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Abstract Recent empirical studies of firm-level performance have tested complementarity in the case of multiple
practices. These papers have drawn conclusions using
potentially biased estimates of pair-wise interaction effects.
We develop a consistent and simple testing framework and
test it against alternatives.
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1 Introduction
Researchers in the fields of industrial organization and
management have long been interested in investigating
complementary relations between various organizational
practices. Complementarity is understood in this context to
exist if the implementation of one practice increases the
marginal or incremental return to other practices. Joint
implementation of several practices may result in economies of scope (Baumol et al. 1988). The implementation of
one practice might also decrease the marginal or incremental return to other practices. This is the case of
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substitutability (or subadditivity). Examples of studies of
complementarity are the relationships between human
resource practices and firm strategy (Ichniowski et al.
1997), firms’ internal R&D and external technology
sourcing (Arora and Gambardella 1990), process and
product innovation (Miravete and Pernias 2004), labor skill
and innovation strategies (Leiponen 2005), different government innovation policies (Mohnen and Röller 2005),
information technology, workplace reorganization, and
new product and service innovations (Black and Lynch
2001; Bresnahan et al. 2002; Caroli and Van Reenen 2001),
adoption of different information technologies in emergency health care (Athey and Stern 2002), different types
of labor in the determination of trade patterns (Grossman
and Maggi 2000) and use of external knowledge across
different stages of new product development (Love and
Roper 2009).
There are two econometric approaches used to test for
complementarity: the ‘‘adoption’’ or ‘‘correlation’’ approach
and the ‘‘production function’’ approach (e.g. Athey and
Stern 1998). The former has been popular among empirical
researchers due to its simplicity (Arora 1996). The adoption
approach tests conditional correlations based on the residuals
of reduced form regressions of the practices of interest on all
exogenous variables. However, although this test can serve
as supportive evidence of complementarity, it cannot serve
as a definitive test. Estimated correlations between residuals
may be the result of common omitted exogenous variables or
measurement errors. Even in the case of well-measured
correlation between practices, decision makers may not have
been sufficiently well informed such that they chose efficiency or output enhancing combinations of practices.
The ‘‘production function’’ approach, in which organizational performance is related to combinations of organizational practices, does not have these drawbacks and can

123

264

serve as a direct test for complementarity or substitutability.1 However, no easily executable testing procedure has
been available to test for complementarity or substitutability with more than two practices.2 Studies adopting the
production function approach have limited analysis to the
estimation of pair-wise interaction effects, either including
all pair-wise terms (e.g. Caroli and Van Reenen 2001), or
estimating only the pair-wise interaction of interest (e.g.
Bresnahan et al. 2002). This approach ignores the impact of
additional cross-terms (e.g. a triple term in case of three
practices), it examines only a partial expression for the
cross derivative and is prone to an omitted variable bias
that affects all coefficients. As noted by Athey and Stern
(1998), a proper complementarity or substitutability test
requires a testing framework that considers the complete
set of organizational practices. In this paper we develop
such a test based on a multiple-inequality restrictions
framework corresponding to a definition of strict supermodularity or submodularity (Milgrom and Roberts 1990).
We provide Monte Carlo results comparing the power of
this test with the performance of the two pair-wise tests.
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substitutability. The expressions for n equal to 2, 3 and 4
are:
f ðx1 ; x2 Þ ¼ a0 þ a1 x1 þ a2 x2 þ a12 x1 x2

ð1Þ

f ðx1 ; x2 ; x3 Þ ¼ f ðx1 ; x2 Þ þ a3 x3 þ a13 x1 x3 þ a23 x2 x3
þ a123 x1 x2 x3

ð2Þ

f ðx1 ; x2 ; x3 ; x4 Þ ¼ f ðx1 ; x2 ; x3 Þ þ a4 x4 þ a14 x1 x4 þ a24 x2 x4
þ a34 x3 x4 þ a134 x1 x3 x4 þ a124 x1 x2 x4

2 Complementarity and substitutability

þ a234 x2 x3 x4 þ a1234 x1 x2 x3 x4
We describe the definitions and conditions concerning
complementarity and substitutability both for the case of
continuously measured practices and the case of dichotomous practices. Consider an objective function f of which
the value is determined by the practices xp (p = 1,…,n). In
case the practices are measured continuously the following
definition of complementarity holds (e.g. Baumol et al.
1988)3:
Definition 1 (continuous practices) Practices xi and xj
are considered complementary in the function f if and only
if o2 f =oxi oxj  0 for all values of ðx1 ; . . .; xn Þ with the
inequality holding strictly for at least one value.
This definition is demanding in the sense of requiring
the cross derivative to be non-negative for all possible or
observed values of practices. The definition for substitutability is identical to definition 1 except that ‘larger’ is
replaced by ‘smaller’. We use a cross-term specification of
the objective function f to test for complementarity or
1

That is, as long as the population of organizations includes a
reasonable number of organizations that takes non-optimal combinations of practices. In addition, omitted organizational practices may
bias the test procedure.
2
Mohnen and Roller (2005) adopt a multiple-inequality restrictions
framework but it is limited to dichotomous variables and their testing
framework has the disadvantage of an inconclusive area.
3
In case all bilateral combinations of practices satisfy complementarity, the objective function is strictly supermodular.
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ð3Þ

The cross-derivatives o2 f =ox1 ox2 are equal to a12 for
Eq. 1, a12 þ a123 x3 for Eq. 2 and a12 þ a123 x3 þ a124 x4 þ
a1234 x3 x4 for Eq. 3, respectively. This implies that there is
complementarity for the case of two practices if a12 [ 0. In
case of three practices there are two conditions: a12 þ
a123 minðx3 Þ  0 and a12 þ a123 maxðx3 Þ  0 with at least
one of the inequalities holding. In case of four practices
there are four conditions, using the minimum and maximum of x3 and x4, consecutively. We will concentrate upon
the case of three and four practices, although the arguments
can easily be extended to higher numbers of multiple
practices. Figure 1 shows areas of complementarity and
substitutability (or neither) in case of three practices and
x3 2 ½0; 1. The latter can be seen as an adoption rate of a
practice, running from 0% (no adoption) to 100% (complete adoption).4 The areas of complementarity and
substitutability include the bold lines but not the origin
(0,0).
In case the practices take on discrete values variables
(step size chosen equal to one) we replace the derivative in
definition 1 by a difference. If we consider the first two
practices, without loss of generality, the following definition holds:
4

Practices that are differently scaled may be rescaled to the unit
interval [0,1]. For example, a practice x that can take any real value,
both positive or negative, can be rescaled as exp(x)/(1 ? exp(x)).
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Definition 2 (discrete practices) Practices x1 and x2 are
considered complementary in the function f if and only if
f ðx1 þ 1; x2 þ 1; x3 ; . . .; xn Þ þ f ðx1 ; x2 ; x3 ; . . .; xn Þ  f ðx1 þ
1; x2 ; x3 ; . . .; xn Þ þ f ðx1 ; x2 þ 1; x3 ; . . .; xn Þ for all values of
ðx1 ; . . .; xn Þ with the inequality holding strictly for at least
one value.
The case of dichotomously measured practices (practice
is used or not) is a special case of this definition. In that
case functions (1), (2), and (3) can also be conveniently
rewritten in terms of the possible combinations of practices
(cf. Mohnen and Röller 2005). With two practices the
collection of possible combinations is defined in the usual
binary order as D ¼ f ð0; 0Þ; ð0; 1Þ; ð1; 0Þ; ð1; 1Þ g. We
introduce the indicator function ID¼ðr;sÞ , equal to one when
the combination is ðr; sÞ, else zero. Similar, we have
ID¼ðr;s;tÞ for the case of three practices. The functions f is
rewritten as:
f ðx1 ; x2 Þ ¼

1 X
1
X

brs Iðx1 ;x2 Þ¼ðr;sÞ

ð4Þ

r¼0 s¼0

f ðx1 ; x2 ; x3 Þ ¼

1 X
1 X
1
X

brst Iðx1 ;x2 ;x3 Þ¼ðr;s;tÞ

ð5Þ

r¼0 s¼0 t¼0

The conditions of complementarity now correspond
to a12 ¼ f ð1; 1Þ  f ð1; 0Þ  f ð0; 1Þ þ f ð0; 0Þ ¼ b11 þ b00
b10  b01 [ 0 for two practices and a12 ¼ b110 þ b000
b100  b010  0 and a12 þ a123 ¼ b111 þ b001  b101
b011  0 for three practices, with one of the two
inequalities holding strictly.

3 The testing procedure
In case of two practices the test for global complementarity
is a one-sided t-test of the null hypothesis of a12 ¼ 0 in
Eq. 1. However, in the general case of n practices, the
number of constraints that have to be tested simultaneously
is 2n2 . One approach is to apply statistical tests along the
lines of Gouriéroux et al. (1982), Kodde and Palm (1986)
and Wolak (1989).5 This procedure is followed by Mohnen
and Röller (2005) for dichotomously measured practices.
The critical values of such tests are however cumbersome
to derive. This limits applicability. In addition the test
requires software able to do linear regression under
unequality constraints. We propose a simpler procedure,
which we explain for three and four practices (for five
practices, see the Appendix), all measured in the unit
interval [0,1]: 0  x3 ; x4  1. This also includes the case of
dichotomously measured practices. Our procedure is a
separate induced test, where a combined hypothesis is
5

For a Bayesian approach, see Oh (1998).

accepted if all the separate hypotheses are accepted (Savin
1980). For three practices we have:
y ¼ a1 x1 þ a2 x2 þ a3 x3 þ a12 x1 x2 þ a13 x1 x3 þ a23 x2 x3
þ a123 x1 x2 x3 þ e
ð6Þ
where e  Nð0; r2e Þ. There is complementarity between
practices 1 and 2 if a12  0 and a12 þ a123  0 with at least
one of the two inequalities holding strictly. Now we rewrite
Eq. 6 into:
y ¼ a1 x1 þ a2 x2 þ a3 x3 þ a12 ðx1 x2  x1 x2 x3 Þ þ a13 x1 x3
þ a23 x2 x3 þ ða12 þ a123 Þx1 x2 x3 þ e
ð7Þ
The test can now be executed using linear regression and
considering the significance of the coefficients of the
variables x1 x2  x1 x2 x3 and x1 x2 x3 . Say that the t-value of
the former is t1 and of the latter t2, then the new test
indicates complementarity if either ‘‘t1 [ tc and t2 [  td ’’
or ‘‘t1 [  td and t2 [ tc ’’ where tc and td are the critical
t-values depending upon the significance level. The test
indicates substitutability if either ‘‘t1 \  tc and t2 \td ’’ or
‘‘t1 \td and t2 \  tc ’’. For four practices we have:
y ¼ a1 x1 þ a2 x2 þ a3 x3 þ a4 x4 þ a12 x1 x2 þ a13 x1 x3
þ a14 x1 x4 þ a23 x2 x3 þ a24 x2 x4
þ a34 x3 x4 þ a123 x1 x2 x3 þ a124 x1 x2 x4 þ a134 x1 x3 x4
þ a234 x2 x3 x4 þ a1234 x1 x2 x3 x4 þ e

ð8Þ

This can be rewritten into:
y ¼ a1 x1 þ a2 x2 þ a3 x3 þ a4 x4 þ a12 ðx1 x2 þ x1 x2 x3 x4
 x1 x2 x3  x1 x2 x4 Þ þ a13 x1 x3
þ a14 x1 x4 þ a23 x2 x3 þ a24 x2 x4 þ a34 x3 x4
þ ða12 þ a123 Þðx1 x2 x3  x1 x2 x3 x4 Þ
þ ða12 þ a124 Þðx1 x2 x4  x1 x2 x3 x4 Þ þ a134 x1 x3 x4
þ a234 x2 x3 x4 þ ða12 þ a123 þ a124 þ a1234 Þx1 x2 x3 x4 þ e
ð9Þ
The test on complementarity is whether a12  0 and a12 þ
a123  0 and a12 þ a124  0 and a12 þ a123 þ a124 þ a1234  0
with at least one of the four inequalities holding strictly.
Hence, we use linear regression and consider significance of
the coefficients of the four variables x1 x2 þ x1 x2 x3 x4 
x1 x2 x3  x1 x2 x4 , x1 x2 x3  x1 x2 x3 x4 , x1 x2 x4  x1 x2 x3 x4 and
x1 x2 x3 x4 . Denote the t-values of these coefficients as t1, t2, t3
and t4. The test indicates complementarity in case one of the
following four conditions holds: ðt1 [ tc Þ ^ ðt2 [  td Þ ^
ðt3 [  td Þ ^ ðt4 [  td Þ or ðt1 [  td Þ ^ ðt2 [ tc Þ ^
ðt3 [  td Þ ^ ðt4 [  td Þ or ðt1 [  td Þ ^ ðt2 [  td Þ ^
ðt3 [ tc Þ ^ ðt4 [  td Þ or ðt1 [  td Þ ^ ðt2 [  td Þ ^
ðt3 [  td Þ ^ ðt4 [ tc Þ. Testing for substitutability means
that we replace the ‘larger than’ signs by ‘smaller than’ signs.
The literature on Bonferroni procedures is now relevant
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for determining the probability of type I error for the significance level of the combined hypothesis. Given a significance
level for the combined hypothesis of A and a total of 2n2
constraints, the (original) Bonferroni procedure suggests a
significance level for the seperate hypotheses of A/ 2n2 , see
e.g. Olejnik et al. (1997), p. 391.6 That is to reduce the overall
probability of a type I error.
Our test procedure performs a multiple-restrictions test
directly connected to the definition of complementarity and
substitutability. We compare the performance of the multiple-restrictions test with two alternative test procedures
used in recent empirical work. The ‘‘single cross-term’’ test
procedure only incorporates the cross term of two practices
in the estimated equation, and infers complementarity from
the estimated coefficient of the cross-term (e.g. Bresnahan
et al. 2002). The ‘‘all cross-term’’ test follows the same
procedure but incorporates all pair-wise cross-terms xixj
i = j in one equation (e.g. Caroli and Van Reenen 2001).
Another recently proposed procedure is the one by Mohnen
and Röller (2005). This procedure tests for strict complementarity and substitutability (where all ‘larger than’ and
‘smaller than’ signs are hypothesized to hold) and therefore
is not directly comparable. The procedure is also limited to
discrete practices (dummy variables) and by using the
Kodde and Palm (1986) critical values has a sizeable
inconclusive area. Such inconclusive test outcomes become
more likely with the increase of the number of inequality
constraints. Furthermore, the test is relatively complicated
to execute, requiring optimization under unequality constraints, and difficult to extend to higher numbers of
practices.
The performance function in the case of three practices
is given in Eq. 6. The single cross term test imposes a13 ¼
a23 ¼ a123 ¼ 0 and judges complementarity to exist if
a12 [ 0. This is a simple t-test. The multiple cross-term test
applies the same criterion but only imposes a123 ¼ 0.
Obviously, the ‘‘single cross-term’’ and ‘‘all cross-term’’
tests suffer from omitted-variable bias. However, since
these tests involve restricted estimation, the estimators of
a12 are likely to have smaller variance (e.g. Judge et al.
1982, chapter 22). In the next section we devise a Monte
Carlo experiment to compare the performance of the three
test procedures having a trade-off between bias and precision. Since almost all empirical studies of complementarity in the literature examine the impact of using a certain
practice or not, we focus our Monte Carlo experiment on
the case of dichotomous variables.

6

There are more sophisticated, modified, Bonferroni procedures, see
e.g. Olejnik et al. (1997). These may further improve our test
procedure, but go beyond the scope of this note.
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4 Monte Carlo experiments
The data for our experiments are generated for samples of
1,000 and 5,000 observations. These are common sample
sizes when investigating complementarities between organizational practices.7 We describe the Monte Carlo
experimental procedure for three practices. In the first step
the coefficients a1 through a123 are randomly and independently drawn from the standard normal distribution and
then rounded to whole or half numbers. In the second step,
variables z1, z2, z3 are drawn from the multivariate standard
normal distribution. Variables x1, x2, x3 are equal to one
when z1 [ 0, z2 [ 0 and z3 [ 0, respectively, else zero. In
order to mimic empirical research settings, the correlation
structure between the practices is allowed to depend on the
presence of complementarity or substitutability. Organizations are more likely to simultaneously adopt two practices if these are complementary. In case the draws of a1
through a123 indicate complementarity, the correlation
coefficient between x1 and x2 is set at 0.5 and in case of
substitutability at -0.5. The correlation coefficient is set at
zero if the draw indicates no complementarity or substitutability.8 Eq. 6 is used to generate data for y. For four
practices a similar procedure and Eq. 8 are used.
The outcomes of the tests are established using 10%
two-sided significance levels. This means that the critical
level is equal to 1.65 for the pair-wise tests. We also use
td = 1.65 but tc equal to 1.96 for the multiple-restriction
test when there are three practices and 2.24 when there are
four practices. The latter follow from the A/ 2n2 formula
with A equal to 10% and n equal to 3 and 4, respectively.
The pair-wise tests consider the sign and t-statistic for ^
a12 .
The above procedure has been repeated 10,000 times for
models with different explanatory power. Tables 1, 2, 3
and 4 presents the results of the Monte Carlo experiments
for models with three different values of re These are re
equal to 0.25, 1 and 3.5. These correspond to values for Rsquared of approximately 90, 50 and 10% in case of three
practices (Tables 1 and 2). The explanatory power is higher
in the case of four practices with R-squared around 95, 67
and 18%, respectively (Tables 3 and 4). In Tables 1 and 3
7

Examples include Black and Lynch (2001) with a number of
observations of about 1,000, Galia and Legros (2004) with about
1,800, Laursen and Foss (2003) with about 1,900, Belderbos et al.
(2006) with about 2,000, Bresnahan et al. (2002) with about 2,200,
Catozzella and Vivarelli (2007) with about 3,000, Mohnen and Röller
(2005) with about 5,500 and Cozzarin and Percival (2006) with about
5,900 observations.
8
For comparison, we executed similar Monte Carlo simulations with
correlation coefficients set at 0.8, -0.8 and 0, respectively and
without systematic correlation between the practices. We found only
limited changes in the comparative accuracy of the tests. Obviously,
tests of complementarity and substitutability perform better when
there is lack of multicollinearity among practices.
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Table 1 Monte Carlo experiment for three practices and 1,000 observations (10,000 draws)
True effect

re = 1

re = 0.25
Compl

Neither

Subst

Compl

re = 3.5
Neither

Subst

Compl

Neither

Subst

Multiple-restrictions test
Complements

4,232

66

0

4,030

264

4

2,314

1,962

22

Neither

20

1,449

20

102

1,295

92

217

1,074

198

Substitutes

0

69

4,144

5

281

3,927

28

1,968

2,217

Correct (%)

98.25%

92.52%

56.05%

All cross-term test
Complements
Neither

4,298
360

Substitutes

0

Correct (%)

0
801

0
328

4,009
287

289
954

0
248

2,458
123

1,827
1,244

13
122

0

4,213

1

308

3,904

14

1,843

2,356

93.12%

88.67%

60.58%

Single cross-term test
Complements

3,950

187

161

3,722

480

96

2,642

1,609

47

Neither

342

829

318

277

986

226

117

1,254

118

Substitutes

152

214

3,847

92

510

3,611

45

1,710

2,458

Correct (%)

86.26%

83.19%

63.54%

Table 2 Monte Carlo experiment for three practices and 5,000 observations (10,000 draws)
True effect

re = 1

re = 0.25
Compl

re = 3.5

Neither

Subst

Compl

Neither

Subst

Compl

Neither

Subst

67
1,403

0
14

4,236
24

67
1,403

0
14

3,634
220

660
1,002

9
219

45

4,211

0

45

4,211

7

651

3,598

Multiple-restrictions test
Complements
Neither

4,236
24

Substitutes

0

Correct (%)

98.50%

98.50%

82.34%

All cross-term test
Complements

4,303

0

0

4,295

8

0

3,628

674

1

Neither

353

732

356

356

727

358

216

1,023

202

Substitutes

0

0

4,256

0

4

4,252

0

664

3,592

Correct (%)

92.91%

92.74%

82.43%

Single cross-term test
Complements

4,011

124

168

3,948

209

146

3,541

692

70

Neither

341

734

366

351

734

356

209

1,028

204

Substitutes

178

102

3,976

148

190

3,918

59

737

3,460

Correct (%)

87.21%

we consider 1,000 observations and in Tables 2 and 4 we
consider 5,000 observations. In each of the experiments we
compare the results of the tests with the true states of
complementarity and substitutability.
Our multiple-restrictions test outperforms both the
‘‘single cross-term’’ and ‘‘all cross-term’’ tests in the large
majority of cases. Only in case of a model with a low fit (re
equal to 3.5) and a relatively low number of observations
vis-à-vis the number of practices, the pair-wise tests appear
to perform better. The pair-wise tests perform especially

86.00%

80.29%

poor in case of four practices. Obviously, in that case there
are three further conditions than only a12 [ 0. The pairwise tests perform relatively poorly in the high explanatory
power models (re equal to 0.25, or 1). Clearly, the problem
of bias is more important than the lower variance of ^
a12 in
those cases. The pair-wise tests perform much better in
relative terms for the models with low R2. The ‘‘single
cross-term’’ test shows the highest percentage of correct
predictions with for example 63.5% in Table 1 and 71.0%
in Table 3. Hence, the simpler tests restricting some of the
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Table 3 Monte Carlo experiment for four practices and 1,000 observations (10,000 draws)
True effect

re = 1

re = 0.25
Compl

Neither

Subst

Compl

re = 3.5
Neither

Subst

Compl

Neither

Subst

Multiple-restrictions test
Complements

3,106

72

0

3,014

160

4

1,942

1,217

19

Neither

0

3,592

2

350

2,860

384

634

2,320

640

Substitutes

0

88

3,140

3

185

3,040

13

1,287

1,928

Correct (%)

98.38%

89.14%

61.90%

All cross-term test
Complements
Neither

3,172
1,510

Substitutes

0

Correct (%)

6
515

0
1,569

3,069
1,160

108
1,221

1
1,213

2,235
540

933
2,536

10
518

16

3,212

1

128

3,099

7

1,033

2,188

68.99%

73.89%

69.59%

Single cross-term test
Complements

2,870

149

159

2,806

253

119

2,326

795

57

Neither

1,294

938

1,362

1,070

1,406

1,118

525

2,559

510

Substitutes

176

188

2,864

135

298

2,795

61

956

2,211

Correct (%)

66.72%

70.07%

70.96%

Table 4 Monte Carlo experiment for four practices and 5,000 observations (10,000 draws)
True effect

re = 1

re = 0.25
Compl

re = 3.5

Neither

Subst

Compl

Neither

Subst

Compl

Neither

Subst

3,140

90

0

2,849

381

0

Multiple-restrictions test
Complements

3,143

87

0

Neither

1

3,534

0

2

3,531

2

654

2,277

604

Substitutes

0

82

3,153

0

86

3,149

5

358

2,872

Correct (%)

98.30%

98.20%

79.98%

All cross-term test
Complements
Neither

3,230
1,651

Substitutes

0

Correct (%)

0
342

0
1,542

3,210
1,537

20
556

0
1,442

2,957
975

272
1,613

1
947

0

3,235

0

28

3,207

0

289

2,946

68.07%

69.73%

75.16%

Single cross-term test
Complements

2,944

72

214

2,919

115

196

2,745

359

126

Neither

1,599

433

1,503

1,486

666

1,383

961

1,639

935

Substitutes

202

68

2,965

184

126

2,925

95

424

2,716

Correct (%)

63.42%

parameters to zero, benefit from having low variance
although at the expense of some bias. We conclude that our
multiple-restrictions test is a clearly improved testing
framework for complementarity or substitutability but only
for models in which practices have a noticeable impact on
performance. Otherwise, for three practices, pair-wise tests
appear as easily executed alternatives with relatively good
predictive power.
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65.10%

71.00%

5 Conclusion
Recent empirical studies of organizational performance
have been concerned with establishing potential complementarity between more than two organizational practices
adopted simultaneously. These papers have drawn conclusions on the basis of potentially biased estimates of pairwise interaction effects between such practices. This paper

J Prod Anal (2011) 35:263–269

269

developed a consistent and simple testing framework based
on multiple inequality constraints that derives from the
definition of (strict) super modularity as suggested by
Athey and Stern (1998), and compares the performance of
this test with previously used methods. Monte Carlo results
show that this multiple-restrictions test is generally superior for performance models.
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Appendix: general overview of variables
and hypotheses
The following table provides the relevant variables in the
regression equation and the related hypotheses, for up to
five practices, to allow for easy extension (Table 5).
Table 5 Relevant variables and hypotheses
n

Variable

3

x1 x2 x3

a12 þ a123  0

x1 x2 ð1  x3 Þ

a12  0

4

5

Hypothesis

x1 x2 x3 x4

a12 þ a123 þ a124 þ a1234  0

x1 x2 x3 ð1  x4 Þ

a12 þ a123  0

x1 x2 ð1  x3 Þx4

a12 þ a124  0

x1 x2 ð1  x3 Þð1  x4 Þ

a12  0

x1 x2 x3 x4 x5

a12 þ a123 þ a124 þ a125
þa1234 þ a1235 þ a1245
þa12345  0

x1 x2 x3 x4 ð1  x5 Þ

a12 þ a123 þ a124 þ a1234  0

x1 x2 x3 ð1  x4 Þx5

a12 þ a123 þ a125 þ a1235  0

x1 x2 ð1  x3 Þx4 x5

a12 þ a124 þ a125 þ a1245  0

x1 x2 x3 ð1  x4 Þð1  x5 Þ

a12 þ a123  0

x1 x2 ð1  x3 Þx4 ð1  x5 Þ

a12 þ a124  0

x1 x2 ð1  x3 Þð1  x4 Þx5

a12 þ a125  0

x1 x2 ð1  x3 Þð1  x4 Þð1  x5 Þ

a12  0
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