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Abstract

We consider the torsion function for the Dirichlet Laplacian —A, and for the Schrodinger
operator —A + V on an open set 2 C R of finite Lebesgue measure 0 < |Q2| < oo with
a real-valued, non-negative, measurable potential V. We investigate the efficiency and the
phenomenon of localisation for the torsion function, and their interplay with the geometry
of the first Dirichlet eigenfunction.
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1 Introduction and Main Results

Let © be an open set in R™, with finite Lebesgue measure, 0 < |Q2| < oo, and boundary
082, and let

L=—-A+YV,

be the Schrédinger operator acting in L?(£2) with the potential V : Q@ — R*, Rt = [0, co0)
being measurable. The torsion function for €2 is the unique solution of

—Av=1, v € Hy ().
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It is denoted by vgq, and is also referred to as the torsion function for the Dirichlet Laplacian.
The function vg, is non-negative, pointwise increasing in €2, and satisfies,

MO < valleo < @+ 3mlog2)i ()~ (M)
where
IVell3
r(Q) = 2,
peHy@\0} llellz
is the first eigenvalue of the Dirichlet Laplacian. Here, and throughout the paper, || - |,

denotes the standard L” norm, 1 < p < oo. Since |Q2] < oo the first eigenvalue is bounded
away from 0O by the Faber-Krahn inequality. The m-dependent constant in the right-hand
side of Eq. 1 has subsequently been improved [17, 24]. We denote the sharp constant by

¢ = sup{A1(Q)|lvalle : 2 openin R™, 0 < |Q2] < oo}, 2)

More generally, the equation Lv = 1 also has a unique solution v,y € HO1 (2), referred
to as the torsion function for L.

In this paper we study the efficiency of the torsion function of Schrédinger operators,
and study the phenomenon of localisation. The notion of efficiency, or mean to max ratio,
goes back to [21, 23], where it was introduced for the first Dirichlet eigenfunction. It can be
viewed as a (rough) measure of localisation. The mean to max ratio for the torsion function
for bounded, open, convex sets in Euclidean space was studied in [15] in the more general
context of the p-torsional rigidity. The phenomenon of localisation of eigenfunctions of
Schrodinger operators is a prominent and very active research area and has important appli-
cations in the applied sciences. The literature is extensive. See for example the review paper
[18]. It was discovered in [1, 2], and the references therein, that under appropriate condi-
tions, v, }V can be used for approximating eigenvalues and eigenfunctions of L. It raises the
question as to whether under appropriate assumptions, the phenomenon of localisation can
also be observed for the torsion function of Schrodinger operators, and suggests to inves-
tigate the interplay between the localisation of the torsion function and the one of the first
Dirichlet eigenfunction.

The main results of this papers can be described in an informal way as follows. Theo-
rem 1 compares the efficiency of vg vy with the one of vg under a variety of hypotheses.
In addition it shows that for any given €2, the efficiency for v, v can be arbitrarily close
to 1. Theorem 2 asserts that the efficiency for the first eigenfunction of the Dirichlet
Laplacian can be arbitrarily close to 1. Among other results, Theorem 3 provides a quan-
titative estimate, showing that in case the efficiency for the first eigenfunction of the
Dirichlet Laplacian is close to one, the corresponding first eigenvalue is large. Finally, The-
orem 4 shows that localisation for the torsion function of the Dirichlet Laplacian implies
localisation for the first eigenfunction of this operator.

Definition 1 (i) Let Q2 be an open setin R” with 0 < |Q2| < oo, and let f : 2 — [0, c0),

with 0 < || flloo < 00. The mean to max ratio of f is the real number mwﬂhw.

(i1)) If vq,y is the torsion function for L, then its efficiency is its mean to max ratio,

B(Q.V) = llve, vl
' 12lva,vlleo

If V =0, then ®(£2, 0) is denoted by @ (£2), which coincides with the definition in [15].
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Our first result concerns the comparison of ® (€2, V) and ®(2). In [19] it was shown
that if m > 2, then

inf{®(Q) : Q Cc R™, Q open, 0 < |Q] < 00} =0,
and

sup{® () : Q C R™, Q open, 0 < || < oo} =1. 3)
The analogous result for Schrodinger operators is stated under (ii) of the theorem below.

Theorem 1 (i) If Q is an open set in R™ with 0 < |Q| < oo, and if V : Q@ — Rt is
measurable withO <V <c¢, ¢ > 0, then

: 8¢ + A1 () (8¢ + A1 () \ /M€Y
D(Q, V) < 226m+he/m(@) ¢+ A ( )( c+Ari( )) oQ). @

A1(2) 8¢
and
8c/h1(S)
O(Q, V) = 2-20m+em@ M2 i Te@.
T 8¢ + A1(2) \ 8¢ + 11(R2)
Furthermore for fixed Q2 the right-hand sides of Eqs. 4 and 5 converge to ®(2) as
c 0.

(ii) Let (2,) be a sequence of open sets in R™ with 0 < |Q,| < oo, and let V, :
Q, — RT be a sequence of measurable functions. If there exists 1 < oo such that
SUPpeN llhrl(nglz‘n“; <1, thenlim,_, 00 ®(2,, V) = 0 if and only if lim,_, o ®(2,) = 0.

(iii) If Q is a fixed open set in R™ with 0 < |Q2| < oo, then

sup{® (22, V) : (V : @ — R, measurable)} = 1, (6)
and
inf{®(Q, V) : (V: Q - RT, measurable)} = (). @]
In fact,
1 2o —c!2dg(x)/2
> P(R,c)>1-— 2 /dee s Ve >0, (8)

where dg : Q — R is the distance to the boundary function,

do(x) = min{|x — y|: y € R\ Q}.

We denote the spectrum of L with Dirichlet boundary conditions by

accumulating at infinity only, and choose a corresponding L2-orthonormal basis of eigen-
functions {¢1,Q.v, ¢2.Q.v.---}. If the first Dirichlet eigenvalue A1(€2, V) of L has mul-
tiplicity 1, then its corresponding eigenspace is one-dimensional, and ¢ o v is uniquely
defined up to a sign. Since @1 o v does not change sign we may choose ¢; o v > 0. In that
case we denote the efficiency, or mean to max ratio, of ¢1 g v by

lloro.vi
12| llo1,2,v lo

If V=0, then E(£2, 0) is denoted by E(£2), which coincides with the definition on p.92 in
[23]. See also [7]. We note that if €2 is connected, then A (£2) is simple.

EQ,V)=
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By [8, Theorem 1.2] and [5, Theorem 1] it is possible for m > 2 to construct, for any
¢ € (0, 1), an open connected set Q. C R” with 0 < |2¢| < 0o such that both

A () lve, 11

>1—¢,
€2

and
M(Qe)llve.lloo < T +e.
This implies that
1—¢
() > ——,  Vee(0,1),
(€2) = I te ee(0,1)

which in turn implies (3). Given ¢ € (0, 1), we were unable to construct a set 2, such that
E(Q2:) > 1 — . Nevertheless we have the following:
Theorem 2 Ifm > 2, then

sup{E(2) : @ C R™, Q open and connected, 0 < || < oo} = 1.

By examining the proof of Theorem 2 in Section 4 we see that for any m > 2, and
¢ € (0, 1) there exists an open, bounded and connected set 2, C R™ such that (i) E(2;) >
1 — e, and (i) A1(Q)|S2% > is large for & small. In Theorem 3 below we show that this
is a general phenomenon. That is if Q is any open and connected set in R”, m > 2, with
0 < |R2] < oo such E(L) is close to 1, then the eigenfunction is close to its maximum
on most of €, and 11(Q)|Q¥™ is large. We have a similar phenomenon for the torsion

function. Throughout we denote by B(p; R) = {x € R™ : |x — p| < R} the open ball
with centre p and radius R. We put Bg = B(0; R), and w,, = |B1|. For Q open with

0< |2 <oo,andu € L1(),
for=rmil,
u.—— u.
Q Q] Ja

Theorem 3 Let m > 2 and let Q2 be a non-empty open set in R™ with finite Lebesgue
measure, |2| < oo.

() Ifue H(Q)NL®Q), lulo > 0, and if

fu 2)ju
u 3
Q ~ m+2

(2-m)/2 2

o, 4dm

Lm ullo — 1 u Vul> > ——— @y ||ul]2.

(IQI> (l | ]i )/g' | (m+2)? Il )

Equality occurs if and only if Q is a ball, and u is a multiple of the torsion function.

then

(i)

22 /1™
Ivalloo < %(%) (1— d(9)). (10)
4m? wom \ /™ |
Q) = m(@) (1— o). (11)
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(iii)  If Q is connected, then

4m? W 2/m .
r(2) = m(@) (1-E() . (12)

The last result of this paper concerns the localisation of a sequence of torsion functions.
We make the following definition.

Definition 2 Let (2,,) be a sequence of open sets in R™ with 0 < |€2,,| < 0o, and let

A
A(2,)) = {(A,,) : (Vn e N)(A, C Q,, A, measurable), lim [4n] = 0}.
n—oo

€2 |

Letl < p<oo.ForneN, f, e LP(R,), f, =0, and f,, # 0, we define

{ . Il fula, Il
k= sup § limsup ————
n—oo |l fullp

(An) € Ql((Qn))}- 13)

(i) We say that the sequence ( f;,) «-localises in L” if 0 < x < 1.
(i) We say that the sequence ( f;,) localises in L? if & = 1.
(iii) We say that the sequence ( f,) does not localise in L? if x = 0.

Using Cantor’s diagonalisation we see the supremum in Eq. 13 is in fact a maximum.
That is we have a maximising sequence in 24((£2,)). To show that (fn) localises in L7 is
equivalent to showing the existence of a sequence of measurable sets A, C ©2,, n € Nsuch
that

A 14,15
fim 1A o,y Vel _
n—0o0 |2, | n— 00 ”fn”p

14

To show that (f;;) does not localise in L? is equivalent to showing that for any sequence
(A,) of measurable sets A, C €2,,, n € N the following implication holds:

A 1
tim (Al g o i 1l (15)

n=00 |2 n=>o0 | fallp

If ( f,,) k-localises in L? then there is a sequence (A,) € 2A((£2,)) which (asymptotically)
supports a fraction « of || f; ||ﬁ. Given such a maximising sequence (A;) it is possible to
construct a sequence (A~ n) € A((£2,)) which (asymptotically) supports a fraction k of || f;, ||§
with 0 < ¥ < «. Hence the requirement of the supremum in the definition of « in Eq. 13. In
Section 2 we analyse two examples in detail where localisation in L' and «-localisation in
L' occur for a family of torsion functions for Schrédinger operators (Example 1), and for a
family of torsion functions for Dirichlet Laplacians (Example 2).

The theorem below asserts that localisation or k-localisation for the torsion function in
L' implies localisation for the corresponding first Dirichlet eigenfunction in L?.

Theorem 4 Let (2,) be a sequence of open sets in R™ with 0 < |Q,| < oo and let
Vi : Qu — RY be a sequence of measurable functions. If (vg,.v,) either localises or k-
localises in L', and if A1(2,, Vi) has multiplicity 1, then (¢1,q,.v,) localises in L2 and
lim;,— 00 (25, Vi) = limy 00 E£(2p, Vi) = 0.
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576 M. van den Berg et al.

It follows from Theorem 1.1 in [15] that, when restricting 2 to be open, bounded and
convex in R™, m > 1, one has
———— < inf{®(Q) : Q C R™, Q open,convex, 0 < || < oo} (16)

m(m + 2)

We see by Eq. 16 that for any sequence (£2,) of elongating open, bounded and convex
sets in R™, (vgq,) has non-vanishing efficiency, and so by Theorem 4, (vg,) is not local-
ising or «-localising in L. This is in contrast with the results of [7], where localisation of
a sequence of first Dirichlet eigenfunctions was obtained for a wide class of elongating,
open, bounded and convex sets in R™. Further examples demonstrating different behaviour
of the torsion function, and the first eigenfunction of the Dirichlet Laplacian around their
respective maxima for elongated convex planar domains have been constructed in [3].

This paper is organised as follows. Examples 1 and 2 will be analysed in Section 2. The
proofs of Theorems 1, 2, 3 and 4 will be given in Sections 3—6 respectively.

2 Examples

In Example 1 below we analyse localisation and «-localisation in L' for a family of
Schrodinger operators in one dimension, parametrised by three real numbers, v > 1,
O<a<l,andc > 0.

Example 1 Let Q = (—1,1),v > 1,and 0 < ¢ < 1. Denote by V(x) = V, ((x) the
potential

V) =11 o) + 0216 n(x), xe(=1,1),
and by vy, ¢ (x) = v(_1,1),v,, (x) the torsion function for —A + V on (-1, 1) with Dirichlet
boundary conditions. If &, (v) = ;7 with0 <@ < 1, ¢ > 0, and v > [ sufficiently large so
that 0 < g4 (v) < 1, then the following holds:

@) If% < a < 1, then (v ¢, (n)) does not localise in L' x=0.
) IfO0<a< %, then (vy ¢, (n)) localises in L' k=1
(i) Ifa= %, then (v ¢, (n)) Kc-localises in L' with

A3/3

Ke = 1 +763/3.

Proof Since the potential V is even, so is the torsion function v = v,  and hence it suffices
to determine v on [0, 1]. On the interval [0, €], the function v is of the form
vl(x)::—%xz—i-y, O0<x<eg, Y=V,
whereas on the interval [e, 1], we make the following Ansatz:
v(x) = ‘)1—2 —ae" +Be™, e<x<1, a=aye B=hve.  (17)

It is straightforward to verify that
(A +V)vyy=—Avi =1, 0<x<g,
and

1
(—A+ V)=’ — ) +vin=1, e<x<L
v

@ Springer



On Efficiency and Localisation for the Torsion Function 577

The constants y, «, and 8 are determined by the boundary condition v;(1) = 0, and the
matching conditions

vi(e) = v2(e), vi(e) = vi(e),

where ’ denotes the derivative with respect to the variable x. The boundary condition
va(1) = 0 yields - — ae” + Be™ =0 or

1
B =ae? — —e. (18)
v

The matching condition v (¢) = v}(¢) reads & = vae®® + vBe™"* or, with Eq. 18,

e+ Lev-o) 1 14veev-2
o= v = . (19)
U(e”e +62v—ve) \)28” 1+e—2v(1—s)

The leading term of « is thus ﬁ,

1 e 1 — Lefv(lfs)

— Ve
= e T Late [ 1 n-e (20)

Combining (18) and (20) we obtain the following formula for 8,

ve | — Lp—vl-e) seVe eVE 1 1+ vee— (-8

_ ge oe _ e’ e
B = v ld4e2v(=8) — 2 pv(-8) | 4 e—20(I=p)
Finally the matching condition v (¢) = v2(¢) reads as
1 1
_582_‘_)/ — 172 _O{eve_i_ﬂefve7
which, when combined with Egs. 19 and 21, yields the following formula for y
1, e 1 2 1 + vee V=2 2
V=R T T e [ f e - (22)
Now let us compute
1 1
f[:‘ v — fE U2
fOlv f()e v + fsl v2
We have [ vi = (—£x® + yx)[§, yielding
£ e g2 & 2¢ 1 +vee (-2 3
, T3 T T T a—e [ 1o 23)
Similarly, we compute
1
1—
/ U2= 28_g(el)_eVS)_é(e—v_e—US)’
e v v v
which yields
! 11 2¢ 11— goev079) o
/8 =270 T 20 | g e2(-e) 24)
Combining (23) and (24), one obtains in the case where ¢ = V%,
£ 1 C3 1 _
=—+—=4+0(WV '), v o0, 25
/(>vl+/svz Tt ( ) (25
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578 M. van den Berg et al.

and hence
o 1 if 2<a<l,
Ul)n;oegil= 0 if0<ot<_%,
JovrtJo v s ffe=%
This implies that
ffgv flvz 0 %f%<¢x<;,
et s IS N ETES NEe)
S5 TR vt [y v c/3 if @ =2
1+c3/3 3

To prove (i) we let A, C (—1, 1), n € N be an arbitrary sequence of measurable sets which
satisfy lim,—, o |A,| = 0. Since v, = vy ¢, (n) 1S even, it follows that, with &, = & (n),

&n 2¢ep
/ vn§2/ vn—i—Zf vn—}—/ vn—i—/ Vp.
" 0 &n AnN[2e,,1] AnN[—1,—2¢,]

First note that by Eq. 25

& 1
n 1
/ Un +/ =5+ 0(n73"‘), V — 00. 27
0 &n n
By Eq. 26 lim,,_, » /"';—v" = 0. Since for n sufficiently large, v, (x) is decreasing on [0, 1]
o n

and by Eq. 22, v,(¢,) = %" + O(nl—z), it follows from Eq. 27 that

2ey
tim 2o o iy S )
n—oo fO Un n—o00 fO Un
Using once more that for n sufficiently large, v,(x) is decreasing on [0, 1], one has
vn(2en) < ,%z + O(ﬁe_"(l_“)) (see Egs. 17, 21), and then infers from Eq. 27 that

v v, (2e,)|A
lim fA,,ﬁ[2£,,,l] n < lim n( n)| n| _

] T 0.
n—o00 fO Un n—o00 fO Vn

Similarly, one has

Jauni1,—26,1 O
lim 2AnO=L=2e] ¥

n—oo fOl Un
To prove (ii) we obtain a lower bound for the supremum in Eq. 13 by choosing the sequence
A, = (—&,,8,), n € N. By Eq. 26 one has k = 1 in this case.
To prove (iii) we obtain a lower bound for the supremum in Eq. 13 by choosing the
sequence A, = (—¢&y, &,), n € N. Hence by Eq. 26 we then get

3

1433
To prove the reverse inequality we let A, C (—1,1), n € N be an arbitrary sequence of
measurable sets which satisfy lim,_, » |A,| = 0. In view of Eq. 28 we may assume without

loss of generality that A, is symmetric, A, = —A,, and that [—¢,, &,] C A, for any n
(sufficiently large). It then suffices to show that

(28)

> Ke

lim fA,,ﬂ[&‘”,l] Un

: =0.
n—00 fO Uy
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By Eq. 25
£ 1 3
n 14+¢°/3 _
/ vn—l—/ v,,:iz/—i—O(n 7/3).
0 &n n

As in the proof of item (i), we estimate

2ep
/ Un S/ Un +/ Un,
ApNlen,1] &n ApN[2ey,1]

and obtain
o Entin (€n)
n
lim ~-— < lim ———= =0.
n— 00 fO Up n—o00 fO Vp
and
v v (28,) A
i fAm[zlsn,l] " < i AL
n— 00 fO U n— 00 .[0 Vn
Altogether we proved that k = k. and that the supremum « is attained by the sequence (A;)
with (—&,, &,). O

In Example 2 below we analyse localisation and «-localisation in L' for a family of
sequences of open sets in R”, parametrised by three real positive «, 8 and c.

Example 2 Let m > 1, and let Q,, n € N, be the union of n + 1 open balls

B(p1;n™%), ..., B(pn; n™%), B(pn+1; ncniﬁ) with centers pi, ..., pn41 respectively. Let
¢ > 0, and let

pi = pjl Z24¢, VG, j) € {{l,n i # ), (29)
where
B>a— i > 0. 30)
m
i Ip>a-— #ﬂ, then (v, ) does not localise in L' kx=0.
) Ifg<a-— #ﬂ, then (vg, ) localises in L'k =1.
(i) Iff=oa-— #ﬂ, then (v, ) kc-localises in L' with
oMmt2

Ke = T3 ot 3D

An example of a sequence of open, bounded, simply connected planar sets with fixed
measure 1 for which the torsion function is «-localising in L' for some 0 < «x < 1 has been
given in Theorem 2 of [9].

Proof First observe that condition (29) guarantees that the n + 1 open balls do not intersect
pairwise. The first inequality in Eq. 30 guarantees that the measure of B(p,41; cn™P) is
negligible compared with the measure of €2, in the limit » — oo. The second inequality in
Eq. 30 implies that |€2,| remains bounded for large n. The torsion function for the open ball
B(p; R) is given by
R*—|x —pl?
vB(p;R)(X) = T om

Hence

lvgp:r)lll = omR™ 2,
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580 M. van den Berg et al.

where p,, = % is the torsional rigidity for a ball in R” with radius 1. Furthermore
2
lvp:r)lloo = o
and
lvg, It = pm ("2~ H2F 4 pl=niDe), (32)

To prove (i) we let A, C 2,, n € N be an arbitrary sequence of measurable sets which
satisfy lim,_, oo ‘lé”l‘ = 0. We have

/ vQ, = / Ve, +/ vQ,
An AnNB(ppsisen=P) Ann (U2 B(piin=e))

/ vQ, +/ ”vB(pl;n_“)”OO
B(pn+l§c’17ﬂ) An

1
= ppc"T2pm DB 4 %MHW“. (33)

IA

By Eq. 32 we have

~2a (m — -
Ja, V5 < A2yt De—p)-1 . _@m_ |Anl1 o (cmpmB 4 plme)

lve, Il — 2mpm || 1—(m+2)a
< Cm+2n(m+2)(a—ﬂ)—1 + W (Cm + 1) |An| ’
B 2mpy, 2

where we have used Eq. 30 to bound the second term in the previous line. By the hypothesis
for B under (i) and the hypothesis on (A,) above we conclude

lim fA" b =
n—00 |lvg, I

This proves the implication under Eq. 15, and concludes the proof of (i).
To prove (ii) let A, = B(pn+1; cn~#), n € N. This gives,

JB(pusrion#) V2

k > limsup
n— 00 llve, 1
) Cm+2n—(m+2)/3
= h;iso‘ip 2 —mIDB 1 -t 2’ (34)
By the hypothesis for g under (ii) we have
] Cm+2n7(m+2),6
k= hrfisolép T2 —mADP - pl-(mtDa I
Both requirements under Eq. 14 are satisfied. This concludes the proof of (ii).
To prove (iii) we obtain a lower bound for «. by choosing the sequence A, =
B(pns1; cn™P), n € N. By Eq. 34 and the hypothesis for 8 under (iii) we get
cm+2
o 69
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To prove the reverse inequality we let A, C 2,, n € N be an arbitrary sequence of
measurable sets which satisfy lim,,_, Ilgﬂ = 0. By Egs. 32, 33, and the hypothesis for 8
under (iii),

‘fAn vQ, < om+2 [oF |An‘(cmn72/(m+2)+l)' (36)

lva i — 14cm+2 + 2mpm 12|
n

By taking the lim sup,,_, ., in both sides of the inequality in Eq. 36,

fA in Cm+2
lim su “ < . 37
e g1~ 1+ cm+2 <7
By taking the supremum over all sequences (A,) € 24((£2,)) we find by Eq. 37,
cn1+2
(38)

<
L= Tr e

This proves by Eqs. 35 and 38 that (vg,) is k.-localising with «. given by Eq. 31. This
concludes the proof of (iii). O

3 Proof of Theorem 1

To prove Theorem 1 we first need to establish some auxiliary results. It is well known that
the torsion function can be expressed in terms of the heat kernel of L. Let Q C R™ be
open with 0 < |Q| < oo, and let V : @ — R be measurable. Denote by po.v(x,y;t),
x € Q,y € Q,t > 0 the heat kernel of

ou
— =L s [S Hl Q).
91 u u 0 (2)
The torsion function of L then satisfies
ve, v (X) Z/dy/ dt pqv(x,y; 1), Vx € Q. (39
Q Rt

In case V = 0 we write pgq for po v.
Recall the Feynman-Kac formula [22] for non-negative, measurable potentials V : Q —
RT,

pav(x,yit) = prn(x,y;1)
xE[e ™l VO (Mo 110(B(s)) : BO) = x, f(1) = ],
where § is a Brownian bridge. Hence if V| : @ — R* and V, : Q@ — R are measurable
functions with 0 < V, < Vi, then
0<paovx y:t) <pawnkx yi), Vx € Q,Vy € Q,Vt > 0. (40)
Since V > 0 we then conclude that
0<vov(® <ve® <tr(@, VreQ,

with ¢, given by Eq. 2.

Lemma 5 If0 < |Q| < o0, and if V : Q@ — R is measurable, then

M2, V)7 < lva vl < @+ 3mlog2)a(2, V)~ 41)
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582 M. van den Berg et al.

Lemma 5 implies that
O 1 = sup{A1 (2, V)llva,vlle
:Q openin R™, 0 < |Q| < 00, V : @ - R, measurable} < co. (42)
By choosing V = 0 in the expression under the supremum in the right-hand side of Eq. 42

we see that ¢;;, < 0,,.

Proof of Lemma 1 To prove the upper bound in Eq. 41 we note that Lemma 1 and its proof
in [6] hold with A = A{(€2, V), and Lemma 2 and its proof in [6] hold for the semigroup
associated with L. Finally Lemma 3 and Theorem 1 and their proofs in [6] hold with A =
X1(2, V). This proves the upper bound in Eq. 41. It remains to prove the lower bound. Let
Qr = Q2NB(0; R). Then 0 < |Qg| < w, R™. Let L g be the restriction of —A+V acting in
L2(2g) with Dirichlet boundary conditions on dQ2g. If we denote Vg = 1p(p;r)V, then Lg
is also the operator —A + Vi acting in L%(Q2g) with Dirichlet boundary conditions on dQ2g.
Then Ly is self-adjoint, and its spectrum is discrete. Since the first Dirichlet eigenfunction
®1.Qx. vy 18 nON-negative, and || @1 o, v, |2 = 1, one has, by the Cauchy-Schwarz inequality,

0 </ o105 vk < Q1" 3)
Qg
By self-adjointness

f @1,Qr, Vg :/ ©1,28, Ve LRVQR, Vi :/ (LR‘/’I,QRﬁVR)”QR’VR
Qr Qr QR
= L1 (R, VR)/Q P1,Qr, VR VQR, VR
R

< MRk, VR)”UQR,VRHOO/ ©1,QR, Vi - (44)

Qg

By Eqgs. 43—44 we conclude that
MR, VR) llvag, vglloo = 1.
Since [[vgg, vi lloo < v, v lleo We have
M(QR, VR)llve, vl = L.

The assertion follows since R — A1(S2g, Vg) is decreasing to A1(£2, V) as R — oo. O

Lemma 6 Let Q@ C R™ be open with 0 < |Q| < 0. If V : Q — R is measurable with
0<c1 <V&x)<cy <00 x €L, then

V., (X) S ve,v(x) S v (x), (45)
and forany 0 < ¢ < 00, x € Q,
B A1 (Q) 8¢ 8c/M ()
> 9=20Bm+4)c/31(Q) ) 46
v, (x) = et i@ \ 8T @) v (x) (46)
Hence
8c/h1(S2)
ool > 226me/m@ A1) e N e, @
’ - 8¢+ 11(2) \ 8¢ + A1(R2)
and

_ 11(R) 8c \¥m@
vg,clloe > 272Cm+He/A1(E) lvalls.  (48)

8¢+ A1(2) \ 8¢ + A1(£2)
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Furthermore the right-hand side of Eq. 46 converges to vg(x) as c |, 0.

Proof The two inequalities in Eq. 45 follow immediately from Eq. 40, and the hypothesis
0 < c¢1 £V < 2. To prove inequality (46), note that for any 7 > 0, and any ¢ > 0,

v, (x) :/dy/ dt po.c(x,y;t)
Q R+
=/dy/ dte " po(x,y: 1)
Q R+

T
/dy/ dte " po(x,y;t)
Q 0

T
E"T/ dy/ dt pa(x,y;t)
Q 0

e’”T(vQ(X)—/ dt/dypsz(x,y;t)). (49)
T Q

v

v

The double integral in the right-hand side of Eq. 49 is estimated using the heat semigroup
property and Tonelli’s Theorem,

oo [o.¢]
[ [ avpacyin = [ “ar [ ay [ dzpatezipat i)
T Q T Q Q
o0
5/ dt/dzpsz(x,z; t/Z)/dypsz(z,y:t/Z)- (50)
T Q Q
Lemma 3 in [6] asserts that
paz. yi1) < (@dun)/2om/te= @)=l 8 (51
This gives
/dypg(z,y;t) 5(47”)—’"/22"1/4/ dye—tkl(ﬂ)/“—\z—yIQ/(SI)
Q m
— 23m/4e—l)u1(§2)/4. (52)

By Egs. 50 and 52,

o0
f dtfdypg(x,y;t)
T Q

IA

o0
23’"/4/ dte’“‘(m/sf dz po(x,z;1/2)
T Q

23'"/4(”1@)/8/ dt / dz pa(x,z;1/2)
Rt Q

= QUHIMATI®@/8 )0 (1) (53)

IA

By combining Eqgs. 49 and 53 we find
UQ,C(.X') > E_CT(I _ 2(4+3n1)/4€—T)x1(Q)/g)vg(x). (54)

Choosing T as to maximise the right-hand side of Eq. 54 gives that

()
T = log (2633 (1 4 252, 55
e e TR 4
Inequality Eq. 46 then follows by Eqgs. 54 and 55. The inequalities Eqs. 47 and 48 follow
immediately from Eq. 46. O
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Proof of Theorem 1 (i) Since 0 < V < ¢ we have by Eq. 45,

(i)

(iii)

lva. vl < llvalli, (56)

and
lveviieo = llve.clloo- (57)

The upper bound Eq. 4 follows from Eqgs. 56, 57, and 48.
Similarly, by Eq. 45, we have

v vie < lvallso, (58)
and
e, vt = llvacll- (59

The lower bound Eq. 5 follows from Eqgs. 58, 59, and 47.
By using the inequality

(1+67 " <e, V>0,
with 0 = 8|V, [leo/A1(82,), we obtain by Eq. 4,
D(Q, V) < e22CmHDN (1 4 8n)d (),

and by Eq. 5,
D(Qy, V) = e 12726mT0 (1 1 8Tl o (9,).

To verify Eq. 8 we have by Lemma 4 in [10],
/ dy po(x, yi 1) > 1 — 20m+2)/2g=do (/80
Q

Hence we find by Eq. 39

/dx / dy pa(x,y;1) = |Q| —2(’"”)/2/ dx ¢ 42/ @), (60)
Q Q Q
Multiplying both sides of Eq. 60 by e~/ and integrating with respect to ¢ gives
lva.cllh > il —2<’"+2>/2/ dxf dt e—C1—d2(0?/(81)
S« o Jr+
> 182l 2(m+2)/2f dx f dt =12 supfe—<!/2-420P/B) . 4 < ()
¢ Q R+
|22 2(m+4)/2

_ f dx e=¢?da®)/2, (61)
Q

c c
On the other hand using Eq. 52,

lva.clloo = sup/ dte’”/ dy pa(x, y; 1)
Rt Q

xeQ

sup/ dte’”/ dy prm(x, y; 1)
xeQ JRT Rm

1
= - (62)

c
The second inequality in Eq. 8 follows from Eqgs. 61 and 62. Finally, Eq. 6 follows
from Eq. 8, and Lebesgue’s dominated convergence theorem, while Eq. 7 follows
from Eq. 5 and (i). O

IA
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4 Proof of Theorem 2

Proof of Theorem 2. The proof follows a method from [19], which can be summarised
as follows: construct a measure p so that the efficiency of the eigenfunction of the first
eigenvalue associated to —A + p almost equals 1 and then approximate p in the sense
of y-convergence by a sequence of domains. We refer the reader to [14, Definition 4.8]
(see also [12, Chapter 4]) for the notions of y-convergence, relaxed Dirichlet problems and
approximations by sequences of domains. Recall that a measure on a domain is said to be
capacitary if it is nonnegative, not necessarily finite and Borel, and which is in addition
absolutely continuous with respect to the capacity. One can then define a relaxed Dirichlet
problem (see [14, Definition 3.1], and [12, Sections 4.3 and 3.6]). The equations —Av +
puv = 1 and —Av + puv = Av can then be solved in the weak sense. The sequence of
sets 2, C Bj is said to y-convergence to the capacitary measure p if the sequence of
weak solutions v, € HOl (2;) of —Av, = 1 converges strongly in Lz(Bl) to the weak
solution v € HO1 (B)NL%w) of —Av+puv=1.Asa consequence of the y-convergence,
the sequence of eigenvalues and corresponding eigenfunctions on the moving domain (£2,,)
converge in a suitable sense The y-convergence is metrisable.

Let B, denote the closure of B,. For any 0 < ¢ < 1, we consider the Dirichlet-Neumann
eigenvalue problem on the annulus A, = B; \ Bi_,. Denote by A, the first eigenvalue and
by u, a corresponding eigenfunction,

—Aug = hgug, 1in Ag,

u, =0, on dB,
ou
‘a—j =0, on dB;_g,

where v denotes the inward-pointing normal on the sphere d Bj_.. One can show that X is
simple and strictly positive and that u, is radially symmetric and has a constant sign, say
positive. In particular, the restriction of u, to d Bj_, equals a positive constant, ¢, > 0. We
continuously extend u, inside Bj_. by ¢, and denote the resulting function, defined on B,
by vg.

Since the normal derivatives of v, on both sides of d B;_, vanish, Av, is an L2-function.
More precisely, one has

—Ave = Agligly,, in D'(By),

where D’(B;) denotes the space of distributions on Bj. By adding on both sides the L?
function A, v, IEH we get

—Ave + ApVely, = Aeve, in D' (B)).
We view p 1= A, 1§H as a capacitary measure on Bj. Then formally, we get

— AU, + vy = Agve, in D'(By).

Combined with the fact that v, > 0, this means that A, is the first Dirichlet eigenvalue
of —A + p. We assume from now on that v, is normalised by ||ve lz2(g,) = 1. Since the
measure p is finite with support in Bj, the first eigenvalue A, is simple.

In view of the Dal Maso-Mosco density result [ 14, Theorem 4.16], there exists a sequence
2, € By, n > 1, such that €, y-converges to ;. We can assume that the boundary 92, of
2, is smooth. Indeed, otherwise we can replace each €2, by an inner approximation with
a smooth open set, which is close enough in the sense of the distance associated to the y-
convergence. Furthermore, we can also assume that €2, is connected. Indeed, since €2, is
smooth, it has a finite number of smooth connected components, which are separated from
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each other by a positive distance. These components can be joined by a finite number of thin
tubes, connecting the set 2,,. As the width of the tubes vanishes, the sequence y-converges
by Sverak’s theorem (see [12, Theorem 4.7.1]).

It is possible to explicitly construct such a sequence (£2,) in the spirit of Cioranescu-
Murat [13], but such a construction is not needed for the rest of the proof. The only fact
we need to keep in mind is that 2,, € By, so that |$2,| < |Bj|. Denote by A1(£2,) the first
Dirichlet eigenvalue of —A on €2, and by u, the L2—normalised, positive eigenfunction
corresponding to A1(£2,). We extend u,, to B; by setting it to 0 on By \ &, and by a slight
abuse of notation, denote this extension again by u,. The y-convergence of (£2,), together
with the compact embedding of HO1 (By) in LY(By), imply that (i) A1(2,) — A, and (ii)
u, — v, weakly in HO1 (B1) and strongly in LY(B)). Assuming that

lim i floo = [[velloo- (63)
n—oo

we get
lim S Q, Un > /. B, Ve
Lt lunlloolS2a] = N0 llool B1l”
Since the right-hand side is arbitrarily close to 1 when ¢ | 0, the proof of Theorem 2 is then
completed by a diagonal selection procedure.
It remains to show Eq. 63. This kind of assertion is known to be true in a general setup.
In essence it is a consequence of the subharmonicity of the eigenfunctions u,, n > 1. (For a
similar result for the torsion function see [19, Theorem 2.2].) For the sake of completeness,
we give below a proof. It slightly differs from the one in [19, Theorem 2.2].
First note that since u;, — v, strongly in L', it follows that

11m1nf||u,,||oo > |lvelloo-
n—+4

To prove that limsup, , o lunlloo < |lvellco We argue as follows. Being convergent, the
sequence (11(£2,)) is bounded, and so is ||u, |00 Choose M > 0 so that for any n € N
AM(Qup(x) <M, Vxe€ By,
and therefore
—Au,(x) <M, VY x € Bj.
Let x, € Bj be a maximum point for u,. By taking, if necessary, a subsequence we may

assume that x, — x*. Furthermore,

|x_xn|2 . -
—Aup, <M =MA———, inD'R"),
2m

or
o2
—A(u,, +MM) <0, inD'[®RM).
2m

Jx— xn

By the subharmonicity of the function x — u,(x) + M *==2- around x,, it then follows

that for § > 0 sufficiently small,

_ ”2
JBxy:5 4% (un () + MY o | )
| B(xn; )|

lunlloo = tn(xn) <
Taking the limit n — +o00 we obtain

_e¥2
. fB(x*'zS) dx(vg(x) +ME T | )
lim sup [[up |0 < :
n—-+00 |B(x*; 8)|

’

@ Springer



On Efficiency and Localisation for the Torsion Function 587

or
. [velloo| B(x*; )| + M 5 “|B(x*; 8)] 82
limsu =|lv +M—.
n—>+cxI)) lunlloo = B8] = [lvelloo o

Letting 6 | 0, completes the proof. ]

Remark 1 1If Q is an open connected subset of R” with m > 2 and 0 < |Q2| < oo, then

®

E(Q
o(2) = ©) yam =23, (64)
1+ k1 ()™/41Q112(1 — E())
(i)
E(Q
D(Q) > ) Toone M= 4 (65)
1+ kn a1 (12127 (1 — E(Q))
where
2(871)_’"/4I‘((4 m)/4), m=2,3,
ko = 7! —1/(m—1) 2/m (66)
(m—2)""'m (M((m +2)/2)) m > 4.
Proof Putting V = 0 in Eq. 39 one obtains by using Eq. 51,
1.e(y)
va(x) = / dy/ dt pa(x, y; 1) ”"(’m Q”y
oo
— AI(Q)AM. (67)
ler.elleo
Integrating both sides of Eq. 67 yields,
lorall
ol =A@~ b2l (68)

leralle’

To obtain the stated lower bound for @ (£2) it remains to find an upper bound for ||vg||sc-
First consider case (i). By Eq. 67, the Cauchy-Schwarz inequality, and the heat semigroup
property, one sees that

v (x) — Ap (@)1 2Le) v1.0(x) /dy/ dt pa(x. y: z)( 91200 )

lerallo ler.elleo

1/2 1/2
f dt(/ dy(pn(x,y;t))z) (/ dy(l— ¢1,00) ))
R+ Q Q llor,ellco

= |g|1/2/ di pa(x, x; 20" (1 - E@@)'?, (69)
Rt

IA

Choosing B = % in Lemma 1 of [6] gives by domain monotonicity of the Dirichlet heat
kernel, and Eq. 52

pa(x,x;2t) < e ™MD dgp)=m/2, (70)
Substitution of Eq. 70 into the right-hand side of Eq. 69, evaluating the resulting integral
with respect to ¢, and taking the supremum over all x € 2 gives
V2

Inequality Eq. 64 follows from Eqs. 68, Eq. 71 with the values for k; and k3 given in Eq. 66.

vallos — A1(2) 7" < 287) ™™ 4QI'20((4 — m)/H)a ()4 (1 — E(Q))
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Next consider case (ii). By the first equality in Eq. 69 we have by domain monotonicity
of the Dirichlet heat kernel

va () — (@) L2 / dy/ dt prn (x, t)(l_m>
Q R+

llerellco lerelloo
_ Cm/ dylx _y|2_m<1 IRKAReI6)) )
Q llo1,ellco
where
_ T(m—=2)/2)
Cm = )

By Holder’s inequality with exponents p = Z—:; and ¢ = m — 1 we have

1 e1,0(x)
llor,llco

d (m=2)/(m—1) 1/0m—1)
- Cm(/ y _1> (/ dy(1 - ¢1.2() ))
Q lx —ym Q llerelloo
dy /=D i .80) 1/0m—1)
Cm m—1 y( - )
o |yl Q llor,elleo

= o (mme*)(m—Z)/(m—l)|Q|]/(m—l)(l _ E(Q))l/(m_l),

where we have used Schwarz symmetrisation with Q* = Bgx, and w,,, (R*)™ = |Q|.
Taking the supremum over all x € Q and using the formulae for ¢,, and R* gives,
2/m

v (X)A1(£2)~

IA

Ivalle < A7 + 77 on —2) " m ™V =D(T(m +2)/2))
X|Q|2/m(1 _ E(Q))l/(mfl)

This, together with Eq. 68, implies the assertion for m > 4. O

We see from the proof of Remark 1(ii) that the case m = 3 could also have been included.
However, that would have given A1(9)|Q|2/ 3 in the denominator. By Theorem 3 (iii) we
have, for m = 3, that A1()|Q*3 > 1if E(Q) is close to 1. Then A1 ()32 «
21(Q)|221%3, and so Eq. 64 gives a better bound in that case. However, bounds (64) and
(65) do not imply that if ®(£2) is close to 1 then E(£2) is close to 1 since, by Theorem 3
(iii), A1 (£2)]22|%™ becomes large.

5 Proof of Theorem 3

Proof of Theorem 3(i). Since ||| > 0 we can re-scale both u and €2, such that ||u].c = 1,
and |Q2| = w,,. Inequality (9) then reads

" 4m?
- Va2 > "
( ]fzu>/g| “ = 22 (72)

with || = wp, |lullcc = 1, and fQu > mL+2 Note that replacing u by its positive part u™
decreases the left-hand side of Eq. 72, and furthermore, u™ < 1, fg ut Zm%rz. So it suffices
to prove that for any m > 2,

2
(1—0)F(®6) > (mt%)zw’”’ VO e2/(m+2), 1),
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where

F(6) ::inf{/ \Vul?: uc H}(Q),0<u< 1,7[u:9}.
JQ JQ

We make some preliminary observations. By Schwarz rearrangement we may consider
the infimum in the definition of F over the collection H(’)”(B1) of all radially symmetric,
decreasing functions u in HO1 (B1) since this rearrangement decreases the energy and leaves
the other constraints unchanged. So,

F(0) = F*(9), 2/(m+2)<6 <1,
where

F*(G):inf{/ \Vul?: ue H'(B)),0 <u < l,][ u=20}
B B, (73)

First note that
inf{/ Vu|?: uEH(’)‘l(Bl)7][ u=0},
B B

admits a minimiser. By the Lagrange multiplier theorem, there exists a constant ¢ such that
—Au=c, ueH(’)“(Bl)7 7[ u=0,
B

Since u is radially symmetric and decreasing, in the sequel, by a slight abuse of notation, we
write u(r) instead of u(x). By a straightforward computation one sees that for any 2/(m +
2) <6 <1

u(r) =27 m +2)6(1 —r?). (74)

In particular, ||u||cc = u(0) > 1. Note that we could have written 0 < u, ||u|l = 1 instead
of 0 < u < 1 in the right-hand side of Eq. 73.

For any 2/(m + 2) < 0 < 1, F*(0) admits a minimiser. Since the Dirichlet energy is
strictly convex, it is unique, and we denote it by ug. Let

fO) =1 —=0)F* ).

Since F(0) > F*(0), it suffices to show that

2

f(6) > (m4+L2)2w’” , VO € [2/(m+2),1). (75)
If 0 = 25, then by Eq. 74, uz/m+2)(r) = 1 — r*. Hence
f2)m+2)) = (1 _ i) (=2 2mr™\ wpdr = szm. (76)
m+2/ Jp, (m +2)2
Hence (75) is satisfied for 6 = mi-pz
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The remaining part of the proof consists of four parts. In part (a) we show that Eq. 75

holds for any m > 2 and 6 € [m+2’ 0,1 where
. m—f—(mz—I—Sm)l/2
0r = )
2(m +2)

We note that 2/(m +2) < 2/3 < 65 < 1 for any m > 2. In part (b) we prove that Eq. 75
holds for any m > 4 and 6 € [6,;, 1). In part (c) we show that Eq. 75 holds for m = 2, 3,
using the Euler-Lagrange equation of a variational problem, related to an obstacle problem.
See Eq. 96 below. Finally, in part (d) we verify that equality in Eq. 9 holds if and only if &
is a ball and u is a multiple of the torsion function for that ball. This completes the proof of
Theorem 3 (i).

(a) Assume that 2 < 0 < 6. In a first step we prove that § — f(0) is increasing

on [ prar 3] which by Eq 76 implies that Eq. 75 holds for 6 in the latter interval. Given

< 6 < 1, choose any ¢ > 0 with the property
0 2
> —.
1+¢ m-+2
Let up be the minimiser of the obstacle problem

inf{/ |Vul?: uc H;'(By),0 <u< 1+s,7[ u=0}.
B

By

m+2

Then, by inclusion of the class of admissible test functions,

/IVEGIZE/ |Vug |2, (78)
B By

where ug is the minimiser of F*(#). Furthermore (1 + s)_lﬁg is the minimizer ug (1) for

F*(0/(1 +¢)), since 0 < (1 + &)~ 'up < 1, and fBl % = 1+£ We wish to prove that

0 |V |?
sora v =(1-10) [ G =a-0 [ vwl=re.

By Eq. 78, inequality (79) holds if

! (1— 0 ><(1—9)
(1+¢)? 1+¢)— ’

1< (3+3e+52)(1 —0). (80)

The latter inequality clearly holds for any ¢ > 0if =5 <6 < g . Thus we have proved that

or, after simplifying,

f(0) is increasing on the interval [m ok 3]

By the same argument we now prove that f(6) > f(2/(m + 2)) = 4m? 5wy, also for

(m+2)
0 e (%, 0,7 1. (However, we do not prove that f is increasing on the interval (%, 0:1.) Given
6 e (%, 0,71, we want to find & > 0 so that
2 .8 2 1<(343e+%)1-0) 81)
=, < e+e¢ —0).
m+2 " 14+¢e ™ 3
By Eqgs. 79 and 80, one then infers that

f@O) = f0/(0+¢) = f(2/(m+2)).
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To find ¢ > 0 so that Eq. 81 holds, we solve

1=3(1-6)+3e(1—0)+¢e*(1—0) (82)
for €, and verify that for the given range of 6, one has 2 < b < % The positive

K oo m+2 — 14
solution of Eq. 82 is given by

3 1<1+39>1/2
g=—=+4 — > 0.

2 2\1-96
Since
0 <0
we have that the requirement ﬁ < 1% is fulfilled. Using 6 > g, one sees that 1% < %

(b) In this part we assume that m > 4 and 0, < 6 < 1. Let0 < rp < 1 and let

ue Hé” (By) withO <u <1land6 = fBl u. Since u is radially symmetric and decreasing,

w,;lf Cu < 0w 1B\ Byl = u(ro)(1 — ).
Bl\BrO

Since,0 <u <1and6 = fBl u, we conclude that

r(’)"zw,;l/ u:a),#/ u—w;lf u=0—ulro)(1 —rgh).
B, By Bi\By,

0
It then follows that

m
0 >0, Vrelo,6m. (83)
I —rg

u(ro) = nm (9, ro) :=
By inclusion of the admissible test functions one has

f® =1-0) inf{/B \Vul* : u e Hi' (By), u(ro) = nm(0,r0)}. (84)
1

The infimum in the right-hand side of Eq. 84 is attained and its minimiser u* is given by

. M (0, 10), 0=r=no,
u (r) = _,2-m
D= @, msrsL
0

A straightforward calculation gives

2
03
/ Vi = mm — Do 20270 (85)
B I"O mn_ 1
We now choose
ro = 0°/™, (86)

where ¢ > 1 is to be determined later. This choice satisfies the constraint 0 < ry < 6%/ in
Eq. 83. By Egs. 85 and 86,

0—0°\> 1-0
f(e)zm(m—Z)wm(l_ec) prr 87)

By L’Hbpital’s rule,

(c=1)7°
C3 ’

menT inf £(6) > m>wm (88)
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The right-hand side of Eq. 88 is maximised for ¢ = 3. This choice yields,

m2
liminf f(0) > —wy,.
1r6nT11n f@) = 77 Wy

Note that
4m? 4m?
70)"1 = mwm-
if and only if m > 4. This is why the proof of Eq. 75 for m = 2, 3 has been deferred to part
(c). By Eq. 87 we have for ¢ = 3,

(89)

2
Q) Zm(m—z)wm< 9(1+9>> 1-0

14+6+62) 93C—m)/m _ |
o(1+6) \* 1-6
z m(m _2)‘”’"<1 +9+92> 931
65(1 4 6)2
To prove (75) for 6 € [0}, 1) and m > 4, it suffices, by Eq. 90, to show that
63(1 +6)2 4
d+6)° m Vo e[0%,1). 1)

(14604623 = (m—2)(m+2)?%
First observe that the left-hand side of Eq. 91 is a product of non-negative increasing func-
tions, 6 +—> fﬁ;?z and 0 — #, and so is increasing. So if Eq. 91 holds for 6 = 6"

then it holds on the interval [6;;, 1). Furthermore by Eq. 77,
0F =1-— 8 .
" (m+2)(m + 4+ (m? + 8m)1/2)
Hence (6}),, is a strictly increasing sequence. Since the right-hand side of Eq. 91 is decreas-

ing in m we conclude that if Eq. 91 holds for m = m then it holds for all m > m. It is
straightforward to verify

15
16’
and that Eq. 91 holds for 8 = %, and m = 6. Hence it follows that Eq. 91 holds for all
0 €16y,1) withm > 6.

To complete the proof of part (b) it remains to treat the cases m = 4 and m = 5. We first
consider the case m = 4. One computes

*
Og >

. 1+43
0y = ,
3
and by the first inequality in Eq. 90, one gets
01+6) \*( 1-0
0)>38 . 92
F@ =z ‘”4<1+9+92> 932 1 ©2)

Since both 6 % and 0 — % are non-negative increasing functions on the

interval [0, 1) the right-hand side of Eq. 92 is increasing in 8. Note that the right-hand side
of Eq. 89 equals 16w4/9. Hence by Eq. 92 it suffices to verify that

(91(”9:) )2( =6 >>3 ©93)
1+or+60:2) \ox32 1)~ 9
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Numerical evaluation of the left-hand side of Eq. 93 yields
0r(1+6) \*( 1-6F
( 4( 4)2) < 5 4 ) > 238,
L+0; +06; 0; -1
which implies (93).

Finally we consider the case m = 5. One computes that

L 13
‘95 > a, 94)

and by the first inequality in Eq. 90,

6(1+0) )2 1-6

6) > 15 :
F6 = ‘”5<1+9+92 095 — 1

. 0(1+6) 1-¢ e : :
Since both 6 +— =77 and 6 — -5z are non-negative increasing functions on the

interval [0, 1), so is the right-hand side of Eq. 92 and it remains, by Eq. 92, to verify that

* * 2 *
<95(1+95)2) ( 19—95 )Zﬂ 5)
1+ 0% + 0% gr=5 —1) 7 147
By Eq. 94, the left-hand side of Eq. 95 is bounded from below by .206 while the right hand
side of Eq. 95 is bounded from above by .137. This completes the proof of part (b).
(c) In this part we treat the cases m = 2 and m = 3. We begin with some preliminary
considerations. We note that the minimisation problem (73) is related to a volume constraint

obstacle problem in Bj: we claim that there exist ¢ > 0 and 0 </ < 1, depending on 6, so
that ug satisfies the following system of equations,

—Au=c, inBp\ By,
u=1, on By,

96
u=0, on 0By, 96)
% =0, on 0By,

where v denotes the inward pointing normal on the sphere d B;. Indeed, since ug is radially
symmetric, decreasing and since ug(0) = 1 (see Eq. 73) and uy(1) = 0, there exists a
maximal number 0 < [ = [(#) < 1 so that ug(r) = 1 for 0 < r < [. By the Lagrange
multiplier theorem, there exists a constant ¢ > 0 so that —Aug = c on B \El in the sense
of distributions. It then follows from [16, Theorem 2] that ug is C1% on B; which implies
that %" = 0 on 0 B;. These observations establish (96). Note that both ¢ and [ are uniquely
determined by 6.
We claim that the map

2
b: [m, 1) —[0,1), 6 — 1(0),

is an increasing bijection. To prove the latter assertion, we construct for any given 0 <
! < 1 a unique radially symmetric, decreasing solution u(-; /) of Eq. 96 and show that

0=06():= fBl u(-;1), satisfies 2/(m +2) < 6 < 1 with (0) = 2/(m + 2) and

lim;_,1 6(I) = 1. First we note that c is uniquely determined by / since for any given
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0 <[ < 1, the solution of Eq. 96 is given by a formula. To obtain it, note that the general
radially symmetric solution of —Au = ¢ on the annulus B; \ Bj; is of the form

—c4+aln(r)+b ifm=2,
u(r) = 2 .
—Cgr = 7(m 2y +b ifm=>3

for some real constants a, b, c. The condition g—‘lf(l ) = 0 implies that a = % so that the

boundary condition (1) = 0 leads to

c 2 lzc :
ca-rH+ 5 ln(r) ifm=2,
u(r) = {‘2 > ) ©7)
5 (1 — )+ (m 2)(1 —) if m > 3.
The value of ¢ is now obtained by the requirement u(l )=1,
1— 12 .
+ 4 1 () ifm =2,
c= [( e )" 2ol (98)
(2 + =2 — 2(m72)) ifm > 3.

One verifies in a straightforward way that the resulting function u = u(-; /) is decreasing
forl <r < 1,that 6(0) = 2/(m + 2), and that [ — ¢ = c¢(l) is a continuous, strictly
increasing function of 0 < [ < 1. We claim that [ — (/) is also strictly increasing. To
verify that this is indeed the case, one could explicitly compute 6 in terms of /, but the
formula is rather complicated. Instead we prove the claim by using the maximum principle.
By contradiction, suppose there exist 0 < I» < I} < 1 with 8, := 0(l») > 01 := 6(l). By
the considerations above, ¢y := c(ly) < ¢1 := c¢(l1). Hence —A(u; —up) =cy1 —cp >0
on Bj \Ell where uj ;= u(-,1;) for j = 1,2. Since 0; < 6,, thereexistl] <r; <rp <1
so that (u7 — u2)(r) < Oforany r; < r < rp, contradicting the maximum principle.

From the formula (97) of u(-;1) one infers that 6(/) is a continuous function of [
and that lim;T 1 0(1) = 1. Hence for any 0 < [ < 1, u(-;/) coincides with ug where

6=0( fB 1). Altogether we have shown that b is a continuous, increasing bijection.
Defme g: [O l) — Rby

g = fOD) = (1—60) /B \Vugpyl*, 60 :==b71(1). (99)

In view of Eq. 76 it then suffices to show that g is increasing on [0, 1).
We first consider the case m = 2. Integrating by parts, one obtains from Eq. 96

1
|Vugq) > = c(l)2r / up() (r)rdr,
B I

and |
o) =1*+ 2/1 ug) (r)rdr.
Using Egs. 97 and 98, one infers from Eq. 99 that
(s =g+ %5 - ‘““))(é )
(— — L+ 50y
and a straightforward computation yields

12 = (=12 4+ 121In() + In(}) + D(=5I* + 4*In(}) + 41* + 8% In(l) + 1)
T .
(1 =12 4212 In(]))*

By inspection one verifies that g’(/) > 0 on (0, 1).

g() =2m

g =
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Without any additional effort we may consider the general case m > 3, and follow the
line of arguments above. Integrating by parts, one has

1
/ Vuga)* = c(l)mwm/l ugqy (r)r™tdr
By
and one computes that
1
o) =1"+ m/ ue(l)(r)rmfldr.
1

Using formula (97) for m > 3, one infers

maz—1 m+z_q M —=im  1—m
+ + — + 5 )
2m(m —2) 2mm+2) m*(m—2) 2m

1
/ ug(l)(r)rm_ldr = C(l) (
1

so that by Eq. 99
1

1
o) = c(l)ma)m(l L m/l ug(,)(r)r’”—‘dr)f[ woq (™= \dr. (100)

In the case m = 3, one gets in this way

24 (51 =)+ 1031 =13 — 1531 — 1% =31 =)A= P + 503 —12)
25 213 +1—31%)3 ’

and a lengthy computation leads to the formula

b = 247 21(201* + 6713 + 841% + 461 + 8)
&1 =" Q@+ '

Clearly, g'(l) > O on (0, 1) form = 3.!

(d) In this last part we prove that equality in Eq. 9 holds if and only if €2 is a ball and u
is a multiple of the torsion function for that ball. Clearly, if €2 is a ball and u is a multiple
of the torsion function for that ball, then Eq. 9 holds (see Eq. 76). Conversely, assume that
equality holds in Eq. 9. We re-scale the measure of € and L°°-norm of u as in the proof of
Theorem 3(i). Equality in Eq. 9 implies that u has the same Dirichlet integral as its Schwarz

rearrangement u*,
/|W|2:/ |Vu*|?, (101)
Q B

and its Schwarz rearrangement is the solution of the obstacle problem on the ball By — see

Eq. 96. In view of the strict monotonicity of f on [m%rz’ %) (see part (a)) and the (strict)

inequalities obtained above % (see parts (a)-(c)), this implies that 6 = ﬁ, which corre-

sponds to / = 0 and to ¢ = 2m (see Egs. 76, 98). It means that «* is a multiple of the torsion
function on Bj (see Eq. 96).

In order to justify that u has to be equal to u*, recall that Eq. 101 holds and that u*,
being a multiple of the torsion function on By, has a critical set of zero measure. Equality

gl) =

IFor general m > 4, the formula for g’ can be computed to be a quotient of two polynomials with degrees
depending on m. We believe that g’(l) is strictly positive for every / on (0, 1), but a direct proof, covering all
dimensions m > 5, based on the formula of g’ seems out of reach. For m = 4 the quotient of the polynomials
simplifies, and gives g(/) = w4(?lz + lﬁ;’). We see that form = 4, g(1) = 64% agrees with the value f(1)

given in Remark 1. We also have that g(0) = l%ﬂ agrees with the value f(1/3) from Theorem 3(i). Indeed

form =4and 6 = % we have equality in Eq. 9. Note that for m = 4, g(l) is increasing on (0, 1).
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between u and u*, up to a translation, comes from the classical result of Brothers and Ziemer
[11, Theorem 1.1]. O

Proof of Theorem 3(ii). The key ingredient into the proof is inequality (9). First note that
since for any ¢t > 0, t%vg (tx) is the torsion function of %Q Choosing t = (|Q|/a)m)1/’",
one infers that it suffices to prove estimate (10) in the case |Q2| = wy,.
We apply (i) to
v (x)

R x € Q.
lvalleo

ulx) =

Observe that fQ u = ®d(Q). First we consider the case where fg u > . Then by Eq. 72

(1-0@) [ Vool n”
_ vl > ————
lvellZ = 22
Since —Avg =1,
1
| = = d(Q).
Wm ”UQ”oo wm ”UQ”oo
Since ®(2) < 1, we find that
(m +2)?
< ———0(Q)(1 — P(Q2
ol < = 2= @@)(1 - ®(2)
(m +2)?
< ——(1 = 9(Q)),
- 4m?2 ( ( ))
which gives Eq. 10. Next consider the case fQu < —. Since by the de Saint-Venant’s
principle |[[valleo < llvB, lloo and since ||, lloc = 1/2m we find that
m 2m? 1
1-o(Q) >— = —F.—
m+2 m+22m
2
z lvelloo-

Note that 31’12 > o am +2)2 and hence the estimate (10) also holds in this case.

Inequality (11) follows from Eqgs. 1 and 10. O

Proof of Theorem 3(iii). The key ingredient in the proof is inequality (9). Since < is con-
nected, A1(€2) has multiplicity 1 and hence both, ¢ o and E(2), are well defined. First note
that since for any ¢ > 0, 1"/ 2(/)179 (tx) is the positive LZ-normalised Dirichlet eigenfunction
of %Q, choosing t = (|€2| /wm)l/ ™ one infers that it suffices to prove estimate (12) in the
case || = wy,. By (26) in [4], one has

e m/4
o1 alloo < (sz) ()™,

Hence @1, € L°°(£2). We apply (9) to

u(x):m x € Q.

9
llo1,elloo
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4m?
-1 u Vul> > ——— o,
Jo) JJ o =

Since [ |Vu|*> = 11 (Q) [ u* < 11 (Q)wn, and fu = E(Q) we obtain,

First we consider the case where fQ u> ﬁ Then by Eq. 72

2

@) > (1-E)" (102)
U= 2)2 '
Now let us consider the case where fQ u < Then 1—E(Q) > m"}rz, and hence by
Faber-Krahn,
m -1
A(2) > 1 (B 1 — E(Q . 103
1(€2) = A1 ( 1)m+2( () (103)
Combining (102) and (103) gives
2
2 (Q) > min{ —— m A](Bl) (1 —E(Q))“. (104)
To finish the proof we recall that
2(B1) = jiu_)2- (105)
By the results of [20], we have that
) m(m + 8)
Jn-opz —f— (106)

Hence by Egs. 104, 105, 106,

2
n@ = " (- E@)
(m +2)2

which is inequality (12) in the case || = wp,. O

Remark 2 By an elementary computation, using the expression for g in terms of / from
Eq. 100, one can show that limgy; f(0) = 9m2wm, m > 2.

Below we show that A;(€2) cannot be bounded from above in terms of (1 —
E(Q)7']7%/™ nor of (1 — ()~ 1Q|~%/™.

Remark 3 'We have
sup{A1(2)(1 — E(Q))|Q|2/m : Qopen, convex, 0 < || < 0o} = o0, (107)
and

sup{A1 (2)(1 — @(2))|2)*/™ : Qopen, convex, 0 < || < 0o} = o0. (108)

Proof To prove (107) we let 2, = (0, 1)"~! x (0,n). Then A(Q2,) = (m — x> A
straightforward calculation shows that for an interval of length L, L > 0, E((0, L)) = 2

By separation of variables E($2,) = We conclude that the supremum in Eq. 107 is

rr’" :
bounded from below by (m — 1) (1 n,,,) n?/™ Letting n — oo concludes the proof.
To prove (108) we use [15, Theorem 1.1 ()] for p = g = 2 to see that ®(2,) < % We
conclude that the supremum in Eq. 108 is bounded from below by %(m —1)72n?/™ Letting
n — oo concludes the proof. O
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6 Proof of Theorem 4
We start with the following observation.

Lemma 7 Let (2,) be a sequence of open sets in R™ with 0 < |Q,| < oo, n € N,
1 < p < oo, andlet f, € LP(R,), n € N be a sequence of non-negative functions with
0 < || fulloo < 00. If (fp) either localises in L or k-localises in L? then (f,) has vanishing
mean to max ratio.

Proof Let ¢ € (0, 1) be arbitrary. By hypothesis there exists a sequence (A,) satisfying
(14). Then for all n sufficiently large |A,|/|2,| < €, and || f, ||§ <k 11 —¢e)! fA" fr.
Then for all such n,

ek !

Ifullh <@ —e)7! /A = W= UfalelAnl < T—falelul. (109)
By Holder’s inequality,
p
(/ fn) < I fullp1Qal?~". (110)
Ql'l
By Eqgs. 109 and 110 we have for all n sufficiently large,
Ifull <e:<—1 )”P_
121l fnlloo l—e¢
Since ¢ € (0, 1) was arbitrary, ( f,,) has vanishing mean to max ratio. (I

Proof of Theorem 4 We obtain by Eqs. 39 and 51

vav(x) =Y A(Q, V)*l(/szq),,,g,v)w,-,g,v(x).
j=1

Integrating with respect to x over 2 gives

00 2
/UQ,V ZZM(Q,V)_1</ <Pj,sz,v>
Q ot Q

2
> A(82, V)fl(/ (/)I,Q,V) .
Q

Multiplying both sides with A1 (€2, V'), and using the definition of 9,, in Eq. 42 gives
lve, vl g
Opp 7 2> vrov) -
lve,vileo Q

2
0 ®(R2,V) > L(/‘ §01,Q,V> . (111)
121\ Ja

Suppose (vg,.v,) either localises or «- localises in L'. By Lemma 7 for p = 1,

This implies that

limy s 00 ©(R. Vi) = 0. By Eq. 111, Timy 0 1 ([, ©1.9,.v,)” = 0. This implies local-

isation of (¢1,q,,v,) In L? by Lemma 3 in [7], and vanishing efficiency by Lemma 7 for
p=2. O
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Theorem 4 implies that if (€2, V,) satisfies the n condition of Theorem 1(ii), and if
either (vg,) or (vq,,v,) have non-vanishing efficiencies then both (vg,) and (vq,.v,) are
not localising.
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