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Abstract

By using a regularity approximation argument, the global existence and uniqueness are
derived for a class of nonlinear SPDEs depending on both the whole history and the distri-
bution under strong enough noise. As applications, the global existence and uniqueness are
proved for distribution-path dependent stochastic transport type equations, which are arising
from stochastic fluid mechanics with forces depending on the history and the environment. In
particular, the distribution-path dependent stochastic Camassa-Holm equation with or with-
out Coriolis effect has a unique global solution when the noise is strong enough, whereas for
the deterministic model wave-breaking may occur. This indicates that the noise may prevent
blow-up almost surely.

Keywords Distribution-Path Dependent Nonlinear SPDEs - Stochastic transport type
equation - Stochastic Camassa-Holm type equation

Mathematics Subject Classification (2010) Primary: 60H15 - 35Q35; Secondary: 60H30 -
35A01

1 Introduction

To describe the evolutions of stochastic systems depending on the history and micro envi-
ronment, distribution-path dependent SDEs of the following type

dX (1) = b(t, X;, Lx)dt + 0 (t, X;, Lx)dW (1), X(©0)=XoeRY, 1€[0,T] (1.1)
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have been studied intensively investigated, see for instance [1-6] and references therein.
However, the existing study in the literature does not cover distribution-path dependent non-
linear SPDEs containing a singular term which is not well-defined on the state space. The
main purpose of this paper is to solve a class of such SPDEs including transport type fluid
models.

Nowadays there is a vast amount of literature on stochastic fluid models under random
perturbation, and we do not attempt to survey it here. Instead, we recommend readers to refer
to the lecture notes [7, 8] and the monographs [9, 10]. On one hand, in the real world, it is nat-
ural that random perturbations may rely on both the sample path due to inertia and averaged
stochastic interactions from the environment. On the other hand, almost nothing is known
if the randomness in stochastic fluid models also depends on the distribution and path of
unknown variables, i.e., distribution-path dependent stochastic fluid models. For such prob-
lems, the fundamental question of well-posedness (even merely the existence) of solutions
remains open. Although both linear and nonlinear (distribution-path independent) stochastic
transport type equations have been intensively investigated (see for example [11-18]), there
has been no study on distribution-path dependent stochastic transport type equations.

To study distribution-path dependent stochastic fluid models, we may need extend (1.1)
to infinite dimensional case, i.e., assuming that X takes value in a separable Hilbert space
HL. If this is the case, a singular term, which is not well-defined on Hl, may occur and the
existing study in the literature does not cover this case. More precisely, we consider the case
that (1.1) contains one more singular drift term B taking value in a larger separable Hilbert
space B such that H — B, i.e.,
dX(®) = {B@t, X)) + b(t, X;, Lx)}dt + o (t, X;, Lx)dAW (1), 1 €[0,T], s
X(0) = Xo € H. (12)

Indeed, when we consider certain stochastic fluid models in Sobolev spaces H = H?, if
B(t, X (1)) involves VX or some derivatives of X (see Examples 1.1 and 1.2), then B(¢, X (1))
may not be expected to be in H = H?®. Particularly, when B (¢, X (1)) = —(X(t) - V)X (¢),
(1.2) reduces to the following transport type equation
dX (1) = {=(X @) - V)X (1) + b(t, X;, Zx,)} dt + 0 (t, X;, Lx,)AW (1), 1 € [0, T],
X(0) =X € H'.

(1.3)

We refer to Sections 1.1 and 1.2 for the precise meaning of the notations and precise setting

of (1.2) and (1.3), respectively. Before going further, we would like to explain that working
with the abstract framework in (1.2) entails some difficulties:

(a) We assume that the coefficients B, b and o are locally Lipschitz in X since we want
to cover some stochastic fluid models in the abstract system (1.2). As a result, we do
not a priori know that the solution exists globally in time. This brings us an essential
difficulty. Indeed, the distribution, as a global object on the path space, does not exist
for explosive stochastic processes whose paths are killed at the life time. Therefore,
to investigate distribution dependent SDEs/SPDEs, we have to either consider the non-
explosive setting or modify the “distribution” by a local notion (for example, conditional
distribution given by solution does not blow up at present time).

(b) We will have to localize the coefficients (by using stopping times) when we need to fix the
changing Lipschitz constants since they are only locally Lipschitz in X. For instance, this
happens when uniqueness is considered. Then, we will be confronted with the difficulty
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that distribution can not be controlled by any local condition, again. We need to identify
some appropriate topology under which the distribution can be measured locally.

(c) Because of the singular term B(¢, X), compared to classical case, the Itd formula is no
longer available. Indeed, to estimate || X ”%1’ to use the It6 formula in a Hilbert space
(cf. [19]), the H inner product (B(z¢, X), X )y is required to be well-defined. But it is
not because we only assume that B takes value in B <— H. Likewise, to apply the 1td
formula under a Gelfand triplet ([20, 21]), the dual product g (B(¢, X), X)p+ needs to be
well-defined, where B* is the dual space of B with respect to H. Because H < B, we
see that B* < H. However, we do not a priori know that the solution X takes value in
B* because we only assume X (0) € H.

The first major goal of this paper is to establish an abstract framework for (1.2). The
second goal of this work is to apply the abstract theory for (1.2) to (1.3), which gives some
new results for some ideal fluid systems.

e To achieve the first goal, we introduce the precise assumptions in Section 1.1 (see
Assumption (A)). Then, we provide our main results for (1.2) in Theorem 1.1. The key
requirements for the proof are the assumption on the existence of appropriate Lipschitz-
continuous and monotone regularizations for the singular term B. For difficulty (a), in this
paper, we restrict our attention to the non-explosive case only. To this end, we assume
that the noise grows fast enough (cf. A3z), and then we will show that the blow-up of
solutions can be prevented. For difficulty (b), we introduce a “local” Wasserstein dis-
tance (see (1.7)) and assumption (As) to measure the difference of two measures, which
enables us to prove uniqueness. By introducing a mollifier satisfying certain estimates
(see assumption Ay4), we can overcome difficulty (c).

e With the general framework at hand, for nonlinear stochastic transport type equations,
we are able to construct such regular approximation schemes by using mollifying oper-
ators and establishing a commutator estimate (see Lemma 4.1). From this, we can verify
the assumptions introduced in Section 1.1 and obtain global existence and uniqueness
of solutions in Sobolev spaces. This result is stated in Theorem 1.2. Two examples of
Theorem 1.2 are given. The first one, cf. Example 1.1, is a general nonlinear stochas-
tic transport equation, and the second one is the distribution-path dependent stochastic
Camassa-Holm equation with or without Coriolis effect, cf. Example 1.2.

1.1 A General Framework

Let H, U be two separable Hilbert spaces and let {W (¢)};c(0,7] be a cylindrical Brownian
motion on U with respect to a complete filtration probability space (2, {Z;};>0, P), i.e.

Wty =Y B e, 1€l0,T]

i>1

for an orthonormal basis {e; };>1 of U and a sequence of independent one-dimensional Brow-
nian motions {,8’},-21 on (2, {Z:}i>0,P). Let £L2(U; H) be the space of Hilbert-Schmidt
operators from U to H with Hilbert-Schmidt norm || - || 2, (u;m). Throughout the paper we fix
the separable Hilbert space U and a time T > 0.

For a Banach space M, we denote by 67 v := C([0, T]; M) the path space. We also
consider the weakly continuous path space

CK%UM :={£ : [0, T] — M is weak continuous} .
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Both €7 v and €}y, are Banach spaces under the uniform norm

1§l = SUP 1§ @) lIn-

t€(0,

Then we let 277, be the sets of probability measures (with weak convergence topology) on
€y Denote P21 v = {u € 2% - w(€r m) = 1}. Forany N > 0, we let

Gy =E € Gy 16T S NY. PEyy =l € PPy (@ n) = 1). (1.4)
Forany map & : [0, T] — M and ¢ € [0, T], the path ;(§) of & before time ¢ is given by
(&) =& [0, T] > M, &(s):=&(As), sel0,T].
Then the marginal distribution before time 7 of a probability measure u € 27y, reads

W = [ ont_l.

Let .Z; stand for the distribution of a random variable £. When more than one probabil-
ity measure are considered, we denote .Z; by .Z;p to emphasize the reference probability
measure [P. Throughout the paper, I stands for the identity mapping.

Consider the following nonlinear distribution-path dependent SPDE on H:

dX (1) = {B@t, X)) + b(t, X;, Zx)}dt + 0 (1, X;, Lx,)dW (@), 1€[0,T],

where, for some separable Hilbert space B with H << B (“ << " means the embedding
is compact),

B:[0,T]xHx Q— B,

b:[0,T] x 6y x PryxQ— H, (1.5)

0 [0, T]1x Gry x Pry x QL — Lo(U; H)

are progressively measurable maps.

Definition 1.1 The (strong) solution and weak solution to (1.2) are defined as follows:
(1) A progressively measurable process X1 := {X(#)}:c[o,7] on H is called a solution to
(1.2), if it is continuous in B and P-a.s.

t

t
X(1) = X(0)+/ {B(s, X(5)) + b(s, X‘v,-i”xs)}dS-I-/ o(s, Xy, Lx)dW(s), 1 € [0, T],
0 0

where f(; {B(s, X(s)) + b(s, X(s), fxx)} ds is the Bochner integral on B and the stochastic
integral fé o(s, X(s), Zx,)dW(s) is a continuous local martingale on H.

(2) A couple (X7, Wr) = (X(1), W(1))refo, 1 is called a weak solution to (1.2), if there
exists a complete filtration probability space (Q, {ﬁt}po, I@’) such that Wr is a cylindrical
Brownian motion on U and X7 is a solution to (1.2) for (W, P) replacing (Wr, P).

Since both X(¢) and fo b(s, Xy, Zx,)ds + fo a(s, Xy, Lx,)dW (s) are stochastic pro-
cesses on H, so is fot B(s, X(s))ds, although B(s, X(s)) only takes values in B.

To ensure the non-explosion such that the distribution is well defined, we will take a
Lyapunov type condition (A3) below. We write V € ¥, if V e C%([0, 00); [0, 00)) satisfies

V(©0)=0, V'(r) >0and V'(r) <0forr >0, V(co) := lim V(r) = 0o
r—00
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Let Wo (-, -) be the L2-Wasserstein distance on Py 1€

Wong(uov) = inf L/ 1€ =0l T (@E, dn), v € Py,

men Jop, iy,
where €(u, v) is the set of couplings of 1 and v. Let

€ =T Ainf{t > 0: |60 = n}. & € €F (1.6)

Here and in the sequel, we set inf § = co by convention. We remark that t,é, is a continuous
(hence measurable) function in £, so that ¥ is a stopping time for an adapted random variable
w
X on 67 -
For u, v € &7 1, we introduce the “local” L2-Wasserstein distance defined by

1

2
W Jv) = inf - 2 w(dE, d . (.7
2 (14, V) mw)( fg i T VSN FAYELC n)) (1.7)

We write . € 2 o if u € Pr  and

lully = f V(IE 1% ) (dE) < oo.
Crm

In general, || - ||y may not be a norm, but we use this notation for simplicity. A subset
AC e@%/H is called V -bounded if supeq llully < oo.

Assumptions (A) Assume that H < <> B is dense, and there exists a dense subset Hy of
B*, the dual space of B with respect to H, such that the following conditions hold for B, b
and o in (1.5).

(A1) I1¢-,0,80) lm + llo (-, 0, 80) || 2, .y is bounded on [0, 7] x Q. For any N > 1, there
exists a constant Cy > 0 such that for any &, n € €7 m v and u, v € .@}/‘H,

”b(taslv Ml)_b(ts Ut,Vt)”H'f‘||‘7(l‘»§t,,uvt)_‘7(f» 7717Vz)||£2(U;H)
<Cn {||§t — el + Wo (s, Vt)}7 tel0,T]

Next, for any ¢ € Hp and bounded sequences {(§", u")}n>1 C 67,1 X 9’}/ p satis-
fying ||€" — &|lr B — 0 and u” — p weakly in &1 g as n — oo, we have P-a.s.

Jim {[s{b(, 6", ) = b, &, ), Wee | + Mo, €%, w) = o e, & udV Y llu) =0,

and for any N > 1 there exists a constant C‘N > 0 such that

sup {6, 0, s + ot n, 1) 2awm) ) < Cve
te[0,T],neCr B.N

(Ap) There exist constants {Cy, C, vy > 0 : n, N > 1} and a sequence of progressively
measurable maps
B, [0,T]xHxQ—>H, n>1

such that for alln, N > 1,

sup (1B, x) B + I Ba(r, x)|IB) < C,
te[0,T], Ixlu<N
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| Bn (2, x) — By(t, y)llm
llx = ¥l

sup {lan(f,x)llH + Ly

t€[0.T]. |IxllzVIyla=N

} =< Cn,N

Moreover, for any bounded sequence {§"},>1 in €}y with |E" — &llr s — O as
n — oo, we have

dt =0, ¢ e H.

n—oo

T
1im/0 |6(Bn (1, £" (1)) — B(t, £(1)), V)

(A3) Thereexist V € ¥ and constants K1, K» > 0 such thatforany u € &r g, t € [0, T],
Eebrmandn > 1,

VEOIED {2(Batr, 60) + bt &, 1), €W}y + 100, & 1)1 i |

V' WEDOIR o ¢, &, n)*E@) v}
1+ VIEDIZ) '

(A4) There exists a sequence of continuous linear operators {7},},>1 from B to H with

+ 2V UED IR Nl (1, &, n)* €T < Ki — Ka

1Txllm < lixllm, lim [[T,x —xllg =0, x € H, (1.8)
n—o0
such that for any N > 1, there exists a constant Cy > 0 such that
" sup 1|<TnB(t,x), T,x)ml < Cy. (1.9)
X|m=N,n>

(As5) There exist constants K, ¢ > 0 and an increasing map C. : N — (0, co) such that for
any N > 1,&§,n €€y yand p,v e Py,

(B(t.£() = B, n(). §0) = n(0)s < CnIED) =13, 1 €10.7],
and
16t &0 1) = b, e, vl + 110 (0 6 1) = 0 (1,1 v0) | 2awim)
< Cx {6 = millrs + W G, v) + Ke O (1AW s, )} 1€ 10,71,

Theorem 1.1 Let Xo € L2(2 — H, %y, P).

(i) Assume (A1)—~(A3z). Then (1.2) has a weak solution (f(T, WT) such that g&(on@ =
Lxop and

o 64 o
E [V(||XT||%H)] <2K\T + 14 — (KIT + E[V(||X(0)||§H)]) < 0.
K>

(ii) If (A4) holds, then the weak solution is continuous in H.
(iii) If (As) holds, then (1.2) has a unique solution with initial value X.

Now we give some remarks regarding the proof of Theorem 1.1 and Assumption (A).

Remark 1.1 Except for the difficulties (a), (b) and (c), we will be confronted with one addi-
tional technical obstacle. Indeed, we notice that the singular term B is in general not monotone
in the sense of [22] (see also [21]). Therefore, even coming back to the distribution-path inde-
pendent case, the Galerkin approximation under a Gelfand triple developed for quasi-linear
SPDEs does not work for the present model. To overcome this obstacle, we will take a
different regularization argument. The proof of Theorem 1.1 includes two main steps:
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Step 1:

Step 2:

Regular case. We first establish the solvability of the regular case, i.e., B = 0 (see
Proposition 2.1). In this step, we need (A1) as (A;) describes the local Lipschitz
continuity of the regular coefficients b(z, &, 1) and o (¢, &, 1) in (&, ) under the
metric induced by || - || and W5 g. We also note that, in finite dimensional space,
all norms are equivalent and hence H reduces to B and the compact embedding
H <<= B is no longer needed. Recalling the difficulty (a) mentioned before, we
restrict our attention to the non-explosive case. Hence we need the assumption (A3z),
which is a Lyapunov type condition ensuring the global existence of the solution.
Furthermore, (As) means that the dependence on the distribution of the coefficients
is asymptotically determined by the distribution of local paths, and it will be used to
prove the pathwise uniqueness. Actually, (As) is proposed to overcome the difficulty
(b).

Singular case. We will propose a regularization argument to establish existence and
uniqueness to (1.2). Therefore, in (A,), we assume that the singular term B € B
can be approximated by a regular term B,, € H with certain nice properties. The
result in Step 1 guarantees that the approximation problem (see (3.1), where B in
(1.2) is replaced by B,,) can be uniquely solved on [0, T'] for any given T > 0,
and we refer to Proposition 2.1. Then, we use the martingale approach to pass limit
to the original problem (1.2), where we need the continuity of the coefficient in
w under the weak topology (see A1). Precisely speaking, by Prokhorov’s theorem
and Skorokhod’s theorem, we can get almost sure convergence of the approximation
solutions relative to a new probability space. Then, by the martingale representation
theorem, we can identify the limit of the stochastic integral. Finally, we establish
the uniqueness, which together with the Yamada-Watanabe type result gives the
existence and uniqueness of a pathwise solution. As mentioned before, It6’s formula
cannot be applied directly to || X (¢) ||%1 (see difficulty (c)). Hence, it is not obvious
to obtain the time continuity of the solution in H. We need to mollify the equation
first by using some mollifiers. Therefore, (A4) provides certain properties of such
mollifiers.

1.2 Distribution-Path Dependent Stochastic Transport Type Equations

Letd > 1and T¢ = (R/27Z)¢ be the d-dimensional torus. Let A be the Laplacian operator
on T¢, and let i denote the imaginary unit. Then {e!*:)}, ;4 consists of an eigenbasis of the
Laplacian A in the complex Lz—space of the normalized volume measure 1 (dx) := (27) %dx

on T¢:

Aelk) = k)2l ke 79,

For a function f € L?(w), its Fourier transform is given by

FO) = () = /T e,y e B

It is well known that

and

1152 = D IFWP, feL’G, (1.10)
kezd
Y @k —m)fm) = Fetk), keZ f,ge L. (1.11)

meZd
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By the spectral representation, for any s > 0, we have

D fi=(U—A)f =" (1+kP?fe™), kezd,

kezd

fedD) =1 feL’W 1D flja, = 2 A+ kP IFER] < oo
kezd
Then
={f=1,,fa): fi e 2D, 1<i<d)}

is a separable Hilbert space with inner product

d
(f@hms == AD" fi, D@2y = Y (1+ k1) (F k), 8K)) g

i=1 kezd
Now, we recall the stochastic transport SPDE (1.3) on H*:
dX (@) = {—=(X@) - VX(@) + b(t, X;, Lx)}dt + 01, X;, Lx)dW (@), t €0, T],
where W (¢) is the cylindrical Brownian motion, and
b0, T1XCr s X Pp s x Q= H*, 0 1[0, TI X CF yps X PJ s x 2 — L2(U; HY)

are measurable.
To apply Theorem 1.1, we make the following assumptions on b and o.

Assumptions (B) Letd > 1,V € ¥,s > % + 2,5 = s — 1. We assume that the following
conditions hold for H = H* and B = H* .

(B) Conditions in (A1) hold.
(B2) There exist constants K1, K» > 0 such that forany u € ZPr g, t € [0,T].§ € 61,1
andn > 1,

V(O {2Kol§OIBIEDIE +2(b(t. & 1), §O)g + ot &1, 1) Iy vz |
i,V UEOIR) oG & 1) 60 lo)?
L+ VAEDIE) '

(B3) There exist constants K, ¢ > 0 and an increasing map C. : N — (0, oo) such that for
any N > 1,&,n € €'y yand p, v € 27y,

+2V"ED IR0 (¢, &, n) EDIIG < K1 —

lb(t, &, ) — b(t, 0, vo)llg + o (2, &, ) — o (t, 05, ve) 2o U:B)
= O {16 = mllre + Wamn (e, v0) + Ke ™ (LA W5 (a0, v) |, 1€ 10,71,

Then we have the following result:

Theorem 1.2 Assume s > § 4 42 (B1) and (B>). For any Xy € L*(Q — H*, %, P), (1.3)
has a weak solution (X T, WT) such that EX(O)UP = L%, P, X T Is continuous in H* and

~ ~ 64 - -
B[VAXrIF 0] <2Ki7 +1+ © (KiT +EIVARO)110)1) -

If, moreover, (B3) holds, then (1.3) has a unique solution.
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Below we give some remarks concerning Theorem 1.2.

Remark 1.2 We firstnotice that (1.3) does not contain the viscous term A X (¢), which provides
additional regularization effect to make the problem of existence easier, see [23, Chapter 5].
Besides the existence and uniqueness, it is interesting to clarify the effect of noise on the
properties of solutions. We notice that existing results on the regularization effects by noises
for transport type equations are mainly for linear equations or for linear growing noises,
see for instance [11-13] for linear transport equations, and [24-28] for linear noise. For
nonlinear equations with nonlinear noise, there are examples with positive answers showing
that noises can be used to regularize singularities caused by nonlinearity. For example, for
the stochastic 2D Euler equations, coalescence of vortices may disappear [29]. But there are
also counterexamples such as the fact that noise does not prevent shock formation in the
Burgers’ equation, see [8, 15]. Therefore, for nonlinear SPDEs, what kind of nonlinear noise
can prevent blow-up is a question worthwhile to study. In the current work, the main idea is
to use the stochastic part of the equation to avoid any blow-up phenomena that could arise
under the presence of the singular drift. Hence we use the Lyapunov type condition (B;) to
measure how strong the noise term needs to be (see also [30, Theorem II1.4.1] for the finite
dimensional case and [31] for the stochastic nonlinear beam equations). In this way, the noise
effect given by the large enough noise is macroscopic and it is different from many previous
works, where small noise can also bring regularization effect, see for example [13, 29]. Here
we remark that the noise structure in [13, 29] are transport noise in the Stratonovich sense. A
priori, it is not clear how to interpret the noise term in (1.3). In this work, our main interest
is mainly mathematical and we believe that searching for nonlinear noise such that blow-up
can be prevented is important because it helps us understand the regularizing mechanisms of
noise. This in turn brings us one further step closer to finding the correct and physical noise
which provides such regularization.

Remark 1.3 We remark here that there is a gap between the index s > % + 2 in Theorem
1.2 and the critical value s > % + 1 such that H < W' Formally speaking, on one
hand, because the transport term (u# - V)u loses one order of regularity, we have to consider
uniqueness in HS with s’ <s—1,ie.,weask B = H* in (B3). One the other hand, since
(- Vyu, u)gs < csllullyioo IIMII%,S for smooth u, to verify (B,), we have to pick s’ < s — 1
such that B = H* <> W1, Therefore we have to require s — 1 > % + 1. However, if we
only consider local solutions in H* without assuming (B;) (as is explained before, in this
case the distribution has to be modified), then s > % + 1 will be enough.

To conclude this section, we present below two examples to illustrate Theorem 1.2.

Example 1.1 Let s, s’ = s — 1 be in Assumption (B), U = H*® and u(F) = deu for
F e L'(). Let

b(t,&, 1) =h(t, |§|l g n(Fp)EQ),
o(t. & 1) =B+ &l ) E@), Y usxo + oo, 1§l s, 1(Fe)),
where «, § > 0 are constants to be determined, and

(1) xo € H® with ||xg||gs = 1 is a fixed element;

2) Fp, Fy - (@OT, ys — R™ are bounded and Lipschtiz continuous for some m > 1;

3) A(t,-, ) : R x R™" — Ris locally Lipschtiz continuous uniformly in ¢ € [0, T] such
that

sup h(t, x,2)| < c(1+7r°%), r=0
(t,2)€[0,TIxR™, x| <r

@ Springer



Ren et al.

holds for some constant ¢ > 0;

@) oo(t,-,-) : R x R™ — Lp(H®; H) is bounded and locally Lipschtiz continuous uni-
formly in ¢ € [0, T'].

Ifa > % and g is large enough, then for any probability measure o on H* with po (]| - 1% <

00, (1.2) has a weak solution (f(T, WT) with "(g}?(())uﬁ = 1o, which is continuous in H* and
satisfies

E[log(l + ||XT||%HS)] < 00.

In particular, if m = 1 and Fj,(§) = Fy(§) = &l ys A R for some constant R > 0, then

forany X(0) € L*(Q — HY, %y,P),(1.2)hasa unique solution, which is continuous in H*
and satisfies
E [log(1 + [IX7l7 )] < o0.

Proof Leto > %, and take V (r) = log(1 +r) € ¥. By Theorem 1.2, we only need to verify

conditions (Aj), By) withH =U = HS, B = Hs’, Hy = H5*! and large enough 8 > 0,
and finally prove (B3) withm = 1 and Fy(§) = F5(§) = |éll7. 55 N R.

To begin with, it is easy to see that the weak convergence in &7 p is equivalent to that in
the metric

Wis(ev) = inf / (LA € = nll7.5)7 (A5, dip).
ne€(u) JEr yxCrm

Then (1)-(4) and H < B imply that for any N > 1 there exists a constant C > 0 such that
foralln € H*H,

b, &, 1) — bt n, v)lla+ o, & ) — o, n,Vc,wm < Cn (I1E = nllrm + Wis, v).
Therefore, (A1) holds.
2
NeXt, let C = sup(l,r,Z)E[O,T]X[0,00)XR”’ ||UO(t, r, Z)”[Q(U;H)' We have

V/EWIR) {2KolEOlBIE O + 20, &1 1), §O)g + ot & 10Oy |

2KollEMIBIIE@ 17 + %(1 + &N 2 IEDIE +5C
L+ IE@IF

2
- €@ Il i
L+ 1ED g
for some constant C; > 0, and on the other hand,
20E@ 11 {352
A+ 1EDNF? | 4
(VUEDIE o (2, &, 1) E@) v} _ [HGY
L+ VIEDIF) T+ EDNIE)?
Therefore, when 8 > 2./C1, (B2) holds for some constants K1, K, > 0.
Finally, let m = 1, F,(§) = F5(§) = ||§ll7.B A R. It suffices to verify (B3) for N > R.
In this case, by the formulation of b, o and conditions (1)-(4), for any N > R, there exists a
constant Cy > 0 such that
6@, & w) —bt,n,v)le+ o, & 1) —o,n,v)llc,wuBs
<Cy(IE=nlre+ 1wl -z AR — vl ll7.8ARI).

582

{Cl(l + ||,§t||2T"fB) + T(l + ||§t||(;,B)2}

2V"(IEDE o (¢ & 1) EDIIG < — A+ &%) - 46}

{B*(L+ 16 1% 5)* +2C} .

(1.12)
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Recall (1.6) and then denote

1§ =nllwy = sup 1§@) —n(®)lIB-

1€[0, T A, ALY

When N > R we have

WElre AR = IElTE AR <& —ndlre =18 —nllyy,  if Ath >0,
WENre AR = 1El7.8 AR =R —lndlrs AR < IE—nlly, ifty <t t]>1
NENTEAR—I&lre AR =R —1I&lr5 AR <& —nlly, if6 >t <t
& l7.8 AR —lEl7.8 AR| =0 < [ = nlly, if €, v & <1

Consequently,

(-l BAR)—ve(ll-lT BAR) = inf f 1§ —nlleydr = Wo g N (s, ve),
el v) JGr gxCrp

so that (1.12) implies (B3) for K = 0. O

Example 1.2 Now we consider a family of stochastic models which are more physical rel-
evant. Let s, s’ be in assumption (B) with d = 1 and U = H*. We focus on the following
PDE

o +udyu + I — 83x)_18x (aou + a1u2 + 112(8)51,1)2 + a3u3 + a4u4) =0, (1.13)

where a; (i = 0, 1, 2, 3, 4) are some constants. Before we consider its stochastic versions,
we briefly recall some background of (1.13). Due to the abundance of literature on (1.13),
here we only mention a few related results. If a; = 1, a2 = % andag = a3z = a4 =0, (1.13)
becomes the Camassa-Holm equation

2 \—1 2 1 2
O +udyu + A —09;,)" 0y (u +§(axu) =0. (1.14)

Equation (1.14) models the unidirectional propagation of shallow water waves over a flat bot-
tom and it appeared initially in the context of hereditary symmetries studied by Fuchssteiner
and Fokas [32] as a bi-Hamiltonian generalization of KdV equation. Later, Camassa and Holm
[33] derived it by approximating directly in the Hamiltonian for Euler equations in the shal-
low water regime. It is well known that (1.14) exhibits both phenomena of (peaked) soliton
interaction and wave-breaking. When a; = % a) = % withb e Randag = a3 = a4 =0,
(1.13) reduces to the so-called b-family equations, cf. [34, 35],

b 3—b
du 4+ udyu + (1 — 92 )7 o, (Euz + T(axuf) =0.

Whenag € R,a; =1,a; = % and a3 = a4 = 0, (1.13) is a dispersive evolution equation
derived by Dullin et al. in [36] as a model governing planar solutions to Euler’s equations
in the shallow-water regime. Finally, when a; (i = 0, 1, 2, 3, 4) are suitably chosen, (1.13)
becomes the recently derived rotation Camassa-Holm equation describing the motion of the
fluid with the Coriolis effect from the incompressible shallow water in the equatorial region,
cf. [37, equation (4.9)]. In this case, a3 # 0 and a4 # 0 so that the equation has a cubic and
quartic nonlinearities.
For this family of PDEs, if distribution-path dependent noise is involved, we consider

du + [udsu + Gu)]dt = o (. u, L,)AW (0). (1.15)
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In (1.15),
Gu) = (I —382)7 "0, (aou + aru® + ax(d,u)? + azu® + asu®)

o(t,u,p) =B+ llully go)* @), Y us v+ oo, lull g, w(Fo)),

where v € H* is a fixed element such that ||v]|gs = 1 and oy satisfies condition (4) with
m = 1 as in Example 1.1. It is easy to show that there is a constant C > 0 such that

IG5 < € (laol + (ar| + lazllullyioo + lasllullyy o + laallluly ) el a5,
and
IGW) — Gl e < C [laol + (la1| + laz) s (u, v) + laz| 1 (u, v) + las| I (u, v)] lu = vll s,

where I, (u, v) = ||ullgs + ||v] gs. Since HY < W1, G(.) satisfies the the estimates for
drift part as in (B1) and (B3). Going along the lines as in the proof of Example 1.1 (see also
the proofs of Theorems 1.1 and 1.2) with minor modification, we can see that if 8 > 1 is
large enough and

oa>3/2, ifas #0, ag,ay, az, a3 € R (with Coriolis effect),
a>1, ifay=0, a3 #0, ap,ar,a € R,
a>1/2, ifaz=a4=0, a; #0, ap #0, ap € R (without Coriolis effect),

then for any u(0) € LZ(Q — H*, %y, P), (1.15) has a unique solution with continuous path
in H® and

E [log(1 + llur 17 )] < oo.
Therefore, in contrast to the deterministic case where wave-breaking phenomenon may occur
in finite time, see [38—40], the blow-up is prevented when the growth of the noise coefficient

in (1.15) is faster enough. For other Camassa-Holm type equations with random noise, we
refer to [17, 41-45] and the references therein.

The remainder of the paper is organized as follows. In Section 2, we consider the reg-
ular case where B = 0. Then we prove Theorems 1.1 and 1.2 in Section 3 and Section 4
respectively.

2 Regular Case:B =0

We consider the following distribution-path dependent SPDE:
dX () =b(t, X, Zx,)dt +o(t, X;, Lx,)dW(t), X(0) = Xo, t €[0,T]. (2.1)
Recall (1.6),

2

Wom(p, v) ;= inf </ e — ,,||2T o 70 (dE, d’))) ’
TECU) NG xE g ’

and

3

W ,v)= inf - 2 em(dé,d
2., N (1, V) nec(u,u)(ngMX(gTM 18 & ner = Monig aer 17007 (dE n))

Then Assumption (A) for B = 0 implies the following assumption (C):
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Assumptions (C) With the same notation as in (1.4), we assume the following, for some
Hilbert space B with dense and compact embedding H << B:

(C1) Forany N > 1, there exists a constant Cy > 0 such that for any &, n € 7 g,y and
n,v e 3”}/ > We have that P-a.s. for t € [0, T'],

6@, &, uollm + o, &, uollc,w:m < Cw,

D, &, e) — bt me, v llu+ o (2, &, ) — o (&, e, vl 2, UsHY
<Cwn {I& = nellrm + Wa (e, vi)} -

(Cy) There exists a dense subset Hy < M such that for any bounded sequence
(E" 1wzt C Cra x PP with € — Ellrm — 0and u" — pu weakly in
Prpasn — 0o, we have

Jim (bG8, 1) = b & ), Wy | + o 06" 1) = 0,6 )V W llu} =0, v € Ho.

(C3) There exist constants K1, K» > 0 such that for any u € Zrp, t € [0, T] and
§€%rm,

VAEOID {200, &, 1o, €O+ o & 1) Iy |
V' UEDIR o1, &, u)*ED 0
L+ VIEDIE) '

(C4) There exist constants K, & > 0, an increasing map C. : N — (0, 00), such that for any

§.n€Crmnandu, v e Pry,

+2V"EDIEDllo (¢, &, m)*EDIIG < Ki — Ka

b(t, &, ) — b, 0, vo)llg + o (¢, &, e — o (t, 05, Vo)l o0 B)
= O {16 = mills + Wagy (e v0) + Ke ™ (LA W25 (s, v) | 1€ 10,71,

The main result of this section is the following.
Proposition 2.1 Assume (C1)—(C3). If Xo € L3(Q — H, %, P), then (2.1) has a solution
X € 6r m satisfying
64
E[VUIXTIF ] <2K: T+ 1+ % (K1T +E[V(IXollfp]) < oco. (2.2)

Moreover, if (C4) holds, then the solution is unique.

To prove this result, we first consider the global monotone situation, and then extend to
the local case.

Lemma2.2 Let b(t,&, n) and o (t, &, ) be continuous in (§, ) € €1 X Pt H. Assume
that there exists a positive random variable y with E[y] < oo and a constant K > 0 such
that for any €T m-valued random variables & and n with £(0) = n(0), we have P-a.s. that
forallt € [0,T], u,v € 5”%)’]}]1,
2b(t, & ), EO)m + ot & w7y < Ky + 1ET 5 + w17 5]
2(b(t, &, ) — b(t, mr, vp), () — () < K {||‘§t - 77t||%,H + Wo m (s, Vz)z} ,

lo (¢, & ) — o (60 v 2y ey < K {18 = 0elF 0+ W3 e v)?}
(2.3)
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Then for any Xo € L*(Q — H, %y, P), 2.1) has a unique solution which is continuous in
HL

Proof By (2.3), the uniqueness follows from It6’s formula and Gronwall’s inequality. Below
we only prove the existence by using the procedure as in [5].

Let X°(t) = X and ,u§0) = fxf* We construct the following iteration scheme:

X @) = b(s, X7, 1"y dr + o (s, X, 1"y AW @), 1 e[0, T,

XP0) =XoeH, u" " =L,
t

2.4

n>1.

By (2.3) and induction, we can construct a sequence of continuous adapted processes
{X;”}nzl on 67 m with sup,- E[||X(T")||2T,H] < oo. Below we prove that {X(Tn)}nzl is a
Cauchy sequence in L2(Q — %r m; P), and hence has a limit X7 in this space as n — 00,
so that due to (2.3) and the continuity of b(z, &, n) and o (¢, &, n) in (§, n), we may let
n — oo in (2.4) for ¢t € [0, T'] to conclude that X7 is a solution to (2.1).

By (2.3) and It6’s formula, for Z( (1) := X (1) — X"~ D(p),

t
1201 < K [ {1200 5+ EIZ 1 ) ds + M)
where

t
M(t) = 2/ <z<">(s), {o(s, X, ul=Dy — (s, XD, Mgn—z))}dW(s)>H.
0

Then for A > 0,

— 2
e MENZ" 13

t
<Ke M /0 [E||z§"> 12 +EN 20D ||2T,IHI} ds + e ME ( sup M(s))

0<s<t

=1V +1P0), te[0,T]. (2.5)
We observe that
t
1) = K/O e e MEIZON g+ e NEIZE V1 | ds
K ' K s _
<= swp (e—“E||z§"> ||§~H) + = sup (e ME|ZB=D ||§,H) . (2.6)
0<s<t ' A 0<s<t
By BDG’s inequality, for some constants ¢, ¢ > 0, we have

1@ )

1
¢ 2
<cie™ME ( fo 1271 (1280 5 + ENZ8 013 ) ds)

1

2

t
<cre™ (Euz,(") I /0 [BIZO1 5+ BIZE 013 ) ds)
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1 Lok [ ) )
< 3¢ EIZ s tes [0 e NRIZO N+ e BIZ G 0
1 _ @ -
< e MEIZM G+ 2 sup (e HEIZOE )
2 )L 0<s<t
2 - -
+2 sp (e M]E”Zy D”%‘,H) . @7

0<s<t
Substituting (2.6) and (2.7) into (2.5) yields that for ¢ € [0, T],

- 2
e MENZ |3

2(K +c¢ _ 2(K +c _ _
< 2B qup (e PRIZO ) + 25D (e PRIZOI ),
0<s<t 0<s<t
which implies
sup (e_“EHZs(”)HzT’H)
0<s<T
2(K +c¢ _ _ _
< M sup (e ksEl|Z§n)||%’H) + sup (e “EIIZ‘E” D”%,H) .
A 0<s<T 0<s<T
Taking & = 6(K + ¢7), we arrive at
_ 2(K +¢2) _ _
sup (e PEIZOG ) < 0 =2 sup (e PEIZIVIG )
0<s<T A—=2(K +c2) 0<s<T

1
—~ sup (e_“IE||ZS("_1)||2T’H).

0<s<T

Hence, for any n > 2 we have

- 1 -
sup (¢ MEIZOI ) < 2op sup (EIZOI ).
0<s<T 2 0<s<T
Therefore, {X (T" )}nzl is a Cauchy sequence as desired. O

Lemma 2.3 Assume (Cy)—(C3). For any T > 0, X(0) € L*(Q — H, %, P), and any
1 € PY g, the SPDE

dX*(t) = b, X{', p)dt + o (¢, X;', u)dW (1), X*(0) = Xo
has a unique solution X ’; satisfying

64
E[VAXIG.0] < 2K1T + 1+ 1 (KiT + BV (X)) 2.8)

Proof By (C;), we see that this equation has a unique solution up to the life time . Now
we prove that T > T (i.e. the solution is non-explosive) and (2.8). To this end, with the
convention inf ) = oo we set

T, = inf{r > 0: | X* ()| = n}, n > 1,

VAIX* O llo ¢, X1, m)* X (@) )
L+ VAIX~I%)

H() = , tel0,T]
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By (C3) and Itd’s formula, we obtain
VX O < (K1 — K2HOY+2V (X OIF)(XH (1), 0 (¢, X1, w)dW(@))m. (2.9)

This gives rise to

T ATy,
E[V (I X*“(T A w)lI3p)] + KzE/O H(r)dt < KiT +E[V([Xol3)] =:C, n > 1.

(2.10)
Then
V(P(t, < T) <E[VIX“T At)II < C, n>1,

so that by 7 > 1, we obtain P(z < T) < %n) — Qasn — oo. Thus, P(r > T) = 1.
Moreover, by (2.9) and BDG inequality, we obtain that for all n > 1,

1
2

T ATy,
E [V(HX?AHHQT‘H)] <K\ T + 8E</0 VXD IR0 0, XE, Mt)X#(z)”%dt)

T Aty %
= KT+ 8E( (14 VaXs o, 13.0) / H(r)dr)
' 0

1 T
< KiT+3E [(1 +VaxE,, ||2T,H))] + 3215/0 H(r)dr.

Combining this with (2.10), we arrive at

C
JE[V(Hx‘;M ||%H)] S 2T +1+64-— =18 n= 1. @.11)
S 2
As C does not depend on n, letting n — 0o and noting (2.10) give rise to (2.8). O

Now we are in the position o prove Proposition 2.1.

Proof of Proposition 2.1 The estimate (2.2) is implied by Lemma 2.3 with u, = %, once
existence has been established. So, it remains to prove the existence and uniqueness. The
key point is to apply Lemma 2.2 with a localization argument. For the case that the target
problem is finite-dimensional and path independent, we refer to [46, Theorem 1.1].

(a) Existence. To construct a solution using Lemma 2.2, we make a localized approxima-
tion of b and o as follows. Let ti be defined in (1.6) for Ml = H, and let

on(E)1) =t AE), EcCrm n>1,1el0,T]

so that ¢, (&) is continuous (hence measurable) in § € ér . Forallt € [0,T], & €
C¢rm, h € Prpuandn > 1, define

b1, &, 1) = b(t, pu(E), Lo dy ), 0" (t,E, 1) = o (t, pu(&), o gy h).

By (C)), we see that for eachn > 1, b" and o satisfy (2.3) for y = 1 and some constant K
depending on n. Therefore, by Lemma 2.2, the equation

t

t
X" () = X(0) +/ b" (s, X{, Lxn)ds +/ o (s, Xy, Lxn)dW(s) (2.12)
0 0

has a unique solution on [0, 7']. By the definition of ¢,, we have
On(X?) = X7, o with " :=1inf{r > 0: | X" (®)|lg = n}, s€[0,T], n> 1.

SN
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Moreover, for any measurable set A C 67 1, we have
{(Zxn) 04,1} (A) = P(X € ¢, (A)) = P(du(X) € A) = Ly, cxn)(A) = Lyn(A),
so that (2.12) reduces to

t

t
X”(t):X(O)+/ b(s, X" o, Ly n)ds+/ o (s, X! ns Lxn )AW(s).  (2.13)
0 SAT 0 b SAT

So, by (C3) and applying Itd’s formula to V (|| X" (t)||%1) up to time T A ", asin (2.11), we
derive
E[VUX] o 17)] <8, n> 1. (2.14)

T ATy,

Consequently, the stopping times
Ty =inf{t >0: | X}llrm = N}, n>N>1

satisfy

P(z}; n>N>l. (2.15)

7)< ——1,
=D =yny
Next, by (C1) and (2.12), we find a constant Cy > 0 such that forany n > N,

IE|: sup X"t AT —X”(s/\tl’\’,)llH:| <Cyed, s<t1,e€(0,T). (2.16)

5,1€[0,T], |t —s|<e
Indeed, for any / > 1, by (Cy), (2.12) and BDG inequality, there exists a constant Cy ; > 0
such that

E sup X"t AT = X" (sATOIE | < Cniel, n=N, s€0, T — ¢l
tels, (s+e)AT]

Letk € Nsuchthatke € [T, T +¢). We find some constant ¢(/) > O such thatforalln > N,

E { sup IX"(t ATh) — X" (s AT |12

s,t€[0,T],|t—s|<e

k
<ch) E sup X"t A Ti)—X"({(i — e} AT | < Oy (T + e)e! 1.
i=1 te[(i—1)e, (ie)AT]

Therefore, by Jensen’s inequality, we obtain

1
E [ sup X"t A Th) — X" (s A 11’\’,)||H:| <{cnu(T +e)}7 £277, n>N.

s,t€[0,T],|t—s|<e

Taking [ > 1 such that % — 2l1 > % we obtain (2.16). Particularly, (2.16) holds true for
n = N.In this case, Ty, = 7} = t”. Due to this and (2.14), and noting that embedding
H < B is compact, we deduce from the Arzeld-Ascoli type theorem for measures that
{u" = ,Zxr; o }n=1 1s tight in &7 g. By the Prokhorov theorem, for some subsequence
{ni}x>1 wehave u"* — u weakly in &1 g ask — oo. Notice that ¢, (§) = & for& € 61 mn

and define L
Jo_ _nk nj
T =Ty AT

Then we find
}’l./' _ nj . .
¢ni(Xt/\'L’I]§/'l) - XtArlli,’[’ l,] S {k! l}a
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and
lim lim p"* o ¢n = u weakly in Zr p.
k—o00l—00
Indeed, by lim;,— oo ¢, = I and .Z, X'k = uw" — u weakly in 7 p, we have that for all

T/\ ng

F € Cp(¢T,B),

lim_lim L FOL 097} @) = fim tim [ F (@, @)
°T.B

k—o00l—00 Js Crs

k=00 Jgr

llm F(E)u"(dg) = / F(&)pu(dg).
Cr B

From these properties, (2.14) and (C;), we find a family of constants {ex; : k, [ > 1} with
ek — 0as k,I — oo such that

H (t Xnk kl’“’t > b<t Xn[ kb“t)
H
B Hb (” X ek b °¢n71> -t (t’ Xipahto 1 °¢’n71)
N H
-1
() 5 )

n
<Cy ||XW;, - XS’MZ, |7+ Cnexs, 12k=N P-as. 2.17)

Similarly, we also have
||U(f X ki wi*) — o, X k> e )”Ez(U H)

<Cy Hx;’;# — wg' |+ cNak,,, I >k>N P-as. (2.18)

By (2.17), (2.18), (Cy), and applying BDG inequality, we find a constant C > 0 such that
fort € [0,T]and! >k > N,

T
n n 2 2 n n 2 22
B [H X,it;«;l - X,i,ﬁ./ ||T,H] = CN/O B [”Xsi,ﬁ,l - ij\rllf,‘[ ||T,H] ds + Cyee T
Applying Gronwall’s inequality with noting that ¢, ; — 0 as k, [ — oo, we derive

2 2 1 2 CiT
Jim sup B [“x ¢ i~ X;lmfv" ||T,H] = Cy Jlim sup et TeN" = 0. (2.19)

k— o0 1>k
Then we infer from (2.15) that for any € > 0,
P(IX7 — X771 > €)

<IF’(r”‘ <T)+P(ry "< T4+ P <”X;km,’f," — X;]m,f,"’”T’H > 6)

268 e »
SV(Nz) —HP(”XT _XTATIIG1||T,H>6 . I>k>N.

Combining this with (2.19), we obtain

lim supP (| X7 — X7 7. > €

R )572,N21,6>0
k—)oolzk V(N)
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Letting N — oo, we conclude that X '}" converges in probability to some €7 p-valued random
variable X7. Since for each n > 1, X7 is adapted, so is Xr. Therefore, up to a subsequence
{fik}x>1, we have P-a.s.

. n
lim | X7 — Xrl7m =0.
n—00

In particular, ,?X,;k — Zx, weakly in Z7 g, and
T
o, = inf { sup | X7 (6) g > N} 4 oo as N 1 co. (2.20)
k>1

Indeed, let 7/, = limy_,o 7). Since X ;" converges in probability to X7, we may take a
subsequence such that

P(IX} = Xrllm > 1) =27, k=1,
Since || X7|r,m < oo P-a.s., we find
{tho < oo} c | JUXF = X7l > 1)
1>k

and hence

P (), < o0) < ZH”(IIX'}*  Xrlrm > 1) <Y o=,
1=k =

Letting k — oo, we have P (7}, < 00) = 0.

Since /L;lk — p weakly in Zr g DO 7 H., as is proved above, we have Ly, = u.
Combining this with (Cy), (C,) and (2.14), we may let k — oo in (2.12) (equivalently,
(2.13)) for n = iy, to conclude that X7 satisfies

(Xt ATy) ¥)m — (X0), ¥)m

!
ATy,

ATy
= / (b(s, X, ps), ¥)mds +/ (0(s, Xy, us)dW(s), ¥)m, 1 €[0,T], N = 1, ¢ € Ho.
0 0

Since Hj is dense in H and 7, 1 oo as N 4 oo, this implies that X7 solves (2.1).

(b) Uniqueness. If Cy is bounded, by letting N — oo in (C4) we find a global Lipschitz
condition on the coefficients which, as is well known, implies the pathwise uniqueness. So,
below we assume Cy — oo as N — oo.

(b1) We first prove the pathwise uniqueness up to a time 7y € (0, T]. Let X7 and Y7 be
two solutions with X (0) = Y (0). As explained after (1.6), t,)f and t,’,' are stopping times. Let

L=t A =T Ainf(r > 0: | XDl Vv IY@O)lg =n), n>1. (221

Then Z7 = X — Yp satisfies
(AT,
Z(t A th) =/ (b(r, Xi, Zx,) — b(t, Y;, Ly,)) dt
0

{ATy
+/ (ot Xo. Zx,) — 01, Yo Z4)) AW (D)
0
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By 1to’s formula and BDG’s inequality, there exist constants ¢y, ¢; > 0 such that
2
E Zonsll3 5

T AS
sclE[ Ib(t, Xi, Zx,) = b(t, Yi, Zy)lls | Z(1)||pdt
0
TWAS %
+cE ( /0 lo(t, X Zx,) — o (2, Yy, zy,)niz(w)||Z<r>||%3dr)
T A\S 2
el [ (o X ) = Yo 2) | By
A ,

1 Tu NS

< SENZonillf 5 + 2B / Ib(t, Xo, Zx,) = b(t, Vi, L) |3dr
0

T A\S
+6‘2E/(; (o X, 2x,) — o, Y,,fy,))”zﬁz(U;B)dt, se€[0,T]. (222

Since m; = Zx,.y,) € €(Zx,, ZY,) is a probability measure on 67 g X 61 B, for the
function

FEm =15, ¢ 00— Mg ppliz= sup 66 =06l &1 ebre,
se[0,t At AL
we have
Bl Xqn — Yourl3 5 = EF(X,, ¥)) = / F(€, ) (d, dn).
CTBXET B

Combining this with the definition of W, p ,, (see (1.7)), we obtain
Wamn(Zi,. 2 < F(E. ) 7(d8, dn) = E|Xo 0 = Yol 5.
CTBXCTB
So, by (C4), we have
TuAS 5
EA {”b([, Xh o(fX,)_b([a Yts O(ZY[)”UZB—F || (G(t’ Xla ZX;)_G(Iv Yta O(ZY;)) HLZ(U;B) }dt
TuAS
< GE [ [IX — X s Wam (Zx,. 2% + Coe™ O ar
0
N
<G, / [E1Ze,ns 1 5.+ Wa b, 240 + Coe™* | a
0 :
s
=< 2Cn/ ]E”Zr,ms”%[gdt + CnCOe_Cnsa
0
which together with (2.22) yields
S
E[1Ze,nsll7 5] < CCn/ {EIIZI,,A;II?E + Coe*c"}dr, n>1 (2.23)
0

for some constant C > 0. Applying Fatou’s lemma and Gronwall’s inequality, we derive

E|Z |13 5 <liminf E[|| Zg asl% ] < sCColiminf C,e™ ¢~ =0, T>5€(0,¢/C).
’ n—oo ? n—00

This implies the pathwise uniqueness up to time #p := {¢/C} A T.
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(b2) If 1o = T, then the proof is finished. Otherwise, since Z;, = 0, (2.23) implies

s
E [ Zeyns 3 5] < CCy / El| Zey e I3dt +5Coe™5C, 0> 1, 5 € [10, 1.

fo

Using Fatou’s lemma and Gronwall’s inequality as before, we arrive at
2 L 2
E”ZSHTB =< ll,,nllc,%fE [”ZrnAS”T,IB]
<sCColiminf C,e=CE=C6=0) =0 T > 5 € (19, 10 + £/C).
n—>oo

Thus, the uniqueness holds up to time (2f9) A T. Repeating the procedure for finite many
times, we prove the uniqueness up to time 7. The proof of Proposition 2.1 is completed.

3 Proof of Theorem 1.1

Proof of (i) in Theorem 1.1. For each n > 1, let
bn(t, &, 1) = Bu(t,6(1)) + b, &, 1), @, 8, 1) €0, T] X 7w X Prm.
Obviously, (A1)—(A3) imply (Cy)—(C3) for (b,, o) replacing (b, o). Thus, by Proposition

2.1, there exists a continuous adapted process X" (¢) on H such that

t
X"(1) :X(O)+/ {Bn(s, X"(5)) + b(s, X}, Zxn)} ds
0
. 3.1
—I—/ o(s, Xy, Lxn)dW(s), t €[0,T],
0

and
ny2 64 2
E[VUXH7w] <8 =2KIT +1+ 5 (K1T +E[V(IXolf)]), n > 1. (3.2)

As aresult, by convenient abuse of notation, the stopping times
Ty =inf{t > 0: | X/llr.m = N}, n,N > 1
satisfy

P(z}, n N > 1. (3.3)

8

T) < ———,
=D =y
Next, similarly to (2.16), by (A1), the first inequality in (A), (3.1) and noting that || - || <
¢|l - |lm for some constant ¢ > 0, we find a constant Cy > 0 such that

E sup X"t ATy) — X (s ATy)lB fCNs%, s<t,ee (0, T). (34

s,t€[0,T],|t—s|<e

Now, combining (3.4) with (3.3), we arrive at

]E[ sup (1A||X"(S)—X"(l)llm)}

s,t<T,|s—t|<e

<Py <T)+E [ sup (LANX"(s) = Xn(t)||]B)i|

s, t<T ATy, |s—t|<e

8 1
Sm"‘CNg}, n,NZl,$>O.
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Since V(N) 1 oo as N 1 oo, we obtain

3 1
E su 1A X" (s) — X"(0)|Ig) | < inf {7+C 85} JOase | 0.
|:s,t<T,|xpt<£( ) N>0 | V(N?) N

Due to this and (3.2), one can use the Arzeld-Ascoli theorem for measures to find that
{u" = XX; In>11s tightin &7 g, sois {A" 1= ‘X(X?,Y#,Wr)}nzl’ where Wr is a continuous

process on a separable Hilbert space U such that the embedding U U is Hilbert-Schmidt,
and

t
Y™ () :=/ o(s, Xy, n)dW(s), 1 €l0,T]
0

is a continuous process on B. By the Prokhorov theorem, there exists a subsequence {ny }x>1
such that u™) — 1 weakly in 27, and A™ — A weakly in the probability space
on ,@(%%.B x U). Then the Skorokhod theorem guarantees that there exists a complete

filtration probability space (fz, {91,};20, If”) and a sequence (f('}", I?;" , W;k) such that A" =

Ly gy wyyp and

lim (X5 = Xrlirs + 177" = Trllrs) =0 (3.5)

holds for some continuous adapted process (X7, Y7) on B. Since the embedding H <> B is
continuous, there exist continuous maps 7, : B — H, m > 1 such that

Imxlle < lxlle,  lim |z xllg = [xlg, x €B,
m— 00

where ||x|i := oo if x ¢ H. Recalling "%X""H@ = Ly P’ f('}" — Xrin érpask — oo,
T T
(3.2) and Fatou’s lemma, one has
hnd ad 2 d . < 2 . . il < 2
B[V <E[ lim vz &7 13 0] < timinf B[V (im0 X713 )|
— lim inf li 'ffE[V X2 ]<5 . 3.6
Im in] lkfglofé Nmm X7 )| <6 <00 (3.6)

Similar to (2.20), we can infer from £z B = Ly P’ (3.2) and (3.6) that P-as.,
T T

Ty = inf{tzO:supr("k(t)HHzN} 1 ooas N 1 oo. 3.7)
k>1

Since )7?‘ is a continuous local martingale on B with quadratic variational process
t
(P4 (1) = / (0*0) (s, Xoe, i) ds, 1 €[0,7],
0

we deduce from (3.2), (3.5), (3.7) and (A;) that Y7 is a continuous local martingale on B
with quadratic variational process

t
<17>(z):/ (0*0) (s,f(s,.,sf)2 @) ds, +€[0,T].
0 s

By the martingale representation theorem, there exists a cylindrical Brownian motion W (r)
on U under [P such that

t
Y (1) :/ G(S,)?S,ZX ui»> dW(s), 1 €0, T]. (3.8)
O s
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Moreover, it follows from (3.1) and .Z, that P-a.s.,

X WP = 'iﬂ(X

X wr)|P
X" (1) — X™(0)
t
- / [Bnk (s, )Z"k(s)) b (s, Xne, M;lk)] ds +7"(1), 1€[0,T], k> 1.
0

So, forany N,k > 1 andt € [0, T],

INTN

XM (1 A ) = X"(0) +f {Buc (5. X)) + b (s, X2, ) ds + 7700 1 ).
0

Summarizing this, (A1), (Az), (3.2), (3.5) and (3.8), and then letting k — oo, we derive
B B IATN B 5
B(X( A7), ¥ )or =a(X(0), ¥ s + /0 [a(BG. %0+ b (5. %0, 25 5) v ) | s
IATN _ ~
+8 / o (5. X, Zg,5) AW (), ¥}, ¥ € Ho.
0

It is easy to see that (A1), (Ay) and (3.6) imply that for some constant Cy > 0,

sup o (s, X, L )l cowim < C,
s€[0,TATyN] ’

which means féAfN o(s, X, ff}?s”@)dﬁ/(s) is an adapted continuous process on H C B.
Similarly, by (A1), (A2) and (3.6),

IATN 5 5
[ 0+ e 25 s
O s

is a continuous process on B as well. On account of (3.6) and (3.7), we identify that (f( T, WT)
is a weak solution to (1.2).

Proof of (ii) in Theorem 1.1. Now, assume (A4). We aim to prove the continuity of X(1)
in HL. Since X (¢) is an adapted continuous process on B, and hence weak continuous in H,
it suffices to prove the continuity of [0, 7] 5 ¢ +— ||)~((t)||H. By (3.7), we only need to
prove the continuity up to time Ty for each N > 1, where ty is given in (3.7). If X e H,
then B(r, X) € B and (B(z, X), X)m does not make sense, therefore we can not use the Itd
formula to || X II%I directly. To overcome this difficulty, we consider || T, X ||%I firstly, where
T, is the operator as in (A4). Applying T, to (1.2) with noting (A4), we see that

IAT
T, X(t A Ex) = T (X(0) +/ "1, [Bo XD +00, X, 2 )] ar
0

IATN B
+ / Tno (r, Xr, Z5 p)dW (), 1 €10, T]
0 r

is an L?-semimartingale on H for any p € [1, 00).
Combining this with (A1), (A4) and the Itd’s formula, we find a constant Cy > 0 such
that form > 1,

" v ~ 2 v ~ 2 4 2
E[(nTmX(tmN)nH— I T X (s /\‘L’N)||H) ] <Cn(t—s5)% [s,01C[0,T], 1 —s < 1.
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Since || Tjpx — x|lm — 0 as m — oo holds for x € H and X (r) takes values in H, Fatou’s
lemma implies

E [(u)?(t AT = 1X (s A fN)||H2{>4] <Cyn(t—5)2 [s,¢]C[0,T], t—s <1.

Therefore, Kolmogorov’s continuity theorem ensures the continuity of ¢ +— ||)~( t A TV)lm
as desired.

Proof of (iii) in Theorem 1.1. By (i) in Theorem 1.1, (1.2) has a weak solution. Moreover,
for any fixed u € 9?,]}&1’ it is easy to deduce from (A}), (Az), (A3) and (As) that the
distribution independent SPDE

dX* (1) = {B(t, X"(1)) + b(t, X', u) Y dr + o (1, X[, u)dW,, X*(0) = X,

has a unique solution. So, by a Yamada-Watanabe type principle (see for instance [47, Lemma
3.4] and [48]), it remains to prove the pathwise uniqueness.

As is explained in step (b2) in the proof of Proposition 2.1, we assume that Cy — 00 as
N — oo and it suffices to prove the pathwise uniqueness up to a time #p > 0 independent
of the initial value X (0). Let 7, be defined by (2.21). As is shown in (b1) in the proof of
Proposition 2.1, it follows from (Aj5), [t6’s formula and BDG inequality that there is a constant
Ko > 1 such that

N
E [11Z5,nsI7.8] < Kocnf (E[1Zenr 3 5] +e7 ) dr, s €00, 7] n = 1.
0

By Fatou’s lemma and Gronwall’s inequality, this implies
E[I1Zl7 5] < liminf E[| Zz, s |17 p] < lim inf s Koe 0= = 0

provided s < #9 := ¢/Ko. Therefore pathwise uniqueness holds up to time 7y, and hence the
proof is finished. O

4 Proof of Theorem 1.2

It suffices to verify conditions in Theorem 1.1 for suitable choices of H, B, Bn, Jn and T,,.
Let j(x) be a Schwartz function such that 0 < ](é ) < 1forallthe ¢ € R? and J(g-‘ ) =1 for
any |£] < 1.Foranyn > land f € H? := LA(T? = RY; ), we define

1 —~ .
Inf = e fo inC) = o= 30 Jk/my e, (4.1)
kezd
and
Tof = A—n28)7"f = 3 (L4 n72kP) 7 Flkyel®), (4.2)
kezd

It can be shown that for any s > 0, f, g € H® and n > 1, cf. [26, 27],
D°J, =J,D°, D*T,=T,D", 4.3)

(Jnf’ g)HS = (f’ Jng)HSs <Tnf7 g)l‘” = (fv Tng>Hva (44)
Wn flles VT fllas < W f sy WV In fllas VAIVT fllas < nllfllas, 4.5)
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where for two sequences of positive numbers {a,,, b, }n>1,an S b, means thata, < cb holds
for some constantc > Oandalln > 1. Moreover, we write a, = o(b,,) iflim,,_, o, bn a, = 0.
Then

IX —J,X||lgr =0(n""%), 0<r<s, X€H. (4.6)

To verify conditions in Theorem 1.1, we need more properties of J,,, T, and D°. In general,
the commutator for two operators P, Q is given by

[P,O]l:=PQ—QP.

Lemma 4.1 There exists a constant C > 0 such that for all f € L*(T? — R ) and
g e Whoo(Td — RY; ),

170, (g - VI Sfl2¢y < CIVEILe N fll 2y, 7> 1.

Proof 1t is worth noticing that in one-dimensional case, the above commutator estimate has
been established for a different mollifier on the whole space, see [49]. In current setting,
periodicity is required and the mollifier is different, so we present also the proof here.

Let 0; denote the /-th partial derivative in R<. Since [T}, 8] = O forl € {1,2,---,d}, we
have

T (8- VIf 122, = ZHZT (g101/7) Zglal @) |
11 =1

L2(0)

<d Z 17, (2001 £7) = 1T (3055) 2,y = Z i, et

12
s L2(w)

Hence, it suffices to find a constant ¢ > 0 such that
T 813 f 132 < VeIl fl T2y frgeClTD, I<l<d, nz=1 @7
Noting that

1 1 m—k,m+k) Xd: »—k)(mj+k)
L+ L2 1+ LmP n20 4+ Sk + Siml?)

B (14 LK) (1 + L im)

j=1

by T, = — H%A)_l, (1.10), and (1.11), we find a constant ¢ > 0 such that

T 100122, = D |+ 072 kD) F g f)(K) — FeTdr fH(K)|
kezd

mj mj N -
2 <1+12|k|2 - 1+12|m|2> 2_ Bk —mfom)

kezd mezd

d . 2
—~ FA ) | i T e
djgk —
2 Z 2 s m){ 1+ SR 2+ k) ]

2

kezd ' j=1 mezd
2
_y i[ (8Jg>Tnaza ) ® +ik<]~‘((8jg)Tn81f) (k)}
Sl O k) n2(1+ L k%)
Zdi S OBETn +— @ T f P | = cIVeBlf 12
n4 18)Ln0l L2() T f |12, gl f 172

j=1
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where the last step is due to the fact that

Tt £ gy + =5 VTt gy < AR > 1
prl AR PR VTP el UL R VT L "=
holds for some constant C > (. Then we obtain (4.7) and hence finish the proof. ]

We also need the following lemma on the commutator estimates for D*.

Lemma4.2 ([50]). Let p, p2, p3 € (1, 00) and p1, ps € (1, o0] such that
1 1 1 1 1
—_—= 4+ —=—+ —.

p P1 P2 P3 P4

Then for any s > O, there exists a constant C > 0 such that
I[D, flgliLray < CUY FllLm oD gllr2ge + 1D fllrs o ligllLes o)

holds for all f,g € H* N WhH® (T4 — RY; ).

We are now ready to prove Theorem 1.2. Let s, s” be given in Assumption (B). Take
H = H,B = H', Hy = C®°(T¢; R?), and let J, and T}, be given in (4.1) and (4.2),
respectively. Take

B(t,X) = B(X) = —(X - V)X, By(t,X) = By(X) = J,B(J,X), t>0, X € H'.

Obviously, (Aj) follows from (Bj). So, it remains to verify (A3), (A3), (A4) and (As).
Verifying (A;). By (4.5), we have

I1Bu(t, Xllgs < 1 X - VDI X s < 1T XN as IV I X s < 0l X [,
and

1B (2, X) = Bu(t, V)|l s <[ (JnX - V) I X — (JnY - V)Y || s
<IXNasIVURX = JuD)llas + 1X = YiEs VI Y | 1
Sn X as + 1Y Ta)IX = Ylas.
Finally, by identifying H s" and (H*')* via the Riesz isomorphism, then (A;) follows from
the above estimates and (4.6).

Verifying (Az). It follows from Lemma 4.2, integration by parts, H s s wheo (4.3)
and (4.5) that for some C = C; > 0,

[{Bn(X), X) s
< [([2%. (X 920X D20 X)a | + [(GX - V)D 3 X, D1 X) |
< CillIn X s IV In X Nl oo 1 n X 15 + IV T X M| oo 11T X s
< (Cs + DIXI o X5, X € H.
Then above estimate and (B7) yields (A3).

Verifying (A4). Let 7, be defined in (4.2). It is easy to see that (1.8) is satisfied. So, to
verify (A4) it remains to check (1.9). By (4.3), (4.4), (4.5), Lemma 4.2, integration by parts,
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Lemma 4.1, and H® < W1 we find constants ¢, ¢2, ¢3 > 0 such that

(Tul(X - V)XY, Ty X) s

= }([DS, (X-V)Xx], DSTn2X>L2(M) +{L(X - V)D*X), D°T, X))

IA

([0, ¢ -9)X], D T2X) o |+ [T (X - 1D X, DT X) o, |

+ ‘((x V)D'T, X, DST,,X)LZW}
<ctlXNus VXN I TEX s + el VX N oo | X s 1T X |l s

<cl X}, X € H.

Therefore, (1.9) holds.
Verifying (As). By (B3), for any N > 1 it suffices to find a constant Cy > 0 such that

(B(t,X) = B(t,Y), X = Y)yy <CNIX = Y7 XY €%r s .

LetZ=X—-Y.By H® — HY < W and Lemma 4.2, we find constants ¢y, ¢y > 0
such that

(B(t.X)— B(t.Y), X — ¥) v
= ((Z : V)X7 Z)[.]:’ - <(Y ' V)Z7 Z)[.]:’

<cll Xl 1213, + ‘(DS -2, D" Z>Lz(m‘

<cl XU IZI2, + 2l D Y 20 IV Z Lol Zl g + 2 IV Y [ 1 Z12,,
<ctllX a1 212, + el Y 1 Z12, .

which is the desired estimate.
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