual pro-
blems of model uncertainty in SFA.

6.1 Analysis of World Health Report data

The dataset used in this section is based on WHO (2000)
study, which contains annual information on healthcare
attainments in 191 countries in 1993–1997. The dataset has
been extensively described in the aforementioned papers. We
use countries with complete 5 year observations, which is 140
countries and 700 observations in total. Given the aforemen-
tioned studies, we make use of the following translog function:

yit ¼ β0 þ β1xti;1 þ β2xti;2 þ β3x
2
ti;1 þ β4x

2
ti;2 þ β5xit;1xit;2

þvit � uit
ð13Þ

Table 3 Simulation results: true vs. estimated inefficiencies from GT-GB2, N-HN and N-EXP models

ΔBIC SSD ρ Mean ineff. Mean ratio Ineff. spread Spread ratio

Normal-half-normal DGP

DGP Avg. – 0 1 0.097 1 0.427 1

Std. – 0 0 0.003 0 0.038 0

GT-GB2 Avg. 25.85 0.484 0.976 0.081 0.838 0.395 0.929

Std. 4.89 0.552 0.009 0.013 0.132 0.031 0.039

N-HN Avg. 0 0.151 0.980 0.097 1.007 0.417 0.978

Std. 0 0.008 0.002 0.002 0.026 0.034 0.019

N-EXP Avg. 31.30 0.417 0.975 0.080 0.826 0.395 0.926

Std. 11.53 0.169 0.004 0.004 0.049 0.034 0.026

Laplace-generalized gamma DGP

DGP Avg. – 0 1 0.043 1 0.293 1

Std. – 0 0 0.003 0 0.006 0

GT-GB2 Avg. 0 0.410 0.936 0.044 1.026 0.271 0.926

Std. 0 0.050 0.010 0.004 0.040 0.020 0.071

N-HN Avg. 111.26 1.777 0.918 0.085 1.982 0.361 1.231

Std. 25.51 0.152 0.011 0.004 0.068 0.029 0.087

N-EXP Avg. 54.60 1.004 0.928 0.070 1.643 0.356 1.216

Std. 25.57 0.108 0.010 0.004 0.046 0.029 0.087

Avg/std indicate mean and standard deviation of a given characteristic computed over 10 simulation runs, mean/spread ratios are the quotients
between estimated and true values of average inefficiency and inefficiency spread respectively, “mean ineff.” denotes averaged inefficiency, “ineff.
spread” denotes spread between min and max inefficiency
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where y is the log of COMP (a composite measures of
success in achieving hive health goals: (1) health, (2) health
distribution, (3) responsiveness, (4) responsiveness in
distribution and (5) fairness in financing); x1 is the log of
health expenditure per capita, x2 is the log of education
attainment (average years of schooling), while i= 1, ..., 140
and t= 1,…, 5 are country and year indices respectively.
Some previous studies would drop parts of the full translog
model; e.g., Tandon et al. (2000) and Evans et al. (2000)
would have β3 ¼ β5 ¼ 0, while Greene (2005) would use a
Cobb-Douglas form β3 ¼ β4 ¼ β5 ¼ 0ð Þ. Evidently,
research on the form of the frontier is also of much interest
in SFA and it could be used within this framework. In
particular, we can consider complex nonlinear forms of the
frontier in BMA because our inference method does not
require any specific form of gð:Þ; see Section “Inference:
likelihood-based methods for the GT-GB2 model”. None-
theless, as mentioned earlier, we leave the frontier
parameterization fixed in order to focus our investigation
on SF model specification uncertainty (with respect to the
stochastic components v and u).

Table 4 shows results of model comparison based on
GT-GB2 and other 33 distinctive SF models, all of which
are special cases of GT-GB2. We compare approximate
results based on ML and the popular Bayesian Information
Criterion (column label w3), labelled approximate ML4,
with exact Bayesian results under two prior model prob-
abilities: (i) a uniform prior which gives equal prior prob-
ability (1/34) to every model (column label w1) and (ii) a
prior that follows the rule of Ockham Razor and prefers
parsimonious models (column label w2). That is, we take
pðMiÞ / 2�k where k is the number of parameters. Hence, a
model with one additional parameter is a priori two times
less likely than its more parsimonious counterpart. This
particular prior was first used by Osiewalski and Steel
(1993), so we refer to it as the “OS prior” hereafter. The
model ranking is sorted based on exact Bayesian results
under uniform prior (w1).

We find that approximate ML results inflate the sig-
nificance of the best model by assigning its model weights
roughly about 0.957–0.979 as compared to 0.426–0.640 based
on exact Bayesian inference. Model rankings between the two
methods are largely similar, especially if we consider the
Bayesian results with OS prior (correlation is about 0.964).

The best model specification is the one, in which ineffi-
ciency follows distribution similar to generalized gamma
(GG), GB2 being its possible extension given the Bayesian
results. The observation error is likely Laplace-shaped. Thus,
LAP-GG is the favored specification given the data. Even
though Bayesian results also point towards five other

nonnegligible specifications, we note that these are also very
similar constructs to LAP-GG. Furthermore, regardless of the
method used (ML or Bayes), models with half-normal dis-
tribution of inefficiency are by far the worst specifications. The
most popular normal-half-normal SF model is roughly nine
orders of magnitude (109) less likely given the data than its
somewhat less popular normal-exponential counterpart. Simi-
lar differences can be found in other models, which employ
half-normal distribution of inefficiency.

Table 5 presents model averaging results for the stochastic
parameters based on full Bayesian inference (i.e., based on
exact p yjMið Þ calculation, given the fully Bayesian frame-
work; results for frontier parameters are in Appendix B). We
can notice that estimates of the pooled model only slightly
deviate from the aforementioned LAP-GG specification. Also,
given results in Table 6 we notice that Pðτ ¼ 1jyÞ, Pðψu ¼
1jyÞ and Pðψu ¼ 2jyÞ are virtually zero, while P vu ! 1jyð Þ
is about 0.6–0.77. This indicates that GG-type distribution of
inefficiency is clearly preferred by the data though the more
general GB2 distribution has some merit.

It is worth noting that in models similar to LAP-GG (in
which ψu is estimated), parameter σu has a potentially
interesting interpretation given particular values of shape
parameters ψu and νu. That is, the GB2 density with high
values of ψu and νu (or νu ! 1) displays an approximate
inefficiency truncation at σu, which implies an approximate
lower bound of (theoretical) efficiency at around exp �σuð Þ.
For example, in LAP-GG this lower bound is about 0.77.

6.2 Analysis of Spanish dairy farms data

The dataset contains information on 247 farms in
1993–1998. Again, following the literature, we use translog
production function:

yit ¼ β0 þ β1t þ
XJþ1

j¼2

βjxti;j þ
XJþ1

j

XJþ1

g�j

βj;gxit;jxit;g þ vit � uit

ð14Þ
where y is the log of milk output, x is a vector of logs of
inputs (number of milk cows, land, labor, and feed), J
denotes the number of inputs (J = 4) while i=1, ..., 247 and
t= 1,…, 6 are object and time indices respectively. Hence,
we have 16 elements in vector β (15 slope parameters and
the intercept) and 1482 observations.

Table 7 summarizes our results of model specification
search. Given the exact Bayesian results, there are two rele-
vant model specifications: GT-GB2 and Laplace-half-normal
(LAP-HN). The two models have roughly equal explanatory
power as measured by the marginal data density (ln p(y):
810.518 vs. 810.495) so their posterior probabilities largely
depend on the prior. Under equal prior odds (uniform prior),
the two models are equally relevant; but under OS prior, the

4 That is, model averaging is quasi-Bayesian with BIC being used to
approximate posterior model probabilities.
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simpler model clearly dominates the ranking. This effect is
further strengthened in the case of approximate ML results.
Again, model probability rankings between ML and Bayes
are highly correlated (especially with OS prior: 0.956 cor-
relation); approximate ML results assign much higher
model weights to the simpler LAP-HN model. Evidently,

penalization of larger models in ML-based approximation is
substantial, even compared to weights based on OS prior.

Similarly to WHO, the data prefer a Laplace-shaped
observation error. However, the inefficiency term this time
is likely to be close to half-normal, with an exponential case
being significantly less probable. Given the results in

Table 4 WHO data: model
comparison results

Model label w1 w2 w3 ln p yjMið Þ ln pML yjMið Þ ln L BIC k

GT-GB2 0.1320 0.0495 0.0000 922.156 919.718 962.300 −1839.44 13

LAP-GG 0.4259 0.6395 0.9566 923.327 929.586 962.341 −1859.17 10

TLAP-GB2 0.2005 0.1506 0.0000 922.574 923.035 962.341 −1846.07 12

GT-GG 0.0925 0.0695 0.0015 921.801 923.095 962.401 −1846.19 12

GED-GG 0.0855 0.0642 0.0384 921.722 926.370 962.401 −1852.74 11

GED-GB2 0.0571 0.0214 0.0015 921.318 923.109 962.416 −1846.22 12

T-GB2 0.0061 0.0045 0.0000 919.075 920.745 960.051 −1841.49 12

N-GG 0.0005 0.0007 0.0005 916.519 922.092 954.847 −1844.18 10

LAP-GAM 0.0000 0.0000 0.0000 908.821 915.841 945.321 −1831.68 9

GT-EXP 0.0000 0.0000 0.0000 903.092 908.027 940.782 −1816.05 10

GED-EXP 0.0000 0.0000 0.0000 902.737 911.303 940.782 −1822.61 9

LAP-EXP 0.0000 0.0000 0.0000 901.478 910.809 937.013 −1821.62 8

GT-HGT 0.0000 0.0000 0.0000 901.301 904.158 943.465 −1808.32 12

GT-HGED 0.0000 0.0000 0.0000 901.198 907.438 943.469 −1814.88 11

GED-HGED 0.0000 0.0000 0.0000 900.858 910.709 943.464 −1821.42 10

GED-HGT 0.0000 0.0000 0.0000 900.638 907.435 943.466 −1814.87 11

T-EXP 0.0000 0.0000 0.0014 900.310 906.087 935.567 −1812.17 9

LAP-HGED 0.0000 0.0000 0.0000 899.958 911.223 940.703 −1822.45 9

N-EX 0.0000 0.0000 0.0000 899.430 908.697 934.901 −1817.39 8

LAP-HGT 0.0000 0.0000 0.0000 899.282 907.948 940.703 −1815.90 10

T-HGED 0.0000 0.0000 0.0001 896.748 906.668 939.424 −1813.34 10

T-HGT 0.0000 0.0000 0.0000 896.220 905.583 941.614 −1811.17 11

N-HGED 0.0000 0.0000 0.0000 895.674 905.910 935.390 −1811.82 9

N-HGT 0.0000 0.0000 0.0000 894.584 902.635 935.390 −1805.27 10

GT-HT 0.0000 0.0000 0.0000 892.498 897.006 933.037 −1794.01 11

GED-HT 0.0000 0.0000 0.0000 891.789 900.253 933.009 −1800.51 10

LAP-HT 0.0000 0.0000 0.0000 890.543 898.370 927.850 −1796.74 9

T-HT 0.0000 0.0000 0.0000 888.969 893.926 926.681 −1787.85 10

N-HT 0.0000 0.0000 0.0000 887.846 895.842 925.322 −1791.68 9

GT-HN 0.0000 0.0000 0.0000 883.914 890.347 923.103 −1780.69 10

GED-HN 0.0000 0.0000 0.0000 882.752 893.071 922.551 −1786.14 9

T-HN 0.0000 0.0000 0.0000 880.556 889.416 918.896 −1778.83 9

LAP-HN 0.0000 0.0000 0.0000 880.475 889.989 916.193 −1779.98 8

N-HN 0.0000 0.0000 0.0000 877.979 886.974 913.179 −1773.95 8

Notes: w1 is a model weight given by the posterior model probability P Mijyð Þ based on the uniform prior; w2

model weight is given by the posterior model probability P Mijyð Þ based on the OS prior; w3 is model weight
based on ML results (against other models); the models are sorted based on exact Bayesian results under the
uniform prior (w1) with GT-GB2 always at the top; ln L denotes a value of the log-likelihood function at
maximum, ln p yjMið Þ represents the so-called marginal likelihood or marginal data density (MDD),
calculated by Laplace approximation at the posterior mode (with Hessian matrix numerically evaluated at the
mode); ln pML yjMið Þ are ML results calculated based on ln pML yjMið Þ � �BICi=2 where
BICi ¼ k ln T � 2 ln Li. We consider two variants of prior model probabilities p Mið Þ, that is: equal
p Mið Þ / cð Þ labelled “uniform prior” and p Mið Þ / 2�k labeled “OS prior”; with the latter expressing prior
preference towards simpler models; k is the number of parameters; model labels are described in Table 1

48 Journal of Productivity Analysis (2022) 58:35–54



Table 8 the notion that τ= 1 cannot be rejected. We do
note, however, a distinctive difference between the two
model classes with respect to scale parameters.

Compared to the WHO example, the model ranking is
much more even. This is somewhat to be expected if we look
at the differences between the highest and the lowest recorded
maximum log-likelihood values for the two datasets. In the
case of WHO, it is about 49.2, while for Spanish dairy farms,
it is “only” 14.8. Similar evidence can be found when

comparing the logs of marginal data densities (ln p(y)).
Hence, no surprise that the posterior model ranking is more
even for Spanish dairy farms, and the impact of the prior
model probability much more substantial.

6.3 Efficiency analysis

The key aspect of almost every applied research which
uses SFA is to produce credible (in)efficiency scores.

Table 5 WHO data: posterior
means of stochastic parameters
across models and model
averaging

Model label σu σv τ ψu ψv vu vv

GT-GB2 0.250 0.024 0.186 32.266 1.1684 4.27345 36.488

LAP-GG 0.260 0.024 0.179 29.614 (1) (inf) (inf)

TLAP-GB2 0.251 0.023 0.178 32.726 (1) 38.6188 42.674

GT-GG 0.258 0.024 0.183 29.216 1.1685 (inf) 36.973

GED-GG 0.259 0.024 0.181 29.918 1.5491 (inf) (inf)

GED-GB2 0.251 0.024 0.181 34.285 1.4847 39.5416 (inf)

T-GB2 0.251 0.024 0.197 33.558 (2) 39.2235 8.4692

N-GG 0.257 0.029 0.215 33.756 (2) (inf) (inf)

LAP-GAM 0.113 0.021 0.532 (1) (1) (inf) (inf)

GT-EXP 0.070 0.014 (1) (1) 0.8657 (inf) 34.319

GED-EXP 0.070 0.014 (1) (1) 0.6624 (inf) (inf)

LAP-EXP 0.072 0.018 (1) (1) (1) (inf) (inf)

GT-HGT 0.057 0.015 (1) 0.816 0.7256 46.7532 34.628

GT-HGED 0.057 0.015 (1) 0.758 0.7443 (inf) 35.434

GED-HGED 0.057 0.015 (1) 0.761 0.6627 (inf) (inf)

GED-HGT 0.057 0.015 (1) 0.817 0.6636 42.5418 (inf)

T-EXP 0.077 0.019 (1) (1) (2) (inf) 26.247

LAP-HGED 0.057 0.020 (1) 0.750 (1) (inf) (inf)

N-EX 0.077 0.021 (1) (1) (2) (inf) (inf)

LAP-HGT 0.055 0.020 (1) 0.773 (1) 45.5269 (inf)

T-HGED 0.064 0.020 (1) 0.822 (2) (inf) 16.313

T-HGT 0.063 0.020 (1) 0.867 (2) 45.8115 15.699

N-HGED 0.072 0.022 (1) 0.913 (2) (inf) (inf)

N-HGT 0.070 0.022 (1) 0.953 (2) 47.9557 (inf)

GT-HT 0.062 0.014 (1) (2) 0.7289 2.83398 35.698

GED-HT 0.061 0.014 (1) (2) 0.5682 2.72837 (inf)

LAP-HT 0.069 0.018 (1) (2) (1) 3.24614 (inf)

T-HT 0.085 0.017 (1) (2) (2) 4.4612 24.239

N-HT 0.084 0.020 (1) (2) (2) 4.43387 (inf)

GT-HN 0.122 0.007 (1) (2) 1.5942 (inf) 23.648

GED-HN 0.123 0.006 (1) (2) 0.8493 (inf) (inf)

T-HN 0.122 0.010 (1) (2) (2) (inf) 13.523

LAP-HN 0.123 0.008 (1) (2) (1) (inf) (inf)

N-HN 0.120 0.015 (1) (2) (2) (inf) (inf)

Averaged results
(uniform prior)

0.256 0.024 0.181 30.868 1.122 39.313 39.076

Averaged results
(OS prior)

0.257 0.024 0.181 30.868 2.013 68.795 61.445

Notes: values in brackets are fixed (not estimated) in a particular distribution; “averaged results” refers to
results based on formal Bayesian model averaging (BMA)
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From a practitioner’s point of view, an argument can be
made that since efficiency score rankings among all the
above-mentioned specifications are comparable, there is no
good reason to bother with the best yet very complex
specification. After all, though models like normal-half-
normal or normal-exponential are far inferior (as measured
by their posterior probabilities), they are simpler to use,

more popular, and provide us with a roughly similar (in)
efficiency ranking.

First, the reason for “bothering” is the very same reason
that has led to the introduction of SFA in the first place.
Even the simplest procedures, e.g., based on corrected
OLS (COLS), can produce comparable efficiency rankings
in mildly favorable conditions (i.e., when the scale

Table 6 WHO data: posterior probabilities of reducing GT-GB2 based on two prior probabilities

pðMiÞ P ¼ 1jyð Þ Pðψu ¼ 1jyÞ Pðψu ¼ 2jyÞ Pðψv ¼ 1jyÞ Pðψv ¼ 2jyÞ Pðvu ! 1jyÞ Pðvv ! 1jyÞ

uniform 0 0 0 0.626 0.007 0.604 0.569

OS 0 0 0 0.790 0.005 0.774 0.726

Notes: p Mið Þ is model prior; p Mið Þ / c labeled “uniform”; p Mið Þ / 2�k labeled “OS”

Table 7 Spanish dairy farms
data: model comparison results

Model label w1 w2 w3 ln p yjMið Þ ln pML yjMið Þ ln L BIC k

GT-GB2 0.2013 0.0174 0.0000 810.518 788.053 872.016 −1576.11 23

LAP-HN 0.1967 0.5446 0.8824 810.495 805.100 870.810 −1610.20 18

LAP-HT 0.1073 0.1485 0.0236 809.889 801.478 870.838 −1602.96 19

GT-N 0.0886 0.0613 0.0011 809.697 798.380 871.391 −1596.76 20

GT-GG 0.0839 0.0145 0.0000 809.642 791.486 871.799 −1582.97 22

GT-HT 0.0737 0.0255 0.0000 809.513 794.824 871.486 −1589.65 21

T-HT 0.0512 0.0354 0.0000 809.149 791.118 871.485 −1596.95 20

T-HN 0.0462 0.0640 0.0012 809.047 798.473 871.389 −1604.06 19

GED-HN 0.0249 0.0344 0.0230 808.427 801.454 870.815 −1602.91 19

TLAP-GB2 0.0194 0.0034 0.0007 808.180 798.016 871.430 −1582.24 22

T-GB2 0.0192 0.0033 0.0011 808.167 798.450 871.793 −1582.96 22

GED-HT 0.0141 0.0098 0.0006 807.861 797.827 870.839 −1595.65 20

LAP-GG 0.0118 0.0082 0.0008 807.680 798.099 871.111 −1596.20 20

GT-HGT 0.0110 0.0019 0.0000 807.610 791.181 871.494 −1582.36 22

LAP-HGT 0.0103 0.0071 0.0008 807.544 798.046 871.057 −1596.09 20

GED-GB2 0.0087 0.0015 0.0000 807.379 791.022 871.335 −1582.04 22

GED-GG 0.0078 0.0027 0.0000 807.271 794.447 871.109 −1588.89 21

T-HGT 0.0051 0.0018 0.0409 806.836 802.028 871.491 −1589.66 21

GED-HGT 0.0044 0.0015 0.0000 806.692 794.428 871.090 −1588.86 21

LAP-HGED 0.0042 0.0058 0.0229 806.649 801.450 870.811 −1602.90 19

GT-HGED 0.0034 0.0012 0.0000 806.449 794.813 871.475 −1589.63 21

T-EXP 0.0020 0.0028 0.0000 805.925 791.480 867.377 −1596.03 19

T-HGED 0.0020 0.0014 0.0000 805.919 794.829 871.461 −1596.90 20

GT-EXP 0.0017 0.0012 0.0001 805.768 795.683 868.694 −1591.37 20

GED-HGED 0.0009 0.0006 0.0006 805.066 797.805 870.816 −1595.61 20

GED-EXP 0.0001 0.0001 0.0001 802.312 795.458 864.819 −1590.92 19

N-GG 0.0000 0.0000 0.0000 801.683 790.378 863.390 −1580.76 20

N-EX 0.0000 0.0000 0.0000 799.560 794.287 859.997 −1588.57 18

N-HT 0.0000 0.0000 0.0000 798.747 790.087 859.447 −1580.17 19

LAP-EXP 0.0000 0.0000 0.0000 797.613 791.718 857.428 −1583.44 18

N-HN 0.0000 0.0000 0.0000 796.919 791.545 857.256 −1583.09 18

N-HGT 0.0000 0.0000 0.0000 796.380 787.460 860.472 −1574.92 20

N-HGED 0.0000 0.0000 0.0000 796.331 791.111 860.472 −1582.22 19

LAP-GAM 0.0000 0.0000 0.0000 795.590 788.707 858.068 −1577.41 19
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parameter of efficiency is much larger than the scale
parameters of the symmetric disturbance, which is not that
rare). However, such simple procedures fail drastically in
delivering credible interpretations to individual (in)effi-
ciency levels and their differences. Quite similarly, based
on our simulations and empirical examples, we reckon that
efficiency rankings between specifications do not vary
much, but we do notice substantial differences in terms of
average levels and the spread of efficiencies (i.e., the dif-
ferences between the most and least efficient observation).
The best models in our study are the ones that indicate
relatively high average efficiency with relatively narrow
spread (similar observations were made by Makieła and
Osiewalski 2018; within a different model averaging
context). Conversely, the less adequate models, such as
popular normal-half-normal or normal-exponential, pro-
duce spurious inefficiency, i.e., indicate more inefficiency
than it is warranted by the data (given the best model). In
applied research, exact efficiency scores and their differ-
ences are often directly interpreted by practitioners,
sometimes even linked with performance-oriented policies.
Hence, such spurious inefficiency can translate into con-
siderable losses or gains for individual agents.

Second, Fig. 2 compares posterior densities of efficiency
from the best model against the two classic cases: normal-half-
normal and exponential. Indeed, these plots are substantially
different. In particular, we can see that the posterior density
from the best model stochastically dominates over the other
two distribution. Such differences should not be neglected in a
credible efficiency benchmark. We also note that the notion of
stochastic dominance in terms of (in)efficiency distribution in
the most adequate SF specifications is closely related to the
aforementioned spurious inefficiency observed in the least
adequate models.

Finally, we should point out that the presented fra-
mework allows for inference pooling with respect to (in)
efficiency measurement from all models. We do not have
to make any particular discrete model choice and pool
inference about (in)efficiency from all of them. Fig. 3
shows the posterior density plot of efficiency in the
pooled inference under both priors (OS prior and uniform
prior). For WHO data, we notice that the shape remains
unchanged regardless of the prior model probability
used. Also, the distribution is clearly bi-modal, with one
of the modes being at one (indicating full efficiency).
This may provide some evidence in favor of a zero-
inefficiency stochastic frontier model specifications (see,
e.g., Kumbhakar et al. 2013; Tran and Tsionas 2016). In
the case of Spanish dairy farms, the pooled posterior
distribution of efficiency is indeed driven by the prior
model probabilities to some extent. Hence, whether or
not prior model probabilities (i.e., our subjective prior
beliefs about each model’s adequacy) are of any sig-
nificance in inference pooling about (in)efficiency seems
to depend on the data.

7 Conclusions

The main contribution of this paper comes with the develop-
ment of a new stochastic frontier model, labeled GT-GB2,
which generalizes almost all parametric specifications used in
the field. It is based on flexible assumptions regarding the
compound error, with the sampling density defined as a con-
volution of two densities: generalized t (for observation error)
and generalized beta of the second kind (for inefficiency).
Consequently, it allows for a broad range of deviations from
the classic N-HN or N-EXP SF models while maintaining

Table 8 Spanish dairy farms data: posterior probabilities of reducing GT-GB2 based on two sets of prior model probabilities

pðMiÞ Pðτ ¼ 1jyÞ Pðψu ¼ 1jyÞ Pðψu ¼ 2jyÞ Pðψv ¼ 1jyÞ Pðψv ¼ 2jyÞ Pðvu ! 1jyÞ Pðvv ! 1jyÞ

Uniform 0.648 0.004 0.603 0.350 0.126 0.474 0.391

OS 0.949 0.004 0.924 0.718 0.109 0.743 0.765

Fig. 2 Comparison of average-
unit efficiency distribution in the
best model with normal-half-
normal and normal-exponential
cases: WHO data (left), Spanish
dairy farms data (right)

Journal of Productivity Analysis (2022) 58:35–54 51



crucial regularity conditions described in the paper. The model
admits nonstandard forms of the frontier and can be general-
ized towards the VED-like family or panel data treatment. It is
also possible to generalize the approach along the lines of
ZISF-type models (see Kumbhakar et al. 2013), for example,
using the results of Harvey and Ito (2020), which is subject to
further research.

We develop exact and approximate inference methods,
which allow for model selection and/or averaging. This is
important for addressing model specification uncertainty with
respect to inference on latent variables. These variables
represent individual (in)efficiency terms, which are key
quantities of interest in SFA. In order to provide an adequate
description of all aspects of their estimation uncertainty (model
risk) and to avoid overparameterization issues, we use full
Bayesian inference with BMA and its simplified, approximate
alternative. Crucially, we are able to obtain density estimates
of efficiency scores that account for model uncertainty.

We have shown that with T= 1482 observations and a
heavily-parameterized frontier (16 parameters in vector β), it is
possible to estimate the general GT-GB2 model with its nested
sub-cases and to effectively conduct model averaging proce-
dures. Thus, it is possible to overcome two limitations of the
Bayesian approach often encountered in practice. First, we
address the problem of computing marginal data densities
(crucial for BMA/S) by developing a simple yet reliable
method via Laplace approximation. In non-Gaussian models
with latent variables, this solution is usually unfeasible, while
reliable alternatives are difficult to obtain. Second, it is now
possible to develop coherent priors or conduct an in-depth
analysis of prior sensitivity because our approach can be used
with any choice of (proper) priors (Tsionas 2018; Makieła and
Mazur 2020). We leave the derivation of optimal (or refer-
ence) priors within the GT-GB2 class for further research.

In the approximate approach, point estimates can be
obtained by maximizing the log-likelihood or log-posterior
using the available integrated likelihood. These results are less
computationally demanding and sufficient for model com-
parison (i.e., computation of model weights for model aver-
aging). This amounts to the use of BICs or the aforementioned

Laplace approximations (the latter requires slightly more effort
when the numerical Hessian of the log-posterior is unavail-
able). Simulations results indicate that the simplest approx-
imate approach based on BIC can be effectively used for
model specification search. Moreover, the results suggest that
the use of model averaging or model selection indeed miti-
gates the risk of overparameterization, as parsimonious DGPs
are correctly identified.

Our empirical analysis is based on a combined inference
from 34 model specifications, many of which are novel in
SFA. We find it is important to take into account Laplace
distribution when considering heavy tails of the symmetric
term (see, e.g., Horrace and Parmeter 2018; i.e., the alter-
natives of Gaussian vs. Student’s t may be too restrictive).
However, there is no particular indication about the dis-
tribution of inefficiency. So far, inefficiency distribution
seems to be data-specific, and thus GB2 is a convenient
base for inefficiency specification search. Also, simulations
results indicate that the proposed framework provides a
more credible (in)efficiency detection. We find that inade-
quate models – among which are the classic normal-half-
normal and normal-exponential – can show a substantial
amount of spurious inefficiency. This feature has been
identified in both simulations results as well as in the
empirical examples. That is, a significant amount of noise
can be wrongly attributed to inefficiency in contemporarily
used SF models. This leads to higher average inefficiency
and a larger spread between individual inefficiency scores in
comparison to the adequate specifications. This, in a sense,
can be viewed in terms of stochastic dominance of ineffi-
ciency distribution in one model over the other. The pro-
posed framework may thus be particularly attractive for
those applications, in which obtaining credible measures of
(in)efficiency location and spread is highly relevant.

Correlations of model probability rankings based on
Bayesian inference and simplified ML-like approach are
quite similar, especially under model prior probabilities that
favor parsimony. Moreover, there is a growing tendency in
SFA to use heavy-tailed distributions (see, e.g., Horrace and
Wang 2022). Our findings suggest that in order to determine

Fig. 3 Posterior density of
average-unit efficiency under
uniform and OS priors: WHO
(left) and Spanish dairy farms
(right); pooled/averaged
efficiency densities under
uniform and OS priors overlap
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a given model’s adequacy, it is more important to model
how the stochastic components’ distributions behave
around the mode than in the tails (or to generalize beyond
the t-distribution for the symmetric term). Heavy tails can
be easily tested within this framework along with other
features of the components’ distributions.

Since one of the key advantages of the GT-GB2 SF model
is its flexibility, one might be tempted to consider its non-
parametric alternatives like in Florens et al. (2020). However,
despite some obvious limitations of the parametric approach, it
is relatively straightforward to impose assumptions A1-A3 as
well as A4 on the GT-GB2 model, which is not trivial within
the nonparametric framework (see Preciado Arreola et al.
2020). Moreover, the model can also be extended in order to
account for covariate-dependent scale/shape characteristics as
well as semi or nonparametric forms of the frontier technol-
ogy. To sum up, the parametric framework considered in this
paper provides a research strategy that is complementary to
nonparametric SFA or stochastic DEA, with the perspective of
a combined use, as in Andor et al.(2019).
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