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Abstract

The general framework on the non-local Markovian symmetric forms on weighted [” (p €
[1, oo]) spaces constructed by Albeverio et al. (Commn. Math. Phys. 388, 659-706, 2021)
by restricting the situation where p = 2, is applied to probability measure spaces describing
the space cut-off P(¢), Euclidean quantum field, the 2-dimensional Euclidean quantum
fields with exponential and trigonometric potentials, and the measure associated with the
field describing a system of an infinite number of classical particles. For each measure
space, the Markov process corresponding to the non-local type stochastic quantization is
constructed.
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1 Introduction and Preliminaries

In this paper we apply a general framework on the non-local Markovian symmetric forms
on weighted [” (p € [1, oo]) spaces constructed by [16], by restricting the situation where
p = 2, 1i.e., the weighted /2-space, to the stochastic quantizations of the space cut-off P (¢),
Euclidean quantum field, the 2-dimensional Euclidean quantum fields with exponential and
trigonometric potentials, and a field of classical (infinite) particle systems. Then, for each
random field, the Markov process corresponding to the non-local type stochastic quanti-
zation is constructed. As far as we know, there exists no considerations on the non-local
type stochastic quantizations for such random fields through the arguments by the Dirich-
let forms, that are non-local (cf., [1-5, 11, 12, 18, 21-25, 32, 34, 41, 43, 44, 57], and also
for a historical apergu on the stochastic quantizations of several random fields cf. [16] and
references therein).

Thus, the main concern of the present paper is to show the explicit results on (non-local
type) stochastic quantizations of the random fields, i.e., the probability spaces, on infinite
dimensional topological vector spaces. In order to explain in simple terms the mathematical
importance of this problem, before giving a description on the contents of this paper, we
recall the corresponding problem defined in the framework of Markov chains with finite
state spaces (also, cf. Remark 2.2 in Section 2). Let n € N, suppose that we are given an n xn
Markovian matrix M = (p;;),i, j = 1, ..., n. Thus the state space S of the Markov process
in consideration is S = {1, ..., n}. Then a probability distribution & = (p1,..., py), 0 <
pi < 1,X°1 | pi = 1, that satisfies w M = p is an invariant measure of the Markov process
defined through M, i.e., w is an eigenvector of M with the eigenvalue 1. Conversely, suppose
that we are given a probability distribution & = (p1,..., pn), 0 < p; <1, Z?:1 pi =1,
and suppose that we are asked to find an n x n Markovian matrix M such that u M = pu.
The latter problem is the stochastic quantization of the probability measure . It is the
interpretation of the stochastic quantization in the framework of the Markov process with
finite state space. Obvously, in general there exist many M that satisfy u M = p for a given
w. Ergodicity of the associated Markov process is related to uniqueness of M.

Now, let us give the contents of the single sections of the present paper. In the rest of
this section we recall the general framework for non-local Dirichlet forms on weighted
7 spaces developed in [16], which will be applied to several examples in the subsequent
section. Then, in the same section in order to understand a standard procedure to construct
a concrete Markov process through the general theorems in [16], we give Example O on the
non-local stochastic quantization of the Euclidean free field, which has been discussed in
section 5 of [16]. Here, we given the corresponding results as Theorem 5 and Theorem 6.

In Section 2, by following the procedure introduced in Example 0, we consider the
non-local stochastic quantizations of the space cut-off exponential model of the Euclidean
quantum field theory in Example 1, concluded by Theorems 7 and 8. The space cut-off
P(¢)> model and trigonometric model of the Euclidean quantum field theory constitute
Example 2, concluded by Theorems 9 and 10. Example 3 is a consideration on the stochastic
quantization of infinite particle systems, the corresponding resuts are given as Theorem 11.

At the end of Section 2, we give Remarks 2.1 and 2.2. Remark 2.1 includes a discussion
on the non-local stochastic quantization of the infinite particle systems, Remark 2.2 dis-
cusses the advantages of the non-local stochastic quantization with respect to the local ones
considered on infinite dimensional topolgical vector spaces. In Remark 2.2, we discuss how
the condition of the space cut-off of the potential terms put in Example 2 have been effec-
tively used (with a comparison of the corresponding results on <I>§ without cut-off given
in [16]), moreover an observation on the explicit representation of the non-local Markov
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Non-local Markovian Symmetric Forms on Infinite Dimensional Spaces 1943

process derived here by means of the related stochastic partial differential equations is
proposed (see also Remark 11 (Fukushima decomposition) and Remark 12 (Subordination
correspondences) in section 5 of [16]).

The final section is Appendix A, is where the proofs of lemmas which are given in
Section 2 to discuss the stochastic quantization of the infinite particle systems.

As has been announced above we first recall the abstract results on the non-local Dirich-
let forms defined on the Fréchet spaces provided in [16], and its application to the stochastic
quantization of the Euclidean free quantum field which also has been considered in [16].
By these preparations, in the next section we proceed to construct the solutions of stochas-
tic quantizations corresponding to the space cut-off P(¢)> Euclidean quantum field, the
2-dimensional Euclidean fields with exponential and trigonometric potentials, and a field of
classical (infinite) particle systems.

Here, we limit ourselves to recalling the results in [16] that will be applied to the stochas-
tic quantizations mentioned above. Precisely, for the applications, we restrict our selves
to the formulations on the weighted /2 spaces and the non-local Dirichlet forms with the
index 0 < o < 1, the index characterizing the order of the non-locality which has a
corresponcence to the index of the « stable processes.

The abstract state spaces S, on which we define the Markovian symmetric forms, are the
weighted 12 spaces, denoted by l(zﬂ[), with a given weight (8;); € N, 8; > 0, i € N, such that

00 1
2
S=1I, = {x: (x1,x2,..) e RN : ”X”lfﬁn = <‘§1ﬁ5|xi|2) < oo}. (1.1
=

We denote by B(S) the Borel o-field of S. Suppose that we are given a Borel probability
measure p on (S, B(S)). Foreachi € N, let o;c be the sub o-field of B(S) that is generated
by the Borel sets

B={xeS |xj €Bi,...xj, €By}, jx#i, BceB', k=1,....n, neN,

(1.2)
where B! denotes the Borel o-field of R!. Thus, o;c is the smallest o-field that includes
every B given by Eq. 1.2. Namely, o;c is the sub o -field of B(S) generated by the variables
X \ X;j, i.e., the variables except of the i-th variable x;. For each i € N, let u(- | ojc) be
the conditional probability, a one-dimensional probability distribution (i.e., a probability
distribution for the i-th component x;) valued o;c measurable function, that is characterized
by (cf. (2.4) of [24])

u({x 1 xi € AN B) = / (A | ojc) u(dx), VYA e B], VB € ojec. (1.3)
B
Define

1

L2(S; n) = {f ’ f S — R, measurable and || f||;2 = (/ |f(x)|2u(alx)>2 < oo} ,

N
(1.4)

and

FeE = s [Theen |3 € GR® > ), neN| c 12550, (19)

i>1

where CG°(R" — R) denotes the space of real valued infinitely differentiable functions on
R" with compact supports, and Ir(-) denotes the indicator function.

On L%(S; w), forany 0 < o < 1, let us define the Markovian symmetric form £ called
individually adapted Markovian symmetric form of index a to the measure i, the definition
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of which is a natural analogue of the one for «-stable type (non local) Dirichlet form on
R?, d < oo (cf. (5.3), (1.4) of [39], also cf. Remark 1.1 below for the corresponding local
Dirichlet forms on L2(R"; u) with finite n € N).

ForeachO < o < 1andi € N, and for the variables

1
vie Y €RY, yi#yl, X=(X1, ..., Xi—1, Xi, Xip1, .. ) €S and X\o; = (X1, ..., Xi—1, Xit1, .. ),

let

Dy (u, v; yi, ¥, X\ ;)

1
= W X {u(ﬁm,...,xz'—l,yi,x,'+1,..-)—u(xl,...,xi_l,yf,xl-+1,.-.)}
1

X{UXL, e X Yis Xig 1 -2 ) = VXL, X Y X -0 s (1.6)

then define
5§§§(u,v)z/5[Algy;y¢xi}(yi>¢a<u,v;yi,xi,x\xim(dyi|aic)}u<dx>, (17)

for any u, v such that the right hand side of Eq. 1.7 is finite, where for a set A and a variable
v, I4(y) denotes the indicator function, and in the sequel, to simplify the notations, we
denote Ziy: yotx,} (Vi) bY, .., Ty ) (Vi) OF Ty i)

By D;, we denote the subset of the space of real valued 3(S)-measurable functions such
that the right hand side of Eq. 1.7 is finite for any u, v € D;. Let us call (£ (i)(a), D;) this
form, D; being its domain. Then define

E@.v) =Y EDw.v).  Yu,ve()D: (1.8)
ieN ieN

It is easy to see that for the Lipschiz continuous functions it € Cj°(R" — R) C FCy°
and v € C°(R™ — R) € FCG°, n,m € N, which are representatives of u € FC3° and
v € FC§° respectively, n,m € N, E((;)) (@, ¥) and E o) (i1, V) are finite. Actually, in [16] it is
proved that Egs. 1.7 and 1.8 are well defined for FC§°, and hence F C§° C N;enD;, i.e., it
is shown that for any real valued 3(S)-measurable function u on S, such that u = 0, pu-a.e,
it holds that S(a) (u,u) = 0; and for any u, v € FCS°, there corresponds only one value
E@) (u, v) € R. Moreover, in [16] it is shown that £ is a closable Markovian symmetric
form. Precisely, the following Theorem 1 holds, which is a restatement of a result given by
[16] and shall be applied to the subsequent discussions in the present paper (in [16], not
only for0 < o < 1 but also for0 < « < 2, and for the state spaces S as weighted /” spaces,
1 < p < oo, those theorems including the statements corresponding to Theorems 1, 2 and
3 introduced in this paper are provided):

Theorem 1 (The closability) For the symmetric non-local forms £y, 0 < a < 1 given by
Eq. 1.8 the following hold:

1) Ew) is well-defined on FC°;
i) (€@, FCP) is closable in L*(S; p);
iii) (&), FC°) is Markovian.

Thus, for each 0 < a < 1, the closed extension of (£, FC3°) denoted by (£, D(Ew)))
with the domain D(Ey)), is a non-local Dirichlet form on L2(S; ).
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Non-local Markovian Symmetric Forms on Infinite Dimensional Spaces 1945

Remark 1.1 In [16], the symmetric form 8((;)) is considered for 0 < « < 2. Then, the

non-local symmetric form 5((;)) defined by Egs. 1.6 and 1.7, by extending the definition

for 0 < @ < 2, can be interpreted as non-local and local symmetric forms on the finite
dimensional linear space Cgo (Rd — R) (cf., e.g., Example 4 in section 1.2 of [38], and
section II-2 of [54]), the space of real valued smooth functions with compact supports on
R with some finite d € N: For simplicity, let d = 1 and for the Borel probability measure
W, suppose that there exists a smooth bounded probability density function p € S(R — R),
an element of Schwartz space of rapidly decreasing functions, such that 0 < p(x) < oo,
Vx € R. Then 5((;)) is interpreted as follows:

f\ﬂ@mdmxﬂw_fu»%gyﬂu»p@M@ﬁUﬂg f. g€ CCR - R).
R2 ly — x|

Next, foreach 0 < a < 2, let
|
M) =1 - o),
2
then, for f, ¢ € C§°(R — R), it holds that

(FO) = FONEOL) — gx)

lim | { Iyiy 2y (V) p(y)dy'y p(x)dx,
at2 Jr [x—M(a), x+M(a)] b Iy/ —X|l+a
= /R f1@) g (x) (p(x))* dx.
Also, for each 0 < a < 2 and each x € R, if we let
EPUR B
M) = (o) (1 = 50) 77

then, for f, g € Cgo (R — R), it holds that

. fOH) = feNEG)—gx)
tim [ ( Iy ) (') dy'} p(x)dx,
a2 JR Jx—M(a;x), x+M(o;x)] b [y’ _)C|l+a

= /R £ ') p(x) dx.

Considerations for the infinite dimensional situation corresponding to the above finite
dimensional observation will be carried out in forthcoming work.

The following theorem is also a part of the main results provided by [16] on the suf-
ficient conditions (cf. Theorems 2 and 3 below) under which the Dirichlet forms (i.e. the
closed Markovian symmetric forms) defined above are strictly quasi-regular (cf., [22-24]
and section IV-3 of [54], as well as [1] for the meaning of “strict quasi regular”).

Denote (E(4), D(E))) the Dirichlet form on L2(S; ), with the domain D))
defined through Theorem 1, obtained as the closed extension of the closable Markovian
symmetric form &), understood as first defined on FC§°. We shall use the same notation
E(w) for the closable form and the closed form.

For each i € N, we denote by X; the random variable (i.e., measurable function) on
(S, B(S), ) , that represents the coordinate x; of x = (x1, x2, .. .), precisely,

X, :S>x+—x; €R. (1.9)
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1946 S. Albeverio et al.

By making use of the random variable X;, we have the following probabilistic expression:

/ Ip(x;) u(dx) = u(X; € B), for B € B(S). (1.10)
S

Theorem 2 (The Strict Quasi-Regularity) Let S = l(ﬂ ),for 0 <a <1, let (Ewy, DEw))

be the closed Markovian symmetric form on L*(S; ) given by Theorem 1. If there exists
1

-1

a positive sequence {y;}; € N such that Y 2, Y, < oofie, {)/i_z},' € N is a positive I

sequence), and an 0 < My < oo, and both

1

Z(ﬂm) Ea ( Xl > Mo, ) < oo, (L.11)
M( U eN{ixi| §M~,3i_%yi_%, Vi eN}) =1, (1.12)
MeN

hold, then (E), D(Ew))) is a strictly quasi-regular Dirichlet form.

Next, from [16], we quote a theorem corresponding to the Markov processes associated
to the non-local Dirichlet forms defined above.

Let (£w), D(Ew))), 0 < a < 1, be the family of strictly quasi-regular Dirichlet forms
on L2(S; ) with the state space S defined by Theorems 1 and 2.

For the strictly quasi-regular Dirichlet form (£, D(E(y))) there exists a properly asso-
ciated S-valued Hunt process (seem Definitions IV-1.5, 1.8 and 1.13, Theorem V-2.13 and
Proposition V-2.15 of [54])

M= (2, F, (X)iz0, (Pxess )- (1.13)

A is a point adjoined to S as an isolated point of Sp = S U {A}. Let (T;);>0 be the
strongly continuous contraction semigroup associated with (), D(E))), and (p;);>0 be
the corresponding transition semigroup of kernels of the Hunt process (X;);>0, then for any
u € FCG® C D(Ey)) the following holds:

d d

- (p,u)(x)u(dx) (T,u D250 = E@)(Tiu, 1) = 0. (1.14)
By this, we see that

/S(p,u)(x),u,(dx) :/u(x),u(dx), vVt >0, YueFCS, (1.15)

and hence, by the density of FCS° in L>(S; p)

];PX(X, € B) u(dx) = u(B), VB € B(S), Vt=>0. (1.16)
Thus, the following Theorem 3 holds.
Theorem 3 (Associated Markov process) Let 0 < o < 1, and let (), D(Ew))) be a
strictly quasi-regular Dirichlet form on L*(S; p) that is defined through Theorem 2. Then

to (Ewy. D(Ew))), there exists a properly associated S-valued Hunt process M defined by
Eq. 1.13, the invariant measure of which is u (cf. Eq. 1.16).
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As the final preparations for the main discussions given in the next section, we recall
the formulation corresponding to the stochastic quantization of the Euclidean free quantum
field, discussed in the section 5 of [16].

Let us recall the Bochner-Minlos theorem stated in a general framework. Let E be a
nuclear space (cf., e.g., Chapters 47-51 of [68], and [8, 46]). Suppose in particular that E is
a countably Hilbert space,

characterized by a sequence of real Hilbert norms || ||,, n € N U {0} such that || ||o <
llli <--<|llln <---.Let E, be the completion of E with respect to the norm || ||,
then by definition E = (), En and Eg D E{ D -+ D E, D ---. Define

E} = the dual space of E,, and assume the identification EE)" =Ey.
Then we have
EC---CE,qCE,C---CEy=EyC---CE,CE; C---CE".

Since by assumption E is a nuclear space, for any m € N U {0} there exists ann € N U {0},
n > m, such that the (canonical) injection 7,; : E, — E,, is a trace class (nuclear class)
positive operator. The Bochner-Minlos theorem (cf. [45]) is given as follows:

Theorem 4 (Bochner-Minlos Theorem) Let C(¢), ¢ € E, be a complex valued function on
E such that

i) C (@) is continuous with respect to the norm || - ||, for some m € N U {0},
ii) (positive definiteness) for any k € N,
k
Y @ajClpi—¢) =0, VYaieC, Vo €E, i=1,...k
ij=1

(where a means complex conjugate of o).
iii) (normalization) C(0) = 1.
Then, there exists a unique Borel probability measure v on E* such that

Clp) = / <097 vdg), ¢ eL.
E*

Moreover, if the (canonical) injection T, : E, — Ep, for all n > m, is a Hilbert-
Schmidt operator, then the support of v is in E\, where < ¢, ¢ >= g+ < ¢, ¢ >g is
the dualization between ¢ € E* and ¢ € E.

Remark 1.2 The assumption on the continuity of C(¢) on E given in i) of the above The-
orem 4 can be replaced by the continuity of C(¢) at the origin in E, which is equivalent to
i) under the assumption that C (¢) satisfies ii) and iii) in Theorem 4 (cf. e.g., [50]). Namely,
under the assumption of ii) and iii), the following is equivalent to i): For any € > O there
exists a § > 0 such that

[Clp) — 1] <, Vo e E with [l¢lln <.

This can be seen as follows: Assume that ii) and iii) hold. For ii), let k = 3, o] = «,
ar = —a, oz = B, 91 =0, ¢»p = ¢ and @3 = ¥, then by the assumption ii), the positive
definiteness of C, we have

a - (2C(0) — C(p) — C(—9))
+af - (C(=y =) =C(=¥)) + @B - (CW+¢)—C(¥))+ BB - C(0) =0.
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By making use of the fact that C(—¢) = C(¢), which follows from ii), and the assumption
iii), from the above inequality we have

Ofdet( 2—Cp) - Cly) C(t/f+¢)—cw)).
CY +¢) — CP) 1

From this it follows that

IC(¥ +¢) — CW)I* <21C(p) — 1].

By making use of the support property of v by means of the Hilbert-Schmidt operators
given by Theorem 4, we can present a framework by which Theorems 1, 2, 3 and 4 can be
applied to the stochastic quantization of Euclidean quantum fields.

Now, we define an adequate countably Hilbert nuclear space Hy O S(RY — R) =
S(R?), fora givend € N. Let

Ho = {f S e = (Cf, f)Ho)% <o, f:R? >R, measurable] > SRY), (1.17)

where
. Dm0 = (D 2y = /l; Fgdx. (1.18)
Let us consider the following pseudo differential operators on S(RY — R) = S(RY)
H=(xP+ DT (—A+ DT (2P + DT, (1.19)
H'=@xP+ )" Fa+ D" F P+ )5, (1.20)

with A the d-dimensional Laplace operator. For each n € N, define
H,, = the completion of S(R?) with respect to the norm || f ., f € S(RY), (1.21)

where || f ||,% = (f, f)n (in the case where n = 1, to denote the 7| norm we use the exact
notation || ||3,, in order to avoid a confusion between the notation of some L' or I norms)
with the corresponding scalar product

(f,@n=H"f,H" )3y, [ g € SRY). (1.22)
Moreover we define, for n € N:
‘H_,, = the completion of S(RY) with respect to the norm|| f||—,, f € S®RY), (1.23)
where || f112,, = (f, f)-n, With

(frQ)n=H Y, HY'Du,  fgeSRY. (1.24)
Then obviously, for f € S (RY),
1A lle < 1fllnsts I fll—n=1 < I fll=n, (1.25)

and by taking the inductive limit and setting H = (), oy Hn, We have the following
inclusions:

Hc - --CHpp1CHyC--CHoC--CHyCHp1 C--- CH" (1.26)

The (topological) dual space of H,, is H_,, n € N.
By the operator H~! given by Eq. 1.20 on S(R?) we can define, on each 7,,, n € N, the
bounded symmetric (hence self-adjoint) operators

(H Yk, keNuU{0} (1.27)
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(we use the same notations for the operators on S (R?) and on H,,). Hence, for the canonical
injection

T Hyh — Mo, k,n € NU {0}, (1.28)
it holds that

T F e = ICHDY fllagg, VF € Hut

where by a simple calculation by means of the Fourier transform, and by Young’s inequality,
we see that for each n € N U {0}, H~! on #, is a Hilbert-Schmidt operator and hence
(H™Y?% on H,, is a trace class operator.

Now, by applying to the strictly positive self-adjoint Hilbert-Schmidt (hence compact)
operator H “1onHy = LZ(Rd — R) the Hilbert-Schmidt theorem (cf., e.g., Theorem VI
16, Theorem VI 22 of [63], and also [64]) we have that there exists an orthonormal base
(O.N.B.) {¢; }ien of Ho such that

H ' =xi@i, i€eN, (1.29)
where {A;};cn are the corresponding eigenvalues such that
0<--<A <A <1, whichsatisfy Y (4)*<oo, ie, {Aiew€l? (130)
ieN

and {¢; };cN is indexed adequately corresponding to the finite multiplicity of each A;,i € N.
By the definition (1.21), (1.22), (1.23) and (1.24) (cf. also Eq. 1.27), for each n € N U {0},

{(A)"@itien 1isan O.N.B.of H, (1.31)
and
{(Ai)"@ilien isan O.N.B.of H_, (1.32)
Thus, by denoting Z the set of integers, by the Fourier series expansion of functions in H,,,,
m € 7 (cf. Egs. 1.21-1.24), such that for f € H,,, we have
f=YaiGe), with a=(f,0'¢)),. i €N. (1.33)
ieN
In particular for f € S(R?) C H,,, it holds that a; = 1; ™ (f, ®i)1,- Moreover we have
>k =11l
ieN
that yields an isometric isomorphism t,, for each m € Z such that

T @ Hm 3 f > (Way, Ma,...) € 1(2/\__2,,1 (1.34)

)
where 1(2/\;2 is the weighted /2 space defined by Eq. 1.1 with p = 2, and 8; = Ai_zm.
Precisely, for f = Y, .nyai(W'¢;) € Hpy and g = D, bi(W'@i) € Hyp, with a; =
(f+ W), bi = (g. W"@:)),. i € N, by 1, the following holds (cf. Egs. 1.31 and
1.32):

m

(fr @m =D ai-bi =) 3"l a) A" Ab) = (nf, tg)p -

ieN ieN @
By the map 7, we can identify, in particular, the two systems of Hilbert spaces given by
Eqgs. 1.35 and 1.36 through the following diagram:

Hr € Hy CHo=L*RHYCH_ 1 CH_ ... (1.35)
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2 2 2 2 2
1@74) Cl(sz) c 1 C l()\[z)C I(A?) (1.36)

Example 0. (The Euclidean Free Quantum Field) This fundamental example introduced
in [59], which the following has been considered in [16], shows how the abstract Theorems
1, 2 and 3, from which we can construct weighted /%-space valued non-local symmetric
Markov processes through the non-local Dirichlet forms, can be applied to construct sepa-
rable Hilbert space (cf. Egs. 1.35 and 1.36) valued Markov processes, which is a stochastic
quantization of a given physical random field.

Let v be the Euclidean free field probability measure on S’ = S’(R%). It is characterized
by the (generalized) characteristic function C(¢) in Theorem 4 of vy given by

1
Clg) =exp(—3 (9, (—A + my) Q) 2a)).  forg € SR —> R, (1.37)

Equivalently, vy is the centered Gaussian probability measure on &’, the covariance of which
is given by

/
/S < ¢7 1> <¢’ 1> VO(d¢):(‘Pls(—A+m(2))_1(ﬂ2)L2(Rd)s @1, P2 € S(Rd i R),
(1.38)

where A is the d-dimensional Laplace operator and mg > 0 ( for d > 3, we can also allow
for mg = 0) is a given mass for this scalar field. ¢ (f) =< ¢, f >, f € SR — R) is the
coordinate process ¢ to vy (for the Euclidean free field cf. [58, 59, 62] and, e.g., [6, 26, 40,
66]). By Eq. 1.37, the functional C(¢) is continuous with respect to the norm of the space
Ho = L2(R?), and the kernel of (—A + m(z))_l, which is the Fourier inverse transform
of (€)% + m(z))’l, £ € R?, is explicitly given by Bessel functions (cf., e.g., section 2—5 of
[56]). Then, by Theorem 4 and Eq. 1.28 the support of vg can be taken to be in the separable
Hilbert spaces H_,, n > 1 (cf. Eqs. 1.35 and 1.36).

Let us apply Theorems 1, 2 and 3 to this random field. We start the consideration from
the case where o = 1, a simplest situation. Then, we shall state the corresponding results
for the cases where 0 < o < 1.

Now, we take vp as a Borel probability measure on 7 _». By Eqs. 1.34, 1.35 and 1.36, by

taking m = —2, t_5 defines an isometric isomorphism such that
T2 :H23 fr— (a1,a2,...) € 1(2A4), with a; = (f, Ai_zwi)_z, ieN (139

Define a probability measure . on 1(214) such that

w(B)=vot ,(B) for Be B(lfw)'

We set S = l(zm in Theorems 1, 2 and 3, then it follows that the weight §; satisfies 8; = A?.
We can take y; -3 = A; in Theorem 2, then, from Eq. 1.30 we have

o0 1 1 o0 o0
S n(BNXi = Moy ) =Y Bri=Y )P <oo  (140)
i=1 i=1 i=1
Equation 1.40 shows that the condition (1.11) holds.
Also, as has been mentioned above, since vo(H_,) = 1, for any n > 1, we have
1

L1 _1
P=voH)=pG)=n( J X <M 2y, #, VieN)), for =3}, v * = ki
MeN
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This shows that the condition (1.12) is satisfied.
Thus, by Theorems 2 and 3, for « = 1, there exists an l(2A4)—Valued Hunt process

M = (Q,F, (X120, (Po)xess ) (1.41)

associated to the non-local Dirichlet form (E(4), D (E())).
We can now define an H_,-valued process (¥;),>¢ such that

(Y)r=0 = (t23 (X)) 12- (1.42)

Equivalently, by Eq. 1.39 for X; = (X(¢), X2(¢),...) € l(/\4) — a.e., by setting A; (1)
such that A; () = X; X; (¢) (cf. Egs. 1.33 and 1.34), we see that Y; is also given by

Y=Y A0 e) =) Xi(gi € H oy, ¥t >0, Py—a.e. foranyx € S.
ieN ieN
(1.43)
Thus, by using Eqs. 1.16 and 1.39 we have proven the following:

Theorem 5 (The free field case for « = 1) Let us adopt the definitions given by Eqs. 1.17—
1.24, 1.29 and 1.30, for a given d € N. Let vy be the Euclidean free field probability
measure on S'(R? — R) defined through Eq. 1.37. For a = 1, let (Y;);>0 be defined
by Eq. 1.42, more explicitly by Eq. 1.43, then Y; is an H_3-valued Hunt process that is
a stochastic quantization (according to the definition we gave to this term) with respect
to the non-local Dirichlet form (5(0,), D(é’(a))) on L3 (H_s, vo), that is defined through
(Ew)s D(Ew))), by making use of t_y. In particular (Y;);>¢ is a non-local Markov process
with invariant measure vy.

For the cases where 0 < o < 1, we can also apply Theorems 1, 2 and 3, and then have the
corresponding result to Eq. 1.43. For this purpose we have only to notice that for « € (0, 1)
if we take vy as a Borel probability measure on 7 _3, and set § = 1(2)\6), Bi = k?, Vi = A,

and define
3 Ho33 fr— APa, A a, .. .)€ zm (1.44)

with @i = (f, 4¢3, i €N,
(cf. Egs. 1.34, 1.35, 1.36 and 1.39), then

o0

YT =Y 002 < oo,
i=1

i=1
As a consequence, for « € (0, 1), we then see that by the this setting (1.11) and (1.12) also
hold (cf. Eq. 1.40 together with the formula given below (1.40)).
Define a probability measure & on /> 39) such that

1(B)=vot i(B) for Be B(lm ). (1.45)

Then we have an analogue of Eq. 1.43 as follows: By Theorems 2 and 3, foreach 0 < o <
1, there exists an 1(2A6)—valued Hunt process

M = (., F., (X))i=0. (Po)xes, ) (1.46)

associated to the non-local Dirichlet form (E), D(E))). By making use of M we can
define an H_3-valued process (¥;);>0 such that (¥;);>0 = (1::2l (X’))z>0’ explicitly, by
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(1.44) for X; = (X1(t), X2(2),...) € Z(ZA_G), Py —a.e.x € Sa, by setting A;(¢) such that

Xi(t) = )L;3Ai(t) (cf. Egs. 1.33 and 1.34), then Y; is given by

Yo=Y AOO7e) =) Xit)gi € Ho3,  Vi=0, Px—ae. x €Sa. (147
ieN ieN

Thus, by using Eqs. 1.16 and 1.44 we have proven the following:

Theorem 6 (The Free Field Case for 0 < o < 1) Let us adopt the definitions given by
Egs. 1.17-1.24, 1.29 and 1.30, for a given d € N. Let vg be the Euclidean free field proba-
bility measure on S'(RY - R) defined through Eq. 1.37. For each 0 < a < 1, let (Y;):>0
be defined by Eq. 1.47, then Y; is an H_3-valued Hunt process that is a stochastic quanti-
zation with respect to the non-local Dirichlet form (S(a), D(E(a))) on L2 (H_3, vo), that is
defined through (5@, 'D(g(a))) (by making use of tT_3 via Eq. 1.45). In particular (Y;)s>0
is a non-local Markov process with invariant measure vy.

The diffusion case &« = 2 was already discussed in [22, 24] (and references therein).

2 Other Applications; Quantum Field Models with Interactions, Infinite
Particle Systems

Following analogous arguments to the one used for Example O (see the previous section)
in the present section we shall treat the following problems, related and complementary to
those of [16]:

1. Non-local type stochastic quantization of the (truncated) Hgegh-Krohn exponential
model with d = 2 (for the considerations on this random field, cf., e.g., [3, 4, 7-9, 15,
20, 26, 29, 37, 4749, 52, 66].

2. Non-local type stochastic quantization of the (space cut-off) P(¢)> and the Albeverio
Hgegh-Krohn trigonometric model with d = 2 (for the considerations on this random
field, cf., e.g., [9, 13, 14, 26, 28-31, 36]).

3. Non-local type stochastic quantization of the random fields of classical infinite parti-
cle systems (for the considerations on this random field, and its local type stochastic
quantizations by means of local Dirichlet form arguments, cf., e.g., [17, 60, 65, 67, 69]).

Example 1. (The Space cut-off Hgegh-Krohn Exponential Model With d = 2.) Let vy be
the Euclidean free field measure on S’ = S’ (R?), discussed in Example 0 with mg > 0
(precisely, see Eqgs. 1.37 and 1.38 with d = 2). Here, for simplicity we set the mass term
mo = 1. Let ag be a given real number and g a given positive valued function on R? such
that

lao| < ~/47, g € L>(R*> > R)N L' (R?> - R). 2.1

ap is called “charge” parameter, g (Euclidean) space cut-off. Define a measurable function
V (-) on the measure space (S’, B(S’), vp), as follows:

2\ (ap)"
<

V@)= Vae@) =) — = <g.: 9" >, 22)

n=0

(often written as : exp(ap < g, ¢ >) : ), where < -, - > denotes the dualization between
a test function and a distribution, and : ¢" : denotes the n-th Wick monomial of ¢, the
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S'(R?* — R)-valued random variable of which probability distribution is the free field mea-
sure vy (cf. e.g., [66]). Then, it is shown (cf. e.g., [10], THEOREM V.24 and PROPOSITION
VIIL43 of [26, 66], the first work in this direction being for the “time zero” version [10])
that

V() e L*(Sw), V(@) 20, w—ae, "D el’(S5w), ¥p=1, (23)
also 4
V) e LS iw)  if p<—2
0
By Eq. 2.3, the positivity of V (¢), it holds that
0<e V@ <1, Vg —a.e.. 2.4)
Thus, by Eq. 2.4, it is possible to define a probability measure vexp on S’ such that
I _
Vep(dg) = —e ™"V w(dg), 2.5)
where Z is the normalizing constant such that
Z=Zayg = f eV P v(dg). (2.6)
S/

Now, we shall look at the support property of the measure vexp through the Bochner-
Minlos theorem (see Theorem 4 in the previous section), and then apply Theorems 1, 2 and
3 in the previous section quoted from [16], to the random field (S’, B(S'), vexp). To this
end, we consider the characteristic function C(¢) of vexp:

Clp) = / e =79 v (de), ¢ € S(R? > R). 2.7
S/

The existence (i.e., the well definedness) of C(¢) and its continuity property can be
guaranteed and shown as follows: We first have the following evaluation:

|/S/Z(’<¢ 22 o) — 1

/ Z (=g V0 (a0

1 i
|—§ —,/ < ¢, 9 >" eV Pyl
z =Ky

1 [e'9) |ik|
— ) k ,=V(¢)
=72 & /5/'“”‘” e V@ o(de)

IA

/ | < g9 >* | vo(de)

7 Eull < 9. o>11<¢,0>1""1,

Z
122(21)| v ¢<,0>]
P e

(2.8)
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where, Eq. 2.5 is used for the first equality, and Fubini Theorem and Eq. 2.4 are applied for
the first inequality, and Eq. 2.4 is again used for the third inequality, and E,,[-] denotes the
expectation with respect to the probability measure vg. Then, by denoting

lell? = (A + 170, 9) 22,

(from the definition of the Euclidean free field, cf., Eq. 1.38) for the first term of the right
hand side of the last inequality of Eq. 2.8, it holds that

Eyl< ¢, 9 >21= - Dpll%,

and for the second term (with [ > 2) of the right hand side of the last inequality of Eq. 2.8,
by the Cauchy-Schwarz inequality, it holds that

1
Enll<¢, 0> 1<d,0> "1 < (Eyl< o, 0 >"1-Eyl< ¢, >772)2
1
= (@ = DMl - @ = Hlell* )2,
also, since,
@ =nn 27! (21— D - 21 = 3)1N)? 21+l
_— and S )
Q! n Q-1 Y
we then see the the right hand side of Eq. 2.8 is dominated by

1|2t 2 o 27 201
— - E s -
~ ; Il + Eull < <p>|]+l=2 =il
1 1
< —@EIgl? = D +lliglD- 2.9)

Equations 2.8 with 2.9 shows that C(¢) is continuous at the origin with respect to the norm
llell? = (A +D7'0,0) 2@ < I9l}2g, ¢ € SR > R),

and hence, by Remark 1.2, C(¢) has the same continuity as the characteristic function of
the Euclidean free field measure given by Eqgs. 1.37 and 1.38 (though, by the arguments of
the present evaluation, in Eq. 2.9, the sign of the exponent is positive). Then, by Theorem 4
(with Remark 1.2) and Eq. 1.28 the support of vey, can be taken to be in the Hilbert spaces
H_n,n > 1/(cf. Egs. 1.35 and 1.36).

Thus, by repeating the same arguments for the Euclidean free field (cf. Eqs. 1.39-1.43),
and by applying Theorems 1, 2 and 3 in Section 1, we have the analogous results on the
non-local stochastic quantization for the space cut-off Hgegh-Krohn field vexp, with d = 2
to those for the Euclidean free field with d = 2 (see Theorems 5 and 6) as follows:

Theorem 7 (The Space cut-off Hgegh-Krohn Model With d = 2, o« = 1) Let us adopt
the definitions given by Eqs. 1.17-1.24, 1.29 and 1.30, for d = 2. Let vy be the Borel
probability measure on S'(R*> — R) defined through Eq. 2.5. By Eq. 1.39 with d = 2,

define a Borel probabilty measure piexp on 1(2/\4) such that flexp(B) = Vexp © ‘L':21 (B) for

B e B(l(zﬁ)). Then, by Theorems 2 and 3, the following hold:

i) For « = 1, on L2(l(2)\4),/¢exp) the non-local Dirichlet form (Ey, D(Ewy)) is
well defined and there exists an associated 12 , -valued Hunt process M = (Q, F,

oh
(Xt)tEOv (Px)xeSA)-
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ii) For X,= (X1(t), X2(2),...) € l(/\4) x — a.e., define Y; = ), nXi(Dp; (V1 >
0, Px — a.e., forany x € Sh, then Y; is an H_»-valued Hunt process that is a

stochastic quantization with respect to the non-local Dirichlet form (c‘:'(a), D(g(a)))
on LE(H_,, Vexp), that is defined through (), D(Ew)))), by making use of t_3. In
particular (Y;);>0 is a non-local Markov process with invariant measure Veyp.

Theorem 8 (The Space cut-off Hgegh-Krohn Model Withd = 2,0 < o < 1) Let us adopt
the definitions given by Eqs. 1.17-1.24, 1.29 and 1.30, for d = 2. Let vexp be the Borel
probability measure on S'(R? — R) defned through Eq. 2.5. By Eq. 1.44 withd = 2,
define a Borel probabilty measure piexp on 12 . such that Mexp(B) = Veyp © r:zl (B) for

B € B(?

(73]

) ). Then, by Theorems 2 and 3, the following hold:

i) Foreach0 < a < 1, on LZ(Z(A6 Wexp) the non-local Dirichlet form (Eq, D(Ew)))
is well defined and there exists an associated l(zlﬁ)-valued Hunt process M =

(Q, ‘-Fv (Xt)tEO, (PX)XESA)~

ii) For X; = (X1(1), X2(1),...) € lkﬁ) —a.e., define Y; = Y ; nXi(®)gi (V1 >
0, Px —a.e., for any x € Sp, then Yt is an H_3-valued Hunt process that is a
stochastic quantization with respect to the non-local Dirichlet form (c‘:'(a), D(é(a)))
on LE(H_3, Vexp), that is defined through (£), D(Ew)))), by making use of t_3. In
particular (Y;);>0 is a non-local Markov process with invariant measure vexp.

Example 2. (The Space cut-off P(¢), and the Albeverio Hgegh-Krohn trigonometric
Model With d = 2.) Let us consider once more the Euclidean free field measure vy on
S’ = §’'(R? — R), discussed in Example O (precisely, see Egs. 1.37 and 1.38 with d = 2).
As in Example 1, for simplicity we set the mass term mo = 1.

Let vp (@), Vsin and veos be the probability measures on S’ that are defined by (cf. Eq. 2.5)

L Ve @
vp@)(dP) = ——e T y(de), (2.10)
Zp (@)
and
1 , o
Vsin(dg) = ——e " Pug(dg),  veos(dp) = ——e Py (dg), (2.11)
Zsin Zcos
with
Vea) @) = A <g, 1™ >,
for some given A >0, neN,
g € L*(R? > R) N L'(R?> - R) satisfying g > 0, (2.12)
and
¥ (ag) ! 2kt o D (ag)* 2%
A - >, Veos =A _ , >,
Vsin() = Z T <8 > Ve(d) kgo G <& >
for some given A >0, |ag] < V4w, g asin(2.12), (2.13)

respectively, where Zp(s), Zgin and Z¢s are the corresponding normalizing constants such
that

Zpw) = /8 PO w(dg),  Zin = / e w(dg),  Zeos = /S eV w(dg),
4 S/ /
(2.14)
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respectively. Under the above settings, it is known that (for the polynomial potential case
cf., e.g., [35, 58, 40, 66], and for the trigonometric potential case cf. [9, 13, 26, 36, 37, 40]),
one has that W € ﬂ L"(8'; vg) forany

r>1
W = e Vr@  omVin o Veos, (2.15)

The bound (2.4), i.e.,0 < e~V < 1, which holds for Vexp in Example 1, does not hold for
these V’s in the present example, but by Eq. 2.15, similar to the case of Veyp, we can show
that the characteristic functions (cf. Theorem 4) of these probability measures, Vp(o), Vsin
and vcos satisfy the comparable continuity as the characteristic function of the Euclidean free
field measure. Thus by Theorem 4 and Eq. 1.28 the support of vp(¢), Vsin and veos can be
taken to be in the Hilbert spaces H_,, n > 1 (cf. Egs. 1.35 and 1.36). Then, for the present
random fields, we can repeat the arguments for the Euclidean free field (cf. Egs. 1.39-1.41),
getting corresponding results as the the ones of Example 1.

The corresponding continuity of the characteristic functions of the probability measures
Vp(d), Vsin and veos can be seen as follows.

Denote by F(¢), ¢ € S'(R? — R), one of the positive random variablese V7@ / Zp(4),
e Vsin/Z and e Veos / Z ¢ on the probability space (S’, B(S'), vg). Then by Eq. 2.15, by
applying the Holder’s inequality (twice) (with p = %, q = 4), we have (cf. Eq. 2.8), for
peS=SR?—R),

|//Z(’<¢ * >0 F gy o)~ 1

1
< Zﬁfs| < ¢, 0 >" | F(#)vo(de)

8

Z / | < 6.0 > o) ( /(F(qs)) vo(d)) ")

< [ <00 [ wan)!
k=1

8

/(F(¢>)) Vo(d¢)) }
(2.16)

Also, by denoting r = |||¢]|| = (A + 1)_1(;), @), note that the following evaluations hold:

%(/ (< ¢, 9 >) ¥ vp(de))F = —((41«— D1 r2kyE < ki 5((4k))d
. S/
< (@) = 2.17)
and
(k)~2 52%(1_11)', for k=2, [N, (2.18)
(k)~2 ngéﬁ, for k=2l—1, [eN,[>2. (2.19)
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Then, by applying Eqs. 2.17, 2.18 and 2.19 to the right hand side of Eq. 2.16 we see that

k
|//Z(’ =82 p () vo(de) — 1

=y

el (DL

-t / F@)* ()t

IA

(@7 + Z 1), 27!

oo

1 4l _1 1
2o ARICHSIE (/S/(Fw))“ wo(d))*

=2

2 1+ rE(1 425 /<F<¢)> vo(d))?.
(2.20)

Equations 2.14 and 2.15, 2.16 with Eq. 2.20 show that the characteristic functions of vp ),
Vsin and vges are continuous at the origin with respect to the norm r = |||¢]||| = ((—A +

D7 ly, go)% for ¢ € S’. Hence, by Remark 1.2, the the characteristic functions (cf. Theorem
4) of vp(@), Vsin and veos satisfy the comparable continuity as the characteristic function of
the Euclidean free field measure.

Thus we can apply Theorems 1, 2 and 3 to the non-local stochastic quantization of the
random fields vp(e), Vsin and veos, then for these random fields we also get the analogous
statements as the one for the Euclidean free field with d = 2 and the one for the space
cut-off Hgegh-Krohn model in Example 1 as follows:

Theorem 9 (The Space cut-off P(¢)> and the Albeverio Hgegh-Krohn Trigonometric
Model Withd = 2, « = 1) Let us adopt the definitions given by Eqs. 1.17-1.24, 1.29 and
1.30, for d = 2. Let v be one of the Borel probability measures vp(a), Vsin OF Veos OR
S'(R? — R) defined through Eqs. 2.10 and 2.11 respectively. By Eq 1.39 withd = 2,
define a Borel probabilty measure w on 1% o) such that u(B) =vot_, (B)for B € B(Z%,).

Then, by Theorems 2 and 3, the following hold:
i) Fora =1, on Lz(l(zﬁ), w) the non-local Dirichlet form (Ey, D(E))) is well defined

H

and there exists an associated 1(2}L4)-valued Hunt process M = (Q, F, (X)) >

0, (Px)xeSA)~
i) For X; = (X1(t), X2(2),...) € l(}t4 —a.e, define Y, = Y ; nXi(pi (V1 =
0, Px —a.e., forany x € Sp, then Y, is an H_p-valued Hunt process that is a

stochastic quantization with respect to the non-local Dirichlet form (EN(O,), D(c‘f(a))))
on L>(H_3,v), that is defined through (), D(Ew))), by making use of 1. In
particular (Y;);>0 is a non-local Markov process with invariant measure v.

Theorem 10 (The Space cut-off P(¢), and the Albeverio Hgegh-Krohn Trigonometric
Model Withd = 2,0 < « < 1) Let us adopt the definitions given by Eqs. 1.17-1.24, 1.29
and 1.30, for d = 2. Let v be one of the Borel probability measures vp (), Vsin OF Veos OR
S'(R* — R) defined through Eqs. 2.10 and 2.11 respectively. By Eq. 1.44 with d = 2,
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define a Borel probabilty measure |1 on Z(ZAG) such that w(B) = vo t:6l (B) for B € B(l(z)ﬁ)).

Then, by Theorems 2 and 3, the following hold: I

i) Foreach 0 < a < 1, on Lz(l(z)\{,), W) the non-local Dirichlet form (Ey, D(Ew)))
is well defined and there exists an associated l?lé)-valued Hunt process Ml =

(2. F. (X020 (Poxes,).

i) For X, = (X1(t), Xa2(1),...) € 1(2“)), Px — a.e., define Y, = ), nXi()p; (V1 =

0, Px — a.e., for any x € Sp, then Y; is an H_3-valued Hunt process that is a
stochastic quantization with respect to the non-local Dirichlet form (f:'(a), D(g(a)))) on
L%(H_3,v), that is defined through (£, D(E(«))), by making use of T_3. In particular
(Y1)i=0 is a non-local Markov process with invariant measure v.

Example 3. (Non-Local Stochastic Quantization for Classical Infinite Particle Sys-
tems.)

In this example we apply Theorems 1, 2 and 3 to the random fields of classical statistical
mechanics considered by [65].

On the local type stochastic quantizations for such random fields, the various consid-
erations have been already made through the arguments of local Dirichlet forms (for the
fundamental formulations cf. [17, 60, 67, 69], and for the corresponding extended consid-
erations cf. [33, 61] and references therein, also cf. [53] where a first consideration on the
stochastic quantization of such a random field through the arguments of an infinite system
of stochastic differential equations is presented). But, as far as we know, there exists no con-
siderations on the non-local type stochastic quantizations for such classical particle systems
through the arguments by non-local Dirichlet forms.

We first recall the configuration space for the classical infinite particle systems (for an
original formulation, cf. [65], and also cf. [69] for their interpretation as a subspace of
Radon measures, which will be used in the subsequent discussions of the present example
(the notations, e.g., ), adopted here are diffent to the ones in [65] and [69])). Define

Y={Y|Y: RY — Z4 such thatz EKY(y) < oo for any compactK C ]Rd},
y

o[YV] = the o — field generated by {Y | ZyeBY(y) =m},

B running over the bounded Borel set of ]Rd, me Ly, (2.21)

where d € N is a given dimension, and Z is the set of non-negative integers, Z, = NU{0}.
On the measurable space (), o[)]), suppose that we are given a probability measure v
that satisfies (cf. Corollary 2.8, Prop. 5.2 of [65], and cf. also (2.19) of [69]):

v(Jow)=1. (222

NeN
and for some given y > 0 and real §,

oo
v(U5) < Y {expl—(y N2 — )T, (2.23)
=0
where, for N € N,
Uv={YeYIVleZy Y n(Y.rn*<NQ@+1)% (2.24)

rir|<l
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with

n(Y,r)= > Y@, (2.25)

YeQ,

1 ) 1
0, ={y=0" - ,yd)eRdlr/—EgyJ<rf+§,j:1,...,d}, r=0t .Y ezl
(2.26)

Define (cf. Eq. 2.22)
Yo=JUvcd, 2.27)
NeN

and the corresponding o -field

oMol ={BNI|B o[V} (2.28)
By Eqgs. 2.22 and 2.23, we restrict v (originally defined on ) to )y C ), and denote the
restriction by the same notation v. Then, we can define the probability space

o, a[Io], v). (2.29)

Subsequently, we shall interpret the probability measure v on the configuration space )y
to a probability measure on a subset of the space of Radon measures on R?. We note that
each Y € ) can be identified with z, an element of positive integer valued Radon measures
on R?, such that (cf. [69])

o0
2=y mdy,, yieR! ieN, (2.30)
i=1

for given Y € ) with {y;}ien = {y € R? | Y(y) # 0} and m; = Y(y;), where dy, denotes
the Dirac measure at the point y; € RY. Define

Vo = {z | z corresponds with an Y € Y by (2.30)}, (2.31)

O‘[:)N)()] = {{z | z corresponds with an Y € B, by (2.30)} ’ B e o[yo]}, (2.32)
and
7(B) = v(B), for B = {z | z corresponds with an Y € B, by (2.30)} IS 0[370]. (2.33)

Then, from Eq. 2.29, through Eqs. 2.30-2.33, we can define the probability space (on a
subset of the space of Radon measures (cf., e.g., [51], also as a general reference cf. [68])
such that

Yo, a[Dol, D). (2.34)

Next, we embed )}Q defined by Eq. 2.31 into a Hilbert space, and interpret the present
random field (), o[Jo], V) to be the one on which we can apply Theorems 1, 2 and 3.
To this end, for the present consideration, we modify the Hilbert-Schmidt operator and the
corresponding nuclear space defined through Eqgs. 1.19-1.32 as follows: Let

Ho = L>(RY — R; 1), with A the Lebesgue measure on RY, (2.35)
and
~ 1
H= (x4 DF (A + DT (x? + D)4, (2.36)
A = (k2 + D)@ (A + 1) F (2 + 1)-@+D, (2.37)
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#, and F_, be the completion of S = S(R? — R), the space of Schwartz’s rapidly
decreasing functions, equipped with the norms corresponding to the inner products (-, -),
and (-, -)_, respectively such that

(fon=EH"fH On,, f geS8, (2.38)
(fr@on=(HY £ EY D2, fgesS. (2.39)

Then, through arguments analogous to those performed in Section 1 and in the previ-

ous examples (with obvious adequate modifications of notations and notions) we have the
continuous inclusion

7:l3C7:lzC7:l1CHo=L2C7'~[1C7:l 2C7‘~l 3, (2.40)

and by the self-adjoint extension of H~' on S, for each domain 7—[,,, n € 7 (setting Ho =
Ho), we also have the Hilbert-Schmidt operator H L

Let {@;}ien be the orthonormal base of the Hllbert space Ho (cf. Eqs. 1.29-1.32) such
that

A'¢ =X,  ieN, (2.41)
where {):i }ien is the family of the corresponding eigenvalues, that satisfies
0<---<iy<i =1, {Aidien € I (2.42)

Through the preparations (2.35)-(2.42) above, we see that for any Y € Y, the
corresponding Radon measure z € ) defined by (2.30) satisfies

zeHoy. (2.43)

Equivalently, we are able to show that the following Lemma 2.1 holds:

Lemma 2.1 For the subset of Radon measures 5)0 defined by Eq. 2.31, it holds that
Yoc Hot

The proof of Lemma 2.1 is given in Appendix A.
Moreover, the following Lemma 2.2 holds.

Lemma 2.2 For the o-field o (Yol ] defined by Eq. 2.32 and the Borel field BH_,) of the
Hilbert space H_ it holds that o[Yy] D (B(’H AN yo) for r > 1.

The proof of Lemma 2.2 is also given in the Appendix A.

By Lemmas 2.1 and 2.2, the probability measure of the classical infinite particle system
v on (Qo, o[Jo]) (cf. Eq. 2.34) can be extended, for each r > 1, to a Borel probability
measure v, on (H_,, B(H_,) as follows:

v (B) = 5(BN ), B e B(H_,). (2.44)

For the subsequent discussion, we take r = 3, and consider the corresponding extended
random field (H_3, B(H_3), 13) to (yo, [yo] D) (cf. Eq. 2.34).

By making use of Lemma 2.2, we shall proceed to the application of Theorems 1, 2 and 3
to the random field (H_3, B(H 3), v3). From Eq. 2.40, 2.41 and 2.42 (cf. Eqs. 1.29-1.34),
we see thatfork =0, 1,2, 3 with H_og = Ho = H,

{A)*@itien  isan O.N.B. of Hy, (2.45)

() *@ilien  isan O.N.B.of H_g, , (2.46)
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and we can define an isometric isomorphism t between 7-L3 and 12(X%) such that

t:Hos s fr— G an 2y a, .. ) € PRS),  with ¢ = (f,A;7°¢)-3, i €N,
(2.47)
where the inner product (-, -)_3 is defined, not by Eq. 1.24, but by Eq. 2.39. Then, through
v, defined by Lemma 2.2 and the mapping 7, we can define a Borel probability measure u
on I2(19) as follows:

w(B)=v30t ' (B)  forB e B(*(9)). (2.48)

Now, by setting § = 12(5\6) in Theorems 1, 2 and 3, for each o € (0, 1], we have an 12(5\6)—
valued Hunt process Ml = (2, F, (X);>0, (Px)xes, ). associated to the non-local Dirichlet
form (&), D(E@))) on L2(S, ). We can then define an 7{_3-valued Hunt process (Y;);>0
(cf. Eqgs. 1.42 and 1.43) such that

= Zie Xi ()¢, Xi(t) #A
Y= { A, ) Xi(t) = A (2.49)

where A’ is a point adjoint to H_3 (the cemetery).
Through the above discussion we have proven the following:

Theorem 11 Let d € N be given. Let (:)70, o[:)}o], V) be the probability space on the space
of non negative integer valued Radon measures defined by Eq. 2.34, which is a replesen-
tation of (D, o[Jol, v) defined by Eq. 2.29, the probabilty space of the infinite particle
system on the configuration space ) (see Egs. 2.21 and 2.27).

_Define the probability measure v3 by Eq. 2.44, by setting r = 3, and let
(H_3, B(H_3), v3) be the probability space on the Hilbert space H_z > Do, defined
through Eqs. 2.35-2.40, which is an extension of (yo, a[yo], V).

Then by setting | as the probabilty measure on the abstract sequence space 12(3%)
such that u(B) = v3 o = 1(B), for B € 8(12(5»6)), with t© defined through
Eqs. 2.41 and 2.47, for each a € (0, 1], the non-local Dirichlet form (E), D(Ew)))
on L1209, W) is well defined, and there corresponds an 12(3%)-valued Hunt process

= (Q, F, (X110, (Px)xes,) with S = 1>(1°) exists.

Moreover, by defining (Y;);>0 by Eq. 2.49, then Y, is an 7:[,3-valued Hunt process that
is a stochastic quantization with respect to the non-local Dirichlet form (é(a), D(é(a))) on
L2(7:[_3, v3), that is defined through (), D(E())), by making use of t. In particular
(Y1)=0 is a non-local Markov process with invariant measure v3.

Remark 2.1 i) These considerations performed in Example 3 are adapted to all the cases
o € (0, 1], but, if we restrict our discussions to the case where @ = 1, then we are able to
take S = 12(5\4), and have an lz(i4)—valued Hunt process M = (2, F, (X1)r>0, (Px)xeS,)s
associated to the non-local Dirichlet form (E), D(E))) on L2(S, ), and then we can
define an ﬂ_z-valued Hunt process (¥;);>0 (cf. Eq. 2.49) through the same discussion as in
Example 0.

ii) In order to consider other jump type Markov processes, which are natural analogues
of the diffusion process, with invariant measure v defined by Eqs. 2.33 and 2.34, constructed
through the local type Dirichlet form defined by [69], where the present v was denoted by
W, we should define, analogous to [69], a corresponding non-local type Dirichlet forms by
making use of a system of density distributions (cf. Assumption 1 and Remark 1 of [69]).
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These would be different from the non-local type Dirichlet forms discussed in the present
paper, since they would involve the mentioned system of density distributions.

Remark 2.2 (On advantages of non-local Dirichlet forms, on the related SPDE, on the space
cut-off)

i)  Let us consider a toy model of 1-dimensional non-local stochastic quantiztaon as
follows: Let the state space § = {—%, %} C R'. Suppose that we are given some
p € [0, 1], and a probabilty measure ¢ on S such that u({%}) = p, ,u({—%}) =1-p.
Take f, g € S(R — R), and denote u; = f(3), u2 = f(—%), vi = g(3) and

v =g —%). Define an inner product (f, g)Lz(W such that (f, g)Lz(M) = /Rf(x) g(x)

u(dx) = uyvyp +uzv2(1 — p).
Then, L2(u) is the space of real valued bounded measurable functions on R. On L3(w),
define a closable non-local Markovian symmetric form £y, o € (0, 2) such that

i = [ LOSONE0 Zs0)
Xy lx — vl
(u1 — u2)(v1 —v2)p(1 — p) + (uz — u1)(wa —v))(1 — p)p

(1()-(5),, = () 2 C0)),e,

where A =2 < I=pp ; ! ) The closed extension of £y, denoted by the same notation,

wu(dx) p(dy)

is a Dirichlet form with domain D(E(y)) = LZ(M). Then, A is the generator of Markovian
semi group e~ 4’, # > 0 such that

o0 n
—1)rgnon _ _ _ _ _
e—At:Z( ) (1 pp 1) :(pl p>+e—2t<1 pp 1)_
L -p P pl—-p -r P
(2.50)
Denote the right hand side of Eq. 2.50, the matrix, by M;, t > 0, then it holds that

(p,1=p)M; =(p,1—p).

Thus M;, and hence e~4! defines a continuous time conservative Markov process with
invariant measure /t, which is a non-local stochastic quantization of . Obviously, for L2(w)
it is impossible to formulate a corresponding local Dirichlet form. Roughly speaking, for
a given random field w, in order to consider the stochastic quantizations through the argu-
ments by means of the local Dirichlet forms, we have to suppose a sufficient regularity
for w.

By keeping the above description in mind, let us compare the main theorems given in
[16] and [24]. For this we use the same notations used in [16] and [24] without giving their
definitions. By making use of a directional derivative, to define a local Dirichlet form on
L?(E; ), with E a locally convex Hausdorff topological vector space which is in addi-
tion Souslinean, and a Borel positive mesure ©, we have to firstly consider the so-called
p-admissibility (see Definition 2.1 and Theorem 2.2 of [24]. By Theorem 2.2 of [24], it is
shown that for each k € E \ {0}, the u-admissibility corresonding to k is completly charac-
terized by means of py : Ex x B(R) — [0, 1], a kernel function, and vy, the image measure
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of wu under the projection mry : E — Ej with E = E} @ kR, such that
/ u(z)u(dz):/ / u(x+sk)p(x,ds)vg(dx), forall Borel function u :E — [0, 00).
E E; JR

In [16] we inherit the concept of the deconposition of p by meams of p; and v, as an
abstract way, and define the non-local Dirichlet forms on weighted [? spaces (see Eq. 1.7 in
the present paper). Roughly speaking, wu(dy; | ojc) in Eq. 1.7 corresponds to p; (more pre-
cisely see Remark 2 of [16]). For the cases of local Dirichlet forms on infinite dimensional
topological vector spaces, to certify the conditions under which the p-admissibility holds,
we need fine informations on the measure u (see Theorems 2.2, 2.4 and Corollary 2.5 in
[24], also for the finite dimensional case cf. Section II-2-a) of [54], on the other hand for
the cases of non-local Dirichlet forms on weighted [? spaces, a sufficient conditions under
which we can define quasi-regular Dirichlet forms becomes simple (see Theorem 1, and
Egs. 1.11 and 1.12 of Theorem 2 in the present paper, see [16] for more general situations).
(Naturally, even a finite dimensional model, the above model set in the remark does not
satisfy the conditions given in Section II-2-a) of [54]).

In [3, 4, 18, 41-43], the local stochastic quantizations corresponding to <I>‘3‘ Euclidean

field are considered by not passing through the arguments of the Dirichlet form. By using
the directional derivatives which were adopted in [22—24], because of a less regularity of
Euclidean @‘3‘ measure, it would be impossible to define a local Dirichlet form for the
Euclidean CIZ"31 field (for a related discussion, cf. [20], and cf. [30, 70, 71] where a local
Dirichlet form reduced from the solution of the SPDE given by [43] is discussed). On the
other hand, in [16] by making use of the non-local Dirichlet form, a non-local stochastic
quantization of <I>‘3‘ field is considered. In short, non-local stochastic quantizations could be
considered also for random fields possessing less regularities (see the above paragraph).
i) LetM = (Q, F,(X1)r>0, (PX)Xegﬁ) be the Hunt process defined through Theorem
3. By a direct application of Theorem VI-2.5 of [54] we see that for u € D(Ey)), there
exists a unique martingale additive functional of finite energy (MAF) M and a continuous
additive functional of zero energy (CAF’s zero energy) N*l such that

Al — pgled o plul (2.51)

where
A = Al o0 A — gy — axo).

with 7 an £(,)-quasi continuous p-version of u € D(E)). Since, Examples 0, 1, 2 and 3
are considered through Theorem 3, every Hunt process appearing in Theorems 5, 6, 7, 8, 9,
10 and 11 admits the decomposition formula (2.51) with X; being substituted by Y;.

In order to consider the martingale problems (cf., e.g., [39] and [55]) corresponding to
the decomposition given by Eq. 2.51, and then to give the explicit expressions by means of
SPDE:s to the Hunt process M, by setting some additional assumptions for the probability
measure u (cf. Eq. 1.3), e.g., a uniform regularity of its density function, we have to pass
through the analogous discussions performed by, e.g., [39] and [5] for the finite dimensional
vector spaces. The considerations of this concern are postponed to future works.

Since the strictly quasi regular Dirichlet forms (£ (), D(£(y))) considered in this paper
satisfy 1 € D(E(y)) (see the proofs of Theorem 2 and 3 of [16]), and the state spaces in
considerations are separable Hilbert spaces, the Hunt process M associates with the strictly
quasi regular Dirichlet forms discussed in Examples 0, 1, 2 and 3 are conservative, i.e.,
Eq. 2.51 are time gloval processes (see Proposition V.2.15 and the discriptions in pages 160,
161 of [54]).
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iii) In order to apply Theorem 2 on the strictly quasi regular Dirichlet forms
(E(@), D(Ew))) to each concrete Euclidean random field p on a topological vector space,
we need the support property of n. In Examples 1 and 2, by setting the assumptions of
the space cut-off to the potential terms (exponential, trigonometric and P(¢)2), by apply-
ing Theorem 4 (Bochner-Minlos Theorem), we can get clear support properties such that
support[u] C H_,,n > 1, and then we can apply Theorem 2 to these examples. In [16] the
non-local stochastic quantization of <I>‘3L has been considered, where for the random field u
we are able to use the support property that is guaranteed by the lattice approximations of
w provided by [31].

Appendix A

Proof of Lemma 2.1 From Egs. 2.22 and 2.23, the assumption for the original measure v,
Lemma 2.1 can be proven as follows: It suffices to show that Eq. 2.43 holds for any z that
corresponds with an Y € Uy C Y for some N € N (see Eq. 2.27).

[e'e) ~
ForY € Uy C Yo with N € N, let z=Y midy, € V. (A.1)
=

the Radon measure corresponding with Y through Eq. 2.30. Then, for any test function
@ € S (denoting by < z, ¢ > the dualization between the distribution z and the test function
¢), we have

l<zp>1= ) _med|=>_| > mie()
i=1 1=0 \y;€0,:|r|=l
< Zn(\y,r)(sup |go<y)|) <y Z<n2<Y,r))(sup Iw(y)|>
1=0 \Irl=t yeo, 1=0 \|r|=t yeo,
<Y | D@, r>><sup|(|y| + D™ oD
=0 \|r|=l yeQr
o0 1
=D DS (/ (A + DTy + D)’ dy)
1=0 \|r|=l
< SR, ) (f (P + 1) <d+‘>)2dy>
1=0 |r|=l
x(/Q (5P + D (= + D (32 + D+ () dy) )
o }
=D DAY ( / (yPP+ 1) <"+”>2dy) el g, - (A2)
1=0 \|r|=l

In the above deductions, to get the third inequality we have applied the Sobolev’s embed-
ding theorem (cf., e.g., [56]) that gives for the Sobolev space W2 with m = [%] + 1, that
W2 < Cp(R?) (cf. the explanation given below (A.10), where Cj, (RY) denotes the space
of real valued bounded continuous functions on R¢. Since, for r € Z4 by denoting |r| = 1,
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for some C < oo it holds that

f ((y2+ D7@)2ar < c@® + 177, (A3)
by this together with Eq. A.1, we can evaluate the right hand side of Eq. A.2. We conse-
quently see that the following holds for some constants C1, C2, C3 < oo (only C3 depends
on N):

o0

3d+5 , d

|<z9>|=C {Z#(Y, ML+ D)@+ 1)t +N2} lelg,
=1

o0
d_ 5 ~
< G {ZN2(Z +1D)7ITI4 NZ} lels, < Csllelg,. Yo et
=1
(A.4)
Equation A.4 shows that
zeH =H_1, (A.5)
for any z that corresponds withan Y € Uy C ) for some N € N. Since N € N is arbitrary,
the proof of Eq. 2.43 is completed. O
Proof of Lemma 2.2 Letr > 1. We shall show that
a[Vol > (BH-,) N W) (A.6)

Since 7:l_r is a separable Hilbert space, and hence, it is a Souslin space, and also since the
dual space of H_, is H, (see Eq. 2.40), it holds that (cf. e.g., [27])

B(H_,) = o[H,] = the o — field generated by {z |z € H_,, 0(z) <1}, 1 €R, ¢ € H,,

_ (A7)
where ¢(z) =< z, ¢ > denotes the dualization between the distribution z € H_, and the
test function ¢ € H, (cf. Eq. A.2). To see that Eq. A.6 holds, by Eq. A.7 it suffices to show
that

({zlz € Hor, o) <IN )70) €o[)y], forany ¢ e, and VieR. (A8)
By Lemma 2.1, since 7:l_r ) 370, and it holds that
(fzlzeHor, 9@ <} NI0) = {zlz € H-r N Do, 0(2) <1} = {z]2 € Do, 9(2) <1},
we see that Eq. A.8 is equivalent to the following:
(zlz€ o, 9(@) <t} €o[Dol, forany ¢ e H, and VieR. (A.9)

On the other hand, by Eq. 2.38, from the Sobolev’s embedding theorem (cf., e.g., Th.
3.15 in [56]),since Cp(RY — R) ¢ W"@+D:2(R?) it holds that

C={(xP+ D7Dy |y e CRY - R)} O H,, (A.10)

where C;, denotes the space of real valued bounded continuous functions, and wrd+h.2
denotes the Sobolev space defined., e.g., by Def. 2.9 of [56], where the notation such that
52(2d+1) = W"@+D.2 j5 adopted. Thus, by Eq. A.10, in order to prove Eq. A.9, that is
equivalent to Eq. A.8, it suffices to show that

(z1z € Do, 02) <t} € Dol VpeC, VteR. (A.11)
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For Eq. A.11, we used the fact that C can be taken as the dual space of Yo, which is included
in the proof of Lemma 2.1 (cf. Eq. A.2), but is easily seen as follows: By Eq. A.10, for
¢ = (|x|> + 1)@+ Dy ¢ C with ¥ € Cp, and any z € Yy, it holds that

|go(z)|—|2mz<p<yz)|—|2( > mie)l

1=0 yieQ::lt|=l

= Z(Z n(Y. )(sup o(y)) = ||1//||LocZ S (2 (Y ) (sup (Jy P+ 1)+ D)

1=0 |r|=l ye0: 1=0 |t|=I ye0:

00 —r(d+1)
< Wil Y | oY, 1) (r2 - %) +n?(Y, 0) < oo, (A.12)

=1 \|r|=!

where the last equality follows from Eqs. 2.24 and 2.27.
In addition, note that for ¢ € C, by the decomposition such that ¢ = ¢, — ¢_, where
¢+ (x) = max{p(x), 0} and ¢_(x) = max{—¢(x), 0}, it holds that

9+, 9 €C. (A.13)
Also, note that the following holds:

{zlz €, 92) <1} = {zlz€ Do, 0+(2) —9_(2) <1}

= JUrlz€, o1 <t+s1n{z]|z €, 9-(2) > 5),
s€eQ
(A.14)

where QQ denotes the field of rational numbers. Thus, since the right hand side of Eq. A.14
is a countable operation, from Eqs. A.13 and A.14, to prove Eq. A.11 it suffices to show
that the following holds:

{z|z € 370, p(z) <t} e 0'[570], for any ¢ € C such that (x) > 0,x € R?, and ¥t € R.

(A.15)

To this end for ¢ € C with ¢(x) > 0, Vx € R4, define ¢n € C,n € N, that satisfy the
following:

0<@gn(x) < Pnr1(x) <@(x), VxeR? VneN, (A.16)
supp [¢n] C {x|x € RY, |x| < n}, (A.17)
lim |lg, — @llLe =0, (A.18)

n—oo

then, since z € 5)0 is a non-negative (integer)-valued Radon measure on R4 (cf. Eq. 2.30),
we can use an argument of a monotonicity, we have

{zlz €, 9@ <1} = (Jlz1z € Do, ¢ul@) <1). (A.19)

neN

For each ¢, € Co(Rd — Ry), there exists a sequence of simple functions {¢y k}keN OD
B(R?), the Borel o-field of RY, such that

0<@ui(®) < @uit1(x) <gu(x), VxeRY keN, (A.20)
lim [|@, k — @pllre =0, (A21)
k—o00
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where Co(R? — R,) denotes the space of non-negative continuous functions on R? with
compact supports. Then, by Egs. A.20, A.21 and again by the monotonicity of the sequence
of sets, that follows from the positivity of z € ), it holds that

{z1z€ o, pa@) <1} = | Jlzlz € Do, gni(@) <1). (A22)
keN

By the definition of the o-field 0[370], provided through Eqgs. 2.21, 2.28 and 2.32, since
{z1z2€ X0 gui(@ <t} € oD, VneN, VkeN,
from Eq. A.22 we have

(zlze Do pa(@) <1} € 0lDol,  VneN,
and thus, from Eq. A.19, we see that Eq. A.15 holds. This complete the proof of Eq. A.6. [

Acknowledgements The authors would like to gratefully acknowledge the support received from vari-
ous institutions and grants. In particular for the first and the fifth named author, the conference “Random
transformations and invariance in stochastic dynamics” held in Verona 2019 supported by Dipartimento di
Matematica, Universita degli Studi di Milano, and its organizers, in particular prof. S. Ugolini, where they
could get fruitful discussions with the participants, e.g., prof. F. Guerra, prof. P. Blanchard, prof. D. Elwor-
thy to whom strong acknowledgements are expressed; for the fourth and fifth named authors, IAM and HCM
at the University of Bonn, Germany; also for the fourth and fifth named authors, international conference
“mathematical analysis and its application to mathematical physics” held at Samarkand Univ., 2018 sup-
ported by Samarkand Univ. Uzbekistan, and its organizer prof. S. N. Lakaev ; for the fifth named author,
SFB 1283 and Bielefeld University, Germany; also for the fifth named author, the conference “Quantum Bio-
Informatics” held at Tokyo University of Science 2019 supported by Tokyo University of Science, and its
organizer prof. N. Watanabe, where he could get fruitful discussion with prof. L. Accardi to whom a strong
acknowledgement is expressed; moreover for the fifth named author, the conference ““ Stochastic analysis and
its applications” held at Tohoku Univ. supported by the grant 16H03938 of Japan Society for the Promotion of
Science, and its organizer prof. S. Aida. Also, the fifth named author expresses his strong acknowledgements
to prof. Michael Rockner for several fruitful discussions on the corresponding researches.

The datasets generated during and/or analysed during the current study are available from the correspond-
ing author on reasonable request.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Albeverio, S.: Theory of Dirichlet forms and applications. In: Lectures on probability theory and statistics
(Saint-Flour:2000), Lecture Notes in Math, vol. 1816, pp. 1-106. Springer, Berlin (2003)

2. Albeverio, S.: Along paths inspired by Ludwig Streit: stochastic equations for quantum fields and related
systems. Stochastic and infinite dimensional analysis:1-17, Trends Math., Birkhduser/Springer, Cham
(2016)

3. Albeverio, S., De Vecchi, F., Gubinelli, M.: Elliptic stochastic quantization. Ann. Prob. 48, 1693-1741
(2020)

4. Albeverio, S., De Vecchi, F., Gubinelli, M.: On the elliptic stochastic quantization of some two
dimensional Euclidean QFT’s. Ann. I’Inst. H. Poincaré 57, 2372-2414 (2021)

@ Springer


http://creativecommons.org/licenses/by/4.0/

1968 S. Albeverio et al.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.
29.

30.

31.

32.

. Albeverio, S., Di Persio, L., Mastrogiacomo, E., Smii, B.: A class of Lévy driven SDEs and their explicit

invariant measures. Potential Anal. 45, 229-259 (2016)

. Albeverio, S., Ferrario, B., Yoshida, M.W.: On the essential self-adjointness of Wick powers of relativis-

tic fields and of fields unitary equivalent to random fields. Acta Applicande Mathematicae 80, 309-334
(2004)

. Albeverio, S., Hida, T., Potthoff, J., Streit, R., Rockner, M.: Dirichlet forms in terms of white noise

analysis. I. Construction and QFT examples. Rev. Math. Phys. 1, 291-312 (1989)

. Albeverio, S., Hida, T., Potthoff, J., Streit, R., Rockner, M.: Dirichlet forms in terms of white noise

analysis. II. Closability and diffusion processes. Rev. Math. Phys. 1, 313-323 (1989)

. Albeverio, S., Hgegh-Krohn, R.: Uniqueness of the physical vacuum and the Wightman functions in

infinite volume limit for some non polynomial interactions. Comm. Math. Phys. 30, 171-200 (1973)

. Albeverio, S., Hgegh-Krohn, R.: The Wightman axioms and mass gap for strong interactions on

exponential type in two-dimensional space-time. J. Funct. Anal. 16, 39-82 (1974)

. Albeverio, S., Hgegh-Krohn, R.: Quasi invariant measures, symmetric diffusion processes and quantum

fields. Les méthodes mathématiques de la théorie quantique des champs. (Collog. Internat. CNRS, No.
248, Marseille, 1975) Editions Centre Nat. Recherche Sci. Paris, pp 11-59 (1976)

. Albeverio, S., Hgegh-Krohn, R.: Dirichlet forms and diffusion processes on rigged Hilbert spaces. Z.

‘Wahrscheinlichkeitstheor. Verv. Geb. 40, 1-57 (1977)

. Albeverio, S., Hgegh-Krohn, R.: Uniqueness and the global Markov property for Euclidean fields: the

case of trigonometric interactions. Comm. Math. Phys. 68, 95-128 (1979)

. Albeverio, S., Hgegh-Krohn, R., Zegarlinski, B.: Uniqueness and global Markov property for Euclidean

Fields: the case of general polynomial interactions. Commn. Math. Phys. 123, 377-424 (1989)

. Albeverio, S., Kawabi, H., Mihalache, S.R., Rockner, M.: Strong uniqueness for Dirichlet operators

related to stochastic quantization under exponential/trigonometric interactions on the two-dimensional
torus. arXiv:2004.12383. (2020), to appare in Ann. SNP CI. Sci. (5) (2022)

Albeverio, S., Kagawa, T., Yahagi, Y., Yoshida, M.W.: Non-local Markovian symmetric forms on infi-
nite dimensional spaces. I. The closability and quasi regularity. Commn. Math. Phys. 388, 659-706
(2021)

Albeverio, S.K., Yu, G., Rockner, M.: Analysis and geometry on configuration spaces: the Gibbsian
case. J. Funct. Anal. 157, 242-291 (1998)

Albeverio, S., Kusuoka, S.: The invariant measures and the flow associated to the ¢§‘—quantum field
model. Ann SNP, Classed Science XX(4), 1359-1427 (2020)

Albeverio, S., Kusuoka S.: Construction of a non-Gaussian and rotation-invariant ®*-measure and
associated flow on R? through stochastic quantization. arXiv:2102.08040v3 (2022)

Albeverio, S., Liang, S., Zegarlinski, B.: Remark on the integration by parts formula for the ¢§‘—quantum
field model. Infinite dim. anal. quantum probab. related topics 9, 149-154 (2006)

Albeverio, S., Ma, Z.M., Rockner, M.: Quasi regular Dirichlet forms and the stochastic quantization
problem. Festschrift Masatoshi Fukushima. Interdiscip. Math. Sci. 17, 27-58 (2015)

Albeverio, S., Rockner, M.: Classical Dirichlet forms on topological vector spaces- the construction of
the associated diffusion processes. Probab. Theory Related Fields 83, 405-434 (1989)

Albeverio, S., Rockner, M.: Classical Dirichlet forms on topological vector spaces-closability and a
Cameron-Martin formula. J. Functional Anal. 88, 395-43 (1990)

Albeverio, S., Rockner, M.: Stochastic differential equations in infinite dimensions: solution via
Dirichlet forms. Probab. Theory Related Fields 89, 347-386 (1991)

Albeverio, S., Riidiger, B.: Infinite-dimensional stochastic differential equations obtained by subordina-
tion and related Dirichlet forms. J. Funct. Anal. 204, 122—-156 (2003)

Albeverio, S., Yoshida, M.W.: H — ¢! maps and elliptic SPDEs with polynomial and exponential
perturbations of Nelson’s Euclidean free field. J. Funct. Anal. 196, 265-322 (2002)

Badrikian, A.: Séminarie Sur Les Fonctions Aléatoires Linéaires Et Les Mesures Cylindriques Lecture
Notes in Math, vol. 139. Springer, Berlin (1970)

Barashkov, N.: A stochastic control approach to Sine Gordon EQFT. arXiv:2203.06626 (2022)
Barashkov, N., De Vecchi, F.C.: Elliptic stochastic quantization of Sinh-Gordon QFT. arXiv:2108.12664
(2021)

Barashkov, N., Gubinelli, M.: On the variational method for Euclidean quantum fields in infinite volume.
Duke Math. J. 169, 3339-3415 (2020)

Brydges, D., Frohlich, J., Sokal, A.: A new proof of the existence and non triviality of the continuum (p§
and gog‘ quantum field theories. Commn Math. Phys. 91, 141-186 (1983)

Catellier, R., Chouk, K.: Paracontrolled distributions and the 3-dimensional stochastic quantization
equation. Ann. Probab. 46, 2621-2679 (2018)

Springer


http://arxiv.org/abs/2004.12383
http://arxiv.org/abs/2102.08040v3
http://arxiv.org/abs/2203.06626
http://arxiv.org/abs/2108.12664

Non-local Markovian Symmetric Forms on Infinite Dimensional Spaces 1969

33.
34.
35.
36.
37.
38.
39.
40.
41.
42.

43.
44.

45.
46.

47.
48.

49.

50.
S1.
. Kusuoka, S.: Hgegh-Krohn’s model of quantum fields and the absolute continuity of measures. In:
53.
54.
55.

56.

61.
62.

63.

Conache, D., Daletskii, A., Kondratiev, Y., Pasurek, T.: Gibbs states of continuum particle systems with
unbounded spins: existence and uniqueness. J. Math. Phys. 59(1), 013507-013525 (2018)

Da Prato, G., Debussche, A.: Strong solutions to the stochastic quantization equations. Ann. Probab. 31,
1900-1916 (2003)

Frohlich, J.: Verification of the axioms for Euclidean and relativistic fields and Haag’s theorem in a class
of P(¢)2 models. Ann. Inst. Henri Poincaré 21, 271-317 (1974)

Frohlich, J., Seiler, E.: The massive Thirring-Schwinger model (QED2): convergence of perturbation
theory and particle strucure. Helv. Phys. Acta 49, 889-924 (1976)

Frohlich, J., Park, Y.M.: Remarks on exponential interactions and the quantum sine-Gordon equation in
two space-time dimensions. Helv. Phys. Acta 50, 315-329 (1977)

Fukushima, M.: Dirichlet forms and markov processes north-holland mathematical library, vol. 23.
North-Holland publishing Co., Amsterdam-New York (1980)

Fukushima, M., Uemura, T.: Jump-type hunt processes generated by lower bounded semi- Dirichlet
forms. Ann. Probab. 40, 858-889 (2012)

Glimm, J., Jaffe, A.: Quantum Physics: a Functional Integral Point of View, 2nd edn. Springer, Berlin
(1987)

Gubinelli, M., Hofmanova, M.: Global solutions to elliptic and parabolic ¢* models in Euclidean space.
Comm. Math Phys. 368, 1201-1266 (2019)

Gubinelli, M., Hofmanova, M.: A PDE construction of the Euclidean <I>§l quantum field theory. Comm.
Math. Phys. 384, 1-75 (2021)

Hairer, M.: A theory of regularity structures . Invent. Math. 198, 269-504 (2014)

Hairer, M., Mattingly, J.: The strong Feller property for singular stochastic PDEs. arXiv:1610.03415v1
(2016)

Hida, T.: Brownian motion. Springer, New York (1980)

Hida, T., Kuo, H.-H., Potthoff, J., Streit, L.: White Noise. An Infinite-Dimensional Calculus. Mathemat-
ics and its Applications, vol. 253. Kluwer Academic Publishers Group, Dordrecht (1993)
Hoegh-Krohn, R.: A general class of quantum fields without cutoffs in two space-time dimensions.
Comm. Math. Phys. 21, 244-255 (1971)

Hoshino, M., Kawabi, H., Kusuoka S.: Stochastic quantization associated with the exp(®, )2-quantum
field model driven by space-time white noise on the torus in the full L!-regime. arXiv:2007.08171 (2020)
Kusuokav, S.: An improvement of the integrability of the state space of the <I>§‘—process and the support
of <I>‘3‘—measure constructed by the limit of stationary processes of approximating stochastic quantization
equations. arXiv:2102.0703 (2022)

1t5, K.: Probability Theory Iwanami Kiso-Suugaku Sen-Nshyo (in Japanese). Iwanami-Shyoten, Tokyo
(1976)

Kallenberg, O.: Random Measure. Akademie, Berlin (1983)

Albeverio, S., et al. (eds.) Ideas and Methods, operator and statistical physics. Cambridge UP:405-425
(1992)

Lang, R.: Unendlich-dimensionale Wienerprozesse mit Wechselwirkung. Z. Wahrsch. Verw. Gev. 38,
55-72 (1977)

Ma, Z.M., Rockner, M.: Introduction to the Theory of (Non-symmetric) Dirichlet Forms. Springer,
Berlin (1992)

Masamune, J., Uemura, T., Wang, J.: On the conservativeness and the recurrence of symmetric jump-
diffusions. J. Funct. Anal. 263, 3984-4008 (2012)

Mizohata, S.: The Theory of Partial Differential Equations. Cambridge University Press, New York
(1973)

. Mourrat, J.-C., Weber, H.: The dynamic ¢§ model comes down from infinity. Commun. Math. Phys.

356, 673-753 (2017)

. Nelson, E.: Quantum fields and Markov fields. In: Spencer, D. (ed.) PDE, pp. 413-420. AMS (1973)
. Nelson, E.: The free Markov field. J. Funct. Anal. 12, 221-227 (1973)
. Osada, H.: Dirichlet form approach to infinite-dimensional Wiener processes with singular interactions.

Comm. Math. Phys. 176, 117-131 (1996)

Osada, H.: Interacting Brownian motions in infinite dimensions with logarithmic interaction potentials.
Ann. Probab. 41(1), 1-49 (2013)

Pitt, L.: A Markov property for Gaussian process with a muldimensional parameter. Arch. Rat. Mech.
Anal. 43, 376-391 (1971)

Reed, M., Simon, B.: Methods of Modern Mathematical Physics. I Functional Analysis. Academic Press
(1978)

@ Springer


http://arxiv.org/abs/1610.03415v1
http://arxiv.org/abs/2007.08171
http://arxiv.org/abs/2102.0703

1970 S. Albeverio et al.

64.

65.
66.
67.

68.
69.

70.
71.

Reed, M., Simon, B.: Methods of Modern Mathematical Physics. II Fourier Analysis, Self-Adjointness.
Academic Press (1975)

Ruelle, D.: Superstable interactions in classical mechanics. Comm. Math. Phys. 18, 127-159 (1970)
Simon, B.: The P(®); Euclidean (Quantum) Field Theory. Princeton University Press, Princeton (1974)
Tanemura, H.: Uniqueness of Dirichlet forms associated with systems of infinitely many Brownian balls
in RY. Probab. Theory Related Fields 109(2), 275-299 (1997)

Treves, F.: Topological Vector Spaces, Distributions and Kernels. Academic Press, New York (1967)
Yoshida, M.W.: Construction of infinite-dimensional interacting diffusion processes through Dirichlet
forms. Probab. Theory Relat Fields 106, 265-297 (1996)

Zhu, R., Zhu, X.: Lattice approximation to the dynamical d>‘31 model. Ann. Probab. 46, 397455 (2018)

Zhu, R., Zhu, X.: Dirichlet form associated with the d)é model. Electron J. Probab. 23, 1-31 (2018)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Non-local Markovian Symmetric Forms on Infinite Dimensional Spaces
	Abstract
	Introduction and Preliminaries
	Other Applications; Quantum Field Models with Interactions, Infinite Particle Systems
	Appendix A A
	References




