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Abstract

In this article, we study microscopic properties of a two-dimensional Coulomb gas ensemble
near a conical singularity arising from insertion of a point charge in the bulk of the droplet.
In the determinantal case, we characterize all rotationally symmetric scaling limits (“Mittag-
Leffler fields”) and obtain universality of them when the underlying potential is algebraic.
Applications include a central limit theorem for log |p,(¢)| where p, is the characteristic
polynomial of an n:th order random normal matrix.
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1 Introduction and Main Results

Insertion operations appear frequently in Coulomb gas theory, conformal field theory,
and allied topics. In this article we study planar Coulomb gas ensembles {¢;}] in the
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determinantal case, under the influence of an external confining potential Q and we inves-
tigate the effect of inserting a point charge at a point p in the bulk of the droplet created by
the external field. The inserted charge is assumed to be of the same order of magnitude as
the individual charges ¢;.

From a field-theoretical point of view, this kind of insertion operation is quite natural,
for example it can be directly related with the statistics of the random logarithmic potential
Y, (p) =Y log|p—¢ i1. The investigation of random fields such as Y, and their asymptotic
properties as n — oo is currently an active area; see for instance [16, 17, 20, 21, 26-29,
31, 33-36, 38, 41, 42] for related works. Our main contribution in this direction is a central
limit theorem for Y, (p) which is valid for the class of algebraic potentials (of the form
01) =1l¢ - p|2’\ + P(¢) near the droplet, where 79, A > 0, P is a harmonic polynomial,
and (say) Q = 400 near 00).

Our exposition depends on a knowledge of the microscopic scaling limit near the inserted
charge. Assuming that the potential is algebraic and using theory for rescaled Ward identities
in the spirit of the papers [3, 5, 6, 9], we are in fact able to find an explicit microscopic
correlation kernel, depending on three parameters: g, A, and the strength of the inserted
charge. This part of our work is connected with the theory of certain Fock-Sobolev spaces
of entire functions, and might be of some independent interest.

General Notation If g is a function, then g(z) means the complex-conjugate of g(z). A
function h(¢, n) is Hermitian if h(n, £) = h(z, n) and Hermitian-analytic (entire) if it is
moreover analytic (entire) in ¢ and 7. A cocycle is a function ¢(¢, n) = g(¢)g(n) where g
is a continuous unimodular function. C* = C \ {0} is the punctured plane, C=Cu {oo} is
the Riemann sphere, D(a; r) is the open disk with center a, radius r, and Pol(n) is the set of
analytic polynomials of degree at most n — 1. If K C C is compact then the “polynomially
convex hull” Pc K is the complement of the unbounded component of C\ K. (Cf. e.g. [40, p.
53].)

We write A = 99 = % (% + 33—;2) (usual Laplacian divided by 4) and dA = %dxdy

(area measure divided by 7). Also, we sometimes write p( f) for f fdu.
1.1 The Random Normal Matrix Model

We now introduce our basic setup. In what follows, we will assume some basic familiarity
with reproducing kernels and Bergman spaces; see [18] and [10] for introductions to these
theories.

We start by fixing a suitable lower semicontinuous function (external potential) Q : C —
R U {+00} of sufficient increase near oo,

lim inf o)
¢—oo log|¢|

> 2 (1.1)

For a Borel measure 1 on C we associate the weighted logarithmic energy,

totu) = [ tog = du(@din) + n(0)
C? 1

The minimizer 0 = o[Q] of this energy, among compactly supported Borel probability

measures (4, is the equilibrium measure in external potential Q. The support S = S[Q] :=

supp o is called the droplet. Assuming some smoothness of Q in a neighbourhood of the

droplet we ensure that S is compact and o is a probability measure taking the form do =
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AQ -15dA. In particular we have AQ > 0 on S. (We refer to [40] as a source for these
results; see especially Theorem 1.1.3, Theorem II.1.3. In our case Q will not be everywhere
smooth near the droplet, but merely satisfy a Holder condition at the origin, so the remarks
about nonsmooth potentials on page 138 are also relevant.)

In the following, we will need some further regularity of the droplet. To guarantee this,
by means of Sakai’s theory, it suffices, besides the growth (1.1), to assume that Q be real-
analytic in some neighbourhood of the boundary 9.S. We refer to the discussion in [7, Sect.
1] for further details.

To simplify the discussion, we will assume that Q be real-analytic wherever Q < +o0,
except possibly at the origin, where we merely assume that the limit

W] fim 108AQ©)

= 1.2
¢—0 2log|¢]| (1.2)

exists and exceeds —1, i.e., we require that A > 0. This implies that Q is Holder continuous
at the origin; see Eq. 1.5 below.

Let us fix a € Int S, say a = 0. Also fix a number ¢ > —1, a positive integer #, and a
suitable, smooth, real-valued function u. Given this, we define an n-dependent potential

2c 1 1
Va() = Q@) + - log th — hu(@). (13)
We refer to Q as the underlying potential - this is what determines the global properties
of the droplet. The logarithmic term in Eq. 1.3 has an effect on the microscopic distribution
of particles near 0 and near the boundary of the droplet. More precisely, it corresponds to
a point charge of strength ¢ at the origin, and at the same time, a harmonic measure on the
boundary of the droplet with opposite sign. This effect can be understood as a balayage
operation, sweeping of a measure on a domain (here, a point mass in the droplet) to the
boundary. The extra freedom afforded by the term u/n is used to accommodate different
kinds of microscopic behaviour near the boundary.
We now define ensembles. Given V), of the form Eq. 1.3, we consider a random system
{¢j}] € C of n identical point charges under the influence of the external field nV,,. The
system is picked at random with respect to the Boltzmann-Gibbs probability law

n

dPy = 7-eMdA, Hyi=) log plartn ) Va(t)) (1.4)
J#k Jj=1

where Z,, = f(C" e Hn g A, is the partition function and dA,, = d A®" is suitably normalized

Lebesgue measure on C".

(The system {¢;}'| represents the eigenvalues of n x n random normal matrices equipped
with the probability measure proportional to e "% V»(™) g M1 Here, tr is the trace and d M is
the measure on the space of normal matrices induced by the Euclidean metric on C". See
e.g. [14] and [19] for details.)

Recalling that O € Int S we shall study the distribution of rescaled system

-1 e 1722
zj="r, &, rn=n"7,

where A > 0 is given by Eq. 1.2. The number r,, = n~ 12 might be called a microscopic
scale. (This scale is chosen so that ¢ (D (0, r,)) = Cn~! + - - for some positive constant

C)
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To analyze the large n behaviour of {z;}/, we shall use the canonical decomposition of
Q about the origin, by which we mean

Q@) = Qo(¢) +h(g) + O (I, ¢ —0), (1.5)

where Qg is a non-negative, homogeneous function of degree 2A, and where / is a harmonic
polynomial of degree at most 2 and € is a positive number. In this article, we assume that
the potential has the above canonical decomposition and that the O-term remains small after
taking Laplacians:

AQ =AQo+ O(¢IP72), (¢ —0).

If Q is real analytic at the origin, then we surely obtain the canonical decomposition by
Taylor series expansion. We also assume that Qg and A Qg are positive definite, i.e., Qg > 0
and AQo > 0 when z # 0.

We refer to the homogeneous function Qg as the dominant part of Q. Typically, we shall
find that the rescaled ensemble depends in a “universal” way on Qg and c.

Remark Subtracting an n-dependent constant from Q does not change the problem, so we
can assume Q(0) = h(0) = 0. We can likewise assume that #(0) = 0. In the following,
except when otherwise is explicitly stated, we assume that these normalizations are made.

Definition We say that the point p = 0 is a regular point if ¢ = 0 and A = 1; otherwise it
is singular of type (A, c). If ¢ # 0 and A = 1 we speak of a conical singularity. We have a
bulk singularity if c = 0 and A # 1, and a combined singularity if ¢ # 0 and A # 1.

We now recall some terminology with respect to the system {¢;}| and its rescaled coun-
terpart {z;}|. As a general rule, we designate non-rescaled objects by boldface symbols
R, K, L, etc., while rescaled objects are written in italics, R, K, L, etc.

For a subset D C C we consider the random variable A#p = #{j : {; € D}, and we
define, for distinct 71, ..., n, € C, the intensity p-point function

P
. 1
Rn,p(nlv e, np) = Elgr(l) por) -E, r{JVD(nj;E)
]:

The most basic intensity function is the 1-point function R, (¢) := Ry, 1(¢).

As is well-known (see e.g. the computation in [40, Section IV.7.2]), the function R,
can be expressed as a p x p determinant R, , (1, -+ -, &) = det (K,, i, ;“j))ip,j:l , Where
K, is a Hermitian function called a correlation kernel of the process. Indeed, we can take
K, as

n—1
Ky (Z,n) =Y puj(Q)pn.j (e OR=n 102,
j=0

where p,_; is the orthonormal polynomial of degree j with respect to the measure e™" VidA.
We shall always use the symbol K, to denote this canonical correlation kernel.

The rescaled system {z;}] has p-point function R, ,(z1,...,2p) = det(K,(zi, z;))
where the kernel K, is given by

Kn(z,w) =r2Ko(C,m),  (=r'c, w=r,"n. (1.6)
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We now define function spaces. We will employ a function Vj, which we call the
microscopic potential at 0, whose definition is

Vo(z) = Qo(z) — 2clog |z]. 1.7)
Here, Qo is the dominant part of Q in Eq. 1.5. We also define a corresponding measure (i
by
dug = e dA,
and write Lg (mo) for the Bergman space (“generalized Fock-Sobolev space”) of all entire

functions f of finite norm, || fll;2(,,) = (/¢ |f1*dpo)'/?. The Bergman kernel of this
space will be denoted by Ly (z, w).

Example (“Model Mittag-Leffler ensemble”) Fix three real parameters tg, A, ¢ with 79, A >
0 and ¢ > —1 and define
Qo(@) =10t/ and V,(0) = Qo) — %logl¢].

—1/2x

Rescaling via¢ =n Z, we obtain

n—1
Ru(z) =n Ry () = n= V23 | py i (©)2e VO,
j=0

A straightforward computation of the orthonormal polynomials p, ; shows that

n—1 /A 1287
(ry"" 1217/
Ru(x) = dgg TPy 0

—10lz|?*+2cloglz|

j+1+c
o T
whence R, (z) converges to the limit
] ] _ - 20

R@) = A" B oty el - Tl +2eloglz] (1.8)

where E, j is the Mittag-Leffler function (cf. [24])
E,p(z) = _ 1.9
b (@) ;F(a]+b) (1.9)

For example, when 79 = A = ¢ = 1 we obtain the well-known one-point function R(z) =
1 - e"Z'z, cf. [3, Section 7.6].

In the present case V), the microscopic potential, is just Vp(z) = 0lz|** —2¢ log|z|, and
o = e YdA. Ttis easy to compute the Bergman kernel L of the space L,%(Mo)- Indeed,
using that Lo(z, w) = 280 ej(z)ej(w) where e; are the orthonormal polynomials with
respect to (o, one finds

14+c)/A 1/ -
Lo, w) =410 T By e (3 20). (1.10)

Comparing (1.8) and (1.10) we find the basic relation R(z) = Lo(z, 2)e— @ petween
the microscopic density and the Bergman-kernel in Fock-Sobolev space. We shall see that
this relation remains true in a much more general situation.

1.2 Main Results

Wenow state our two principal results, which concern singular points with a certain
“rotational symmetry”, which holds up to a harmonic polynomial.
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More precisely, we shall suppose that Q and V), are of the form
2c

0)=0,)+P@) and Vn(C)ZQ(I)Jr;lOgﬁ (1.11)
where Q) is radially symmetric and P is a harmonic polynomial. Let A = 1 +
lim; % asin Eq. 1.2.

The positive homogeneous part Q¢ of degree 2A in the canonical decomposition Q =
Qo+h+...1is then radially symmetric, and is therefore given by Q¢(z) = 1|z |2)‘ for some
constant tp > 0.

Our first main result asserts that the kernel (1.10) appears universally at this kind of
singular point.

Theorem 1.1 Suppose that Q and V,, are of the form (1.11) and that Qq is given by
Q0(2) = 1olz|**.

If S is connected and if the outer boundary 0 Pc S is everywhere regular, then the point-
processes {7} converge as n — o0 to a unique determinantal point field with correlation
kernel K (z, w) = Lo(z, w)e V0@/2=Vow)/2 yypere g is explicitly given as the Mittag-
Leffler kernel (1.10).

Remark The topological assumptions on S in Theorem 1.1 are made for convenience, in
order to apply the main result on orthogonal polynomials from [25].

Our next result is a central limit theorem for the normalized Coulomb potential gener-
ated by the eigenvalues of a random normal matrix ensemble with respect to an algebraic
underlying potential, namely a potential of the special form (near the droplet)

0©) =K+ P(©) (1.12)

where P is a harmonic polynomial. Correspondingly we define the insertion potential

2
Va(0) = Q) + ~ log . (1.13)

This definition requires some extra care, since it may well happen that the growth con-
dition (1.1) fails (if the degree of P is large). The standard way to circumvent this problem
is by considering local droplets as in e.g. the papers [19, 37], i.e., we redefine Q to be +o00
outside some large compact set.

To be precise, given any (non-polar) compact set ¥ C C, we may redefine Q to be +o00
outside of X. The redefined potential has a well-defined droplet S = S . In the following
we shall fix a compact set X large enough that § C Int X, and then redefine the potential O
in Eq. 1.12 as +oo outside of X. (The particular choice of such a set ¥ will be immaterial.)
We shall always adopt this convention about algebraic potentials in the sequel.

Denote by {¢;}] a random sample picked with respect to Eq. 1.4 with Q in Eq. 1.12 and
write £(¢) = log |¢]. It is natural to define a random variable trace, £ by

n
trace, £ = ZE(;“J-).
Jj=1
We shall study the fluctuation about the mean, fluct, £ := trace, £ — E, trace, £. When 0
is a regular point, it is expected that fluct, £ be in some sense a good approximation to the

Gaussian free field evaluated at O provided that » is large, see e.g. the concluding remarks
in [3] or [28, Appendix 6].
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A problem with making this rigorous is that the variance of the fluctuations grows log-
arithmically in n. There are various ways one could try to circumvent this difficulty; our
approach here is to consider the “normalized” fluctuations

X, = —2 (trace, £ — E,, trace,, £).

/logn

Theorem 1.2 Suppose that Q is algebraic, of the form (1.12). Let {¢;} be picked randomly
with respect to V,, in Eq. 1.13. Suppose also that the conditions of Theorem 1.1 are satisfied.
Then X,, converges in distribution to the normal distribution with mean 0, variance 1/A.

The special case of Theorem 1.2 when V,,(¢) = |¢ |2 +2Rets —2(c/n)log|¢l, (Jt] < 1)
follows from the work of Webb and Wong in [42, Corollary 1.2].
We also note that the distribution of random variables

trace, f — E, trace, f
Vary, (trace,, )

Xo(f) = . trace, f =) f(&),
1

has been well-studied when f is, for example, a characteristic function. In fact, Soshnikov
in [41, Theorem 1] has shown that X »(f) converges in distribution to the standard normal
for a large class of bounded test functions f such that the variance Var, (trace, f) — oo
as n — oo. Theorem 1.2 gives a similar result for the random variables X, (f) in the
case where f = ¢ is unbounded. Indeed, our result immediately extends to a central limit
theorem for the random fields Y, (p) = trace, £, £,(¢) = log|¢ — p| with p in the bulk.
This is consistent with the hypothesis that ¥, comes close to a log-correlated Gaussian
field inside the droplet. We refer to [34] for a more thorough discussion of the relationship
between Y,,, the Gaussian free field, and multiplicative chaos theory in the special case of
the Ginibre ensemble. Recently, the fluctuations when f is a characteristic function have
been studied in [22] for the Ginibre ensemble. Other relevant references in the context of
unitary invariant random matrix ensembles are [15, 20, 26, 35].

We remark also that cases of algebraic potentials have appeared in several works,
e.g. [12,13,32,37], while [38, 42] investigate the insertion potential V,, = |¢ |2+2 Re(t¢)+
L log lel,(m <1l,¢c>—1).

1.3 Outline of the Strategy; Further Results

In the following, we assume that the general conditions on the potentials Q and V, in
Section 1.1 are satisfied.

Recall that a Hermitian function K is called a positive matrix if the quadratic form
le\,]kzl a;arK(zj, zx) is non-negative for all scalars o; € C and points z; € C.

‘Our starting point is the following structure theorem for limiting kernels.

Theorem 1.3 Let K, be the rescaled canonical correlation kernel. There exists a sequence
of cocycles cy, such that

Cn (2, WK (2, w) = Ly (z, wye™ 0OV 4 o(1)) (1.14)
where L, (z, w) is Hermitian-entire, o(1) — 0 locally uniformly on C¥asn — oo.

The kernels {L,} have the compactness property that each subsequence has a further
subsequence converging locally uniformly on C? to a Hermitian-entire function L which
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satisfies the mass-one inequality:

/WL@JdeMMw)sLﬁay (1.15)

Moreover, L is a positive matrix and the inequality L < Lo holds in the sense of positive
matrices, where Ly is the Bergman kernel of Lg (o).

The kernel L in the theorem is called a limiting holomorphic kernel. We define the
corresponding limiting correlation kernel K by

K(z, w) = L(z, w)e™ 0@/2=Vow)/2,

We also write R(z) = K(z,z) and speak of a limiting 1-point function or microscopic
density.
We have the following “tightness theorem”.

Theorem 1.4 Each limiting kernel is nontrivial, in the sense that R does not vanish
identically. More precisely, there exists a constant o > 0 such that

R(z) = AQo(2) - (1+ O ™y), (z = 00) (1.16)
R(z) = 0(Iz]*), (z — 0). (1.17)

The kernel K is the correlation kernel of a unique point field which is determined by the
collection of p-point functions Ry(z1, ..., zp) = det(K (z;, zj))szl. The point field is the
limit of the ensemble {z;}} in the sense of point processes as n — oo.

Here “convergence in the sense of point processes” means convergence of all k-point
functions, cf. [7, Sect. 1.5] and the references therein.

Note the meaning of the asymptotic in Eq. 1.16: the first intensity quickly approaches the
classical equilibrium density A Q as one moves away from the singular point. See Fig. 1.

Example Consider the model Mittag-Leffler ensemble, V,,(¢) = |¢|** + 2n—‘ log %

It is interesting to compare the asymptotic in Eq. 1.16 with expansion formulas for
Mittag-Leffler functions in [24]. To this end, we note that if A > 1/2 and if IzI> > & >0
we have by [24, eq. (4.7.2)]

1 e;"\g-)»flfc

R(z) — AQo(z) = A2|z|%e 1. —/ de, (1.18)
Y

270 Jy e ¢ —lz?

where § is some number in the interval 7/2A < § < nw/A and y(e,d) is the con-
tour consisting of the two rays Si5,. = f{arg = =6, || > ¢} and the circular arc

Cse ={l¢I = ¢, |argg| <6}
The right hand side in Eq. 1.18 has the asymptotic expansion, as z — 00:

2 Iz (1 -2 1 —4
—Mz|*e™ (F(C/A)|Z| * renm il +)

(Cf. [24, eq. (4.7.4)].) By contrast, the asymptotic in [8, Theorem 4] holds for all A > 0
(and for more general potentials) but gives less precise information when A > 1/2.

If ¢ is negative, the inserted charge is attractive and R = +oo at the location of the
charge, while if ¢ is positive, the inserted charge is repulsive and R = 0 there. (See Fig. 1
as well as Section 6).

We note that the special case of Mittag-Leffler ensembles where A = k is an integer
and ¢ = 0 was (except for the name) considered by Chau and Zaboronsky in [14, Section
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3]. The limit kernel is there expressed in terms of a Kummer function | F rather than the
Mittag-Leffler function Ej,g 1/x. The potential Q = |;°|2A also appears in [1] under the
name “Freud potential”.

To describe a limiting point field, we must determine the corresponding limiting kernel
L or, what amounts to the same thing, the correlation kernel K. Our next result, Ward’s
equation, gives some general information about these kernels. To formulate this result we
define (at points where R(z) # 0) the Berezin kernel

IK (z, w)|?

B(z,w) = RG)

as well as the Cauchy transform

C(z)=/ B w) dAw).
c Z—

The Berezin kernel B(z, w) expresses the intensity of repulsion from a particle located at z.
More precisely, if K is a correlation kernel of a point process ® and R is its 1-point function,
then B(z, w) = R(w) — Rz(w), where R’Z is the 1-point function for the conditional point
process @, given that a point of ® is located at z. See [3, Section 7.6] for more detailed
discussion on the Berezin kernel.

We now have the ingredients to formulate Ward’s equation.

Theorem 1.5 Keep the assumptions from Section 1.1 except that the origin is not assumed
to necessarily be in the bulk of S. Then each limiting 1-point function R is either trivial
(R = O identically) or is strictly positive on C* and

dC = R — AVy— AlogR

pointwise on C* and in the sense of distributions on C.

Combining with Theorem 1.4 we see that if O is assumed to be in the bulk, then R in
Theorem 1.5 is non-trivial, that is, R > 0 at each point of C* and Ward’s equation is
satisfied.

We stress that C is uniquely determined by R, so Ward’s equation gives a feedback
relation for the sole unknown function R. Also it should be noted that Ward’s equation itself
typically has many solutions. To guarantee uniqueness we need to supply suitable apriori
conditions on the density R, which depend on the nature of the zooming-point. For example,
the same Ward equation holds whether we zoom on a bulk point or a boundary point, and
yet the densities look very different.

15} 15 &
|
‘
10} 10 10
5 ‘ 5 5
t 05 10 15 20 05 10 15 20 T s 10 I 20

Fig. 1 The graph of R restricted to the positive real axis for combined singularities of type (c, 2), with
¢ =—0.5,¢ =0, and ¢ = 0.5. For comparison, the graph of A Qg is drawn with an orange dashed line
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Our next result concerns the case where the dominant part Qg in the decomposition (1.5)
satisfies Qo(¢) = Qo(|]). We can then find 7 and A such that Qg (z) = to|z|*.
In this case it is natural to expect that a limiting kernel L be symmetric in the sense that

L(z,w) = E(zw)

for some entire function E.

Theorem 1.6 If Qo(z) = 7olz|** then each symmetric limiting holomorphic kernel L
equals to Loy, where Ly is given by Eq. 1.10.

From anaive point of view it might seem obvious that each limiting kernel in Theorem 1.6
should be symmetric. The question is however quite subtle; it is connected to the vanishing
of a certain entire function G(z), as explained in Section 4. However, if the potential is
algebraic (and the droplet is connected), then we are in fact able to show that each limiting
kernel is symmetric. Hence Theorem 1.1 will follow as a consequence of Theorem 1.6.

1.4 Yet Further Results and Plan of the Paper

In Section 2, we use estimates from the companion paper [8] to prove Theorem 1.3.

In Section 3 we prove Theorem 1.4. We then introduce the distributional Ward equation
and prove Theorem 1.5.

In Section 4 we prove Theorem 1.6 and analyze Ward’s equation in the radially
symmetric case, thus extending the analysis from the papers [5, 9].

In Section 5 we complete the analysis of the case when the dominant part Qg is radially
symmetric by proving apriori symmetry under the hypotheses in Theorem 1.1.

In Section 6 we study the effect of inserting a point charge, by comparing the 1-point
functions with and without insertion. It turns out that the difference gives rise to a balayage
operation, taking mass from the insertion and distributing it near the boundary, according to
a harmonic measure.

In Section 7 we prove Theorem 1.2, modulo an estimate of the 1-point function which is
postponed to Section 8.

In Section 8 we prove that, for algebraic underlying potentials, the asymptotics R, (¢) ~
nA2|¢|*~% as n — oo holds to within a very small error, when ¢ € Int S is far enough away
from the singular point as well as from the boundary. This result can be regarded as a Tian-
Catlin-Zelditch type expansion for algebraic insertion potentials, which we were unable to
find in the existing literature. We will use the result to complete our proof of Theorem 1.2.

2 Limiting Kernels and their Basic Properties

In this section we prove Theorem 1.3 on the structure of limiting kernels.

We start with Theorem 1.3. The proof will follow easily from the estimates in [8], once
the proper notation has been introduced.

Write du, = e "Vn d A, (see Eq. 1.3), and let &2, = Pol(n) equipped with the norm of
L?(j1,,). Writing k,, for the reproducing kernel of &, we have

R, (¢) = ky (g, 0)e™ V),

(This follows by the classical Dyson determinant formula, which goes back to the early days
of random matrix theory, cf. [39].)
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/2 and put z = r,; ¢, w = r;7'n. We define

ke (2, w) = 1 2%k (¢, ).
It is convenient to introduce a “rescaled potential” by
Va(2) = nQ(raz) — 2¢log |z| — u(rn2).

Using this notation, the kernel K, in Eq. 1.6 can be expressed as

Now rescale: letr, = n—

Kz, w) = k(2 w)e ™ OR=V0/2,

Next recall the canonical decomposition (1.5). We recognize that % is the real part of the
holomorphic polynomial H whose degree is a positive integer 2d < 2A. (Recall that we
have assumed that Q(0) = H(0) = u(0) = 0.)

Now consider the factorization

Ky(z,w) = Lu(z, w) - En(z, w) - zw|°
where E, and L, are defined by
E,(z,w) = & H (rn2)+H (ryw)= Q(rn2)= Q(raw)) /24 @(rn2)+ut(ryw)) /2
2.1)
Lo(z, w) = ky(z, w) e "Hn2)/2=nH(ruw)/2
Note that L, is Hermitian-entire while, by Taylor’s formula,
Ru(2) = Lu(2, 2)En(z, )|z = Lu(z, 2)e” 0o

where Vp is the microscopic potential in Eq. 1.7 and o(1) — 0 as n — oo, uniformly on
compact subsets of C.

Lemma 2.1 Let f,(z, w) be a sequence of Hermitian-entire functions such that f,, — 0
locally uniformly on C*2. Then f, — 0 locally uniformly on C2.

Proof Use Cauchy’s formula f,(z,w) = (2m)2 S i=vi=r mdudv for large
enough R. O

By [8, Corollary 4.7], each subsequence of {L,} has a further subsequence (renamed as
L,) such that L, — L locally uniformly on C*? where L is Hermitian-analytic and locally
bounded. It is easy to see that L extends to a Hermitian-entire function. Indeed, for fixed
w # 0 the function z — L(z, w) has a removable singularity at 0, by Riemann’s theorem
on removable singularities. Likewise for the functions w +— L(z, w) with z # 0. Thus L
extends to C2 \ {0}, and hence to C? by the Hartogs’ theorem (see [30, Theorem 2.10.1]).
In this way, we always regard L as a Hermitian-entire function in the sequel.

Lemma 2.2 We have that L, — L locally uniformly on C2.

Proof Apply Lemma 2.1 to the difference f,, = L, — L. O

The mass-one inequality (1.15) now follows from the following argument. Let us write
the canonical decomposition (1.5) as

0=00+ReH+ 0y,

where Q1 = 0(|§|2)‘+€) as ¢ — O for some € > 0.
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Define a measure (o , by
dﬂo,n(Z) — e*Vo(z)*an(rnz)Jru(rnz) dA(2),

and note that the kernel L,, has the following reproducing property,

/C |Ln(z, w)* dpton(w) = Ly(z, 2).

The mass one inequality (1.15) follows from this and Fatou’s lemma, since wo, — (o in
the vague sense of measures where dug = e~ "0 dA. (By “vague convergence”, we mean
that wo »(f) = no(f) asn — oo for each continuous, compactly supported function f.)

We now recognize L, (z, w) as the reproducing kernel for the Hilbert space .77;, of entire
functions defined by

Ky ={f(2) = p(z) - e "I2 e Pol(n))

with the norm of Lz(uoyn).

Since L, — L and since o, — o vaguely, it follows by the arguments in [9, Section
2.3] (or see [6, Section 3.7], [8]) that L is the Bergman kernel of some semi-normed Hilbert
space 7, of entire functions, which sits contractively inside L,% (o) (i.e., the natural inclu-
sion is a contraction). Hence L is a positive matrix. Moreover, by Aronszajn’s theorem on
differences of reproducing kernels in [10, Part I.7], the difference Lo— L is a positive matrix,
i.e., wehave 0 < L < L.

We now turn to the kernels E, from Eq. 2.1. By Taylor’s formula (since we have assumed
u(0) =0)

E,(z,w) = e~ 20@/2=00(w)/2 | ilmnH (rp2)—nH(rpw)/2 | 1+ o(1)),

where the second factor in the right hand side is a cocycle. Letting ¢, (z, w) be the reciprocal
cocycle, we thus have the convergence
en (2, ) Kn(z, w) = Ly(z, w)e” 0OR2NI2(1 4 o(1)),

where o(1) — 0 locally uniformly as n — oco. By this, Theorem 1.3 is proved. g.e.d.

3 Zero-One Law and Ward’s Equation

Our main goal with this section is to verify Theorem 1.5. We start however with Theorem 1.4.
Proof of Theorem 1.4 The estimate for R(z) as z — oo in Eq. 1.16 is proved in [8, Theorem 4].
To prove Eq. 1.17, we start by noting that the 1-point functions

Ru(2) = Ku(z,2) = Lu(z, 2)e” (1 + 0(1))

obey a uniform bound of the form R, (z) < M |z|%¢ when |z| < 1. Indeed, this follows from
Theorem 1.3, via the relation (1.14), on noting that the functions L, (z, z) which converge
uniformly to L(z, z) on the unit disc, remain uniformly bounded there.

The statement about convergence of point fields follows from the upper bound R(z) <
Lo(z, z)e~"0®) since this guarantees that R, — R in LlloC (cf. [7, Lemma 1]). O

3.1 ADistributional Ward Identity

We are first going to verify Ward’s identity (or loop equation) in the sense of distributions.
To this end, it is convenient to use the integration by parts approach from [11, Section 4.2].
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As usual, we write

n
H, = X:log|§]_+zk| +n2 Vi (gj).
ik =

Let ¢ be a test-function. Interpreting the d-derivative in the sense of distributions, we have
(for all j)

E,[09(£j)] = Ep[0jH, (81, ... 8) - ¥ (5], (3.1

where d; = 9/d¢; and where E,, is expectation with respect to the Boltzmann-Gibbs law in
Eq. 1.4.
Summing over j in Eq. 3.1 gives

ZEn[aw(m] =E0 X5 @) (Ve ) = 2 sy )

j=l1
We have shown that
Tyl =0 (32)

where

Wl =Y ow) —n Y wavale) + 430 w
Jj#k /

This is the distributional form of Ward’s identity that we need; the point is that i is
compactly supported in C, not just in C*.

3.2 Rescaling

(Cf. [6, 9].) Fix a test function » € C3°(C) and observe that
Wy =Ly — IL,[y] + HL,[y]

where

Z"’“” YO Myl =nYy  aVa(g)) - (). and
;e

j=1

11, [y] = Z ¥ (Z)).

Rescaling via z = r,7'¢ and w = r,, ', we define the Berezin kernel and its Cauchy
transform by
Ry () Ry(w) — Ry 2(z, w)

B,(z,w) = R, - ,

Co() = / MdA( )
c z—

Lemma 3.1 We have
3Cn(2) = Ry(2) — AVp(z) — Alog Ry (2) + o(1)

where 0o(1) — 0 in the sense of distributions on C and uniformly on each compact subset
of C* asn — o0.
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Proof Let ¥, (r,2) = ¥ (2). By Eq. 3.2 we obtain
E, Wyf[l//n] = Enln[l/fn] — E,II, [l[/n] + E, 111, [wn] =0.

By changing variables, we calculate each expectation as follows:
Eu L[yl = 1, f ¥ (2)dA(2) / Ba2 @) g p (),
E, I [yn] = n/@3Vn(rnz)1ﬁ(z)Rn(z)dA(z),

Ep I [y,] = r, [Calﬁ(z)Rn(z)dA(z) =, /Clﬁ(z)aRn(z)dA(z)-

From the above, we obtain that
[ B aw) = nr3V, 020 R @) + 3R
e

in the sense of distributions on C. Since
Rp2(z, w) = Ry (2)(Rp(w) — Bu(z, w)),
we have
[C Bule) g A (w) = fc L) g A(w) — nry Vi (raz) — dlog Ry (2).
This equation holds pointwise on C* and in the sense of distributions on C. Differentiating
both sides in the sense of distributions with respect to z, we have
IC(2) = Ry(2) — nri AV, (ryz) — Alog Ry (2).
It remains to note that, in the sense of distributions,
nra AV (raz) = ¢80(z) + AQo(2) + O(ra) = AVp(2) + O(r),

where the O-constant is also uniform on each compact subset of C*. O
3.3 Ward’s Equation

We now observe that the Berezin kernel B,, can be written as

— Kl _ LyGw)-EyGw)P 12
Bazw) = TR foGcobaco Wl (3.3)

(See Eq. 2.1 for the definitions of the functions L,, E,.)
In order to prove Ward’s equation, it is convenient to use a formulation in terms of a
limiting holomorphic kernel L. We remind of the basic relation

R(z) = L(z, 2)e~ 0@,

Lemma 3.2 Let L bNe a limiting holomorphic kernel and zo € (g If L(z0,z0) = O, then
L(z,2) = |z — z()|2 L(z, z) for some Hermitian-entire function L. Moreover, if L(z, 7) is
not identically zero, then each zero of L(z, z) is isolated.

Proof 1f L(zo, zo) = 0, then Eq. 1.15 gives that f |L(zo, w)l dup(w) =0, so L(Z(), w) =
L(w,z9) =0,and L(z, w) = (z — z0)(w — z())L(z w) for some Hermitian-entire L.
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Now assume that L(z, z) is a nontrivial kernel which has a zero zo which is not isolated,
i.e., that there exist distinct zeros z; such that z; — zo. Then L(z;, w) = 0 for all w and
all j. Noting that L(z, w) is entire in z, we obtain a contradiction. O

Lemma 3.3 7z — L(z, 2) is logarithmically subharmonic on C. Moreover, if R(zg) = 0 for
some z0, and if we put

L(z,2) = Iz — 201* g(2),

then g is logarithmically subharmonic some neighbourhood of z.

Proof Recall first that R does not vanish identically by Theorem 1.4.

By Theorem 1.3, we know that L is the Bergman kernel of a contractively embedded,
semi-normed Hilbert space 47, C LLZJ (to)- (This is because of the inequality L < Lg.)
That log L(z, z) is subharmonic now follows from general Bergman space theory, as in
[9, Lemma 3.4].

Next assume that L(z,z) = |z — z()|2 g(z) and choose a small neighborhood D of zo
which does not contain any zero of L(z, z) except zo. Since A, log g(z) = A log L(z,z) —
879> Alogg = 0on D\ {z0}.

There are now two possibilities: if g(zg) > 0, then we extend log g analytically to zg and
have Alog g(zo) > 0; if g(z0) = O, then log g(z0) = —oo and log g(z) again satisfies the
sub-mean value property in D. O

We now set out to find suitable subsequential limits of the Berezin kernels B;,, defined in
Eq. 3.3. For this, we fix a subsequence L,, which converges locally uniformly to a limiting
holomorphic kernel L.

The main observation is that if L(zg, zo) > 0, then the convergence

B, (z,w) - 0|72 = B(z,w) - [w|™¥, (£ > o0)

is uniform for all (z, w) € D x K where D is some neighbourhood of zg and K is a given
compact subset of C. To see this, it suffices to note that

B,(z,w) = %hﬂhe*&)(wﬁrO(m)
- 2 ~
B(z,w) = %IwﬁLe—Qo(w)

and that L(z, z) = lim L,,(z, z) > const. > 0 in a neighbourhood of zg.
We need to check that the convergence B,, — B implies a suitable convergence C,,, —
C on the level of Cauchy transforms. For this purpose, we formulate the next lemma.

Lemma 3.4 Suppose that R(z) = L(z, z)e~ 0@ does not vanish identically. If Z is the set
of isolated zeros of L(z, z), then Cy, — C locally uniformly on C\ (Z U {0}) as £ — oo.
Moreover, the function z — zC(z) is bounded on V' \ & for each compact subset ¥ C C.

Proof Fix a small number € > 0. We define a compact subset K, of C? by
Ke ={(z, w); lz| = 1/e, lw| = 2/e, dist(z, Z) = €}.
The remarks preceding the lemma show that we can find N such that if £ > N then

|Bn£ (z, w) — B(z, w)| w T < 272 (z, w) € K. 3.4)
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Let us recall also that there is a constant M such that, if z ¢ %, then
By(z,w) < Mw*,  B(z.w) < Mw|*, (jw| < 1) (3.5)

by Theorem 1.4. (This is because B, (z, w) < R,(w) and B(z, w) < R(w).)
For £ > N and z with dist(z, Z U {0}) > € and |z| < 1/¢, we now obtain

1Coy(2) = C@)| < faWwfuw)

= +/ +f
1 1 1
/w|<§,|z—w|<e le—wl<g.wl>5  Jiz—wl>2

14+2|c]| 2 2lc| 2 dAw)
< 2¢ 6/ 5|w|ch(w)+2ce / llz_w‘+26
\w|<2 \sz\<€
< 2211 4 o)t + 22 e 4 26

Here, we have applied the mass-one inequality (1.15) to estimate the integral over
{lz —w| > é} and the inequality (3.4) has been used for the estimate of the integral over
{lz — w| < 1/¢€}.
To show the local boundedness of the Cauchy transform C(z), we fix a compact subset
¥ of C and a number € = €y such that ¥ C {|z] < 1/€}. Let us write ¢’ = — min{c, 0}.
Let & be an arbitrary small number. Using the estimate (3.5), we see that for z € ¥\
(Z U{0}) with |z] > 6,

|Cu @] < ( / + / )B’I';ff;jf)dA(w)
lz—w|<8/2 |z—w|>8/2

(2/6)2C/ M dA(w) + 2871
|z—w|<8/2

S 22C/M51—2C/ + 28—1

IA

A

This shows that |Cy,(z)| < M|z|™! for all z € ¥ \ (Z U {0}), where the constant M
depends only on 7. O

Finally, the following lemma concludes the proof of Theorem 1.5.

Lemma 3.5 If R does not vanish identically, then R > 0 everywhere on C* and
dC =R — AVy— AlogR (3.6)

in the sense of distributions on C and pointwise on C*.

Proof By Lemma 3.1, we have
9Ca(2) = Ru(2) — AVo(2) — Alog Ry (2) + o(1) (3.7

where o(1) — 0 as a distribution on C and uniformly on each compact subset in C*. For a
compact subset ¥ of C, we moreover know that #' N .Z is a finite set and zCy, (z) — zC(2)
boundedly and locally uniformly on ¥\ (2 U{0}). For a test function ¢ and a small number
€, we take ¥, ¥ such that

V=swpp. Ye=7\ |J DGo.
7€ ZU{0}
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Here, ¥¢ is compact and the (normalized) area of ¥\ ¥ is less than Ne for some N > 0.
Moreover, since |Cy, (2)| < M |z|~! for all z near O as in the proof of Lemma 3.4, we get

/ |Cy, — CldA < / 2M |z dA(z) < 4Me.
D(0,¢) D(0,¢)

Thus the integral
/«V(CM —C)¢pdA = f%(C,,Z —C)opdA +f1,\7,€(Cn£ —C)¢pdA

can be made small since C,,, — C uniformly on ¥ and zC,,(z) is uniformly bounded on
P\ (Z U{0}). Thus C,, — C in the sense of distributions on C, which implies 5CnZ - aC
in the same sense. In view of Eq. 3.7 and the convergence R,, — R such that R,,(z) <
M|z|* for |z] < 1 and Ry, (z) are uniformly bounded in each compact subset of C*, we
conclude that the measures A log R,,, converge to A log R. Passing to the limit as £ — oo
we obtain Eq. 3.6 in the sense of distributions.

We now prove that R > 0 on C*. For this, we suppose R(zg) = 0 for some zg # 0. Then
by Lemma 3.2,

R(z) = |z — 20|* L1 (z, 2)e” 0@
for some Hermitian-entire function L. We fix a small disk D C C* centered at zo where
L(z, z) is logarithmically subharmonic (cf. Lemma 3.3), and define two measures v and v;
by
dv(z) = 1p(2) - Azlog L(z, 2) dA(2),
dvi(2) = 1p(2) - A log L1 (z,2) dA().

By Lemma 3.3, these measures are both positive.
Now note that v = v + §;, and consider the Cauchy transform

CU(Z)=/dU(w)

2w’

Since 3CY = AQq + Alog R on D, the Ward’s Eq. 3.6 gives 3(C + C")(z) = R(z) on D,
whence

C(@)+C"(2) =v(2)
for some smooth function v on D. Since C is bounded in D \ {zo} by Lemma 3.4, C"(z)
remains bounded as z — zo. This implies that v({zo}) = 0, which contradicts that v; is
positive. The contradiction shows that R(zg) > 0.

The positivity of R implies that log R is real-analytic on C*, so the right hand side
of Eq. 3.6 is smooth there. By Weyl’s lemma which asserts that every weak solution of
Laplace’s equation is smooth, C(z) is also smooth on C* and hence Ward’s equation holds
pointwise on C*. O

4 Symmetric Solutions in the Dominant Radial Case

We will now prove our first principal result, Theorem 1.6. Our proof elaborates on argu-
ments from the papers [5, 9]. We will initially allow for kernels L which are not necessarily
rotationally symmetric.

We start by noting that if R is a non-trivial limiting 1-point function in Theorem 1.5, then
Ward’s equation can be written in the form

9C(z) = R(z) — A log L(z, 2),
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where L is the corresponding limiting 1-point function, R(z) = L(z, z)e~ "0®,
We here consider the dominant radial case

Qo(z) = Qo(lz]), Vo(z) = Qo(z) — 2clog |z,
and we write
dpo = e Y dA.

Since the kernel L is Hermitian-entire, we can represent it in the form

e.¢]
Lew) =Y apzv*, (@ =ay).
j.k=0
We know also that L is nontrivial, i.e., L(z, z) > 0 for all z # 0 by Theorem 1.5.
Let Lo be the Bergman kernel for the space L% (o). Since Qy is radially symmetric, we
have the formula

(@)
LoGzw) =) ————. 4.1
Jj=0 ”Z/ H L2(10)
We want to prove that L = L.
Let us rewrite Ward’s equation. Below we fix a complex number z # 0.
The Cauchy transform C(z) is computed as follows:

_ |L(z, w)| e~ Qo(w)+2cloglw]
Ce) = L(Z S [ dA(w)

. wkw™ X
-y ajk&zmzlef W~ Qowy+2eloghul g A ()
L(Z 2) cZ—w
1 ) ) 21 ei(mfk)e de
_ . j=l k+m ,—Qo(r)+2clogr / “@v
= aixamiz’z r e dr _
L(z,2) j;m Je [0 o z/r—ef

From the fact that

R — @/ iz < m—k > 1,
do = /)" iz > m—k <0,

2t Jo  z/r—ei® .
0 otherwise,

we obtain that (all sums are over all j, k, [, m unless otherwise is specified)

2 ) lz]
Cz) = —— ajra ZJZI/
(2) L(z.2) ’g JjkAml

2 o Z m—k—1
_ Z a]kamIZ]Zl/ rk+m (7) e—Qo(r)+2010grdr.
Lz.2) S, l2] "

em ( )’" —k=1 o~ Qor)+2clogr 7.
r

This can be rewritten C(z) = S1(z) — S2(z) where
|z

2 1 _
§ ajkale'H_m k lZl r2k+le Qo(r)+2clogr dr
L

(z,2) 45 0
J.K,Lm

) |21
Zajkzj_k_l / tke_QO(ﬁH_ClOgtdt,
: 0

S1(2)
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and

oo
$2(2) = > ajpam TR / the=QoWnteloer gy (4.2

1
Lo, S 0

It follows that
351(2) = z Zajkzjfkfl |72k~ Qo +elog |2
ik
= L(z, 20" =R(z),  (z#0).
Hence Ward’s equation, which can be written in the form
3S1(z) — 352(z) = R(z) — A;log L(z, 2)
is equivalent to just
3(S2(z) — dlog L(z,2)) = 0.

Now,

1
dlogL(z,2) = may "2,
glz2) L(z,z); "t

so by Eq. 4.2, the distributional Ward’s equation is equivalent to that the function

1 oo m—1

L 2o T 22 an ) —m @3)
’ m,l

=0 k=0

has 3-derivative 0 in the sense of distributions on C. By Weyl’s lemma, this implies that
there exists some entire function G (z) such that

oo m—1
-1zl j—k k2 =
E amz" ' E E ajez! N 2y —m | = G @) E amz"z" .
m,l j=0 k=0 m,l

The Taylor coefficients g; in G(z) = > g jz-i depend on aji in a complicated way.
Comparing coefficients of z/ in Eq. 4.3, we deduce for each [ € Z the identity

o] oo m—1 00

j —1—k k2 -1 j
D ant [ D0 au T Ny —m T = 6@ Y an. (44
m=1 j=0 k=0 j=0

Thus, for example, the constant term go = G (0) obeys infinitely many relations

oo
goao = au(aoollllliz(uo) — D+ am aO,m—IHZm_l”iz(Mo), 1=0,1,2,....

m=2

Due to the formidable appearance of these relations, we now abandon the quest for the
most general limiting kernel L and restrict our attention to symmetric ones.

We thus assume that L(z, w) = Y ajkzj Wk is rotationally symmetric, i.e., we assume
that aj; = a;éj; for some numbers a;. In this case, the system (4.4) becomes: for allm > 1

m—1

-1 2
am?" [ D ajliz! 12 = | = G@anz".
Jj=0
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By considering the smallest m > 1 such that a,, # 0 we conclude that G =0, i.e.,

m—1
m Zajnzfnizw—m =0, m=12,.... (4.5)
j=0

Before proving Theorem 5, recall that L satisfies the mass-one inequality (1.15). The
mass-one inequality can be written as

o¢] o0
21 127 n-J 12 1127
Y a1z s, < D aslzl. (4.6)
j=0 j=0

Lemma 4.1 Let L be a nontrivial rotationally invariant limiting kernel. Then

. .
aj=1/1 300, F=012....

Proof We use Egs. 4.5, 4.6, and induction on m > 0.

Put Ny, = inf{j; j > m, a; # 0} and note that, since L(z,z) ~ AQo(z)e"*@ as
z — oo (by Theorem 1.4), we have N,, < oo for each m.

Assume that Ng > 0. Then a; = 0 for all j > 0 with j < Ny. Since ay, # O,
nggl ajllz/ 1135, = No by Eq. 4.5 which gives a contradiction. Thus No = 0, and

0<ap<1/|1|? , by Eq. 4.6.

L2 (uo

Suppose next that Ny > 1. As above, a; = O when j > 1 and j < N; — 1. Hence

Ni—=1 2 _ 2 ; ; ; —
Zj:() a/”Zj”U(Mo) = a0||1||L2(MO) < 1 < N, which contradicts Eq. 4.5 with m = Nj.
Hence Ny = 1 and a; # 0. By Eq. 4.5, ap = 1/||1||iz(uo) and by Eq. 4.6,0 < a1 <

2

121250

Similarly, for m > 2 we have g, = 1/||z’”’1||iz(ﬂo) and 0 < am < 1/012" | 2¢4)>
finishing the induction step. O

A comparison of the formula (4.1) for the kernel Ly with the above lemma shows that
L = Ly, finishing our proof of Theorem 1.6. q.e.d.

5 Universality at Radial Type Singularities

We now prove Theorem 1.1.
Suppose that the potential V,, is of the form

2
Val0) = Q@) = ~loglel, Q= 0r 41

where Q, is radially symmetric and Q,(z) = |z|** + O(|z|**¢) as z — 0 for some € > 0
and where # is a harmonic polynomial with 4(0) = 0. We assume that the degree of £ is at
most d, where, without loss of generality, d > 2A.

We suppose in addition that 0 € IntS, that S is connected, and that d Pc S is an
everywhere regular Jordan curve.

Now write h = Re H where H is the holomorphic polynomial

H(&) = 0(0) +230(0) - ¢ +---+ 2370(0) - ¢4
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The crucial property that we shall need from Q, is that

¢9Q,(¢) eR

for all ¢. This is satisfied since Q; is radially symmetric.
Let p,,; be the j:th orthonormal polynomial with respect to e V» and rescale about 0
by letting

Gn.j () =1, pu j(m2), Va(2) = nQ(raz) — 2clog|z].
With A, (z) = nH (rpz) we can then define a “rescaled holomorphic kernel” by

n—1

L,(z,w) = Zqn,,-(z)q,,,,-(w)e*(H"(Z)*Hn(w”/z.
j=0

By a straightforward extension of normal families argument (see Section 2) we obtain easily
that each subsequence of L, has a further subsequence converging locally uniformly to a
limiting holomorphic kernel L. (The terms in H, of degree > 2) are negligible on compact
sets.)

We want to prove the asymptotic rotation invariance

dLy(z,z) = 0
as n — oo along any subsequence. To prove this we observe that
39 Ln(z,2) = iz0:Ln(2,2) + (—i2)0;Ln(z,2) = —2Im(29; Ly (2, 2)).
Write ﬁn =Re I:In. Then

n—1

20:Ln(z.2) = ¢ "9 (20, (2) — 2qn.j (2010 (2))Gn.j (2)- (5.1)
Jj=0

Since dh, is a holomorphic polynomial of degree at mostd — 1, zg, dh, isa polynomial of
degree at most j + d. Hence it can be expressed as a linear combination of the polynomials
qn,l:

j+d

2Gn,j0hn(2) =Y (2qn jOhn, qn1) 4n1(2)

1=0

where (f, g) = [ fge=VndA.
Now set O, = nQ,(rnz) = 1z|* +---. An integration by parts gives

- f 2qn, j(2)Gn.1(2)d (e @)= Criaclogll g A7)
= <Qn,j’ qn,1) + (Za‘h,js qn.i)

+ f 2qn, j (2)Gn,1(2) (—n1nd O (rn2) + g)e*m) dA(2).

<ZQn,jaﬁn9 qn,l)

Let us define
aj = / Gn, j (D)Gn. 1 (Dnrazd Oy (rz)e” " @ d A(2). (5.2)
We then have the identity

(2qn, j 30, qut) = (L + G, j» Gni) + 20Gn,j» quit) — s
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and from Eq. 5.1,

j+d
20:Ln(z.2) = & (Z)Zq @ | D040, — 24n,j0hn, 4u)qn.i
=0
~ n—1j+d
=@ <1+c>2|qn,(z>| + ) 01qn1(2in, j(2)
Jj=0 j=01=0

Since zd 0, (z) = Alz|** + - - - is real-valued, we have aj; = &y,j and hence

& 1qn,1(2)qn,j(2) + o jqn, j(Dqni(z) € R
for all , j, z. Therefore,

- n—1 d+j
Im(z9;Ly(z,2) = e " 3" 3" Im(1Gn.1(2)Gn.j 2))- (5.3)
j=n—d l=n

In order to estimate the sum in the right hand side of Eq. 5.3, we need a good control
of the polynomials g, ; with |j — n| < d. For this purpose, we will employ recent results
on asymptotics for the orthonormal polynomials p, ; with respect to eV, to obtain the
following result.

Lemma 5.1 Let K be any fixed compact subset of Int Pc S. Then for any given integer k > 0
and any j = j(n) with |j — n| < d we have

/ puj e dA = O™, n - oo
K

Proof We will use one of the main results from the paper [25] !, which implies that if V, is
any potential of the type indicated above, then for any fixed ¥ > 0 we have

/ Pnj — xFy)Pe™™ dA = 0", |j—n| <d. (5.4)

Here yx is a smooth function which equals to 1 in a small tubular neighbourhood of the outer
boundary of S while x = 0 in the complement of a slightly larger tubular neighbourhood,
which is still small enough that x = 0 near all the logarithmic singularities occurring in the
potential.

Following [25] we write Q for (the analytic continuation of) the bounded holomorphic
function on C \ Pc S satisfying Re @ = Q on d Pc S. (We fix Q uniquely by requiring that
the imaginary part vanishes at infinity.)

The function Frf'(j) is of the form

FO@) =g ©6©) OR3P B, ()

p=0

where ¢ is the analytic continuation of a univalent map @\Pc S — @\ D and B, are certain
holomorphic functions, bounded on the support of x.

In the special case when Q = |¢|? 4+ Rez¢ we can alternatively use the strong asymptotics proved in the
papers [38, 42]
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It is clear that the asymptotic in Eq. 5.4 implies the statement in the lemma. O

Remark In [25] there is an assumption that the potential Q be everywhere C2-smooth in
the plane. It is however easy to see that the results hold under the assumptions in the present
paper. Indeed, the details of the potential in a given compact subset of Int S are completely
irrelevant in [25] (as long as it is admissible in the sense of [40]). Similarly, the details of
the potential in the exterior, away from the boundary, are not relevant. The only point where
any kind of higher regularity is used is in the form of real-analyticity near the boundary.

Lemma 5.2 The integral oj; in Eq. 5.2 satisfies aj; = O(n) when |j—n| < d, |l—n| <d,
and n — o0.

Proof By a change of variables we have

oji=n / ZaQr(Z)pn,j(Z)I;n,l(Z) e Vi@ dA(z). (5.5)

Since the |py, j|ze_”v" are negligible outside the support of x (see remark below) we
can restrict to some small neighbourhood of the droplet. We can then bound the integral
in Eq. 5.5 by C [ |pa,jll Pnile™Vn, so by the Cauchy-Schwarz inequality it follows that
lej ;| < Cn. O

Remark To make the proof above precise, we here provide an exterior estimate of
|pn,j|2e’”vﬂ on C \ (supp x U PcS), i.e., outside of a neighborhood of Pc S. Indeed, a
modification of the pointwise asymptotics in Theorem 1.3.5 from [25] gives the asymptotics

|pn,j1Pe™V" = nlg|p|P e CTRED|By + O~

which is uniform for z outside a neighborhood of S. Moreover, according to the terminology
in the paper [25], Re Q + log|¢|> = Q, which gives a very fast decay of |pn,j|2e_"v"
outside an arbitrarily small neighborhood of Pc S.

Now let K be a given compact subset of C*. We shall estimate the integral

b= [ lLaz 1dAG).
K
By Eq. 5.3 and the last lemma,

n—1 d+j

Jo<Cn Yy Z/ g 111gn, jle”"" dA.
K

j=n—d l=n

Hence by Lemma 5.1, we have J, = O(n™") for any given « > 0. (The compact set K
corresponds under the rescaling to the dilated set r, K which is surely bounded away from
the outer boundary when » is large enough.)

It follows that if L = lim L, is a limiting holomorphic kernel, then for each compact set
K cC, fK |09 L(z, z)|dA(z) = 0. This is only possible if 9y L(z, z) = 0 identically, i.e., L
is rotationally invariant.

The proof of Theorem 1.1 is complete. g.e.d.
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6 Insertion as a Balayage Operation

In this section, we will discuss the effect of insertion of a point charge, by comparing the
first intensity of the process {¢;}| with respect to the inserted point charge c to the intensity
of the corresponding process with ¢ = 0. Our discussion elaborates on the concluding
remarks from [3, Section 7.7].

We will now exploit the freedom of choosing the perturbation « in the potential

2c |
VnZQ—;K—;u,

where we write £({) = log|¢|. Here, we take u to be smooth and harmonic. One natural

choice is to put u = 0, i.e., to set
2c

V,=0——¢ 6.1)
n
We will call Eq. 6.1 the “pure log-normalization” of V,,. Another interesting choice, the
“Green’s form”, is to set

2c
Vi=0+ ;G (6.2)
where G is the Green’s function for S with pole at 0,
G(¢) = log iy — u(?), 63)

u is harmonic in Int § and G = 0 on the boundary 9.

In order to apply the theory of [3, 4] we need to impose a few conditions on the geometry
and topology of the droplet S. First of all, we recall our assumption that Q be real-analytic
in a neighbourhood of S with exception at the origin. (See Eq. 1.2.) We will now also impose
the condition that A Q is strictly positive in a neighbourhood of the boundary 9. It is well-
known that this guarantees that S has finitely many components, and that 3§ is a finite
union of real-analytic curves, possibly having finitely many singular points of known types
(cusps or double points). (Cf. [7, 37] and references.) We shall assume that S is connected,
and that the boundary is everywhere smooth. In this case, the Green’s function G () can be
extended to a smooth function on C* with G = 0 near co. We fix such an extension and
insist on calling it G.

Let R, and R, be the I-point functions associated, respectively, with the external
potentials Q and V,,. We shall measure the effect of the insertion by studying the difference

Pn = Iin - Ry,

v~vhere we use the convention that R,, is identified with the measure R,, dA (and likewise for
R,).

Note that the asymptotics of p,(f) can be nontrivial only if the support of f contains
either the point 0, or some portion of the boundary of S. Indeed, if we exclude neighbour-
hoods of 0 and of the boundary, then on the rest of the plane both R, and R,, are very close
tonAQ - 1g, in the sense that the difference is negligible, cf. [6, 8].

In order to simplify the following discussion, we assume now that the potential Q has a
dominant radial bulk singularity at O of Mittag-Leffler type, and that the coefficient 7o = 1.
That is, we assume according to the canonical decomposition (1.5) that

00 = lzI*, Vo =z1* —2cloglzl.

In addition we will assume that each limiting kernel is rotationally symmetric, that is (by
Theorem 1.6) each limiting kernel is equal to L(z, w) = A - Ey/) (14¢)/.(zw). Finally, we
assume that there are no other singular points in the bulk, except the one at 0.
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In the rest of this section, we assume that all of the above conditions are satisfied.

For a domain © bounded by a Jordan curve y in C, the harmonic measure with respect
to €2 evaluated at a point z € €2 is the hitting probability distribution on y of a Brown-
ian motion starting at z. We refer to [23] for other equivalent definitions of the harmonic
measure.

Theorem 6.1 Let R, be the 1-point functions associated with the potential
1) V,= 0+ 2(c/n)G. Then, in the weak sense of measures
Pn —> c(wo — 80),
Here & is the Dirac measure at 0 and wo the harmonic measure with respect to S,
evaluated at 0.
(i) V,=Q — Qc/n)l. Then
Pn —> c(@oo — 80),

where wo is the harmonic measure with respect to C \ S, evaluated at co.

The theorem shows that the insertion of a point mass, corresponding to different natural
boundary conditions, gives rise to different kinds of balayage operations, see Fig. 2, cf. [23,
40] for the basic facts about balayages.

Lemma 6.2 Suppose that the test-function f has compact support in the interior of S. Then
lim p, (f) = —cf(0).
n—o00

In other words, p, — —cdo in the interior of the droplet.

Proof Rescaling about 0 on the scale n~1/2% we obtain the 1-point intensities R,, and R,

which, by Theorem 1.6 have known locally uniform limits R and R. We shall show that the
total mass of the measure R — R is

(R—R)(C) =c. (6.4)
10 10 4
0.5 - 0.5 -
0.0 1 0.0 1
-05 -0.5 1
-10 - -1.0
.10 -05 00 05 10 -10 -05 00 05 10

Fig.2 Some level curves of p, with respect to Ginibre potential V,, = |¢|*> — 2clog|¢ — a|/n when n = 40,
¢ = 1, a = 0.3 with pure-log normalization and Green’s normalization, respectively. (Blue means negative
and red means positive)
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In view of well-known bulk estimates of R, and R,, away from a microscopic neighbour-
hood of 0, this will prove the lemma. Before proceeding with the proof, we pause to recall
some details about the estimates that come into play here.

Consider the annular regions

Ay Mrn§|§|§rn(10gn)%a By : rn(l(’gn)% <lgl=d.

where M is large and d is some small constant so that B, lies inside the droplet. We claim
that the total variation of p, on A, U B, can be made less than any given € > 0 by choosing
large M and small d. Indeed, for { € A,, the asymptotics from [8, Section 3] shows that
there exist some constants ¢, C such that

~ 2 o120
Ra(2) = AQo(2)] < ClzP 72~ R, (2) — AQo(2)] < Clz~2e K]
for all large n. Thus
~ 2.
/ | 1Ry = Ry(2)ldA(2) < 2€C f e 2 ),
M=|z|=(logn)* M<|z|<(logn) *
where the right hand side can be made small by taking M large enough.

By a slight adaptation of the Hormander estimate in [6, Section 5], we obtain the
following estimate. O

Lemma 6.3 There exist some constants ¢, C > 0 such that for { € B,

IR, (0) = nAQ(0)] < C(1 +nmx(15) . g=cllogn)?y
(6.5)
IR, (0) — nAQ(7)] < C(1 +nmx(13) . g=cllogn)?y

for all large n.

Proof Using the pointwise-L? estimate in [6, Section 3], we obtain the elementary estimate
for¢ € By

R, () < CnAQ(?) (6.6)
for some constant C > 0.

For a point ¢ € B, and a small enough constant «, let €,(¢) = alogn//nAQ().
Consider a smooth function x, such that x, = 1 on D(¢, €,/2), x» = 0 outside of D(¢, €,),
and ||3 x| 12 < C. With a suitable choice of «, D(¢, €,) does not contain the origin. In order
to use the estimate in [6, Section 5], we write Q (7, w) for the Hermitian-analytic extension
of Q satisfying Q(n, n) = Q(n) in a neighborhood of ¢ and define the approximate kernel
K* by

Kﬁ(n’ ) = nanéwQ(ﬂv o) - eﬂQ('],w)e*nQ(Vl)/Q*ﬂQ(w)/Z.
Writing K,, ,; (w) = K, (w, 1), we define the operator IT,, by

Hn[f](n)=/.f(C)Kn(§)dA(§)~

By adapting [6, Theorem 5.1], we readily obtain
Ky (2. ¢) — MK 1) < CMu (VKL (. 0)

for some constant C where

1 1 / 2
M, — e nAQ©)e;
® VnAQ() * 6ne
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It follows from Eq. 6.6 that
IKa (2. ¢) — MK 1] < C1+ C2nAQ(0) o—clogn)?.

If A < 1,then AQ(¢) < C (rp(logn)#)¥—2 < Cn~'+1. Otherwise, A Q(¢) is bounded in
B;,. Thus we have

IKa (¢, O) — MuDuKE 1)) < €1 + Con™ G gmelogn)’,
On the other hand, following the argument in [6, Section 5.2] leads to the estimate
MK 1= K@ 0] < CraQ(p) e<00em” < opmax(b g—elogn?,

Combining the above estimates, we obtain the estimate we want.
For the potential V,, = Q — %K — %u, we use a Hermitian-analytic extension in a small
neighborhood of ¢ € B,

Va(n, ) = Q(n, ®) — £(logn + logw) — 2u(n, ),
where u(n, w) is a polarization of u, to define the approximate kernel Kﬁ by
Kﬁ('l» ) = ,,“‘)néwvn(n7 w) - "'V (1,0)=V5 (1)) /2= V(@) /2)

Here, Kﬁ({, ¢) = nAQ(¢) since u is harmonic. The argument using approximate Bergman
projection in [6, Section 5] considers a local behavior in the ball of radius €, away from the
origin, so that the same argument applies for R,,. O

The estimates in Eq. 6.5 show that for ¢ € B,
IR, () = Ry ()] = C (14 nmx(lDemetiozn?)

is bounded, and the total variation of p, over B, can be made as small as we want by
choosing a small d. On the other hand, away from a small neighborhood of 0, the asymptotic
formula (cf. [3, 4])

R, =nAQ+ 1AlogAQ +0(n™")

where O(n~") is uniform on each compact subset in Int § \ {0} can be used. We have thus
reduced our problem to proving the identity in Eq. 6.4.

To show Eq. 6.4 we recall by Theorem 1.4 that both R(z) and R(z) approach A Qo(z)
quickly as z — oo. In particular, the integrals

/(AQo—ﬁ)dA /(AQO—R)dA
C C

are convergent; if we can compute them, we can obtain Eq. 6.4 by a simple subtraction.
Hence it suffices to show that

/(AQO—R)dA:c+1_—’\. 6.7)
C 2

But AQo = 22|z/**~2, and the limiting 1-point function R equals to

= _ lz|~/
R(2) = AE1 3 (140 (1217)e™ 0@ = 1 E —_—

2 |z
z|""e .
‘ r Jj+l+c I2]

=0 x
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Our problem is thus to evaluate the integral

222 - |Z|2j 2 2%
Ic,AZ?»/()»IZI oY e ) dAG),
C — F(&)
j=0 *
which is the same as
00 JHetl g

k= [T
.7}\: — e —
c 0 jzor(JilJrC)

A

We first consider the case when A is a rational number. The computation of the integral
can be reduced to the case A = 1 by the following observation.

A rational number A with A > 0 is expressed as the fraction p/q of two integers p, g >
1. Letting j = mp + [ for some integers m, [ with 0 <[ < p — 1, we have

mq+q(1+;+|)_l

b7l oo | g >t
= [ 2=y dr.
=0 /0 q

[+1+c
m:OF(mQ+ et +p+L))

Now we note that
Eyo(t) = Eqe(t?) + 1Eg 1) + -+ 197 Ey cig1 (19).
Writing
F(t) = e "t Eqeq115(t?), 0=s=<g—1,
we have
et Eycr1(t) = Fo() + -+ + Fyo1 (1)
and Fy = Fy_1 — F]forall 1 <s < g — 1. This implies that
q-1

¢ E et (1) = gFo(t) = ) (g — $)F{(). (©6.8)

s=1
Using the asymptotic formula (cf. [24, eq. (4.4.18)])
] ; . in
Eq,c(tq) - _ Z (teZJTm/q)l—cetez /4 + O(I_q), t — o0,

3mq
[2mn|<=5*

we now obtain F(00) = % for0 <s < g—1.1Inview of Eq. 6.8, we thus obtain for ¢ > —1
o0

o0
I = / [1—e "t°Ey 1 (D)]dt = / [1—ge " t°Egcr1(t9)]dt + %.
0 0

If we temporarily accept that 1. | = ¢ for ¢ > —1, we now deduce that
*r1 1 —1
/ [f — e_ttcqucH(tq)] dt = — <c - q—)
o Lg q 2

-1
1 (gl +c+1) q—1> 1—x
Ipi=-) (7—1—— =c4 —r.
N p 2

The identity (6.7) now follows by the continuity in A for all real numbers A > 0, provided
that we can show it for A = 1.

and hence
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It remains to verify that I, | = ¢, where

o0
Iy = / (1 = 1™ Ey cq1 (1) dt.
0

Our verification that I, | = ¢ is somewhat lengthy, and works in fact for complex ¢ with
Rec > —1. An alternative short proof in the case when c is a positive integer is given in the
remark below.

We first assume that Re ¢ > 0. To show that I, | = c, it is convenient to call on the lower
and upper incomplete gamma functions

t )
y(c, 1) = / sCle™5 ds, I'(c,t) = / sSle™S ds, T()=vy(c,t)+T(c1)).
0 t

We claim that (for Rec > 0 and r > 0)

- (c, 1)
e Ey1pe(t) = L 6.9
e Ep14c(1) r o (6.9)
To see this, we integrate the right hand side by parts,
1 r i 1 . 1 L
/ s“le™ds = —— %" + 7/ se "V ds. (6.10)
') Jo C(c+1) Cc+1)Joy
To repeat the integration, we similarly observe that forallv =0, 1,2, ...
7/ st le=S ds = _ ety 7/tsc+"e_s ds
C'c+v)Jy Fc+1+4+v) Fc+14+v) /)y ’
(6.11)
and note that, for fixed r > 0,
, 1
RACh A Lo RN (6.12)
Fc+v+1)
In view of Egs. 6.10-6.12 we have
v n _ = Y »
= E 1),
T'() ;)F(c—i-l—i—v) Let1(®)

and Eq. 6.9 is proved.
It follows from Eq. 6.9 that

o y(c, 1) 1 /°°
IC = ]— = F 5 . .1
1 /0 [ NG ]dt o Jo (c,t)dt (6.13)

To calculate this, we note that

%(F(c-l— 1,t) —tI'(c,t)) = —I'(c, 1), (6.14)

which is immediate since %I’(C, 1) = —t¢~le=! Moreover, it is easy to see that

Iim (C'(c+1,t) —tI'(c,t)) = 0. (6.15)

—00
Combining Eqs. 6.13-ki6.15 we find that

I'c+1,0)
IC,] = — =
[ (c)
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For the case when —1 < Rec < 0, we write

1 > t
e 'E 1) =t +
1ite(t) T(c+1) Z;FU+6+U
et ) te”! 1t
= e et ) = —C vie+ o
T+ 1) ’ TetrD) ' T+1)

Thus, we have

o0 c,—t
y(c+1,1) t‘e
Ioq = 1— - dt = D—1=
«! /0 ( T(c+1) F(c+1)) e+ D “

finishing the proof of the lemma.

Remark When c is a positive integer, we can easily prove the identity I. | = ¢ as follows.
We have
Yo rri =€ PO
s (J+1+0
where
c—1 iy
=07

It follows that
oo
IC,1=/ P.()e ' dt =c, c=1,2,....
0

In order to see the effect of the insertion near the boundary, we will apply the boundary
fluctuation theorem in [4].

For a suitable function 4, let V,, = Q — 2h/n be the perturbed potential and RZ be the
corresponding 1-point function. Write ,0,’1' for the difference Rﬁ — R;,. We define for any
suitable function f, a new function 3 in the following way: f5 = f on S and f* equals
the harmonic extension of f|js to ® \ S on that set.

Theorem 6.4 Suppose that f is a smooth test-function with compact support, which van-
ishes in a small, fixed neighborhood of 0 and h is C*-smooth outside the origin and has
compact support. Then there exists a small number o > 0 such that

h _l/ S .S —a
pn(f)_2 Vf>-Vh>+0mn™), n— oco. (6.16)

Proof The estimate Eq. 6.16 is given in [4, Theorem 2.3], except for the order of the error-
term O (n~%). To obtain this error-term, we just need to carefully examine the proof in [4].
In the following lines we will explain how this can be seen, temporarily borrowing notation
from [4]. (The reader who wishes to understand the following details should thus have a
copy of [4] at hand.)

Let v be a suitable test-function, smooth in a neighbourhood of the boundary a5,
satisfying conditions (3.4-1)—(3.4-iii) from [4].
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The main tool behind the convergence of fluctuations in [4] is the limit form of Ward’s
identity:

_ _ » 1 v
2/@ D' (v33Q—3dv(dQ—3Q)) = —Ea(av+4vah)+a}l[v]+g§[u]+(a,f—a)(7+2vah),
where g}l [v] and eﬁ[v] are certain error-terms given in [4].
By Prop. 4.5 and Prop. 4.6 in [4], we have
ealv] = 0 llogn]*) and e[v] = O P (vl L~ + | V] L=)),

for some small 8 > 0, and it is easy to show that the term (a,f —0)(0v/2+42v0dh), is O(S,)
where 8, = log? n//n. Hence it follows that

2/ D' (v33Q — (00 — 3Q)) = —%o(av) —20(vdh) + O(n™%) (6.17)
C

for some o > 0.
Now we assume that f is a suitable function supported near the boundary. Write f =

f+ + foand v = vy + vg where
3 f+

ls, and U()Zils—i-Lvl(c\s

~AQ AQ 30— 0)
as in [4, Section 5]. Then Eq. 6.17 implies that,

V4

2[ Dy-of = —%0(311) —20(vah) + O(n™).
C

Hence the fluctuation term vff (f) obeys the asymptotic

V) = 7000+ o Wil + 0,

and we obtain

on(f) = vi(f) = va(f) = o (v3h) + O (™)
_ _ 1 _
= 2/3f~8h+0(n “)=§/VfS-VhS+O(n Y.
S
The general case f = fo + f+ + f- is immediate from this, as in [4, Section 5]. O

To prove Theorem 6.1, we consider the cases when 4 = G and when i = . The
function G is an extension of the Green’s function, which is smooth on C* and has compact
support. For the case of “pure log-normalization”, the limit form of Ward’s identity in [4]
can be applied and Theorem 6.4 holds for ¢ since the function £ does not grow too fast and
30(z) ~ z~! near co.

Proof of Theorem 6.1 Assume that the external potential V,, has the Green’s form in Eq. 6.2.
We then have p, = pC. O

Lemma 6.5 Suppose that f is a smooth test-function which vanishes in some small, fixed
neighbourhood of 0, and let wy be harmonic measure for S evaluated at 0. Then

Jim p,(f) = can(f).
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Proof The assumptions on f imply that we can apply the boundary fluctuation theorem 6.4.
Also let G be the Green’s function in Eq. 6.3, so GS=0inC \S.

The asymptotic formula for the variance of fluctuations in Theorem 6.4 implies that, for
the test-functions f under consideration,

Tim pu(f) = / V. (-VG)dA

2
- _¢ f—ds+2c/fAGdA
271' S on
c G
-2 &
2 fan 5

since f vanishes near 0. Here d/dn is differentiation in the outwards normal direction. We
refer to the argument in [3, p. 76] for details about the calculation.
The lemma follows, since — E W G g5 is the harmonic measure wq (see [23]).
Combining Lemmas 6.5 and 6.2, we conclude the proof of part (i) of Theorem 6.1.
Now assume that the external potential V}, has the pure log-form, i.e.,

V=0 — Qc/n)t, £(g) =log|z].

In this case, we have p, = pﬁ. Let G be the Green’s function of C \ S with pole at co
(80 Goo(¢) ~log|¢| as ¢ — o0). We consider G as being extended to C in some smooth
way. Note that

@) =L@ - Gx),  ¢eC\S,
and that £5 is harmonic on C \ S.

We now fix a function f € C§° which vanishes near 0 and apply the result of [4] as in
the proof of Lemma 6.5. The result is this time that

lim (R, — Ry)(f) = E/Vf-v13+5/ VrS.ves
n—00 2 Js 2 Jse

3G
) s = | fdws,
2w S on 39S

where ws, is harmonic measure of C \ S evaluated at co. Combining with Lemma 6.2, we
conclude the proof of part (ii) of Theorem 6.1. O
7 A Central Limit Theorem

In this section we prove Theorem 1.2. Our strategy is to first give the proof in the simplified
model Mittag-Leffler case, and after that we will adapt the proof to a general algebraic

insertion potential.

Lemma 7.1 Suppose that V,? is the model Mittag-Leffler potential

2¢
Vi= ¢~ —log|¢]. (7.1)

Then the random variables

- _2 —
Xn = m(tracen ¢ — E, trace, {)

converge in distribution to the centered normal distribution with variance 1/A.
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We remind the reader of the notation £(¢) = log|¢|, trace, £ = ) £(¢;) where {¢;}] is

a random sample. E,; denotes the expectation with respect to the potential V,}, see Eq. 1.4.
We also recall that the rescaled one-point function of Eq. 7.1 equals to

R (2) _AZ

=T (;+c+1>
Jj=

2
1z| (J+o) lzlﬂ

(7.2)

(See the example in Section 1.)

Proof of the lemma. We shall apply the variational approach from [4] with the scale of
potentials

2c
Vie=Vi=="loglel. cns =
Here ¢ is a fixed real constant and n is large enough so that ¢, ; > —1.
The method uses the function
F(t) = logE, exp(t X,),

where E,, is expectation with respect to the potential V,? .
As in [3, 4] we note that

En[XneIX”] _ anezc""Ze(z-f)dPn

(1) — —
Fn(t) - En[e’X"] - fgzcn,tzz(fj) dPn e En,t[Xn]v
where E, ; is expectation with respect to potential V,? ;- Hence
Fi(t) = / £-(R., —R:)dA (7.3)
Jlogn

where R,ﬁ,’ ; and R,ﬁ, are 1-point functions with respect to VntI ; and V,j,j, respectively.
Inserting explicit expressions (see Eq. 7.2) we obtain

2\ 2yj+eten: 2yj+c N
(1) = 7/ 26 ‘1/2*)2 (e )] - D e dA()
Jlogn Jc (J+ +C+Cnt) r (,/+§+1)
+1+L+Lnt Jj+1+e
21 ) o7 -1 g1 ~
= logn/() (logs — logn)z <1+1+c+cnt> - - <j+1+c) e *ds.
v x )
Let ¢ be the polygamma function,
r’
o = =2 1o logs ds,
I'(x) F(X)

The computations above show that

G (5) v ()

We now use Taylor’s formula to write
Jrc+cens j+c _Cni j+c l(cn,) P
g (FEEE) Ly (£5) Ly (1) ] (50
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where &; is some number between (j + ¢)/A and (j + ¢ + ¢;,4) /A, and have

n . 2 n
t J+c t

Fi(t) = —— ! "(&; 1). 7.4

"0 Azlogn;lw( x >+z<mogn)3/2;w &) o. 74

To proceed with this, we note the following lemma. O

Lemma 7.2 v and ' have the series expansions

o0

oo
1 1 1
1)=— - — d 1) = —_—,
por+d V“Lk;(k k+x> and Ve ,;(k+x)2
for x & {—1,—=2,...}, where y is the Euler constant.

The proof of the lemma is an immediate consequence of Weierstrass’ form of the Gamma
function,

o0
x\—1
VX il x/k
Tr+1)=e k|_|l(1+k) eIk,

Since v is decreasing for x > 0, we obtain

ntl ,(t+cC d T+ / "oo(tte
/1 W (T) drs;w (T>sw(1)+/lw(7> dt. (7.5)

Lemma 7.2 shows that
1 1
Y+ D =logx + —+ Ox™% and v'x+1D)==-+0ux"> (7.6)
X x
as x — oo. Then it follows from Eqgs. 7.5 and 7.6 that

n .
t (] +c¢ t
mj;lw < 5 )Z X""O(l) as n — Q.

We also have
2 n

1 "
—_— i)— 0 as — 00
2(A210gn)3/2 12_;1// (‘i:j) n
since ¥ (x) = —1/x? 4+ O (x~3) for large x. By Eq. 7.4 we now obtain that F/(t) — /A
as n — 00, and it is easy to see that our estimates give locally uniform convergence on R.

Since F;(0) = 0, we conclude that F, (1) = tz/ZA asn — oo, i.e.,
E X0 _s ezz/zx
n .

It is well-known that this implies convergence in distribution to the normal distribution with
mean zero and variance 1/A.
We now generalize to an arbitrary potential of the form

2
V(@) = [¢1** + h(2) — flogm 1.7)

where 4 is a harmonic polynomial (in some neighbourhood of the droplet). Let R, and
R, denote the 1-point function and the rescaled one with respect to V,,. We know that the
rescaled 1-point function R, converges to

R@ =h Ep ez, (Vo = |2/ — 2clog |z]).
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However, in order to apply the argument in Lemma 7.1, it will be better to work with the
1-point function

2290

#
R () = )\ZO r <J+¢+1>
J
with respect to V,,j(g) =) - % log |¢ |, which is the model Mittag-Leffler case consid-

ered in Lemma 7.1. Note also that Theorem 1.1 implies the convergence R, — RE — Oin
the sense of distributions on C and locally uniformly on C*.
Now fix a suitable ¢ € R and put

t

‘/logn.

Cn,t =

We consider the perturbed potential

zcn,t
Vn,t =Vi— " 10g|§|

and we write E,, ;, R, ; for the corresponding expectation and 1-point function, respectively.
We also write R, ;, RE’, for the corresponding rescaled 1-point functions, i.e., R, ; and Rfl’,

are the rescaled 1-point functions associated with the potentials V,, ; and Vnu’ ;» respectively.
As before, we introduce

F,(t) =1logE, exp(tX,)
where
X, =

Ji@(trace,l £ — E, trace,, £), () =loglt))-

We know that ), (1) = E,, (Xp), so

F,(t) = 20(2) - Ry 1(¢) — Ry (£)). (7.8)

1
,/logn/«:

Consider the set R, = {¢ € IntS; || > r,,(logn)%, dist(¢, 9S5) > r,,(logn)%}. We
shall use the uniform estimate

sup [R, (¢) —nAQo(0)] < Ce@ e (79
{E€Rn
with some constants C, @ > 0. The detailed proof of Eq. 7.9 depends on an adaptation of
the technique of approximate Bergman projections, which is postponed to the next section
(see Theorem 8.1 below).
By the same token, the obvious counterpart to Eq. 7.9 is true also for the difference
R, — nAQo, so we obtain the result that

sup Ry (¢) — R, (§)] < Ce~@1o€'™, (7.10)
CERR
In the vicinity of the boundary 9.5, we do not have such a strong uniform control, but due
to our discussion of balayages in Section 6 we know that R, ; — R, ~ ¢, ;0 there, where
woo 1S harmonic measure of 9.5 evaluated at oco.
Outside a neighborhood of S, the one point function is controlled by the exterior estimate,
see e.g., [4, Section 4.1.1]. For any m > 0, there exists a constant C,, such that R, ;(¢) <
Cnn™(1 + |¢ )73 for all ¢ outside a fixed neighborhood of S.
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Combining these asymptotic estimates, we find that

LD Ry (©) = Ru(0) = O | ) 7.11
/|;|>r,,(1ogn)i| ) 1Rn (£ (9] (\/@ (7.11)

Here the O-constant is proportional to |¢|. The convergence R, ; — R, — ¢, (w0 — 60)
shown in Theorem 6.1 gives

21o 21o
£l 1 (Rn,t - Rn) =Cnyt &n

J9ogn Ji¢|>r,(ogn)* logn
Here, the error bound o(1) is obtained by the error bound of the convergence in Theorem
6.4.
Let us denote

+o(1) :—%—1—0(1). (7.12)

2
1 £ - Ry (8) — Ry (£)).

Jn,t -
logn Jiz|<r,(logn)

By Eq. 7.11 we have that

|Fp(t) — Jus| < .
logn
Let us introduce the function

2log |z
) = 2EE

—— XD(0: 1/a(2).
\/@ D(0;(logn)*/*)

Changing variables in Eq. 7.8 by ¢ = r,,z and the asymptotic expansion Eq. 7.12 give

2
1 log |ryz] - (Rn,t(z) — Ry(2)) + O(1/logn)

V9ogn Jizj<togm*

— (Rus — R)(ln) + % +o(1).

F(t) =

We split the last expression as

(Rat — R) (&) = (Rus — R; )(€n) — (Ry — RO (€n) + (RS, — RE) (L)
= Ay — B, +Cy.
We prove by Lemma 7.1 that
Cphr=o0(l) as n— oo.

Indeed, by the approximations above applied to suitable model Mittag-Leffler ensembles,
we obtain )
/ log |rpz| - (Rﬁ,r(Z) — Ri(2) = Cny + L +o(1)
logn Jc A
and the integral converges to /A by Lemma 7.1.

We now want to show that A, ;, B, — 0 as n — oo. For this, we recall the following
estimates, which are proved in [8].

First of all, note that R,, — Rf, — Oand R, ; — Rfm — 0 locally uniformly on C* and in
the sense of distribution on C. (See Theorem 1.6 and Theorem 1.1.) Also note that Theorem
1.3 implies that these 1-point functions are dominated near the origin (R,(z) < C lz|%,
|z] < 1). Thus, there is no problem to estimate the integral of ¢, - (R, — Rﬁ) over a large
compact disk |z| < M.

Suppose now that M < |z| < (log n)%. There are then, again by [8, Theorem 4], con-
stants C, a > O such that (i) |R,(2) — A Qo (2)| < Clzlz)\_ze_amh, (i) |R3 (2)—AQo(d)| <
Clz|* 2~ (i) [R(2) — AQo(2)| < Clz|?2e @™,
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All in all, using that |¢,(z)] = O(loglogn/\/logn) when M < |z| < (10gn)%, we
obtain the estimate

B,| = o(1) + o(1) |zl Pre e
M<|z|<(logn)*

ie. B, — 0asn — oo. Similarly, A, ; - Oasn — oo.

8 Asymptotics for the 1-Point Function

In this section, we will be dealing with the class of generalized Hele-Shaw potentials, by
which we mean potentials of the form

2
V() = ¢ — flogm +2Re H(Z) @.1)

where ¢ > —1 and where H is holomorphic in a neighbourhood of the droplet. We assume,
as always, that 0 is an interior point of the droplet.

Below we will denote by r,, = n~1/?*. We define for each n a set R,, C Int S of “regular
bulk points” by

R = (¢ entS; |¢] > ra(ogn)s, dist(c, dS) > ry(logn)?}.

We have the following theorem, which generalizes a result from the “ordinary” Hele-
Shaw case Q = |g“|2 + 2Re H(¢) (see [2, Theorem 2.2]).

Theorem 8.1 If ¢ € R, then there are numbers C, a > 0 such that

R, (2) — nA2[g P72 < Cem@log'n,

Note that Theorem 8.1 in particular completes our argument for the CLT in Section 7
(i.e., we obtain the missing estimate (7.9)).

Before discussing the proof, it is instructive to compare the result with other kinds of
approximations.

Using a recursive scheme, reproduced in [2] in the present setting, it is not hard to see that
for ¢ € Int S\ {0}, the coefficients b; in the formal (Tian-Catlin-Zelditch type) expansion

R, (§) = nbo(¢) + b1 (§) +n""br(g) + - -- (8.2)

are just bo(¢) = Al¢|** = 22|¢|%72, by = 1Alogby = 0, and and b; = 0 for j > 2.
It could thus be surmised that the approximation R, ~ nbg should hold to a very good
accuracy in the domain R,,. We shall prove that this is indeed the case, by adapting a method
from [2, Section 6].

To prepare the ground, we fix a sequence ¢, with £, € R,, and we put

Oy 1= cxn_]/2|§n|'_)‘ logn

for a small enough constant ¢, less than 1/max{x, 10}. If A = 1, the distance §, =
O(n~'?1ogn) is chosen so as to be “sufficiently large” compared with the typical inter-
particle distance n~1/2. In general, our choice of 8, is used to deduce the inequality (8.3),
which will be seen to imply the exponential decay in Theorem 8.1.

We can easily see that

8n/1¢nl =Ckn_]/2|§n|_xlogn <cn & eRy.
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We also fix a sequence of cut-off functions yx, with x, = 1 on D(&,; 28,), x» = 0 outside
D(¢&y,; 36,) and ||5xn||Lz < C (independent of n).

Finally, when ¢ : C — R is a suitable weight function, we denote the scalar product in
the space L2(e=%) = L%*(e~?, dA) by

(fdo = [ fae?an
Polarizing in the formula for V,,, we define for ¢, n € D(¢&,, 36,)
Va(@,m) = ¢Mi* + H(&) + H(p) — $(log ¢ + logn),

where log is some determination of the logarithm in the disk D(&,; 38,). The main fact to
remember below is that

2Re Vi (6. m) = Va(©) = V() = —1¢* — ",
Following the idea in [2, Section 6] we note that we can write
Va(§.m) = Va (1. m) = (¢* = 1”)7" + holomorphic in 7.

Next note that for each fixed { # 0, we have in the sense of distributions on D(&,, 35,)

o (5) =~ e

(Forif ¢, € D(£y,38,), then¢* —n* =0 < ¢ =1.)
Now assume ¢ € D(¢,; 8,). By Cauchy’s formula, and the above, we have for each
function u holomorphic and bounded in D(&,; 36,),

Mx1/5(u(n)xn(n)e”(v"“"’)‘vn("v"”)
g—k _ nk

n/u(n)x,,(n)Az(gﬁ))\—le"("n@vﬂ)—"n("»’i)) dA(®)

ut) = dA(m)

tagh! / “(")aXn(’l) VA EM=Vatr) g A ()
¢ =t
= :Lu@) +ILu().
_ We now come to an important observation. Since [{ — 5| > 8, when [{ — ¢,| < 8, and
dxn(n) # 0, we have by choosing ¢, small enough and by Taylor’s formula

n|c* —n*? = const.n|g, | 282 = 2alog® n (8.3)

for some constant & > 0.
Using this, we now estimate the term 1L} (¢) as follows

M5u ()]

I/\

5
/|”('7) K1) |l =P [V ) 24 Va ©)/2 g 4 ()

IA

— [ 2 - 9
CenVn(i)/Z(gnle alog ”v/‘- . lu(n) e /215y, (n)| dA(n)
n—E[=d,

nVu($)/2

IA

-1 -« logzn
8, e

9%l L2€ lllnv, »

where we used the Cauchy-Schwarz inequality. We summarize our findings in the following
lemma.
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Lemma 8.2 There are constants C, a > 0 such that if { € D(&y, 6,), then

_ _ 2
() — Tu(@)| < €8, e @18 |1y |,y V)2,

We now define (for suitable points £,  near ¢,) the approximate kernel L}’ by
Ly () =Ly (1. ©) = nxu im0,
Then the operator I*u(¢) defined above is just
Iﬁu({) = (u, L;;)rLV,, .

Let L, (z, w) be the reproducing kernel for the space Pol(n) with norm of L2(e="Vn). By
Lemma 8.2, we have the estimate

_ _ 2
Ly (£) = Ly, (0)] < C8; e 08 ML, |y, eV /2,

The following simple lemma is an adaptation of e.g. [6, Lemma 3.1].

Lemma 8.3 Let n € D(¢&y,, 8,). Suppose that u is analytic in D := D(n, tn=12p")
and let f = ue™"Vr/2. Then there is a constant C depending only on t such that | f (n)|* <

Cnln*=2 [, | fI1%

Proof Leta > 0 be a constant and form the function

— — 2
Fu(2) = fn+zn P2yt =4y - edll/2,

Then Alog|F,(2)|> = —22n> 2 - In+zn~ 2|22 +a > Ofor |z| <t ifa is large
enough. This implies that | F, |2 is (logarithmically) subharmonic in D(0, 7). The following
submean-value property

Fa (O < C’/ | Fa@)PdA(2)
D(0,1)
implies the inequality

IfmI?

IA

C/f 1F G+ 20 P M) P d Az)
D(0,1)

IA

Cn|n|”—2/D|f(:)|2dA(;>,

where C’ and C are some constants depending on 7. O

If n € D(¢y, 8,), then recalling that
L, (n, n) = sup{lu(m)|*; u € Pol(n), llully, <1},
we get by Lemma 8.3 that

1L, I3y, = La(n.m) < Cnln|
More precisely, Lemma 8.3 implies that for all u € Pol(n) with |u|,v, <1,

ZA—Zen Vn(n).

u@)? < Cnjn|?2¢" / lule™"Vrd A < Cnly P20,
D
which gives the bound of L, (1, ). We conclude that
L (¢, 1) = Ly, ()] < C/n8y pl e 108 ngn(Va@Va /2, (8.4)
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We now note that
I:Ln,g‘ (7]) = PnL:,n(gl
where P, is the polynomial Bergman projection,

Puf(©) = (f,Luclav, = / FL, (&, me™""D dAy).
Applying Eq. 8.4 now gives.

Lemma 8.4 For ¢, n € D(¢,, §,) we have
L (. 1) = P, (O] < Crjgy P20 108 nn V@ Va2,

Now fix n € D(¢y, 8,) and introduce the function
un,n(;) = LZJI(;) - PnL;n(g)
*

Observe that u,, , is the L2(e~"Vn)-minimal solution to the problem u = 5Ln!n and u —
LZ,n € Pol(n). In view of a standard Hormander estimate in [2, Lemma 5.2], we infer that
there is a constant C such that

ltn.nllay, < Cn= "ML llav, - (8.5)

Lemma 8.5 Let ¢, n € D(&y, 6,). Then

2
[t (0] < Cn|§n|2)‘7267°‘10g 1t (Vu(©)+Va(m)/2

Proof First we fix n € D(¢,, 8,) but let ¢ be unrestricted. We have that
Itny () = L} (£) = dxn (AP (gt~ eV,
This implies that
|5Mn,n(§)|2€_"v"@) — It'_)xn({)|2)»4n2|§nlz’\_ze_”‘fk_"”ze”vn(’/)_
Since nI{’\ — r]’\l2 > 2u log2 n when 5)(” (¢) # 0, we obtain
3ty ()P < Cn? ()P g P22 o8 gV,

whence by Eq. 8.5

ltnpllnv, < Cn'/2|g, |~ em 108 nenVa(/2,
Applying the pointwise-L? estimate in Lemma 8.3 (or see [2, Lemma 4.1])

i,y (©)|e™"¥ O < Cn'21g g yllav,

we conclude the proof of the lemma. O

Proof of Theorem 8.1 Using the above lemmas, we have for ¢ € R,

ILa (5, ¢) —Ly(€, O < [La(8, §) — Pl (O] + lun,c ()]

_n _ 2
Cn|é.n|2}m 2e alog”n 'e}’lV”({)'

IA

By choosing o > 0 slightly smaller, we obtain that
IR, (€) — ni2lg P72 < Cemolog'n,

The proof is complete. O
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