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Abstract

We provide necessary and sufficient conditions for stochastic invariance of finite dimensional
submanifolds for solutions of stochastic partial differential equations (SPDEs) in continu-
ously embedded Hilbert spaces with non-smooth coefficients. Furthermore, we establish a
link between invariance of submanifolds for such SPDEs in Hermite Sobolev spaces and
invariance of submanifolds for finite dimensional SDEs. This provides a new method for
analyzing stochastic invariance of submanifolds for finite dimensional Itd diffusions, which
we will use in order to derive new invariance results for finite dimensional SDEs.
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1 Introduction

The problem of finding invariant submanifolds of solutions of stochastic partial differen-
tial equations (SPDEgs) arises, for example, in connection with stochastic models in finance
wherein the submanifolds offer the possibility of finite dimensional realizations of the solu-
tions which are otherwise infinite dimensional (see, for example [6-8, 16, 17, 38—41]).
The problem, related to the computability of “interest rate term structure models”, is also
known as the “consistency problem” for such models; see [14]. In this paper we study the
mathematical problem of finding invariant submanifolds for a general class of SPDEs that
includes apart from quasi-semilinear and semilinear SPDEs (see, for example [13, 29, 40])
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a more recent class of SPDEs studied in [32, 33]. We will refer to this latter class as Itd type
SPDEs.

In this paper, we develop a general framework, which covers the aforementioned types
of SPDEs, and we present an invariance result for finite dimensional submanifolds, which
generalizes existing results in this direction. In particular, the usual assumption that the
volatilities must be smooth, is not required in our framework (see Theorem 3.4). Furthermore,
we establish a link between invariance of submanifolds for such SPDEs in Hermite Sobolev
spaces and invariance of submanifolds for finite dimensional SDEs (see Theorem 6.3). Using
this connection, we will also contribute new invariance results for finite dimensional SDEs
(see, in particular Theorems 6.5 and 6.13). As we will see, our results are stable under the
dimension of the driving noise, which may in particular be infinite dimensional.

In order to outline our findings, let (G, H) be a pair of continuously embedded separable
Hilbert spaces; this means that G C H as sets, and that the embedding operator from

(G, || - llg) into (H, || - || &) is continuous. Consider an SPDE of the form
dY, = L(Y,)dt + A(Y)dW,
(1.1)
Yo = yo

driven by a R®-Wiener process W with continuous coefficients L : G — H and A : G —
£2(H); we refer to Section 2 for further details. We emphasize that SPDEs of the type (1.1)
in particular cover the following two types of SPDE:s:

e Semilinear SPDEs of the type

{dY, = (BY, + a(Y}))dt + o (Y,)dW,

1.2
Yo = yo, (1.2

where B : H D D(B) — H is a densely defined, closed operator, and @« : H — H
and o : H — ¢*(H) are continuous mappings. Here the Hilbert space G is given by the
domain G := D(B), equipped with the graph norm

Iyl = /Iyl +IByl3. yeG, (1.3)

and the coefficients in (1.1) are given by L = B + « and A = o. This includes SPDEs
in the framework of the semigroup approach (see, for example [9, 18]), which also arise
for the modeling of interest rate curves. We refer to Section 4.2 for more details.

e The above mentioned It6 type SPDEs (see [32, 33]), where the pair (G, H) of continu-
ously embedded Hilbert spaces is given by Hermite Sobolev spaces G = .%) 4| (RY) and
H = fp(Rd) for some p € R, and the coefficients L : G —- Hand A : G — 02(H)
are given by second and first order differential operators of the form

d d
1
L) =5 Y (o 3o y) Dy = D (b, )iy, (1.4)
i,j=1 i=1
. d .
Al(y) == (o] . )y, jeN. (1.5)

i=1

where b; € f,(erl)(Rd) fori =1,...,d and Ui/ € f,(erl)(Rd) fori =1,...,d and
J € N, and where (-, -) denotes the dual pair on (1 1)(Rd) X Lpt1 (R?). We refer to
Section 5.3 for further details. Concerning Hermite Sobolev spaces, we refer to [5, App.
B]. At this point, let us mention that the Hermite Sobolev spaces (.%), (R%)) peR are sepa-
rable Hilbert spaces, which are between the Schwartz space . (R?) of rapidly decreasing
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functions and its dual space ./ (R?), the so-called space of tempered distributions. In
view of the above definitions (1.4) and (1.5), let us emphasize that for all p, g € R with
g < p we have the pair (/) RY), “y (R%)) consists of continuously embedded Hilbert
spaces, and that the partial derivatives 9; on the Schwartz space .7 (R?) can be extended
to continuous linear operators 3; : ., 1 R?Y) — 7»(RY) forany p € R.

Let .# C H be a finite dimensional C2-submanifold of H. We are interested in local
invariance of .#, which means that for each starting point yg € .# there exists a local
solution Y to the SPDE (1.1) with Yy = yo such that Y* € .#, where the positive stopping
time T > 0 denotes the lifetime of Y. Let us first recall a known result for semilinear SPDEs
of the type (1.2). If 6/ € C'(H) foreach j € N, then the following statements are equivalent:

(1) A islocally invariant for the semilinear SPDE (1.2).
(i1) We have

M C D(B), (1.6)
olly eT(TA), jeN, (1.7)
1 & o
Bly +als =3 Y Dol ol 4 e T(T.10). (1.8)
j=1

Here I' (T .#') denotes the space of all vector fields on ./ that it, the space of all mappings
A : ./# — H such that A(y) € T,.# for each y € .#, where Ty.# denotes the tangent
space to ./ at y. Furthermore, for each j € N we denote by Do/ - 0/| ; the mapping
y > Dol (y)od(y), y € 4.

For this result we refer to [13, 29]; see also [15], where the more general situation with
jump-diffusions and submanifolds with boundary has been treated. In [13], the conditions
(1.7) and (1.8) above are called “Nagumo type consistency” conditions. However the term
% Z;’o: 1 Do - o7 in condition (1.8) can also be viewed as a “Stratonovich” correction term,
which requires smoothness of the volatilities o/, j € N.

When dealing with the more general SPDE (1.1), the smoothness of the coefficients A,
J € N becomes problematic, since they are defined between two different Hilbert spaces
A/ : G — H.In particular, for Itd type SPDEs with coefficients of the form (1.4) and (1.5),
the volatilities A7, j € N are typically not of class C! (see Remark 5.8). Therefore, one of
the principal challenges that we deal with in this paper is to find a suitable generalization of
condition (1.8) for these SPDEs.

This leads to a geometric framework where we consider (G, H)-submanifolds. More
precisely, a C2-submanifold .# of H is called a (G, H)-submanifold of class C?if .# C G
and Tty N A = 16 N .#, where ty and tg denote the topologies of H and G. In our main
result we will show that for such a submanifold .# the following statements are equivalent:

(1) A islocally invariant for the SPDE (1.1).
(i1)) We have

Ally eT(T4), jeN, (1.9)
1 .
(Llalrcay =5 1A L ALl = O (1.10)
j=1

We refer to Theorem 3.4 for the precise result and further details. The condition (1.10) is
an equation in the quotient space A(.#)/'(T .#), where A(.#') denotes the space of all
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mappings A : .# — H. Furthermore, for each j € N the element (A |y, Ay )y arises
from the quadratic variation term in It6’s formula, when we realize the solutions Y of the
SPDE (1.1) on .# as the image Y = ¢(X) of a finite dimensional process X and a local
parametrization ¢ : V — U N .# of the submanifold .#; we refer to Definition 3.2 for more
details. The advantage in this formulation is clearly that it does not require smoothness of the
vector fields A/, J € N, which is also seen in subsequent results; see, for example Theorem
3.16.

In particular, our main result applies to semilinear SPDEs of the type (1.2), where o is
only assumed to be continuous. Recalling that G = D(B) endowed with the graph norm
(1.3), in this situation we will show that for a finite dimensional C2-submanifold .# of H
the following statements are equivalent:

(i) # islocally invariant for the semilinear SPDE (1.2).
(ii) . is a (G, H)-submanifold of class C2, which is locally invariant for the semilinear
SPDE (1.2).
(iii) . is a (G, H)-submanifold of class C2, and we have

olly e (T4), jeN, (1.11)
| Rl ,
(B +a)lalrea =5 Y (0 a0/ Lala = Ol (1.12)
j=1

Furthermore, if 6/ € C!(H) for each j € N, then condition (1.12) is equivalent to (1.8). We
refer to Theorem 4.14 and Remark 4.15 for further details. These findings are a consequence
amore general result for so-called quasi-semilinear SPDEs, which we establish in this paper;
see Theorem 4.9.

Note that in the aforementioned result for semilinear SPDEs we only assume that ./ is
a finite dimensional C2-submanifold of H, whereas in our main result we assume that ./
is a (G, H)-submanifold of class C2. Indeed, as the previous equivalences (i)—(iii) show,
for semilinear SPDEs the submanifold ./ is automatically a (G, H)-submanifold in case of
local invariance, which is due to the fact that G = D(B) endowed with the graph norm (1.3).

Our main result also applies to It6 type SPDEs (1.1), where the coefficients are of the
form (1.4) and (1.5), and where we recall that G = ¥4 (R?) and H = “p (R9) for some
p € R. Then, for any ® € G the submanifold

///:{rXQD:xe]Rd}

is locally invariant for the SPDE (1.1), where (7y),re denotes the group of translation
operators on H. Here, for any x € R? the translation operator z, is defined by extending the
translation 7, : & (RY) — . (R?) given by

(T 9)(y) == @(y — x) forally e R
to an operator Ty : .7’ (RY) — #"(R%) by duality as
(1 ®@, @) := (P, T_r) forall ® € . (RY) and ¢ € 7 (RY).

The aforementioned result shows that the solutions to the 1t6 type SPDE (1.1) are translation
invariant; that is, we have Y = 7x ® for some R?-valued diffusion X; see also [32].

We will generalize this result to SPDEs (1.1) with a general pair of continuously embedded
Hilbert spaces (G, H) as follows. Let T = (T (t)),cre be a multi-parameter Cy-group on

@ Springer



Stochastic Partial Differential Equations and Invariant...

H;thatis, T is a family of continuous linear operators 7' () € L(H) such that the following
conditions are fulfilled:

(1) T7(0) =1d.
(2) Wehave T(t +s) = T ()T (s) for all ¢, s € RY.
(3) Foreach x € H the orbit map &, : RY > H, &x(t) := T (t)x is continuous.

We refer to [5, App. A] for further details about multi-parameter Co-groups. Moreover, let .4
be an m-dimensional C2-submanifold of R? for some m < d, and consider the submanifold

M ={T(t)yp:t e N} (1.13)

for some yg € G. Denoting by ¥ : RY — H the orbit map ¥ (¢) := T(t)yo fort € R?, we
will show that the following statements are equivalent:

(1) A islocally invariant for the SPDE (1.1).
(ii) ./ is locally invariant for the R?-valued SDE

dX, = b(X,)dt + & (X,)dW,
Xo = xo,

where & : A — £2(R?) and b : .+ — R are the unique solutions of the equations

d d
1 __ _ ~ _
Llw =5 ) @0 oy Ly Bijla + ) biov™ L Bilu, (114
i,j=1 i=1
Allw =) 8o ' L.u Bilu, jeN (1.15)

i=1
We refer to Theorem 5.2 for the precise statement. Note that the structures of the coefficients
in (1.4) and (1.5) are particular cases of (1.14) and (1.15). This result is a consequence of
a more general result for arbitrary (G, H)-submanifolds, which we establish in this paper;
see Theorem 3.12. Moreover, we will show that the structure (1.13) of the submanifold .#
appears naturally with coefficients of the kind (1.14) and (1.15) in case of local invariance;
see Theorem 5.6 for the precise result.

Diffusions on manifolds in RY is a well studied topic (see for a partial list [11, 12, 20—
22, 37]). In this paper, we will also establish new invariance results for finite dimensional
diffusions, which come as a consequence of Theorem 3.4. More precisely, consider an R?-
valued diffusion of the type

:dXt = b(X;)dt + o (X;)dW, (1.16)

Xo = xo

with coefficients b : RY — R? and o : RY — ¢%(R?), and let .4 be a submanifold of RY.

Before we proceed, let us mention that for finite dimensional diffusions of the type (1.16)
there are also invariance results in the situation where .4 is a closed subset of R?; see in
particular the two works [1, 2] and the references therein, such as [3, 4], where Nagumo-type
conditions on the second order normal cone are provided, and [10], where conditions on the
first order normal cone with the Stratonovich correction term are provided. We will compare
our upcoming findings with those from the aforementioned papers later on.

Our essential assumption in the present paper is that the coefficients of the SDE (1.16)
belong to a Hermite Sobolev space with sufficient regularity. More precisely, we assume

that for some g > % we have b; € yq(Rd) fori = 1,...,d and Ui, € yq(Rd) for
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i=1,...,dand j € N. In view of the Sobolev embedding theorem for Hermite Sobolev
spaces (see [5, Thm. B.19]) this essentially means that the components are continuous, with
some restrictions on the growth of the functions, but do not need to satisfy any smoothness
conditions. Let .4 be an m-dimensional C2-submanifold of R? for some m < d. We set
G =7 4R, H := 7 441)(R?), define the coefficients of the SPDE (1.1) as (1.4), (1.5)
with p := —(q + 1), and consider the submanifold

M= {6y 1 x € N},

where §, denotes the Dirac distribution at point x. Then the following statements are equiv-
alent:

(i) # islocally invariant for the SPDE (1.1).
(i) 4 is locally invariant for the SDE (1.16).

We refer to Theorem 6.3, which establishes the announced link between the invariance of
submanifolds for SPDEs in Hermite Sobolev spaces and the invariance of submanifolds for
finite dimensional SDEs. In particular, in some situations it turns out that locally invariance
of ./ for the SPDE (1.1) is easier to prove, which is the key for providing new invariance
results for finite dimensional SDEs.

One application of this connection appears in the situation, where we consider the condi-
tions

bly e (TN), (1.17)
olly eT(TH), jeN, (1.18)
and where we are interested in finding an additional condition ensuring that .4 is locally

invariant for the SDE (1.16). In this regard, we will show that under conditions (1.17) and
(1.18) the following conditions are equivalent:

(i) 4 islocally invariant for the SDE (1.16).
(ii)) We have

e.¢]

S (ALw A w L =AY AT (), ) Ira.ay) = 010,
j=1

where, in accordance with (1.5), we have set

d
Ay, 2) = —Z(Gij,z)a,-y, jeN.
i=1

We refer to Theorem 6.5 for further details. A consequence of this result is that the conditions

bly € T(T.HN),
olly eT*(TH), jeN,

where I'* (T .#") denotes the space of all locally simultaneous vector fields on 4", are sufficient
for local invariance of .#” for the SDE (1.16); see Proposition 6.6. This is a generalization
of the result that an affine submanifold .4 is locally invariant if and only if we have (1.17)
and (1.18). We also establish such a result in the general framework for SPDEs of the type
(1.1); see Corollary 3.9.

Another application of the connection between invariance of submanifolds for SDEs and
SPDEs occurs in the situation, where the submanifold .4 is given by the zeros of smooth
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functions. More precisely, we assume that the dimension of .#" is given by m = d —n, where
n < d, and that there exist an open subset O C R? and a mapping f : R — R” such that

N ={xe0: fx)=0}.

Concerning the components of f we assume that f; € %11 RY) forallk = 1,...,n. As
we will show, then the following statements are equivalent:

(i) The submanifold .4 is locally invariant for the SDE (1.16).
(ii) Forallk =1,...,nand all x € .4 we have

(07 (x), Vfi(x)) =0, jeN, (1.19)
1
(b(x), V fr(x)) + Etr(cr(x)o(x)Tka (x)) =0, (1.20)

where H, (x) denotes the Hessian matrix of f; at point x.

For this result, we refer to Theorem 6.13. Note that the conditions (1.19) and (1.20) are
similar to those in [3, 4], where invariance of closed subsets for controlled diffusions with
Lipschitz coefficients has been studied.

We illustrate Theorem 6.13 with the example of the unit sphere S?~! (Corollary 6.15 and
Example 6.16) and recover an earlier result of Stroock. Furthermore, we provide an example
with the unit sphere S!, where our results apply, but, to the best of our knowledge, none of
the known results can be applied; see Example 6.17.

The paper is organized as follows: Section 2 introduces SPDEs in the framework of con-
tinuously embedded Hilbert spaces. In Section 3 we present our main result concerning
invariant manifolds. Afterwards, in Section 4 we present consequences for quasi-semilinear
SPDEs, which includes the particular case of semilinear SPDEs. In Section 5 we study the
invariance of manifolds which are generated by orbit maps; this includes 1t6 type SPDEs.
In Section 6 we provide the link between the invariance of submanifolds for finite dimen-
sional SDEs and the invariance of submanifolds for SPDEs in Hermite Sobolev spaces, and
provide new invariance results for finite dimensional SDEs. For convenience of the reader,
in the electronic appendix [5] (which is a more detailed version of this paper) we provide
the necessary background, including finite dimensional submanifolds in embedded Hilbert
spaces, multi-parameter strongly continuous groups and Hermite Sobolev spaces. The proofs
of some technical auxiliary results are also deferred to [5].

2 Stochastic Partial Differential Equations in Continuously Embedded
Hilbert Spaces

In this section we provide the required prerequisites about SPDEs in continuously embedded
Hilbert spaces.

Definition 2.1 We call W = (Wj)jeN a standard R*°-Wiener process if (Wj)jeN is a
sequence of independent real-valued standard Wiener processes on some stochastic basis.

For a Hilbert space H we denote by ¢2(H) the Hilbert space of all H-valued sequences
¥y = (3/) jen such that

00 ‘ 12
Iyl oy = (Z ||yf||%{) < o0.

Jj=1
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Proposition 2.2 Let W = (Wj)jeN be a standard R*°-Wiener process on a stochastic basis
(2, 7, (F)ier,, P), let H be a separable Hilbert space, and let A be a predictable 2(H)-
valued process such that we have P-almost surely

12
/0 ||AS||§2(H)ds <00, teRy. (2.1)

Then the process (fot AgdWy)ier, given by

t o t, .
/AdeS ::§ /Agdwg, teRy (2.2)
0 ; 0
j=1

is awell-defined H -valued continuous local martingale, and the convergence is in probability,
uniformly on compact intervals.

Proof Let T > 0 be arbitrary. We denote by M% (H) the space of all H-valued square-
integrable martingales M = (M;);c[0,1], Which, endowed with the norm

1/2
IIMllsz[ sup IIMzII%J} , MGM%(H)
1€[0.T]

is a Hilbert space. Furthermore, by Doob’s martingale inequality, an equivalent norm is given
by

1/2
IMlr =E[IMr15]%, M e M2(H).

Concerning the predictable process A, we first suppose that

T
E[/O ||AS||§2(H)ds} < 0.

Then by the Itd isometry and the monotone convergence theorem we have
o T . 12 0 T . T
ZIE[H/ Aldw] ] = Z]E[/ ||A§||i,ds] :E[f ||AS||§2(H)ds] < 0,
j=1 0 Hi o LJO 0

and hence the series Z;’il fOT A{:dWSj converges in M. %(H ). The situation with a general
predictable process A satisfying (2.1) follows by localization, and, by the definition of the
norm | - ||, the convergence is in probability, uniformly on compact intervals. O

Definition 2.3 Let G and H be two normed spaces. Then we call (G, H) continuously embed-
ded normed spaces (or normed spaces with continuous embedding) if the following conditions
are fulfilled:

(1) We have G C H as sets.
(2) The embedding operator1d : (G, || - |¢) — (H, || - ||lr) is continuous, that is, there is
a constant K > 0 such that

Ixllg < Klxllg forallx € G.

Definition 2.4 Let Hy, ..., H, be normed spaces. Then we call (Hy, ..., H,) continuously
embedded normed spaces if for each k = 1,...,n — 1 the pair (Hy, Hyx+1) is a pair of
continuously embedded normed spaces.
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Now, let (G, H) be separable Hilbert spaces with continuous embedding. Furthermore,
let L:G — Hand A : G — ¢*(H) be continuous' mappings. Then for each j € N the
component A’ : G — H is continuous.

Definition 2.5 Let yo € G be arbitrary. A triplet (B, W,Y) is called a local martingale
solution to the SPDE (1.1) with Yo = yq if the following conditions are fulfilled:

1) B = (Q, 7, (F)ier,, P) is a stochastic basis; that is, a filtered probability space
satisfying the usual conditions.

(2) W is a standard R°°-Wiener process on the stochastic basis B.

(3) Y is a G-valued adapted® process such that for some strictly positive stopping time T > 0
we have P-almost surely

INT
/(; (ILY)llm + ||A(Yx)||%2(H))dS <oo, teRy (2.3)

and P-almost surely

INT

AT
Yine = y0 + f L(¥y)ds + / A(Y,)dWs, teRy, (2.4)
0 0

where the stochastic integral is defined according to (2.2). The stopping time t is also
called the lifetime of Y.

If we can choose t = oo, then (B, W, Y) is also called a global martingale solution (or
simply a martingale solution) fo the SPDE (1.1) with Yo = yo.

Remark 2.6 As it is apparent from the integrability condition (2.3), the stochastic integrals
appearing in (2.4) are understood as stochastic integrals in the Hilbert space (H, || - || g)-
Therefore, the right-hand side of (2.4) is generally H-valued, whereas the left-hand side is
G-valued. This indicates that the existence of martingale solutions to the SPDE (1.1) can
generally not be warranted. If there exists a martingale solution Y, then its sample paths are
continuous with respect to the norm || - || g, but they do not need to be continuous with respect
to the norm || - ||g.

Remark 2.7 Let B be a stochastic basis. In our situation, there are two reasonable ways to
define what it means that a G-valued process Y is adapted,; namely:

(1) We regard Y as a process taking its values in the subspace G of the Hilbert space
(H, |l - |g) and call it adapted if for each t € Ry the mapping Y; : @ — G is %;-
AB(H)g-measurable, where 28(H ) g denotes the trace o-algebra

BH)g ={BNG:Bec ABH)}

(2) We regard Y as a process taking its values in the Hilbert space (G, || - ||g) and call it
adapted if for each t € Ry the mapping Yy : Q — G is %;-B(G)-measurable.

However, by Kuratowski’s theorem (see, for example [30, Thm. 1.3.9]) we have #(G) =
PB(H)g, showing that these two concepts of adaptedness are equivalent.

I More precisely, here and in the sequel, we call a mapping L : G — H continuous if L : (G, || - |lg) —
(H, || - llg) is continuous. The continuity of A is understood analogously.

2 See Remark 2.7 for details about this notion.
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Remark 2.8 The SPDE (1.1) can also be realized as an SPDE driven by a trace class Wiener
process, as considered, for example in [9, 18]. Indeed, let U be a separable Hilbert space,
and let W be an U -valued Q-Wiener process for some nuclear, self-adjoint, positive definite
linear operator Q € L]H'(U ); see, for example [9, Def. 4.2]. There exist an orthonormal
basis {ej} jen of U and a sequence (1) jen C (0, 00) with ZjeN Aj < 0o such that

Qej = Ajej forall j € N.
The space Uy := QY*(U), equipped with the inner product
{u v)yy == (0™ u, 7' Pu)y, u,v e Uy
is another separable Hilbert space. We fix the orthonormal basis {g;};jen of Ug given by
gj :=./Ajejforeachj €N, andwedenotebng(H) := Ly (Uo, H) the space of all Hilbert-
Schmidt operators from Uy into H. Note that Lg(H) = Zz(!-l'), because T +— (Tgj)jen is
an isometric isomorphism. By [9, Prop. 4.3] the sequence (W/) jen defined as

Wi = L<W,e,~>U, jeN
/i
is a sequence of independent real-valued standard Wiener processes. Hence W = (W9 jeN
is a standard R*>°-Wiener process. As a consequence of the series representation of the
stochastic integral with respect to the trace class Wiener process W (see, for example [25,
Prop. 2.4.5]), the SPDE (1.1) can be expressed as

{dY, = L(Y))dt + A(Y)dW,

2.5
Yo = yo (2.5)

where the continuous mapping A : G — Lg(H) is given by
oo
A(y) =) (e.8))us A/(3). y€G,
j=1
and, vice versa, the SPDE (2.5) can be expressed by the SPDE (1.1), where the continuous
mapping A : G — 2(H) is given by

A(Y) == (A(Y)gj)jen. Y €G.

Remark 2.9 In the particular case G = H = R? the SPDE (1.1) is rather an SDE, and a
martingale solution (B, W, Y) is a weak solution. If, in this case, the continuous mappings
L:RY - RYand A : RY — (2(RY) satisfy the linear growth condition, then for each
Yo € R there exists a global weak solution (B, W, Y) to the SDE (1.1) with Yy = yo. Indeed,
taking into account Remark 2.8, this follows from [19, Thm. 2] (or [18, Thm. 3.12]), applied
with H = H_| = R" and J = Idgn.

Re}mark 2.10 The situation where the Wiener process W is R"-valued is covered by choosing
Al = 0forall j > r. If we are additionally in the situation of Remark 2.9, then the existence
of global weak solutions also follows from [21, Thms. IV.2.3 and IV.2.4].

Remark 2.11 If there is no ambiguity, we will simply call Y a local martingale solution or a
global martingale solution to the SPDE (1.1) with Yy = yo.

Now, let .# C G be a subset. In this paper, the subset .# will typically be a finite
dimensional submanifold.
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Definition 2.12 The subset .# is called locally invariant for the SPDE (1.1) if for each
Yo € A there exists a local martingale solution Y to the SPDE (1.1) with Yo = yo and
lifetime T > 0 such that YT € .4 up to an evanescent set>.

Definition 2.13 The subset ./ is called globally invariant (or simply invariant) for the SPDE
(1.1) if for each yy € M there exists a global martingale solution Y to the SPDE (1.1) with
Yo = yo such that Y € .4 up to an evanescent set.

3 The General Invariance Result

In this section we provide the general invariance result. Let (G, H) be separable Hilbert
spaces with continuous embedding, and consider the SPDE (1.1) with continuous mappings
L:G— Hand A: G — ¢%(H). Let . be a finite dimensional (G, H)-submanifold of
class C2. More precisely, ./ is a finite dimensional C2-submanifold of H such that.# C G
and ty N4 = tg N ., where 1 and Ty denote the respective topologies. Then for each
y € ./ there exists a local parametrization ¢ : V — U N .# around y, which satisfies
¢ € C(V:G)NCHV; H); see [5, Prop. 3.21]. Recall that I'(T.#) denotes the subspace of
all vector fields on ./ that it, the space of all mappings A : .# — H suchthat A(y) € T,.#
for each y € .#, where T\.# denotes the tangent space to . at y.

Definition 3.1 Let ¢ : V — U N .4 be a local parametrization of 4.

(1) For a mapping a : V — R™ we define ¢a : U N .4 — H as
(pxa)(y) == Do (x)a(x), yeUN.#,

where x 1= qb_l(y) eV.
(2) Similarly, for two mappings a, b : V. — R™ we define ¢.«(a,b) : U N .# — H as

($sx(@, b)) () := D*$(x)(a(x), b(x)), yeUN.A,

where x 1= ¢_1(y) e V.
(3) Setting 4y := U N A, for avector field A € U'(T #y) we define qb;lA :V—>R"as

(¢, A)(x) == Dp(x)'A(y), xeV,
wherey == ¢(x) e UN M.

We denote by A(.#) be the linear space of all mappings A : .# — H. In the following
definition we consider the quotient space A(.#)/ (T .#), and for each A € A(#) we
denote by [A]r(r.#) the corresponding equivalence class, for which any representative is of
the form A + B with some vector field B € I'(T.Z).

Definition 3.2 Let A, B € T'(T.#) be two vector fields on .. We define the mapping
[A, Bl.w € A(A) | T (T A)

as follows. For each local parametrization ¢ : V. — U N 4 a local representative of
[A, Bl.y on U N A is given by

bun(d5 " Aluna , b5 Bluna)s

where we recall the notation from Definition 3.1.

3 Arandom set A C Q x Ry is called evanescent if the set {w € Q : (w,t) € Aforsomet € Ry}isa
P-nullset, cf. [23, 1.1.10].
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Remark 3.3 Note that, according to [5, Lemma 3.19], the Definition 3.2 of [A, B] 4 does
not depend on the choice of the parametrization.

Now, we are ready to state our main result.

Theorem 3.4 The following statements are equivalent:

(i) The submanifold .# is locally invariant for the SPDE (1.1).
(i1)) We have

Ally eT(TH), jeN, (3.1)
1. .
(Ll.z vy — 3 Z[A’L//, ALl =10lrr.u)- (3.2)
j=1
(iii) The mappings
Al = (- g — CHED - ) 3.3)
Ly : (- llg)— (H, |- Ilg) (3.4)

are continuous, and for each yo € ./ there exists a local martingale solution Y to the
SPDE (1.1) with Yy = yo and lifetime t suchthat Y* € .# up to an evanescent set and
the sample paths of Y© are continuous with respect to || - || G-

Proposition 3.5 Suppose that the submanifold .# is locally invariant for the SPDE (1.1). If
the submanifold .# has one chart with a global parametrization ¢ : V. — .#, and the open
set V is globally invariant for the R™-valued SDE

dX[ = K(X[)dl‘ +a(X,)dW,
Xo = xo,

where the continuous mappings € - V. — R™ and a : V — £2(R™) are the unique solutions
of the equations

Ay =¢ua’, jeN, (3.5)
1 o
Ll =gl + 5 _Zld)**(af, a’y, (3.6)
]:

then the submanifold ./ is globally invariant for the SPDE (1.1).

Remark 3.6 In view of Proposition 3.5 and subsequent results (such as Proposition 3.11) we
point out that the unigue mappings £ : V. — R™ and a : V. — £2(R™) which solve the Egs.
3.5 and 3.6 are automatically continuous. This is a consequence of [5, Lemma 4.13].

Remark 3.7 Choosing G = H = R, we see that Theorem 3.4 and Proposition 3.5 cover
the well-known situation of finite dimensional SDEs.

Before we provide the proofs of Theorem 3.4 and Proposition 3.5, let us state some
consequences of these results. Consider the conditions

L.y € T(T.#), (3.7)
Ally eT(T#), jeN. (3.8)

We are interested in finding an additional condition which ensures such that .# is locally
invariant for the SPDE (1.1).
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Proposition 3.8 Suppose that conditions (3.7) and (3.8) is fulfilled. Then the following state-
ments are equivalent:

(i) A is locally invariant for the SPDE (1.1).
(ii) We have

o0
D 1A AL = [0lccra)-
j=1
Proof This is a consequence of Theorem 3.4. O

We say that the submanifold .# is affine if for any local parametrization¢ : V. — UN.#
we have D%¢ = 0.

Corollary 3.9 Suppose the submanifold .# is affine. Then the following statements are equiv-
alent:

(i) A is locally invariant for the SPDE (1.1).
(ii) We have (3.7) and (3.8).

Proof This is a consequence of Theorem 3.4 and Proposition 3.8. O

Remark 3.10 Consider the situation G = H and Al e CY(H) for all j € N.If
2?0:1 DA (y)A’(y) converges for each y € H, and the mapping Z;il DAJ - A/ is con-
tinuous, then we can rewrite the SPDE (1.1) in Stratonovich form as

dY, = K(Y)dt + A(Yy) odW;
Yo = yo,

where K : H — H is given by
1 oo
=L —— i Al
K=L-> Z DAJ . AT
j=1
If we have (3.1), then by the decomposition [5, Prop. 3.25, eqn. (3.2)] we have
1 o0
- _ J J
(Kl.zlrc.zy = [Ll.alra.a 5 X}[A s A ) s
j=
and hence condition (3.2) is equivalent to
K|y e (T ).

We will present a corresponding result for continuously embedded Hilbert spaces with an
additional intermediate space later on; see Theorem 3.15 below.

We can express the statement of Theorem 3.4 in local coordinates as follows.
Proposition 3.11 The following statements are equivalent:

(1) The submanifold . is locally invariant for the SPDE (1.1).
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(ii) For each local parametrization ¢ : V. — U N A there are continuous mappings
0:V > R"anda : V — €2(R™) which are the unique solutions of the equations

Allynag = ¢sa’, jeN, (3.9)

1 o
Lluna =¢*£+52¢**(a1,a1). (3.10)
]:

(iii) For each 'y € . there exist a local parametrization ¢ : V. — U N .4 around y
and continuous mappings £ : V. — R™ and a : V — £>(R™) which are the unique
solutions of the Egs. 3.9 and 3.10.

Proof This is an immediate consequence of Theorem 3.4. O

In the following two results we assume that the submanifold .# is induced (v, .4"), where
N is an m-dimensional C2-submanifold of R?, and veC 2 (Rd; H)isaC 2_immersion on
A such that | 4 : A — ¥ () is a homeomorphism; see [5, Def. 3.32].

Theorem 3.12 The following statements are equivalent:

(i) The submanifold .# is locally invariant for the SPDE (1.1).
(i) The submanifold 4" is locally invariant for the SDE

(3.11)

dX; = b(X)dt + o (Xy)dW;
Xo = xo,

where the continuous mappings* b : ¥ — R and o : N — (2(RY) are the unique
solutions of the equations

Ally =ynol, jeN, (3.12)

Lly =¢*b+;;w**(<ﬂ',of). (3.13)

Proof (i) = (ii): Let y € .# be arbitrary,and let ¢ : V. — W N_4 be alocal parametrization
around x := ! (y) € 4. By [5, Lemma 3.31] there exists an open neighborhood U C H
of ysuchthat¢ := ¥ og : V — U N .# is alocal parametrization around y. Furthermore,
by Proposition 3.11 there are continuous mappings £ : V. — R™ and a : V — £2(R™)
which are the unique solutions of the Egs. 3.9 and 3.10. We define the continuous mappings
b-WnA¥ >Rlando : WNA — (2(RY) as

ol = (p*aj, jeN,
1 o0
b= @l + 5 X;(p**(af’ a’l).
j=

Since y € .# was arbitrary, by Proposition 3.11 we deduce that the submanifold ./ is locally
invariant for the SDE (3.11). Furthermore, by [5, Lemma 3.35] we obtain

Aleﬁg/// = ¢*a'i = 1/f>|<(;0>s<aj = %Uj, JjeN

4 If the SDE (3.11) is locally invariant, then it suffices to specify the coefficients b and o on the submanifold
N
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as well as

1 S
Llvnz = ¢l + EZf**””“”
j:

1 & . . o
= V@il + B Z (1//**((/7*11]’ pxa’) + Vupun (@’ a]))
j=1

1 S
= Yub + E ZW**(OJ, o).
j=1

Since the element y € .# was arbitrary, this procedure provides us with continuous mappings
b: 4 = Rlando : A — £*(R?) which are the unique solutions of the Egs. 3.12 and
3.13.

(i) = (i): Let y € .# be arbitrary, and let ¢ : V — W N .4 be a local parametrization
around x := ¥~ !(y) € .#. By [5, Lemma 3.31] there exists an open neighborhood U ¢ H
of y suchthat ¢ := Yy o : V. — U N .# is a local parametrization around y. Since .4
is locally invariant for the SDE (3.11), by Proposition 3.11 there are continuous mappings
£:V - R"anda : V — £2(R™) which are the unique solutions of the equations

o/ lwoy =gsal, jeN,
1 o
blwoy =¢ul +5 ) puelal al).
j=1
By [5, Lemma 3.35] we obtain
Aj|Ur‘|/// = 1//>»<(7j|Wr‘|¢/V = lﬁ*%ﬂj = ¢*aj’ J€eN

as well as

1 ) .
Llvna = Vblwoy + 5 3 Va0 lwny s o lwour )
j=1

1 . ) o
= 1//*¢)*E + 5 Z (w**((/)*a]’ (/)*aj) + w*(/)** (Cl], aj))
j=1

1 .
= ¢*E + 5 Z(P**(aj’ aj)-
j=1
Therefore, by Proposition 3.11 the submanifold .7 is locally invariant for the SPDE (1.1). O

For the next result, recall that the submanifold .# has one chart if .4 has one chart; see
[5, Lemma 3.33].

Proposition 3.13 If the submanifold ./ is locally invariant for the SPDE (1.1) and the sub-
manifold A has one chart with a global parametrization ¢ : V. — A, then for continuous
mappings £ : V — R™ and a : V — (2(R™) the following statements are equivalent:

i €:V —>R"anda :V — L2(R™) are the unique solutions of the Egs. 3.5 and 3.6.
() £:V > R"anda:V — 2(R™) are the unique solutions of the equations

ol =g.al, jeN, (3.14)
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1 & o
b=g.l+ 52}("**(“]’“])’ (3.15)
]:

where the continuous mappings b : N — R and o : ¥ — £2(R?) are the unique
solutions of the Egs. 3.12 and 3.13.

If any of the previous two conditions is fulfilled and the open set V is globally invariant for
the R"™-valued SDE

dE[ = E(E[)dl‘ +a(Et)dW,
Bo = o,

then the submanifold ./ is globally invariant for the SPDE (1.1), and the submanifold . is
globally invariant for the SPDE (3.11).

Proof By [5, Lemma 3.33] the submanifold .# has one chart with global parametrization
¢ =vYop:V > /.
(i) = (ii): Taking into account [5, Lemma 3.35], by (3.12) and (3.5) we obtain

ol =y ol =y Ay = v udd = YT Wpnal = gual, jeN,

and by (3.13) and (3.6) we obtain
1 S 1 o
b— 5 ;w**(ajsaj) = llf*_]l//* (b — E ;Qﬂ**(aj, aj)>

1 & . ‘ o
= w*_l (L|%l - E Z (W**(Qﬂ*a‘/, (/)*aj) + lﬁ*</)**(a/7 a/)))
Jj=1

1 o
=y, (LM =5 bula’, a/)) =¥l = Y Vgl = gl
j=1
(ii) = (i): Taking into account [5, Lemma 3.35], by (3.12) and (3.14) we obtain
Al = ol = Yupua = ¢ual, jeN,
and by (3.13) and (3.15) we obtain

s o s . 4
Liu = b+ 53 Valo? 0f) = prub + 5;%*(%61’,(/)*61’)

0|

j=1
1 o o
=Y+ 5 ) (Pus(a’, @) = Yuuulal a)))
j=1
1 o fpad o
— — J q4) _ J )
—%(b Z;w**(a . >)+2;¢**<a ,a’)
=w*w*e+;;¢**(a%af)=¢*z+;qu**(af,a-’).

Jj=1

The additional statement is a consequence of Proposition 3.5. O
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Now, we approach the proofs of Theorem 3.4 and Proposition 3.5. Consider the R” -valued
SDE

{dx, = U(X)dt + a(X)dW, (3.16)

Xo = Xxo

with continuous mappings £ : V. — R” anda : V — £>(R™), where V C R™ is an open
subset.

Lemma 3.14 V is a C*°-submanifold of R™, which is locally invariant for the SDE (3.16).

Proof 1t is obvious that V is a C°°-submanifold of R™. Let xo € V be arbitrary. Since V is
open, there exists a compact, convex neighborhood K C V of xg. Let Pg : R” — K be the
orthogonal projection on K. We consider the SDE

{d;_‘(, = UX)dt + a(X,)dW, (.17

Xo = xo,

where the coefficients are given by

{:=LoPg:R" - R™,
a:=ao Pg :R" — 2(R™).

Note that £ and @ are continuous and bounded. Hence, by Remark 2.9 there exists a global
weak solution (B, W, X) to the SDE (3.17) with Xy = xo. Now, we define the positive
stopping time 7 > 0 as

T:=inf{ e Ry : X, ¢ K}.

Setting X := X7, we have X* € K C V, and, since £|x = £|x and a|x = a|, the triplet
(B, W, X) is a local weak solution to the SDE (3.16) with X¢ = x¢ and lifetime t. m]

Now, we are ready to provide the proof of Theorem 3.4.

Proof of Theorem 3.4 (i) = (ii): Let yy € .# be arbitrary. According to [5, Prop. 3.14] there
exist a local parametrization ¢ : V — U N .# around yp and a bounded linear operator
W € L(H,R™) such that ¢ ~! = ¥|yn. and we have

DY, = Dp(x)"" forally e UnN .4,

where x := ¢ (y) € V. By [5, Prop. 3.21] we have ¢ € C(V; G) N C%(V; H). Now, let
y € UN.# be arbitrary, and set x := (y) € V. Since the submanifold.# is locally invariant
for the SPDE (1.1), there exist a positive stopping time T > 0 and a local martingale solution
Y to (1.1) with Yo = y and lifetime t such that Y € .# up to an evanescent set. Since U is
an open subset of H and the sample paths of Y are continuous with respect to || - || g, we may
assume that Y* € U N.# up to an evanescent set. Now, we define the continuous R"” -valued
process X := ¥ (Y). Then we have X € V, and since ¥ is linear, the process X is a local
weak solution to the SDE

dX; = (Y L)(Xp)dt + (Y A)(X;)d W,
Xo=x
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with lifetime 7. The sample paths of Y¥ = ¢ (XT) are continuous with respect to | - ||,
because ¢ € C(V; G). Since also ¢ € C2(V: H), by Itd’s formula (see [14, Thm. 2.3.1]) we
obtain that the process Y is a local martingale solution to the SPDE

{de = (¥ L)(¥) + 1 P G (Wi AT Y AT (X)) dE + (95 A) (Y)W,
Yo=1y

with lifetime 7. On the other hand, the process Y is a local martingale solution to the original
SPDE (1.1) with Yy = y and lifetime 7. We set .#Zy := U N .#. By [5, Lemmas 4.13 and
4.14] the mappings

GVAlLay - My, |- Nl6) = CH), - D),

1 . .
GV Ll. iy + 3 Zqﬁ**(w*f\’lﬁu, VA | )y, |- Nlg) = (H, |- i)
=1

are continuous. Therefore, and since the sample paths of YT are continuous with respect to
Il - llc, we may apply [5, Lemma 4.18], which gives us

Al gy = buVsAl gy, JEN,

1 & . )
Liay = ¢l + 5 D bue WAl Lty VAl L)
j=1

Therefore, by [5, Prop. 4.15] we deduce that
Al g, e (T My), jeN.

Furthermore, using [5, Prop. 4.16] we obtain

1 & , .
Liay =5 D WAl Ly VAT Lary)
j=1

1 & , ,
= ¢V (LMU — 5 2 A Ly w*Aw/,,)).
j=1

Therefore, by [5, Prop. 4.15] we deduce that

o0

1 . .
Liay =5 D @ ALy, 07 Al Lay) € T(T M),
j=1

Since the point ygp € .# chosen at the beginning of this proof was arbitrary, we deduce (3.1)
and (3.2).

(i) = (iii): Let yo € .# be arbitrary, and let ¢ : V — U N .# be an arbitrary local
parametrization around yg. By [5, Prop. 3.21] we have ¢ € C(V; G) N C2(V; H). We set
x0 := ¢~ '(yo) € V. By [5, Lemma 4.13] the mappings

a:=¢; ALy, V — CR™
1 & o
l:= ¢;1(LI%U - 5 Z;(b**(aj,a])) V> R"
j:

are continuous. Therefore, by Lemma 3.14 the open set V is locally invariant for the SDE
(3.16). Hence, there exist a stopping time 7 > 0 and a local weak solution X to (3.16) with
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Xo = xo and lifetime 7 such that X™ € V up to an evanescent set. We define the ./ -valued
process Y := ¢(X). Then we have Y* € U N .#. Furthermore, since ¢ € C(V; G), the

sample paths of Y7 are continuous with respect to || - ||. Taking into account [5, Lemma
4.13], the mapping
Alpry = x5 ' Alary = $sa (My. || - 1) — (CE, |- ) (3.18)

is continuous. Furthermore, taking into account [5, Lemma 4.13] we have
Ligy -+ im*(af' o) = 67 (Llay — id)**(aj al) | = ¢st
U 2 “ ’ * AU 2 ‘ ’ )
j=1 j=1
and hence, by [5, Lemma 4.13] the mapping

1 o
Lz, = ¢l + 5 Z;m*(a’,a’) Ay, - Nlg) = (H - T |) (3.19)
J=

is continuous. Moreover, by Itd’s formula (see [14, Thm. 2.3.1]) and relations (3.18), (3.19)
we obtain that Y7 is a local martingale solution to the SPDE

1 o
dY, = <(¢*E)(Yz) + 3 dek*(a’, a])(Yr))dt + (¢sa)(Y1)dW;

j=1
= L(Ypdt + A(Y)d W,
which is just the original SPDE (1.1), with Yy = yg and lifetime t. This proves that .# is

locally invariant for the SPDE (1.1).
(iii) = (i): This implication is obvious. m]

Proof of Proposition 3.5 This follows from inspecting the proof of the implication (ii) =
(iii) from Theorem 3.4. O

Now, let Hy be another separable Hilbert space such that (G, Hy, H) are continuously
embedded, and suppose that .# is a (G, Hy, H)-submanifold of class Cc2.

Theorem 3.15 Suppose that for each j € N we have A7 € C(G; Hy) with an extension
A/ e C'(Hy: H), and that for each y € . the series Z?il DA’ (y)A’(y) converges in H.
Then the following statements are equivalent:

(i) The submanifold .# is locally invariant for the SPDE (1.1).
(ii) We have

Ay eT(TH), jeN, (3.20)
1| & S
Ly — 3 ZIDA/ Al g e T(TH). (3.21)
J:

(iii) The mappings (3.3) and (3.4) are continuous, and for each yy € . there exists a local
martingale solution Y to the SPDE (1.1) with Yo = yg and lifetime t suchthatY* € .4
up to an evanescent set and the sample paths of Y are continuous with respect to || - || G-

Proof By the decomposition [5, Prop. 3.25, eqn. (3.2)] we have
(Al Ay )y =DAT - Allpr.y). jeN

Hence, the result is a consequence of Theorem 3.4. O
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In the next result we present sufficient conditions for local invariance under the assumption
that the volatilities A/, j € N have a quasi-linear structure. Recall that for any z € .# the
space I'; (T .#') denotes the space of all local vector fields on .# around z; see [5, Def. 3.10].

Theorem 3.16 We suppose that for each j € N there exists a continuous mapping AJ :
G x G — Hy such that

A(y)=A(y,y), veG

having a continuous extension A/ : Hy x G — H such that A'Zi == AJ(-,z) belongs
to L(Ho, H) for each z € G. Furthermore, we assume that for each y € ./ the series
Z?ozl AJ (A’ (y), y) converges in H, and that

Ally eT.(Ttt), zeat, jeN, (3.22)
1. .
Liy =3 Y AW, € T(T.A0), (3.23)

j=1
Then mappings (3.3) and (3.4) are continuous, and for each yy € .# there exists a local
martingale solution Y to the SPDE (1.1) with Yo = yo and lifetime t such that Y* € .# up

to an evanescent set and the sample paths of YT are continuous with respect to || - ||g. In
particular, the submanifold # is locally invariant for the SPDE (1.1).

Proof Note that condition (3.22) implies (3.1). Furthermore, using the decomposition [5,
Prop. 3.25, eqn. (3.4)] we obtain

(A Ly, A\ = 1AV (AT O, ey, JEN,

and hence, condition (3.23) is equivalent to (3.2). Consequently, applying Theorem 3.4 com-
pletes the proof. O

Remark 3.17 Suppose that conditions (3.22) and (3.23) from Theorem 3.16 are fulfilled such
that A’ even has an extension A’ € C'(Hy x Hy: H) foreach j € N. Then the submanifold
M is locally invariant for the SPDE (1.1), and the mapping A7 € C(G; Hy) has an extension
Al e CY(Hy; H) for each j € N. If for each y € . the series Z?ozl DA (y)Al (y)
converges in H, then by Theorem 3.15 the invariance condition (3.21) is satisfied as well.
The vector fields in (3.21) and (3.23) do not, in general, coincide. Using [5, Prop. 3.25], we
can determine their difference by using local coordinates. Namely, if ¢ : V — U N A is a
local parametrization, then by the decomposition [5, Prop. 3.25, eqn. (3.6)] we have

1 & 1 & 1 &
- AT (AT (). . — - 7. Al . al . al
(L 52 A0, ))‘% (L 52 DAl-A )‘% =5 2_#(D2d -a)),
j=1 AU j=1 AU j=1
where the notation is analogous to that in [5, Prop. 3.25].
We conclude this section by indicating a result analogous to Theorem 3.4 for deterministic
PDE:s of the kind
dY, = K(Yy)dt
3.24
{ Yo = yo (3:24)

with a continuous mapping K : G — H. Here G and H may be Banach spaces, and .#
only needs to be a (G, H)-submanifold of class C'. The proof of following result is similar
to that of Theorem 3.4; indeed the arguments are even simpler.
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Theorem 3.18 The following statements are equivalent:

(i) The submanifold .# is locally invariant for the PDE (3.24).
(ii)) We have K| 4 € T(T ).
(iii) The mapping K| 4 : (A, || - llg) — (H, || - ||g) is continuous, and for each yo € .#
there exists a local solution Y : [0, T] — G to the PDE (3.24) with Yo = yo for some
deterministic time T > O such that Y € .# and Y is continuous with respect to || - || G.

4 Quasi-Semilinear Stochastic Partial Differential Equations

In this section we investigate invariance of submanifolds for quasi-semilinear SPDEs. It is
organized as follows: In Section 4.1 we treat the general situation, and in Section 4.2 we
draw consequences for semilinear SPDEs.

4.1 The General Situation

Let (G, H) be separable Hilbert spaces with continuous embedding, and let L : G — H
and A : G — ¢%>(H) be continuous mappings. Throughout this section, we assume that the
following assumption is satisfied.

Assumption 4.1 (Quasi-semilinearity) We suppose that the following conditions are fulfilled:

(1) G is a dense subspace of H. .
(2) There exist a continuous mapping L : G x H — H and a continuous mapping o : H —
H such that

L(y)=L(y,y) +a(), yeG,
and for each z € H the mapping
iz =L(,2):G— H

extends to a closed operator L. - HD D(L.) — H.
(3) There exist a continuous mapping A : G x H — (>(H) and a continuous mapping
o : H — (2(H) such that

AY) =A@, y) +0o(y), yeG,

and for each z € H and each j € N the mapping
A'zj = Aj(-,z) :G—> H

extends to a closed operator Ag tHD D(Ag) — H.
(4) Foreach z € H we have

oo
G=D(L,)N ( N D(Aé)). “.1)
j=1
(5) There is a dense subspace Hy C H such that for each z € H we have
- g .
Hy C D(LH)N <ﬂ D(Ag’*)>,

Jj=1

@ Springer



R.Bhaskaran and S. Tappe

and for each ¢ € Hy we have A;ﬁ; = (Ag’*;),»eN € (2(H), and the mappings
H— H, z+ L, 4.2)
H— (H), z+> Al¢ (4.3)
are continuous.

In view of condition (5), recall that for a densely defined operator A : H D D(A) - H
the adjoint operator A* : H D D(A*) — H is defined on the subspace

D(A*) :={z € H : £ = (A€, z)y is continuous on D(A)}, (4.4)
and that it is characterized by the property
(Ay,z2)g = {y, A*z)y forally € D(A) and z € D(A¥). 4.5)

Proposition 4.2 [36, Thm. 13.12] Let A : H D D(A) — H be densely defined and closed.
Then A* is densely defined and we have A = A™*.

If Assumption 4.1 is fulfilled, then we also call the SPDE (1.1) a quasi-semilinear SPDE.

Definition 4.3 Let yg € H be arbitrary. A triplet (B, W, Y) is called a local analytically
weak martingale solution fo the SPDE (1.1) with Yo = yo if the following conditions are
Sfulfilled:

1) B = (2, F, (F)ier,, P) is a stochastic basis; that is, a filtered probability space
satisfying the usual conditions.

(2) W is a standard R°°-Wiener process on the stochastic basis B.

(3) Y is an H-valued adapted, continuous process such that, for some strictly positive stop-
ping time T > 0, for each ¢ € Hy we have P-almost surely

/O <’<ngs Yx)H"‘(;va(Ys))H’

(4.6)
+ I4A3 2 Ym + a<xv>>H||§2(H))ds <co, 1€R,
and P-almost surely
INT _
(€, Yore) st = (&, yohu + f (L3 8 Yo u + (¢, a(Yo) )ds
0 4.7

+ /0 ((A3,0. Yohu + (¢, 0 (Y))m)d Wy, t€Ry,
where for each y € H we agree on the notation
(A58, 3w = (AL, Yo oy € C(HD,
(G0 n = ({60! M) ;o € CH).

The stopping time T is also called the lifetime of Y.

Ifwe can choose T = 00, then (B, W, Y) is also called a global analytically weak martingale
solution (or simply an analytically weak martingale solution) to the SPDE (1.1) with Yo = yo.

Remark 4.4 Note that the integrands in (4.6) and (4.7) are continuous and adapted by virtue
of the continuity of the mappings (4.2) and (4.3).
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Remark 4.5 If there is no ambiguity, we will simply call Y a local analytically weak mar-
tingale solution or a global analytically weak martingale solution to the SPDE (1.1) with
Yo = yo.

Let .# be a finite dimensional C2-submanifold of H.

Definition 4.6 The submanifold .# is called weakly locally invariant for the SPDE (1.1) if
for each yo € # there exists a local analytically weak martingale solution Y to the SPDE
(1.1) with Yy = yo and lifetime T > O such that Y € .# up to an evanescent set.

Definition 4.7 The submanifold ./ is called weakly globally invariant (or simply weakly
invariant) for the SPDE (1.1) if for each yo € . there exists a global analytically weak
martingale solution Y to the SPDE (1.1) with Yy = yo such that Y € .# up to an evanescent
set.

Remark 4.8 If ./ is locally invariant (or globally invariant) for the SPDE (1.1), then ./ is
also weakly locally invariant (or weakly globally invariant) for the SPDE (1.1).

Theorem 4.9 Suppose that Assumption 4.1 is fulfilled. Then the following statements are
equivalent:

(1) The submanifold .# is weakly locally invariant for the SPDE (1.1).
(ii) We have .# C G, the submanifold .# is locally invariant for the SPDE (1.1), and the
mappings

Lla : (0 -lm) — (H, |- lla), 4.8)
Al = - ) = @D ) 4.9)

are continuous.

Proof (ii) = (i): See Remark 4.8.

(i) = (ii): Let yp € .# bearbitrary. Since Hy isdensein H, by [5, Prop. 3.14] there exist alocal
parametrization ¢ : V. — U N .# around y and a bounded linear operator ¢ € L(H, R™)
of the form = (¢, )y with ¢1, ..., &m € Hp such that we have ¢~! = |y . Now, let
y € UN.# be arbitrary, and set x := ¥ (y) € V. Since the submanifold .# is weakly locally
invariant for the SPDE (1.1), there exist a positive stopping time T > 0 and alocal analytically
weak martingale solution Y to (1.1) with Yy = y and lifetime t such that Y* € .# up to an
evanescent set. Since U is an open subset of H and the sample paths of ¥ are continuous,
we may assume that Y* € U N ./ up to an evanescent set. Now, we define the continuous
R™-valued process X := 1(Y). Then we have X* € V, and since ¢y, ..., ¢, € Hp, the
process X is a local strong solution to the SDE

dX; = L (Xy)dt + Ag(X)d W,
Xo=x

with lifetime 7, where L; : V — R™ and A; : V — £2(R™) are given by
Le(2) = (L8 ¢ @) + (¢, (@) (4.10)
AL(2) = (AL0 6.0 @)n + (&0l @@)u. jeN @.11)

Note that the mappings L, and A; are continuous by virtue of the continuity of the mappings
(4.2) and (4.3). Since ¢ € C2(V; H), by Itd’s formula (see [14, Thm. 2.3.1]) we obtain that
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the process Y is a local solution to the SPDE

[ dYy = (@L) () + 3 T3 e (AL ADID)L + @eADXDAWs 1)
Yo=1y

with lifetime t, where we recall the notation from [5, Def. 3.12]. Let £ € Hj be arbitrary.
Then we have

tAT 1 . .
(& Yirodn = (&, Y +f0 <s, @LO)(Ye) + 5 3 (AL, Aé)(&))) ds
j=1 "

INT
+/0 (€, (GeA) (V) ndWs, 1€ Ry

On the other hand, the process Y is a local analytically weak martingale solution to the
original SPDE (1.1) with Yy = y and lifetime t. Therefore, we have

INT
& Yinehu = (&, V) +/0 (L3.6, Yoom + (&, a(Yo) ir)ds

+/0 (ALE. Yn + (€ oY) n)dWs. 1€ R,y

Thus, taking into account [5, Lemma 4.13] and the continuity of the mappings (4.2) and
(4.3), we have

_ 1 S
(LYE, y)m = <é‘, (D+LH)(y) + 3 Z%(A’, AD®K) — oc(y)> , (4.13)
j=1 H
<(A§)*$, Vu = (£, (¢*A§)(y) —o/()u, jeN. (4.14)

Taking into account Proposition 4.2 and (4.4), we have
D(Ly) = D(L}*) ={z € H : & > (L}&, )y is continuous on D(L})}
as well as

D(A]) = D((A})™) = {z € H : £ — ((A])*&, z) i is continuous on D((A})*)}

for all j € N. This proves y € D(I:y) and y € D(A_{,) for all j € N. Taking into account
(4.1), we deduce that y € G. Consequently, we have . C G. By (4.10) and (4.11) we obtain

Le(x) = (&, Loy ()i + (&, a@ ()i = (&, L)),
AL() = (¢, A ¢V + (6 0l (@) m = (&, AT (@), j €N

for each x € V. Furthermore, from (4.13) and (4.14) we obtain
_ 1 S

& Ly = <s, @eLO) + 5 D bus (AL ADO) - a(y>> ,

j=1 "

(& Aly)n = (. (@AD() — 0/ (M)u. jeN
forall § € Hyand all y € U N .#. Since Hy is dense in H, we obtain

_ 1 S
L(y)=L(y,y) +a(y) = (#L)(y) + 3 qu**(A], ADK),
j=1
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Al(y) = AV (y. y) + 0/ (y) = ($xAD)(»). j €N

forall y € U N .#. Since yy € .# at the beginning of the proof was chosen arbitrary, by
[5, Lemma 4.13] we deduce that the mappings (4.8) and (4.9) are continuous. Furthermore,
by taking into account (4.12), we see that Y is local strong solution to the SPDE (1.1) with
Yo = yo, proving that .# is locally invariant for the SPDE (1.1). O

4.2 Semilinear Stochastic Partial Differential Equations

In this section we present consequences of our previous findings for semilinear SPDEs of
the form

{dYt = (BY, + a(Y)))dt + o (Y,)dW, 4.15)

Yo = yo.
Such equations have been studied, for example, in [9, 18, 25, 31]. Here the state space
H is a separable Hilbert space, and B : H D D(B) — H is a densely defined, closed

operator. Moreover « : H — H and o : H — ¢>(H) are continuous mappings. We endow
G := D(B) with the graph norm

IyllG ==/ IylIZ + 1Bylg, veG. (4.16)

By [5, Prop A.7], the pair (G, H) consists of separable Hilbert spaces with continuous
embedding.

Remark 4.10 Note that the semilinear SPDE (4.15) is of the type (1.1) with L = B 4+ o and
A = o. Furthermore, note that Assumption 4.1 is fulfilled with

L(y,z) = B(y) forally e Gandz € H,
A=0,
and Hy = D(B*). The concept of a local martingale solution (or a global martingale
solution) from Definition 2.5 is just the concept of a local strong solution (or a global strong
solution) for the semilinear SPDE (4.15) in the sense of martingale solutions. Accordingly,
the concept of a local analytically weak martingale solution (or a global analytically weak
martingale solution) from Definition 4.3 is just the concept of a local weak solution (or a
global weak solution) for the semilinear SPDE (4.15) in the sense of martingale solutions.

Remark 4.11 If B generates a Co-semigroup on H, then we can also consider mild solutions.
However, this is not required for our upcoming results.

Let.# be afinite dimensional C2-submanifold of H . Invariant manifolds of weak solutions
to semilinear SPDEs have been studied, for example, in [13, 29]; see also [15] for the case
of jump-diffusions and submanifolds with boundary.

Lemma 4.12 The following statements are equivalent:

(i) A is a finite dimensional (G, H)-submanifold of class C 2
(ii) 4 C G and the restriction B| yz : (M, || - llg) — (H, || - ||g) is continuous.

Proof This is an immediate consequence of [5, Prop. 3.37]. O
Proposition 4.13 For a finite dimensional C%-submanifold .# of H the following statements

are equivalent:
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(1) The submanifold . is weakly locally invariant for the semilinear SPDE (4.15).
(i)  isa (G, H)-submanifold of class C2, which is locally invariant for the semilinear
SPDE (4.15).

Proof (i) = (ii): By Theorem 4.9 we have .# C G, the submanifold .# is locally invariant
for the semilinear SPDE (4.15), and the restriction B| 4 : (A, || - |lg) — (H, | - ||g) is
continuous. Moreover, by Lemma 4.12 the submanifold . is a (G, H)-submanifold of class
c2.

(i) = (i): This implication is obvious. O

Theorem 4.14 Let .# be a finite dimensional C*-submanifold of H. Then the following

statements are equivalent:

(1) The submanifold . is weakly locally invariant for the semilinear SPDE (4.15).
(i) A is a (G, H)-submanifold of class C2, and we have

oy e (T4), jeN, 4.17)
1. .
(B +a)lalreeay =5 lo/ a0/ Lale =Olcaa).  “418)
j=1

(ili) & isa (G, H)-submanifold of class C2, the mapping B|.y = (M, |- Iln) — (H, |-Il5)
is continuous, and for each yy € . there exists a local martingale solution Y to the
SPDE (1.1) with Yo = yo and lifetime t such that Y* € .# up to an evanescent set and
the sample paths of Y are continuous with respect to the graph norm || - || .

Proof This is a consequence of Proposition 4.13 and Theorem 3.4. O

Remark 4.15 If we even have o/ € C'(H) for all j € N, and for each y € .4 the series
2?11 Do/ (y)o’! (y) convergesin H, then conditions (i)—(iii) are equivalent to the following:

(iv) A is a (G, H)-submanifold of class C2, and we have (4.17) as well as

1 & S
Bla+ely =5 Dol olly e DT
j=1

This is a consequence of the decomposition [5, Prop. 3.25, eqn. (3.2)].

Remark 4.16 Letk € Nandl € Ny be arbitrary, let # be a C*-submanifold of H and assume
that o7 € C!(H) for all j € N. Then k is the degree of smoothness of the submanifold, and [
is the degree of smoothness of the volatilities. In the literature, the following situations have
been considered:

(1) In[13] it is assumed that k =2 and | = 1.
(2) In [29] (which uses the support theorem from [28)) it is assumed thatk = 1 and [ = 1.
(3) Here, in Theorem 4.14 we assume thatk = 2 and [ = 0.

Summing up these degrees of smoothness, we see that in our result we have also achieved
k+1=2
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5 Invariant Manifolds Generated by Orbit Maps

In this section we investigate invariance of submanifolds generated by orbit maps. It is
organized as follows: In Section 5.1 we investigate the structure of the coefficients of the
SPDE in case of invariance of such a submanifold, and in Section 5.2 we treat the structure
of invariant submanifolds for SPDEs with such coefficients. In Section 5.3 we apply our
findings to SPDEs in Hermite Sobolev spaces.

5.1 Coefficients given by Generators of Group Actions

Let (G, Hp, H) be separable Hilbert spaces with continuous embeddings. We consider the
SPDE (1.1) with continuous mappings L : G - Hand A : G — 2(H).Letd € N be
a positive integer, and let 7 = (T'(¢));cg« be a multi-parameter Co-group on H such that
T |G is a multi-parameter Co-group on G, and T |y, is a multi-parameter Cy-group on H.
We denote by B = (Bj, ..., By) the generator of T'; see [5, App. A] for further details. We
assume that Hy C D(B) and G C D(B?). Furthermore, we assume that B; |H, € L(Hy, H)
and Bi|g € L(G, Hp) foreachi = 1,...,d. Let yp € G be arbitrary, and denote by
¥ € C2(R?; H) the orbit map given by (1) := T (t)yo for each ¢ € RY. Let 4 be an
m-dimensional C2-submanifold of R? for some m < d, and let .# be an m-dimensional
(G, Hy, H)-submanifold of class C?, which is induced by (¢, A); see [5, Def. 3.32]. Recall
that this requires that /|4 : 4 — ¥ (#) is a homeomorphism, and that ¥ is a C2-
immersion on /.

Remark 5.1 For a multi-dimensional sequence o = (o1,...,04) € (RY = 2(R)*4
we denote by oo € R the matrix with elements (00 Nix = (o7, Ok ) 2(R) for all
i,k =1,...,d. If there is an index r € N such that o/ = 0 for all j > r, then we may

regard the sequence o as amatrixo € R¥" and oo T is just the usual matrix multiplication
with the transpose matrix.
Theorem 5.2 The following statements are equivalent:

(1) The submanifold .# is locally invariant for the SPDE (1.1).

(ii) The submanifold ¥ is locally invariant for the R¢-valued SDE

idX, = b(X))dt + & (X)dW,

Xo = xo. (5.1)

where the continuous mappings & : N — €2RY) and b : N — RY are the unique
solutions of the equations

d d
1 __ _ = _
Ll =5 AZI(““T)"" oy Bijlw + Ebi oV 'uBilu, (52
1,]= =

d
Allw =26 ov™".uBilw, jeN (5.3)
i=1
Proof Let y € ./ be arbitrary, and set x := ¥ ~'(y) € 4. By [5, Prop. A.11] for j € N we

have

d d
W) () = DY )6/ (x) = Y By (0)5] (x) = Y &/ (W~ () Biy

i=1 i=1
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as well as

_ 1 o _ 1 . )
(b)) (y) + 3 Z Vs (67, 67)(y) = DY (x)b(x) + 3 Z D>y (x) (57 (x), &7 (x))

Jj=1 Jj=1

Il
M&

oo d
1 , .
Biyr (x)b; (x) + EZZ B ()5} (x)&} (x)
j=1ik=1

1

- 1
i~ By + 5 Z @ NG W () By

1 ik=1

Il
M&

Therefore, applying Theorem 3.12 concludes the proof. O

Proposition 5.3 Suppose that the following conditions are fulfilled:

(1) The submanifold ./ is locally invariant for the SPDE (1.1).
(2) The submanifold A has one chart with a global parametrization ¢ : V — N .
(3) The open set V is globally invariant for the R™ -valued SDE

{dEt = E(Et)dt + d(Et)th

S0 = &, 5.4

whose coefficients a : V. — £>(R™) and £ : V — R™ are the unique solutions of the
equations

&/ =g.al, jeN, (5.5)
_ 1 o
b=g.l+ Ez;(p**(a],aj), (5.6)
J:

where the continuous mappings & : A — 2R and b : N — RY are the unique
solutions of the Egs. 5.2 and 5.3

Then the submanifold .# is globally invariant for the SPDE (1.1), and the submanifold .V
is globally invariant for the SDE (5.1).

Proof This is a consequence of Proposition 3.13. O

Remark 5.4 Examples of submanifolds .# as in Theorem 5.2 are obtained from [5, EX.
3.38] with k = 2 and choosing G = D(B?) as well as Hy = D(B). Moreover, regarding
Proposition 5.3, recall that the submanifold .# has one chart if /" has one chart; see [5,
Lemma 3.33].

5.2 The Structure of Invariant Submanifolds

In the previous we have considered invariant submanifolds which are induced by (¢, 4",
and shown that the coefficients of the SPDE (1.1) must be of the form (5.2) and (5.3). In
this section, we will show that for such coefficients an invariant submanifold must, subject
to appropriate regularity conditions, necessarily be an induced submanifold.

Let T = (T'(t)),cge be a multi-parameter Co-group on H as in Section 5.1. Furthermore,
let .# be an m-dimensional (G, Hy, H)-submanifold of class C2 for some m < d, which
is locally invariant for the SPDE (1.1). Suppose that for each j = 1, ..., m we have A/ €
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C(G; Hp) with an extension A/ € C!(Hy; H). Let yg € .4 be arbitrary. By [5, Prop. 3.24]
there exists a local parametrization ¢ : V. — U N .4 around yy such that

¢ € C(V:G)NCY(V; Hy) N C*(V; H).
We assume there exists a mapping A : V — R"*9 of class C! such that
A(y) = AX)B(y), yeUnu, (5.7

where x := ¢~!(y) € V, and where we use the notations A = (A',..., A™) and B =
(Bi1, ..., By). Then the volatilities Al .. A™ are locally of the form (5.3). We assume that

dimlin{A'y,..., A"y} =m foreachy e UN ..
By Theorem 3.4 we have Al .. A" € I'(T .#), and hence
Tyi//[=lin{A1y,...,Amy} foreachy e UN .. (5.8)

Lemma5.5 There exists a mapping I' : V. — R™*™ of class C' such that
Vo(x) =T (x)A¢p(x), xeV. (5.9)
Proof Let x € V be arbitrary, and set y := ¢(x) € U N .#. Noting (5.8), the two sets
(010(x), ..., dndp(x)} and {A'¢p(x),..., A"P(x)}

are bases of 7)./ . Hence, there is a unique matrix I'(x) € R”*™ such that V¢ (x) =
['(x)A¢ (x). This gives us a mapping I' : V. — R"™*" satisfying (5.9). The mapping V¢ :
V — Hisof class C! because ¢ € C*(V; H). Furthermore, the mapping A¢ is of class C!
because ¢ € CI(V; Hp) and A/ € CI(HO; H) for each j = 1, ..., m. Consequently, the
mapping I is of class C!, which concludes the proof. O

Now, we consider the product ® :=T-A : V — R™*d_which is again of class cl.
Furthermore, we set xg := ¢_] (v0) € V.Recall that y € C 2(R4; H) denotes the orbit map
given by ¥ (¢) := T (t)yo foreach r € R,

Theorem 5.6 Suppose that ® has a primitive and satisfies tk @ (xo) = m. Then there exist
an m-dimensional C?-submanifold ¥ of R? and an open neighborhood Uy C U of yo such
that the submanifold Uy N . is induced by (r, N).

Proof We may assume that the open set V is a connected neighborhood of x¢. By (5.7) and
(5.9) the mapping ¢ € C%(V: H) is a D(B)-valued solution to the PDE

[V¢(x) =dx)Bop(x), xeV,
¢ (x0) = Yo.

By assumption the mapping ® has a primitive ¢ : V — R?. We may assume that ¢(xg) =
0. Thus, by [5, Prop. A.12] we obtain ¢ = ¥ o ¢. Since Vo = ® and rk ®(xg) = m,
the mapping ¢ is a C2-immersion at xq. Hence, by [5, Lemma 3.30] there exists an open
neighborhood Vy C V of zero such that ¢|y, : Vo — ¢(Vp) is a homeomorphism and ¢|y,
is a C2-immersion. Moreover, by [5, Lemma 3.31] the set .4 := ¢(V}) is an m-dimensional
C?-submanifold of R?. Since ¢ : V — U N .# is a homeomorphism, there exists an open
neighborhood Uy C U of yg such that ¢(Vp) = Ug N .4, and hence Up N 4 = Y (N).
Note that ¥| 4 : A4 — ¥ (4") is a homeomorphism, because ¢|y, : Vo — ¥(4") and
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¢ly, : Vo — 4 are homeomorphisms. Furthermore, by the chain rule, for each x € .4~ we
have

DY )r,.v =D E)Dy(E) ™" € L(Te N, H),
where £ := ¢~ (x) € Vo, showing that ¢ is a C 2_immersion on .4’ O
Remark 5.7 We may assume that the open set V is a simply connected neighborhood of xg.
Then ® has a primitive if and only if
0Pk 0D ji

= foralli,j=1,... . mandk=1,...,d.
3)6/' 3)6,'

5.3 Invariant Submanifolds in Hermite Sobolev Spaces

In this section we will apply our findings from Section 5.1 in order to construct examples of
invariant submanifolds in Hermite Sobolev spaces; see [5, App. B] for further details about
Hermite Sobolev spaces. Let p € R be arbitrary and set G := )11 RY), Hy := prr% RY)
and H := .7, (RY). Furthermore, let 7 = (1) crd be the translation group. We recall from
[34] that for every g € R the space .7 (R?) is invariant under the translation group. Let
b e Y,(pﬂ)(]Rd; R and o € KZ(Y,(,,H)(Rd; ]Rd)) be given, where for any ¢ € R we
agree on the notation

Fg®ERY) = Sy (R,

which, endowed with the norm
d 1/2
1fllg.a := (Z ||f,-||,’%;) . [ e FRERY,
i=1

is also a separable Hilbert space. Furthermore, the norm on Z% (Y (R?: R9)) will be denoted
by || - ”sz' We define the coefficients L : G — H and A’ : G — Hj for j € N of the
SPDE (1.1) as

d d
1
L(y) =5 D (o) y) iy = 3 (bi 3y, (5.10)
i,j=1 i=1
Ay ==Y (o] .y, jeN, (5.11)

i=1

where (-, -) denotes the dual pair on f_(p“)(Rd) X yp+1(Rd); see [5, Lemma B.3] and
also [5, Rem. 3.4]. Furthermore (o, y) € €2(R?) is given by (0, y) := ((0/, y)) jen, where
for ¢ € 5”_(,,+1)(Rd; R?) we define {(c, y) € R as (¢, y) := ({¢i» Y))i=t....d- Recalling the
notation introduced in Remark 5.1, it is obvious that L. : G — H is continuous. Furthermore,
according to [5, Lemma 6.8] the sequence A := (A/) jeN provides a continuous mapping
A: G — (2(Hp).

Remark 5.8 Note that the mapping A : G — £%(Hy) generally does not satisfy the smooth-
ness assumption imposed in Theorem 3.15, where it is required that for every j € N the
mapping Al € C(G; Hy) admits an extension A € C'(Hy; H). Indeed, for this we would
needthatforalli =1, ...,dandall j € N the continuous linear functional (Uij, 3:G—=R
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admits a continuous extension (o , ) : Hy — R, and this is only true if we make the stronger

assumption ¢ € Zz(y_(p+%)(R s RY)).

Let® € G bearbitrary, and denote by ¢ € C2(R¢; H) the orbit map givenby ¥ (x) = 7, ®
for each x € R?. Due to the results from [3, Sec. 3.2] we are in the mathematical setting of
Section 5.1. In particular, by [5, Prop. 3.42] we have Hy C D(—d) and G C D((—9)?). Let
N be an m-dimensional C2-submanifold of R, and let.# be an m-dimensional (G, Hy, H)-
submanifold of class C2, which is induced by (¢, .#). Recall that this requires that /| 4 :
N — ¥ (A) is a homeomorphism, and that ¥ is a C 2_immersion on 4.

Theorem 5.9 The following statements are equivalent:

(i) The submanifold .# is locally invariant for the SPDE (1.1).
(ii) The submanifold W is locally invariant for the R¢-valued SDE

{dXt = b(X)dt + 5(X,)dW;

Xo = xo. (5.12)

where the continuous mappings & - R¢ — (2(R?) and b : R? — R? are defined as
5/ := (o), ¥()), jeN, (5.13)
b= (b, Y("). (5.14)
Proof Noting the definitions (5.11) and (5.10), this is a consequence of Theorem 5.2. O

Proposition 5.10 Suppose that the following conditions are fulfilled:

(1) The submanifold .# is locally invariant for the SPDE (1.1).

(2) The submanifold A has one chart with a global parametrization ¢ : V — N.

(3) The open set V is globally invariant for the R™-valued SDE (5.4), whose coefficients
a:V — C2R™) and £ : V — R™ are the unique solutions of the equations

6|y =@sal, jeN,

_ 1 o
bly =@l + > X}w**(a/, a’),
J:

where the continuous mappings & - RY — 2(R?) and b : R? — R? are given by (5.13)
and (5.14)

Then the submanifold . is globally invariant for the SPDE (1.1), and the submanifold N
is globally invariant for the SDE (5.12).

Proof This is a consequence of Proposition 5.3. O

Now, we will construct some examples of induced submanifolds which are invariant for the
SPDE (1.1) with coefficients given by (5.10) and (5.11). Recall that b € 5’_(1,4_1)(]1%‘1; R%)
and 0 € ﬁz(y_(pﬂ)(]Rd; R%)), and that (-, -) denotes the dual pair on y_(p+1)(Rd) X
i1 (R). In each of the upcoming examples, we will impose conditions on the choice
of p. Also recall that R” x {0} ¢ R? denotes the subspace R” x {0} = linfey, ..., en},
where e, ...,e, € R4 are the first m unit vectors. The following examples of invariant
submanifolds are consequences of Theorem 5.9, Proposition 5.10 and [5, Ex. 3.48] with
k = 2. For the first example, recall that every finite signed measure © on (R4, B(R?)) may
be regarded as a distribution u € .%), (RY) for each p< —4: see [5, Lemma B.13].
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Example 5.11 (Distributions given by measures) The collection of Dirac measures
M= {8 : x e RY)

is the prime example of an invariant submanifold. It is known that §, € /), (R?) ifand only if
p<-— %; see [35]. We generalize the preceding result as follows. We choose p € R such that
p+1< —%, and let ® = . € G be a finite signed measure on (RY, B(R%)) with compact
support such that w(RY) £ 0. Furthermore, setting A := R™ x {0} we assume that for all
x € N we have

(b, Top) € N, (5.15)
(o, tep) € ¥, jeN. (5.16)
Then the set
M=Y (N ) ={tpu i x €M)

is an m-dimensional (G, Hy, H)-submanifold of class C* with one chart, which is globally
invariant for the SPDE (1.1). The global invariance follows from Remark 2.9, because the
coefficients a : R™ — (2(R™) and £ : R™ — R™ are bounded by virtue of [5, Lemma
B.13].

For the next example, recall that every polynomial f : RY — R in several variables with
deg(f) = n for some n € Ny may be regarded as a distribution f € yp(Rd) for each
p< —% — 7 see [5, Lemma B.14].

Example 5.12 (Distributions given by polynomials) We choose p € R such that p + 1 <

—% — 5 for some n € N such that m < n < d, and let & = f € G be the polynomial
f:RY — R given by f(x) = x1 -...-x,. Furthermore, setting A = R™ x {0} we assume

that for all x € N we have

(b, e f) €N, (5.17)

(o), 1 f) e, jeN. (5.18)
Then the set

Mo=Y(N)={t f:x € N}

is an m-dimensional (G, Hy, H)-submanifold of class C* with one chart, which is locally
invariant for the SPDE (1.1). If m = n = 1, which means that /" = R x {0} and f(x) = xy,
then ./ is even globally invariant for the SPDE (1.1). Taking into account Remark 2.9, this

Sollows from [S, Lemma B.15], which ensures that the coefficients a : R" — 2@R™) and
£ R™ — R™ satisfy the linear growth condition.

For the next result, recall that .7, R ¢ Cé (R?) for each p > % + % This is a conse-
quence of the Sobolev embedding theorem for Hermite Sobolev spaces; see [5, Thm. B.19].

Example 5.13 (Distributions given by C!-functions) We choose p € R such that p + 1 >
% + %, and let ® = ¢ € G be arbitrary. Setting A = R™ x {0}, we assume there are

sy 2Zm € R? such that the matrix 0;9(zj))i, j=1,...m € R"™ ™ is invertible, and we
assume that for all x € AN we have
(b, xp) € N, (5.19)
(0!, 1) e N, jeN, (5.20)
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Then the set
M= Y(N) ={tep:x €N}

is an m-dimensional (G, Hy, H)-submanifold of class C* with one chart, which is locally
invariant for the SPDE (1.1). Note that the invertibility of the matrix (8;¢(z;))i, j=1,..., 1
required in order to ensure that  is an immersion on /N ; see [5, Prop. 3.47]. If b; € L2(RY)

fori=1,...,d andoij € Lz(Rd)fori =1,....,dand j € N, then .# is even globally
invariant for the SPDE (1.1). This follows from Remark 2.9, because, recalling that L*(R?) =
Fo (R, by [5, Lemma B.16] the coefficients a : R™ — L2@R™) and € : R™ — R™ are

bounded.

Remark 5.14 Note that in each of the previous examples we have considered the submanifold
N = R"™ x {0}, which ensures that in any case the assumptions from [ 5, Ex. 3.48] concerning
N are fulfilled. Since the submanifold A is a linear space, in any case the respective
conditions (5.15)—(5.16), (5.17)—(5.18) or (5.19)—(5.20) ensures that A is locally invariant
for the SDE (5.12); see Corollary 3.9. Of course, we can also consider other choices of
the submanifold A such that the assumptions from [5, Ex. 3.48] are fulfilled. In particular,
noting Theorem 3.4, in the situation of Example 5.11 we can choose any m-dimensional
C2-submanifold N of R? such that

&y eD(TH), jeN,

o0

_ 1 S
(bl Iy = 5 Zl[ofu,awu = [0lrr.r),
j=
where the continuous mappings & : R4 — (2(R?) and b : RY — R4 are defined as
6j(x) = (Gj, ), jeN,
b(x) :== (b, Ty )

for each x € RY.

Remark 5.15 Consider the particular situation m = d, &/ = R? and ® = 8y, which is
covered by Example 5.11. Then, by [5, Lemma B.12] the invariant submanifold is given by

M= {8 1 x € R},
and the coefficients of the SDE (5.12) are simply given by b = b and 5 = o.

Remark 5.16 Note that the findings of this section are in accordance with [32, Lemma 3.6],
where it was shown that solutions to the SPDE (1.1) with coefficients (5.10) and (5.11) can
be realized locally as Y; = tx, ® with an R4 -valued It6 process X.

6 Interplay between SPDEs and Finite Dimensional SDEs

In this section we illustrate how our findings from the previous Section 5.3 can be used in
order to study stochastic invariance for finite dimensional diffusions. Consider the R?-valued
SDE

:dX, = b(Xy)dt + o (X;)dW; ©.1)

Xo = xo
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with measurable mappings b : R — R and o : RY — ¢%(R?). We assume that for some
q > % we have b € Yq(Rd; RY) ando € Zz(,}”q(Rd; R%Y).

Remark 6.1 Note that sufficient conditions for the assumption that the components of b and
o belong to .7, (R?) are provided by [5, Prop. B.21 and Cor. B.22].

Lemma6.2 Themappingsb : R? — R ando : R — €*>(R?) are continuous and bounded.

Proof By the Sobolev embedding theorem for Hermite Sobolev spaces ([5, Thm. B.19])
the mapping b : RY — R? is continuous and bounded, and for each j € N the mapping
o/ :R? — R? is continuous and bounded. Let x € R and j € N be arbitrary. By [5, Thm.
B.19] we have

o/ (Ol < Cllo?’llg,a

with a universal constant C > 0. Therefore, by Lebesgue’s dominated convergence theorem
the claim follows. u

Consequently, by Remark 2.9 for each xo € R there exists a global weak solution X to
the SDE (6.1) with Xo = xo. Let .4 be an m-dimensional C2-submanifold of R? for some
m < d. Taking into account Remark 5.15, our idea is to link invariance of the submanifold
A for the SDE (6.1) with invariance of the submanifold .# for the SPDE (1.1) in Hermite
Sobolev spaces, where . is defined in (6.2) below. For this purpose, we set p := —(g + 1).
Thenwe haveg = —(p+ 1) aswellas p+ 1 < —%, and hence, we can consider the SPDE
(1.1) with coefficients (5.10) and (5.11) in the framework of the previous Section 5.3 with
G =7_4R), Hy = y_(q%)(Rd), H = 7 (44+1(R?) and ® = &. As pointed out in
Remark 5.15, then the coefficients of the SDE (5.12) are simply givenby b = band 6 = o,
and hence, the SDE (6.1) from this section coincides with the SDE (5.12). By [5, Lemma
B.12], the orbit map ¥ € C2(R?; H) is given by ¥ (x) = 8, for each x € R?. Therefore, by
[5, Ex. 3.48] with k = 2 the set

M= Y(N) ={6y 1 x € N} (6.2)

is a d-dimensional (G, Hy, H)-submanifold of class C2, which is induced by (¢, A4"). The
following result shows how local invariance of the submanifold .4 for the SDE (6.1) is
connected with local invariance of the submanifold .# for the SPDE (1.1).

Theorem 6.3 The following statements are equivalent:

(i) The submanifold .# is locally invariant for the SPDE (1.1).
(i1) The submanifold A is locally invariant for the SDE (6.1).

Proof Taking into account Remark 5.15, this is a consequence of Theorem 5.9. O

Proposition 6.4 Suppose that the submanifold .4 is locally invariant for the SDE (6.1). Then
the following statements are true:

(1) If the submanifold .4 has one chart with a global parametrization ¢ : V — A, and
the open set V is globally invariant for the R™-valued SDE (5.4), whose coefficients
a:V — C2R™) and £ : V — R™ are the unique solutions of the equations

ol|ly =@sal, jeN,

1 o
bly = @l + E X]:q)**(a/, al),
J:
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then the submanifold .# is globally invariant for the SPDE (1.1), and the submanifold
N is globally invariant for the SDE (6.1).

(2) If the submanifold N is closed as a subset of RY, then it is globally invariant for the
SDE (6.1).

Proof The first statement is a consequence of Proposition 5.10. In the situation of the second
statement, let xo € .4 be arbitrary, and let X be a global weak solution to the SDE (6.1) with
Xo = xo. We define the stopping time

t:=inf{r e Ry : X; ¢ A7},

and, since ./ is closed as a subset of R?, arguing by contradiction we can show that P(t =
o0) = 1; see, for example, the proof of [15, Thm. 2.8]. O

Consequently, when we are interested in proving local invariance of the submanifold .4
for the SDE (6.1), we can alternatively show local invariance of the submanifold .# for the
SPDE (1.1), which turns out to be simpler in certain situations. We illustrate this procedure
in the upcoming two subsections, which are organized as follows: In Section 6.1 we treat
the invariance of submanifolds for coefficients given by vector fields, and in Section 6.2 we
investigate the invariance of submanifolds given by the zeros of smooth functions.

6.1 Coefficients given by Vector Fields

For the following results, consider the conditions
bly e (T), 6.3)
olly eT(TH), jeN. (6.4)
We are interested in finding an additional condition ensuring that .4 is locally invariant
for the SDE (6.1). In the general framework of Section 3, such a condition is provided by

Proposition 3.8. In the present situation, we will establish another equivalent condition by
using the connection to the SPDE (1.1). For each j € N we define A’ : Hy x G — H as

d

Al(y,2) == (o], 2y, (v.2) € HoxG.
i=1

Then we have
Al(y)=A/(y,y) forally e Gandj€N.

Concerning the notation used in Egs. 6.5 and 6.6 below, we refer to Definition 3.2. By virtue
of [5, Lemma 6.8] the series Z(/”:] A’ (A7 (y), y), which appears in (6.6), is well-defined for
eachy € G.

Theorem 6.5 Suppose that conditions (6.3) and (6.4) are fulfilled. Then the following state-
ments are equivalent:

(i) A is locally invariant for the SDE (6.1).
(ii) We have
o
>l lv. ol Ly = 0lrar).- (6.5)
j=1
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(iii) We have
S (AL A )a =AY A O, N Iea.ay) = O0leay.— (6.6)
Jj=1

Proof (i) < (ii): This equivalence is a consequence of Proposition 3.8.
(i) < (iii): By [5, Lemmas 7.5 and 3.36] we have

Ally eT(T#), jeN,

o0

1 L
_ - JeAI (Y .
Ly ZZA (AV(), ). € T(T ).
j=1
The latter relation shows that
o0

1 . .
(LLalreay =5 D 1A Las AL )a
j=1

s . . o
= 23 (A AL =T AT O ).
j=1
and thus, the stated equivalence is a consequence of Theorem 6.3 and Theorem 3.4. O

If the submanifold .4/ is affine, then it is locally invariant for the SDE (6.1) if and only if
we have (6.3) and (6.4). This is a consequence of Corollary 3.9. More generally, we have the
following result. Recall that I'*(7.4") denotes the space of all locally simultaneous vector
fields on .17; see [5, Def. 3.11].

Proposition 6.6 Suppose that

bly e (TH), (6.7)
olly eT(T.), jeNl. (6.8)

Then the submanifold .V is locally invariant for the SDE (6.1).

Proof By [5, Lemmas 7.5 and 3.36] we have

Ally eT(T M), zed, jeN, (6.9)
1 -,
Lia =5 Z}AJ (AT (), )Ny e T(T M), (6.10)
]:

where I'; (T .#') denotes the space of all local vector fields on .# around z; see [5, Def. 3.10].
Using the decomposition [5, Prop. 3.25, eqn. (3.4)], we obtain

(A ANy = TAT (AT (), ) Irmys jeEN

Therefore, condition (6.6) is fulfilled, and hence, by Theorem 6.5 the submanifold .4 is
locally invariant for the SDE (6.1). O

Remark 6.7 Once we have established (6.9) and (6.10), alternatively we can also use Theorem
3.16 and Theorem 6.3 in order to conclude the proof of Proposition 6.6.
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Remark 6.8 Consider the R -valued Stratonovich SDE

{dXﬁ:d&ﬁﬁ+UﬂﬂodW

Xo = xo (6.11)

with a continuous mapping ¢ : R — R, It is well-known that the submanifold N is locally
invariant for the Stratonovich SDE (6.11) if and only if

cly e (TN,
olly eT(TN), jeN,

see, for example [27, Cor. 1.ii]. In Proposition 6.6 we present similar conditions, namely
(6.7) and (6.8), which are sufficient for local invariance of the submanifold N for the Itd
SDE (6.1).

For the following results we will assume that even o € eZ(yq + (R?; R?)). Note that

P+ % =—(q+ %) and g + % =—(p+ %), which shows that
Hy =7, 1(]R)_ “(g+) L (RY).

According to [5, Lemmas 7.10 and 7.11], foreach j € N the mappings AJ 1 Hy — H and
o/ : RY — R? are of class C!, and the series Z;il DA’ - AJ and 2?0:1 Do/ - o/ are
convergent.

Remark 6.9 Ifo € 02 (Ytﬁ_% (R4: RY)Y), then the It6 SDE (6.1) can equivalently be expressed
by the Stratonovich SDE (6.11), where the continuous mapping ¢ : RY — R? is given by

1 S
c:b—EZDUJ ol (6.12)

Proposition 6.10 Suppose that o € Kz(fq + (R4; RY)). Then we have the decomposition

Y DA Ay =) AAO), ) + w*(z Do’ - o-’u). (6.13)

Jj=1 Jj=1 J=1
Proof Let j € N be arbitrary. By the Leibniz rule we have
DAY (y)z = Al (y,2) + AV(z,y), vy,z€G,
and hence
DAY (AT (y) = Al (y, AT (1)) + A/(AT (). 7). y€G.
Now, let y € .# be arbitrary. Then we have y = §,, where x := ¥~ !(y) € .#. Therefore,
by duality we obtain
d

d d
Ay, A () ==Y (o] ATy = DD (o (o )iy
i=1 i=1 k=1
d d

d
Z 8kal . y) O'k v)3iy = Zzakal:/(x)al'(/(x)(?iy

1 k=1 i=1 k=1

M:_

i

(ei, Dol (x)o ! (x))d;y

I
.[\'1&

Il
-
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Therefore, for all y € .# we obtain

o0 [eS) d o0
Y DAIMAI () =) A A, )= <el-, Y Do’ (x)o’ (x)>a,-y.
j=1 j=1 i=1 j=1

Consequently, using [5, Prop. 3.43] completes the proof. O

Proposition 6.11 Suppose that o € Zz(qur%(Rd; R?)). If conditions (6.3) and (6.4) are
fulfilled, then the following statements are equivalent:
(i) The submanifold JV is lqcally invariant for the SDE (6.1).
(i) We have Z(;O:l Do/ -ol| 4y e T(TN).
(iii) We have c| 4 € T(T.AN), where the continuous mapping ¢ : RY — R? is given by
(6.12).

If any of the previous conditions is fulfilled, then we have

I -
Lla =5 ANA ). ) = Yubly € T(TA0),
j=1

1 & o
Lla =5 ZlDA] ANy =Yl y € D(T.A),
i

and the difference is given by

1 -, 1 & o
(LM -5 2 A, JI//) - (LL/// — 52 DA ~AJIL//)
j=1

j=1

- %¢*<Zpai .afu) e D(T.A).

j=1

Proof Noting [5, Lemma 7.10], the equivalences (i) < (ii) < (iii) are a consequence of
Theorem 3.15. The additional statements follow from [5, Lemma 7.5] and the decomposition
(6.13) from Proposition 6.10. ]

Consequently, we see the following connection between the coefficients of the SDE (6.1)
and the associated SPDE (1.1). The vector field in (3.23) corresponds to the drift b, and the
vector field in (3.21) corresponds to the Stratonovich corrected drift ¢. Furthermore, we have
computed the difference between these two vector fields, which in the general situation has
been determined in Remark 3.17.

6.2 Submanifolds given by Zeros of Smooth Functions

Now, let .4 be a (d — n)-dimensional C2-submanifold of R? for some n € N such that
n < d. We assume there exist an open subset O C R? and a mapping f : R? — R” such
that

A ={xe0: f(x)=0} (6.14)
Concerning the components of f we assume that f; € qu(Rd) forallk = 1,...,n.
Recalling that g > %, by the Sobolev embedding theorem for Hermite Sobolev spaces (see
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[5, Thm. B.19]) we have f € CZ(R?; R"). We also assume that Df (x)R? = R” for all
xeN.

Remark 6.12 Note that the structure (6.14) of the submanifold does not mean a severe restric-
tion. Indeed, it is well-known that for every xo € ./ there are an open neighborhood O C R?
of xo and a mapping f € C2(0; R") such that Df (x)R? = R” forall x € O and

oNA ={xe0O: f(x)=0}.
For what follows, for a function g € C!'(R?; R) we denote by Vg(x) the gradient at some

point x € R4, and for a function geC 2(R4; R) we denote by Hg (x) the Hessian matrix at
some point x € R,

Theorem 6.13 The following statements are equivalent:

(i) The submanifold ./ is locally invariant for the SDE (6.1).
(ii) Forallk =1,...,nandall x € N we have

(07 (x), Vf(x)) =0, jeN, (6.15)

1
(b(x), V fi(x)) + Etr(a(x)o(x)Tka (x)) =0. (6.16)
Before we provide the proof of Theorem 6.13, let us state some consequences.

Proposition 6.14 Conditions (6.3) and (6.4) are satisfied if and only if forallk = 1,...,n
and all x € N we have

{0/ (), Vfi(x)) =0, jeN,
(b(x), V fr(x)) =0,
and in this case, the following statements are equivalent:

(i) A is locally invariant for the SDE (6.1).
(ii) Forallk =1,...,nandall x € N we have

tr(o (x)o (x) "Hy, (x)) = 0.

Proof The first equivalence follows from [5, Lemma 3.17], and in this case, the equivalence
(i) < (ii) is a consequence of Theorem 6.13. O

Corollary 6.15 (Unit sphere) Let d > 2 be arbitrary, and consider the unit sphere S*~1 =
{x e R? : ||x|| = 1}. Then the following statements are equivalent:

(i) S?=1 is globally invariant for the SDE (6.1).
(i) 91 is locally invariant for the SDE (6.1).
(ili) For each x € S*~! we have

(0/(x),x) =0, jeN, (6.17)

(b(x), x) + %tr(o(x)o(x)—r) =0. (6.18)

Proof (i) < (ii): Since S?~! is a closed subset of RY, this equivalence follows from Propo-
sition 6.4.

@ Springer



R.Bhaskaran and S. Tappe

(ii) < (iii): By [5, Lemma B.1] there exists a function f € .7 (R?) such that
fo)=IxIP =1, x€o0,

where O C R? denotes the open set O = {x € R? : ||x|| < 2}. Furthermore, the unit sphere
S?1isa (d — 1)-dimensional submanifold having the representation

S l={xe0: fx)=0}.
For each x € O we obtain
Vf(x)=2x and Hpy(x)=2Id,

which in particular shows that Df (x)R? = R forall x € S?~!. Therefore, applying Theorem
6.13 completes the proof. O

Example 6.16 (Stroock’s representation of spherical Brownian motion) Let SY~! be the unit
sphere in RY, and consider the R? -valued Stratonovich SDE

dX; = (d — X, X,)) o dW,
{ Xo — xo (6.19)

with an R? -valued Wiener process W see [20, Example 3.3.2]. With our notation, the volatil-
itiesal, ..., 09 : R4 > RY are given by

(Tj(x):(S,'j—x,'Xj),:] ,,,,, d:ej—xjx, jZ],..‘,d.

Let us compute the corresponding It6 dynamics. For this purpose, let x € R? be arbitrary.
Then we have
diod (x) = =8ijx —xjer, i,j=1,....d,
and hence, for each j = 1, ..., d we obtain
d d
Do’ (x)o! (x) = Y01 ()07 (x) = = Y " (8ij — xix;)(Bijx + xje1)
i=1 i=1
d
= — Z(Si./’x + Sijxje[ — x,-xjé,-jx — x,-sz-e,-)
i=1
d
=—Xx —Xxje; +x]2-x —}—sz-ine,- =—Xx —Xxje; +2x]2-x.
i=1

Therefore, we have

d
Y Dol ()0 (x) = —dx — x +2|lx|*x = —(d + 1 — 2|lx|*)x.
j=1

In particular, for x € S?! we obtain

d—1
2

X.

d
% Y Dol (x)ol(x) =~

j=1
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Therefore, we may alternatively consider the R -valued It6 SDE

{ dX, = —41X,dt + (1d — X, X )dW, (6.20)

Xo = xo,

cf., for example, equation (2.1) in [26]. Using Corollary 6.15, we will show that the unit
sphere ST~V is globally invariant for the SDE (6.20). First, note that the SDE (6.20) is of the
form (6.1). Let O C RY be the open set O = {x € R? : ||x|| < 2}. By virtue of [5, Lemma
B.1] there exist b; € .7, (Rd), i=1,...,d such that

d—1
b(x) = — x, x€O0,
2
where b = (b;)i=1,....q, and there exist o;j € .7/, (Rd), i,j=1,...,d such that
T

ox)=Id—xx', xe€O0,

where o = (0i});, j=1,...a- Hence, we may assume that the coefficients b : RY - RY and
o : R?Y — R4 of the SDE (6.1) are given by these mappings with components from
“y (RY). Now, let x € S~ be arbitrary. Since the matrix o (x) is symmetric, taking into
account the identification R¢ = RY*! we have

a(x)Tx =o(x)x ={d — xxT)x =x—xx'x= x(1— xTx) =x(1-— ||x||2) =0.

Tx = |x||* = 1, we obtain

Furthermore, since x
a(x)a(x)T = U()c)2 =({d — xxT)2 =1d — 2xx " +xxxx"
=Id—xx' = o(x).
Therefore, we have
tr(c()o () ) =tr(ld—xx") =d — |x|* =d - 1,
and hence

b 1 Ty d-1 d-1_/
( (X),x>+§tr(o(x)o(x) )__TJrT_ .

Consequently, by Corollary 6.15 the unit sphere S~V is globally invariant for the SDE (6.20).

Example 6.17 LetS' be the unit sphere in R2, and consider the R2-valued SDE (6.1) driven
by a one-dimensional Wiener process W, where the coefficients b, o : R — R? are given
by

b(x) := —%x(x)zx, 6.21)
o (x) = A(x)(—x2, x1) | (6.22)

with an arbitrary continuous function % : R — R. Then for each x € R* we have

2
a(x)o(x)T=A(x)2< 2 _x£x2>,

—X1X2  X]
and hence

tr(o () () ") = a0 |x 12 (6.23)
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Therefore, the conditions (6.17) and (6.18) from Corollary 6.15 are fulfilled. As in the previous
example, let O C R? be the open set O = {x € RZ : x| < 2} If there are functions
bi,6; € Sy(RY), i = 1,2 such that b;|o = bi|o and oilo = Gilo for each i = 1,2, then
we can apply Corollary 6.15 and obtain that the unit sphere S is invariant for the SDE (6.1).
Otherwise, we can use Theorem 3.4 as follows. Setting N = S', for each xy € N a local
parametrization of A around xq is given by

d:V>UNN, ¢@) = (cos@),sin))",
where V- C R is a bounded, open interval. Note that
¢ (1) = (—sin(r), cos(t)) |, te€V,
¢ (t) = —(cos(r), sin(t)) " = —p(t), t€V.
Therefore, we have
Ty =lin{(—x2,x1) "}, x €A,

and hence o| y € I'(TN). Now, let x € U N A be arbitrary and set t := QS’l(x) e V.
Then we have

Do (1) o (x) = M(x),

which implies

lD2<1><t)(D<z><trla<x) Do) lo(x)) = —lx(x)zx = b(x)
2 ’ ) - ’

Therefore, we obtain

1
[DlyIrayy — 5[0|A/V7<7|./V],A/ = [Olr(r.r)y-

Consequently, by Theorem 3.4 with H = G = R? as well as L = b and A = o the unit
sphere S' is invariant for the SDE (6.1).

Now, we construct a function A such that none of the known results from the literature can
be applied. Namely, we define

ARE SR, AG) = |arg(x)]4,

where arg : R? — (—m, ] denotes the argument function. Then \ is continuous, which
implies the continuity of b and o. Moreover, the following statements are true:

(1) Neither b|g1 nor o|g1 are locally Lipschitz. This already excludes an application of most
of the known results.

(2) The function og : S' — R? cannot be extended to a C'-function on a neighborhood
of S'. As a consequence, results with the Stratonovich correction term %DU -0 (as, e.g.,
in [10]) cannot be applied.

(3) The function O'O'T|Sl : St — R%*2 cannot be extended to a C'-function on a neighbor-
hood of S'. As a consequence, the results from [1, 2] cannot be applied.

In order to prove these statements, let us define

¢:(—m/2,w/2) — Sl, @(t) := (cost, sint). (6.24)

@ Springer



Stochastic Partial Differential Equations and Invariant...

Due to the identity
arg(x) = arctan(xy/x1) for each x € R? with x1 >0 (6.25)
we obtain
Me(0) = larg(p)|F = |15 forall t € (=7/2,7/2).

Taking into account the definitions (6.21) and (6.22), we obtain
I 1
6Nl = Eltl2 Jorallt € (—m/2,7/2),

lo ) = [11F forallt € (~/2,7/2)

showing that neither blsi nor ol|si can be locally Lipschitz. For the proof of the second
statement, suppose, on the contrary, there are an open neighborhood O C R* withS' ¢ O
and an extension of o |s1 which is of class C 1(0). For convenience of notation, let us denote
this extension by o : O — R2. Then the norm

p:0 =R, p):=lo@]? (6.26)

is also of class C. Therefore, the function p o ¢ : (—m/2,7/2) — R is of class C' as well,
where ¢ was defined in (6.24). However, by (6.25) we obtain

(1)) = Ap())? = |arg(p(t))|2 = [t|2 forallt € (= /2, 7/2), 6.27)

which is a contradiction. For the proof of the third statement, suppose, on the contrary, there
are an open neighborhood O C R* with S' C O and an extension of O'O'T|Sl which is of
class C'(0). For convenience of notation, let us denote this extension by oo ' : O — R**2,
Then the trace

€:0—R, (x):=trlcx)ox)T)

is also of class cl. Noting that £ = p, where p as defined in (6.26), the identity (6.27)
provides the desired contradiction.

Remark 6.18 Suppose that the submanifold A is globally invariant for the SDE (6.1), and
that its complement R4\ N consists of two connected components N, and 5. Then the two
sets N1 U N and N U N are also globally invariant for the SDE (6.1), and the submanifold
N is an absorbing set in the sense that for each yy € R? we have Y € N up to an evanescent
set on [[t, oo[l, where Y denotes any weak solution to the SDE (6.1) with Yo = yo, and T
denotes the stopping time t := inf{t € Ry : Y, € A}. Some examples for the submanifold
A are as follows:

o Let N be a (d — 1)-dimensional affine hyperplane. Then there are € R and b € R
such that

N ={xeR: (x,n) =b).

By Corollary 3.9 and Proposition 6.4 the affine hyperplane A is globally invariant for
the SDE (6.1) if and only if conditions (6.3) and (6.4) are fulfilled. Its complement R\ A
consists of the two connected components

M={xeR: (x,n) <b} and N ={x eR?: (x,n) > b}.
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o Let ¥ = S be the unit sphere in RY. By Corollary 6.15 the unit sphere A is globally
invariant for the SDE (6.1) if and and only if conditions (6.18) and (6.17) are fulfilled
for each x € W . Its complement R? \ N consists of the two connected components

M=fxeR: x| <1} and M ={xeR?: x| > 1}.

o More generally, let A be a (d — 1)-dimensional submanifold of R which is compact and
connected. By the Jordan-Brouwer separation theorem its complement R% \ N consists
of two connected components N and N5.

Now, we approach the proof of Theorem 6.13. Recall that v € C>(R?; H) denotes the
orbit map ¥ = &g with ® = §g. Thus, we have ¢ (x) = §, forall x € R4, and by [5, Prop.
3.44] the mapping ¥ is a C2-immersion, and ¥ : R — y (R?) is a homeomorphism. By
[5, Ex. 3.48] the set

H =Y (0) = (8¢ : x € O} (6.28)

is a d-dimensional (G, Hy, H)-submanifold of class C 2 with one chart. Furthermore, by [5,
Ex. 3.48] the set

M= Y(N) = (8 i x € N) (6.29)

is a (d — n)-dimensional (G, Hy, H)-submanifold of class CZ, which is induced by (¥, A),
and obviously we have .# C 7.

Lemma 6.19 The submanifold ¢ is locally invariant for the SPDE (1.1).

Proof Since the open subset O is locally invariant for the SDE (6.1), this is an immediate
consequence of Theorem 6.3. O

Now, we are ready to provide the proof of Theorem 6.13. We define the operator .Z :
C*(RY) — C(R?) as

1
(Zg)(x) := (b(x), Vg(x)) + Etr(o(x)a(x)THg(x)), x e RY,

and for each j € N we define the operator .o 7 CY(RY) — C(RY) as
() (x) = (07 (x), Vg(x)), x eR%

Proof of Theorem 6.13 (i) = (ii): Let x € .4 be arbitrary. There exist a global weak solution
X to the SDE (3.16) with Xy = x and a positive stopping time 7 > 0 such that X* € .4 up
to an evanescent set. Let k = 1, ..., n be arbitrary. By Itd’s formula (see [14, Thm. 2.3.1])
we have [P-almost surely

INT INT

Ji(Xine) = fie(x) + / (Z fi)(Xs)ds + / (A fi)(Xs)dWs, teRy.

0 0
where the continuous mapping < fi : RY — ¢2(R?) is given by o/ f = (/7 fi) jen. Noting
that f;(X*) = 0, we deduce (6.15) and (6.16).
(i1) = (i): Our strategy is to prove that the submanifold .# defined in (6.29) is locally invariant
for the SPDE (1.1) with coefficients (5.10) and (5.11), and then to apply Theorem 6.3 in order
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to deduce that the submanifold .4 is locally invariant for the SDE (6.1). First, note that for
ally e # andallk =1, ..., n we have

(fi, A7) =0, jeN, (6.30)

(fks L(y)) = 0. (6.31)

Indeed, let y € .# be arbitrary. Setting x := ¥~ !(y) € .4, wehave y = 8. Thus, taking into

account the definitions (5.10) and (5.11) of the coefficients, by duality forallk = 1,...,n
we obtain

d d
(fi A1) = =D {oij. Y fier 9y Zo,, V)@ fies ¥)
i=1 i=1

d

Z 0ij ()9 fi(x) = ) fiu(x) =0, jeN

as well as

d
(fio L) = Z(o Yo ) Dij (i 053) = D (bis ¥) (s )
z] 1 i=1

d

1
=3 2. @@ iy fk(x>+2b ()3 fi(¥) = Z fi(x) = 0.

i,j=1 i=1

Now, let y € .# be arbitrary. Setting x := ¥~ '(y) € .4, wehave y = §,. Letg : V —
W N .4 be a local parametrization around x := ¥~ !(y) € 4 with W C O. By [5, Lemma
3.31] there exists an open neighborhood U C H of y suchthat¢ == o :V - UN.Z
is a local parametrization around y. Hence, the mapping ¢/ |wny : WN A — U N .4 is
a homeomorphism, and noting (6.28) the mapping ¥/|p : O — % is a homeomorphism.
Since W C O, it follows that the mapping ¥ |w : W — U N ¥ is a local parametrization
of J# around y. By Lemma 6.19 the submanifold .#" is locally invariant for the SPDE
(1.1). Therefore, by Proposition 3.11 there are continuous mappings b : W — R¢ and
& : W — ¢2(R?) which are the unique solutions of the equations

Allynw =967, jeN,
R o
Llunx =¥ub+ 5 Z Yen(G7,57).
j=1
In particular, we have
Ally eT(THy), jeN, (6.32)
where Zy := U N JZ . From these equations, it follows that
Alluna = V467 lwar. jeEN, (6.33)
_ 1 & ) )
Llvnw = wsblwor + 5 > V@ lwow . 5 won). (6.34)
j=I
Let j € N be arbitrary. Noting (6.30) and (6.32), by [5, Lemma 7.21] we obtain
Ally e D(T.ay).
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where .4y := U N.# . Therefore, taking into account (6.33), by [5, Lemma 3.34] we deduce
that

& lway € T(TMy),

where Ay := W N .#. Hence there is a continuous mappings a : V — £>(R") whose
components are the unique solutions to the equations
& lwow =¢a’, jeN (6.35)
Taking into account [5, Lemma 3.35], by (6.33) and (6.35) we obtain
Alluna = V67 lwny = Yupsa’ = ¢a’, jeN.

Furthermore, taking into account [5, Lemma 3.35], by (6.34) and (6.35) we have

_ 1 & ) )
Llvna = ¥ublwoy + 5 Zl Vs (pua? | pual)
]:
o0

1

= W*l;lwnw + B (¢**(aj, aj) - W*QD**(C’]» aj)) (6.36)
J

i—1
o0

_ 1 o 1 & o
= Vs <b|Wﬁ</V - E Z‘p**(ﬂj, Clj)) + E Z¢**(aja a’).
j=1 j=1
Taking into account [5, Lemma 7.21], we have ¢ (V) C ﬂzzl ker({ fx, -)), and hence

(pus(al, a! )W U N ) C ﬂ ker({ fx,-)) forall j € N.
k=1

Thus, noting (6.31), by [5, Lemma 7.21] we obtain

1 o
Lluna =3 qu**(af, aly e T(T.4y).
j=1
Therefore, by [5, Lemma 3.34] we deduce that

_ 1 o
blwny — 3 Zw**(a’,af) e (T My).
Jj=1

Hence, there is a continuous mapping £ : V — R” which is the unique solution to the
equation

_ 1 S
Blwoy =5 Z;“’**(“"" al) = g.L. (6.37)
j:
Therefore, using [5, Lemma 3.35], by (6.36) and (6.37) we obtain

1 & o _ 1 & o
Llvna = 5 ) _¢wla’ al) = v <b|wm =5 D _Pml@, af)) = Yugul = .

j=1 j=1

Now, by Proposition 3.11 we deduce that the submanifold .# is locally invariant for the
SPDE (1.1). Consequently, by Theorem 6.3 it follows that the submanifold .4 is locally
invariant for the SDE (6.1). ]
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Remark 6.20 As the proof of Theorem 6.13 reveals, the conditions b € .7, (R R and o €
Zz(yq (RY; RY)) are only required for the implication (ii) = (i), whereas for the implication
(i) = (ii) we merely need that b : R? > R? and o : RY — ¢2(R?) are continuous.
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