Potential Analysis (2020) 53:1043-1062
https://doi.org/10.1007/s11118-019-09797-5

®

Heat Flow from Polygons Check for
updates

M. van den Berg' - P. B. Gilkey? . K. Gittins>

Received: 15 February 2019 / Accepted: 6 August 2019 / Published online: 7 September 2019
© The Author(s) 2019

Abstract

We study the heat flow from an open, bounded set D in R? with a polygonal boundary 9 D.
The initial condition is the indicator function of D. A Dirichlet 0 boundary condition has
been imposed on some but not all of the edges of d D. We calculate the heat content of D in
R? at ¢ up to an exponentially small remainder as | 0.

Keywords Heat content - Polygon
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1 Introduction

Let D be an open, bounded set in R™ with finite Lebesgue measure | D|, and with boundary

o D. We consider the heat equation
ou

— 5’
and impose a Dirichlet O boundary condition on d D. That is

ulx;t)=0,xe€dD, t > 0.

Au

We denote the (weak) solution corresponding to the initial datum

limu(x;t)=1,x € D,
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by up. Then up(x;t) represents the temperature at x € D at time ¢+ when D has initial
temperature 1, and its boundary is kept at fixed temperature 0. The heat content of D at ¢ is
denoted by

Op(t) = / dxup(x;t).
D

Both up and Qp(¢) have been the subjects of a thorough investigation going back to the
treatise by Carslaw and Jaeger, [9]. For a more recent account we refer to [2, 13].

Many different versions and extensions have already been considered. For example, the
case where 9D is smooth, and A is an open subset of 9D on which a Neumann (insulating)
boundary condition has been imposed, while the temperature 0 Dirichlet condition has been
maintained on dD — A. This Zaremba boundary condition for the heat equation has been
considered in [4], for example. Even in the case where no boundary condition has been
imposed on 9D, the corresponding heat content, denoted by Hp(¢), has (if 9D is smooth)
an asymptotic series as ¢t |, 0 similar to the one for Q p (), see [3], for example.

In this paper we consider the heat flow out of D into R™, where a Dirichlet 0 bound-
ary condition has been imposed on a closed subset 0D_ C 9D, and where no boundary
condition has been imposed on dDy := dD — dD_. That is

Au=2" 11
Y= 1.1y
with boundary condition
u(x;t)=0,x € 9D_, t > 0. (1.2)

We denote the solution corresponding to the initial datum

liﬂ)lu(x; t) = 1p(x), almost everywhere, (1.3)
t

by up sp_. Here 1p is the indicator function of D. Then up yp_ is the weak solution of
Egs. 1.1, 1.2 and 1.3, where Eq. 1.2 holds at all regular points of dD_. The open set D
looses heat via two mechanisms: (i) part of the boundary, 0 D_, is at fixed temperature 0,
and cools the interior of D; (ii) since the complement of D is at initial temperature 0, heat
flows over the open part of the boundary, d D. The corresponding heat content is denoted
by
Gpap_(t) = /Ddx up,ap_(x; ).

Let A be a closed subset of R™, and let prm_4(x, y; ), x e R"—A, y e R"—A, t > Obe
the heat kernel for the open set R” — A with a Dirichlet 0 boundary condition on A. This heat
kernel is non-negative, symmetric in its space variables, and satisfies the heat semigroup
property. Moreover, If A and B are closed subsets with B C A then prm_a(x, y;t) <

pro_p(x,y; 1), x e R"— A,y e R" — A, t > 0. We refer to [12] for further details. Then
forx e D

up,ap_(x;1) =/ dy prm_yp_(x, y; t). (1.4)
D

Let (B(s),s > 0,Py, x € R™) be Brownian motion associated with A. Recall that
Prm_yp_ 1s the transition density for Brownian motion on R” with killing on dD_. If
Typ_ = {infs > 0: B(s) € dD_}, then

upyp_(x;1) =Py(tap_ =1, B(t) € D),

which jibes with Eq. 1.4.
Since D C R™ — dD_ C R™ , we have by monotonicity,

0<up(x;t) =upsp(x;t) <upsp_(x;t) <upg(x;t). (1.5)
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Hence

Op() =Gpop_(t) < Hp(1), 1 > 0. (1.6)
Using the spectral resolution for the Dirichlet heat kernel on R” — 9 D_ it is possible to
show that all three heat contents in Eq. 1.6 are strictly decreasing in ¢. Moreover, Eq. 1.3
implies that for 1 < p < oo,

ltifg lupop_(5t) —1p()llLr@®n—sp_y =0. (1.7)
The short proof below is instructive. See also [5]. By monotonicity,

PRn_ap_ (X, i 1) < prn(x, yi t) = ()™~ P/En, (1.8)

Hence O < up sp_(x;¢t) <1,and |up sp_(x;t) — 1| < 1. Moreover,

lupao50) = 1oOyen, = [ drlupap =10+ [ dxupap oy
D R"—D

< / dx|upap_(x;t) —1] +/ dxupap_(x;t)
D R"—D

= / dx |upap_(x;t) — 1] +f dxupap_(x;t)
D R

—/ dquyapf(x;t). (19)
D

By Eq. 1.4, Tonelli’s theorem, and monotonicity,

/ dxupyp_(x;t) :/ dy/ dx prm_yp_(x, y;1)
R D R

f/ dy/ dprm(x,y;t)=/ dy. (1.10)
D m D
By Eqgs. 1.9 and 1.10,

lup.ap_ (3 1) = 1pOIY gy < 2/ dx |1 —upyp_(x; 1), (1.11)
D

and Eq. 1.7 follows by Lebesgue’s Dominated Convergence theorem and Eq. 1.3.

The main results of this paper are concerned with the special case where D is an open,
bounded set in R? with a polygonal boundary. Throughout we make the hypothesis that the
vertices of dD are the endpoints of exactly two edges, and that the collection of vertices
Y = {Vi, V,, - - - } is finite. We consider edges of two types: Dirichlet edges which include
their endpoints, and open edges which include those vertices common to two open edges.
The union of all Dirichlet edges, denoted by d D_ as above, is a closed subset of R2, and we
denote its length by L(3dD_). The union of all open edges, denoted by d D, is a relatively
open subset of 9 D. We denote its length by L(d D). The length of 9D is given by

L(OD)=LOD-)+ L(ODy).
It was shown in [8] that if all edges are of Dirichlet type, then
2 _
Op(t) = DI = S LAD) + 3 e(y)t+ 0@/, 1 0, (1.12)
yeC

where gp > 0 is a constant which depends on D only, ¢ : (0, 2r] — R is defined by

_ o 4 sinh((r — y)0)
)= / 40 oh(z6) cosh(y8)”

(1.13)
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1046 M. van den Berg et al.

C = {y1, 2, ...} are the interior angles at the vertices Vi, V, ..., and L(3dD) is the total
length of all Dirichlet edges.

On the other hand, if all edges are of open type, that is d D_ = {, then it was shown in
[6] that

Hp(t) = |D| = Az L@D)'2 + > byt + 0"/, 1 | 0, (1.14)
BeB

where ip > 0 is a constant which depends on D only, b : (0, 2r) — R is defined by

14 (1 - g) cot B, B € (0, 7) U (m, 270):
0, B=m, ’

B = {Bi1, B2, ...} are the interior angles at the vertices Vi, Va, ..., and L(dD) is the total
length of all open edges.

The main result of this paper, Theorem 1.1 below, allows both open and Dirichlet edges.
The collection of interior angles between two adjacent Dirichlet, respectively open, edges
is denoted by C, respectively B. The collection of angles between an adjacent pair of open-
Dirichlet edges (or Dirichlet-open edges) is denoted by A (see Fig. 1).

b(B) = {

Theorem 1.1 There exists a constant gp > 0 depending on D only such that

1
Gpap (1) = ID| = —73 (ZL(BD,) + L(8D+)>t1/2
P

H[ Do+ bB) + ) a@ |t+ 0@/, 140, (1.15)

yeC BeB acA
where a : (0, 2m) — R is given by
3 01 /oo " 4(sinh((r — $)0))* — (sinh((r — @)6))?
A )

ale) =—-+ - 3 (1.16)
(sinh(n'@/Z)) cosh(mr6)

4 4

The main results of both [6] and [8] hold for more general polygons. For example, ver-
tices with just one edge or more than two are allowed. If a vertex supports just one edge,

Fig. 1 An open set D C R? with polygonal boundary: the Dirichlet, respectively open, edges are displayed
as solid, respectively dashed, lines
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then the corresponding angle equals 27 and will contribute ¢(27) to the coefficient of ¢ in
Eq. 1.12. That edge counts double in the total length of Dirichlet edges. Indeed, that edge
cools D at both sides. In general, the contribution from the angles to the coefficient ¢ in
Eq. 1.12 is additive. The Dirichlet condition on the edges implies this additivity. That does
not hold true in the setting of open edges. If two wedges with angles, say f; and B;, are
supported by the same vertex, then there is an additional contribution to the coefficient of
t, depending on B, B> and the angle between these two wedges (see [6]). Furthermore, if
a vertex supports just one edge, then the corresponding angle, and the corresponding edge
contribute 0 to the coefficients of ¢ and '/ respectively. Indeed, heat does not flow over
this edge into R2? — D. We shall not consider these cases, and we assume that each vertex
supports precisely two edges.

The proof of Theorem 1.1 is based on a partition of D combined with model computa-
tions, as are the proofs of Eqs. 1.12 and 1.14. The main computation is the one for circular
sectors with radius R with opening angles y, 8, « depending on whether one deals with a
Dirichlet-Dirichlet wedge, an open-open wedge, or, as in this paper, a Dirichlet-open wedge.
The geometry of the Dirichlet-open wedge is one edge on which a Dirichlet boundary con-
dition has been imposed, and an open edge separated by angle o (see Fig. 2). Our main
result for such a circular sector is the following.

Theorem 1.2 Let Wy, = {(r,¢) : r > 0,0 < ¢ < «a} in polar coordinates, and let
uw, ((r, @); t) be the solution of the heat equation with a Dirichlet 0 boundary condition on
the positive x| axis, and initial data 1y,. Then, in polar coordinates, we have

. “ DA — 1 o 3 12
drr | deuw,((r,¢):1) aR i Rt + a(a)t
0 0

3Rt1/2 ; —RZ{Z 2/(41‘)
Txl2 : C (- ;2)1/2
+O(e R /<4’>), t ¢ 0, (1.17)

where myq > 0 is a constant which depends on o only.

We recognise the various terms in the right-hand side as follows. The first term is the
area of the circular sector with opening angle « and radius R. The second term combines
the contributions from an open edge of length R, and a Dirichlet edge of length R. The latter
having an extra factor 2. The third term is the angle contribution. The fourth term represents
the contribution from two cusps. See Section 2 for details.

Fig.2 A Dirichlet-open wedge .
with angle «: the Dirichlet, 14
respectively open, edge is .
displayed as a solid, respectively o’

dashed, line o’
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1048 M. van den Berg et al.

Unlike the integral for c¢(y) in Eq. 1.13, it is possible to evaluate the expression for a (o)
in Eq. 1.16. To do so we write

1 1 2
(sinh(rr6/2))? cosh(r6) - (sinh(6/2))2  cosh(6)’

and compute the resulting four integrals using formulae 3.511.7 and 3.511.9 in [14]. The
common range of convergence for these four integrals is 7 < o < 37 /2. We find

@) 3+ 3 1 N 1 n 7 3a\ 1 n 1 « . 372
al)=—=+—-— ——— | —+|-—— ) tane, 7 <a <37/2.
8 4m 8cosa 2cos(a/2) 4 4m)tana \4 4rm

Outside this interval we can use Eq. 1.16 to evaluate a(cr). For example, we have

3 1 1
a(m/2) = —Z 4+ —+ =2,
8§ m 2
1
=—-, 1.18
a(m) 2 (1.18)
3 1 1
aBm/2) = —= + — — =/2.
8 m 2
The value a(r) = —1 in Eq. 1.18 is of particular interest. Consider an open, bounded set

D in R™ with C* boundary d D. Let d D_ be a closed subset of d D with C* boundary X,
and dim ¥ = m — 2. Let up yp_ be the solution of Egs. 1.1, 1.2, and 1.3. Then, provided
an asymptotic series in half powers of ¢ exists, we have

Gpap. (1) = D —n*l/z(zf do—i—/ da)tl/z
oD_ oD—0D_

+(l/ do Lag(o) — lvol(2)>t +0@"?), 110,  (1.19)
2 Jon. 4

where do denotes the surface measure on 0D, L, is the trace of the second fundamental
form defined by the inward unit normal vector field of D in D, vol(X) is the (m — 2)-
dimensional volume of the boundary of d D_ in d D, and a () is its coefficient. To see that
Eq. 1.19 holds, we note that the local geometry around X' is as follows. Let P be a point
of X. Then straightening out the boundary of 9 D around P we obtain, locally, an (m — 1)-
dimensional hyper plane. The straightening out of X around P partitions this hyper plane
into two hyper half-planes at angle 7. On one (closed) hyper half-plane we have a Dirichlet
0 boundary condition, and on the remaining open hyper half-plane we do not have boundary
conditions. This is precisely the geometry of a Dirichlet-open wedge with angle 7 times
X' This then leads to the a(w)vol(X)t contribution in Eq. 1.19. The computation of the
coefficient of 13/2 promises to be more complicated even in this special setting. One expects
that there is an integral over X' involving both the second fundamental form of X' in D and
the second fundamental form of 9D in D. Consequently, several special case calculations
would be required. See also [4].

The proofs of Theorems 1.1 and 1.2 have been deferred to Sections 2, and 4 respec-
tively. In Section 3 we state some technical preliminaries which will be used in the proof of
Theorem 1.2.

2 Proof of Theorem 1.1

In this section, we make use of Theorem 1.2. We prove that the latter theorem holds in
Section 4.
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Heat Flow from Polygons 1049

Kac’s principle of not feeling the boundary asserts that the solution of the heat equation
with initial datum 1p, where D is an open set in R™, is equal to 1 on the interior of D up to
an exponentially small remainder, as ¢ | 0. Kac formulated his principle in the case where
a Dirichlet 0 boundary condition is imposed on all of 9D, that is 9Dy = . It has been
shown that it also holds if no boundary condition is imposed on d D, that is dD_ = . See,
for example, Proposition 9(i) in [1]. In the same spirit, we have the following lemma.

Lemma 2.1 If D is an open set in R%, and if dD_ is a closed subset of 3D, then

= [ dy pre_yp_ (. yi1) > / dy po(x, yi 1) = 1 — 2~4@IDHE) (3 1y
D D

Proof Since the Dirichlet heat kernel is monotone in the domain, and since D ¢ R"—9D_,
PrRm—gp_(x, ;1) > pp(x,y;1) >0, x e D, ye D, t > 0.

Hence upsp (x;t) > f D dy pp(x, y;t). The latter integral has been bounded from
below in Lemma 4 of [8]. Taking m = 2 in the first line of (3.2) in that paper we find
Eq. 2.1. The upper bound in Eq. 2.1 follows as prm_gp_(x,y;t) < prm(x,y;t) and

Sgm dy pr(x, ¥ 1) = 1. e

As in [6-8], the strategy of the proof of Theorem 1.1 is to partition D into sets on which
up,ap_(x; t) is approximated either by 1, or by uw, (x; t), or by upg (x;t) (where H C R™
is a half-space) depending on where x € D lies with respect to the partition. By Lemma
2.1, the terms which compensate for these approximations are exponentially small.

Below we describe the partition of the set D. At each vertex of dD with angle 6, we
consider the circular sector of radius R > 0 and angle 6 that is contained in D. For § > 0
(to be specified later), we consider the set of points in D that are at distance less than § from
0D and that are not contained in the union of the circular sectors (see Fig. 3).

Let H = {(x1,x2) € R : x, > 0). Up to changing the coordinates (if necessary), we
can suppose that 9D N 9 H is an edge e of length £. Let L = ¢ — 2R. In this way, each blue
region in Fig. 3 can be written (up to a set of measure 0) as the union of a rectangle

{(xl,xz)eRzzR<x1<R+L,0<x2<8},

7

1
1
{ a
l’ Qaq ’
4 ’
Iy

Fig. 3 Partition of D (the Dirichlet, respectively open, edges are displayed as solid, respectively dashed,
lines)
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1050 M. van den Berg et al.

and two cusps of the form
Ei(6,R)={xeR*:0<x; <R, |x| >R, 0<x <38},

and
Ez(S,R)={x€R2:E—R<x1 <{, |x—(&,0)]>R,0<x <}
We say that these cusps are adjacent to 0 H.

We observe that each sector has two neighbouring cusps. In the partition of D, cusps of
two types feature. That is, those cusps adjacent to d H with a Dirichlet O boundary condition
on e, and those cusps adjacent to d H without a boundary condition on e (see Fig. 4). Cusps
of the latter type feature in [6], and those of the former type feature in [8].

We first consider the case of a cusp which is adjacent to d H with a Dirichlet O boundary
condition.

Lemma 2.2 If§ < R then

2Rt12 o0 gy ! vdv p2.2.2
/ dxug(x;t) = |E(, R)| — 7 / 2/ > 1/26 R*v*w?/(4t)
E@G,R) 7T 1w Jo (1—v)

+0(tl/ze*32/(4’)).

Proof See also (4.7) in [8]. We have that

. 1 /N
uH(x,t)ZW A dqe )

Since the length of the line segment in E (§, R) parallel to the x| axis equals R—(Rz—xg) 172,
we have

1 8 X2 )
dxug(x;t) = 7/ dJCz(R—(RZ—xZ)]/Z)/ dge /(41)
/E(S.R) (Tl/’z Jo 2 0

1 s o0 )
IE(S,R)I—if dx; R—(RZ_XZ)I/Z/ dge=a'/@n
()12 J, ( 2 ) ;

2

Fig.4 A sector contained in a
Dirichlet-open wedge with angle
«, and its neighbouring cusps

ER (8, R) adjacent to an edge
with a Dirichlet 0 boundary
condition, and E g (8, R) adjacent
to an open edge (the Dirichlet,
respectively open, edge is
displayed as a solid, respectively
dashed, line)
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EG. R) — — /gd (R— (R =x3)"*)x2 /ood w3/
= R - X — X we
@l Jo ? |

2:1/2 xpdxo w2
— /(41)
= |E@, R)| — 1/2/ / 1/2 2
21172 2 21 dw 242
_ /2 —w282/(41)
+n1/2(R (R”—68%) )/ wze

2Rt!/? R2p2w?
— _ - w/(41)
- |E(87R)| 7T1/2 / /(; (1_112)1/2

2012 2oy [TAw e

2t1/2 * dw xadx) 2
T2 / / 1/26 mwia /), 22)

Both the third and fourth terms in the right-hand side of Eq. 2.2 are O (¢t!/ 2p=8% /41 ). O

Next we consider the case of a cusp which is adjacent to d H which is open (that is
without a boundary condition).

Lemma 2.3 If§ < R, then

1/2 v 2.2..2
dxugp(x;t) = |E@, R)| — / / e~ Rviwi/@n
/E(a,R) e o (I— vz)l/2

L0112y, 2.3)

Proof We recall that for D C R™ open,
upg(x;1) = / dy (4mt)~m/2e= =y /G,
D

(see [1] for example). Hence, for D = H, we have

1 _
upg(x; 1) = (4m)1/2f dge T/, (24)

Comparing Eq. 2.4 with
ug(x; 1) = ! dq e 1 /(4’)
’ ( t)] /2
we see that the second, third and fourth terms in the right—hand side of Eq. 2.2 are weighted
with a factor % in the computation of the integral in the left-hand side of Eq. 2.3. This then

gives Eq. 2.3. O

Lemma24 IfS = {(x;,x2) e R2:0<x; < L, 0 < xp <8}, then

2Lt/2
[ xunein =151 = = + 01N, @5)
S
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1052 M. van den Berg et al.

and
1/2

Lt _
/dxuﬂ,w(x;r) =1S1- —5 1+ 0@/, (2.6)
S

Proof We have

/dxun(x 1) —/ dx1/ dx (1 ~ )1/2/ dge™ /(4:))

20172 o0 L 2
_ _ —q~/(41)
= |S| 7 +f5 dxy 2 Gt )1/2/ dge

201172

=1Sl=—7

L0 e —52/(40)
This proves (2.5). The observation concluding the proof of Lemma 2.3 immediately implies
Eq. 2.6. O

Proof of Theorem 1.1 Similarly to the strategies of the proofs in [6-8], it remains to apply
the model computations in Lemmas 2.2, 2.3 and 2.4, the sector computations from Theorem
1.2, [6] and [8] to the sets which partition D, and then apply Lemma 2.1 to the compensating
terms.

We first choose R and § appropriately in the partition of D. Let v be an arbitrary vertex
of the polygonal boundary, and let e,, denote the union of the two edges of 3 D adjacent to
v. We choose

1
R = —inf inf{d(v,y) : y € 0D — e,}.
2veV

This choice of R guarantees that all circular sectors are non-overlapping. Moreover, the
distance from any point in a circular sector with vertex v, radius R, and angle 6 to Wy — D is
at least R. By Lemma 2.1 we have that the model computations for the sectors with angles
in A, B, C give the appropriate contributions to Gp yp_(¢) in Eq. 1.15 up to an additive
constant which is bounded in absolute value by 2| D|e’R2/ @n,

Next we choose § sufficiently small to ensure that the cusps are pairwise disjoint. We
define ¢ to be the smallest interior angle of the boundary 9 D:

& =min{AU BUC}.

It is straightforward to check that
R
8= ) sin(e/2)

satisfies the aforementioned condition.

The distance between the cusp and H — D is larger than § = % sin(e/2) (if we consider
the cusp corresponding to the sector with angle ¢). By Lemma 2.1, we have that the model
computations in Lemmas 2.2 and 2.3 give the appropriate contributions to Gp 3p_(f) up to

an additive constant which is bounded in absolute value by 2|D|e‘R2(Sin(€/ 2)?/(160) This is
because the terms of order 73/% and higher in Theorem 1.2, Lemmas 2.2 and 2.3 cancel out
up to an exponentially small remainder.

Next we consider the contribution of the subset of D which is within distance § of 9D,
and which is not contained in any of the radial sectors and their corresponding cusps. This
subset is a collection of disjoint rectangles supported either by a Dirichlet or an open edge
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Heat Flow from Polygons 1053

respectively. Each such rectangle has at least distance § to any of the other edges. We con-
clude that, by Lemmas 2.1 and 2.4, they give the various contributions to Gp 3p_(t) up to
an additive constant which is bounded in absolute value by 2|D|e‘R2(Si“(8/ 2)2/60)

The remaining subset of D which is not contained in a sector, cusp or rectangle has
distance § to the boundary, and so contributes its measure up to an additive constant which is
bounded in absolute value by 2| D|e’R2(Si“(s/ 2)%/161 ), by Lemma 2.1. All remainders above
and in the proof of Theorem 1.2 are of the form O(tfe=/1), ¢ > 0,n > 0. This gives the
remainder in Eq. 1.15. O

3 Technical Preliminaries

It has been noted (see p.43 in [8]) that there are three closed form expressions for the
heat kernel of a wedge with opening angle y, see [10, 15] and [18]. The authors of [8]
were unable to extract the angle contribution c(y )t featuring in Eq. 1.13 from these expres-
sions. In the case at hand, there is a fourth explicit formula for the heat kernel of a wedge
with opening angle 27 (see p.380 in [9]). However, we were unable to obtain a workable
expression using that formula.

D. B. Ray managed to compute the angle contribution of the trace of the Dirichlet
heat semigroup for a polygon using the Laplace transform of the heat kernel for a wedge,
expressed as a Kontorovich Lebedev transform (see the footnote on p.44 of [16]). This
strategy has been successfully employed in both [7] and [8]. We also employ it in this article.

Let W, be the open infinite wedge as in Theorem 1.2, and let pw, (A1, A2; t) denote the
Dirichlet heat kernel for W,,. Throughout we require s > O and ¢ > 0. Let

o0
Pw, (A1, A2;s) 2/ dte ™ pw, (A1, Ay; 1), s > 0,
0

be the associated Green’s function (that is, the Laplace transform of pw, (A1, Az; 1)), and
let A; = (ai,@;), i = 1,2 in polar coordinates. Then, following the footnote on p.44 in
[16], and Appendix A of [17],

. I
pw, (A1, Az s) = ?/ d9Kio(Vsa1)Kip(v/saz)
0

( sinh(0)
X | cosh((w — |o] — az|)f) — ——— cosh((@ — o] — 2)0)
sinh(x0)
sinh((w — )0)
W COSh((a] — az)@)) s (31)

where K¢ is the modified Bessel function, defined for example by formula 3.547.4 of [14],

K,-g(«/Ea):/ dw cos(w@)e Vsacoshw, (3.2)
0
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1054 M. van den Berg et al.

In the special case @ = 27, Eq. 3.1 simplifies and we obtain

R 1 [
Py, (A1, Agss) = ?/ d9Kio(/sa1)Kio(Vsaz)
0

X <cosh((n — |lap — ap])0) — ;gﬁ% (cosh((2mr — a1 — @p)0)

+ cosh((a] — ozz)H))) .

In order to prove Theorem 1.2 in Section 4 below, we compute

R 00 o o
/ dalalf dawz/ dal/ day pw,, (A1, Az; 8), (3.3)
0 0 0 0

and then take the inverse Laplace transform. Throughout this paper we denote by L~! the
inverse Laplace transform. That is, if f(s) = fooo dt e f(t) then L_l{f}(t) = f(1), at
points of continuity of f.

The lack of a suitable Tauberian theorem prevents us from deducing the behaviour as
t | 0of fORdr r fo dp uw,((r, ¢); 1) from the behaviour as s 1 0o of the expression under
Eq. 3.3. So after the computation of Eq. 3.3, the resulting s-dependent terms have to be
inverted to the 7-domain, including those terms which turn out to be exponentially small
in ¢. For the reader’s convenience, we list some relevant formulae for the computation of

Eq. 3.3 above.
Formulae 6.561.16, 8.332.3 in [14] yield
/Ood Kio(Vsa) = il (3.4)
, AR = inh(r6/2)” :
Moreover formulae 6.794.2, 6.795.1,4.114.2,4.116.2 in [14] read
o
f d6 cosh(m0/2) K (Vsa) = % a0, 3.5)
0
* T _acoshb ~ T
df cos(b9)Kig(a) = Ee ,a>0,|3b] < > (3.6)
0
/00 " cos(af) sinh(B6) _ 110 (COSh(C”T/(zJ/)) + S%n(ﬁﬂ/(ZV))>’ RB| < 9y,
0 6  cosh(y8) 2 cosh(am/(2y)) — sin(Br/(2y))
(3.7)
® do
f 7 cos(ab) tanh(B6) = log coth (arr/(48)), (3.8)
0
where N B, respectively I8, denotes the real, respectively imaginary, part of S.
Finally, formula 5.6.3 in [11] reads
2 o
L@y = T dre". (3.9)
wl/2

(a/@n)!/?

4 Proof of Theorem 1.2

Proof of Theorem 1.2
As described in Section 3, we compute

R o0 o o
/ day a / day az/ day / das pw,, (A1, Az;s),
0 0 0 0
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where

A |
Pwy, (A1, A2ss) = ﬂzf dOKio(vsa))Kio(v/sa2)
0

sinh(70)

x (Cosh((” e Db G e

(cosh((2mr — a1 — a2)0)

+ cosh((a; — az)@))) ,
and then take the inverse Laplace transform. A straightforward computation shows

o o M h 0
/0 da fo dozz(cosh((n — oy — aa])0) — %(cosh(@n — ) — a)f)

+ cosh((a; — ozz)G)))

= 2% Ginh(n6) + ———— (3 — 3cosh(276))
=3 sinh (7w +292c0sh(n9) — 3cosh(2m
1
+m(4 cosh((2r — a)f) — cosh((2 — 2a)0) — 3)

= C1 4+ Cr+ C3, 4.1

with obvious notation.
We obtain by definition of C, Fubini’s theorem, Egs. 3.4 and 3.5,

R 00 1 00
/ daldl/ day az;/ d9K o (Vsa1)Kig(v/saz)Cy
0 0 0

2w R (e

= — da1a1/ d6 Ko («/say) cosh(r6/2)
s Jo 0
aR?

2s

So L~! {(2s)*1aR2}(t) = 21w R?, which is the first term in right-hand side of Eq. 1.17.
Furthermore, by Fubini’s theorem, Eq. 3.4, and the definition of C» in Eq. 4.1, we find

R 00 1 00
/ dal“l/ dawz;/ d9Kio(Vsa1)Kip(v/sa2)Ca
0 0 0

3 R o) o) do
-3 / day ar f day 2y f o Kio(/5a1)Kip (+/5az) anh () sinh(0)
0 0

= Jo
3 [k 4o

—— daj a; — K;9(+/say) tanh(7r6) cosh(r6/2)
T Jo 0 Os

3 [k 46 inh(76/2
= ——/ a’alal/ 9 ko (say)( sinh(zo/2) + SHROTO/2) 42)
7 Jo o 0Os cosh(r )
See also (2.9) in [8]. By Eq. 3.6, and Fubini’s theorem (see (2.10) in [8]),
3 © Jp 3 /2 [ee)
- = —Kig(s/say) sinh(nh/2) = —— dn/ dé cosh(n0)K;g(«/say)
TS Jo 0 s Jo 0
3 /2
== dneav/scosn, 4.3)
2s 0
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By Eq. 4.3, we obtain for the first term in the right-hand side of Eq. 4.2

— —/ dalalf —QKlg(fal)51nh(n9/2)

= ——/ daa/ dne=4VSeosn, 4.4)
2s 0 0

From the calculation in (2.14) of [8], we find that the inverse Laplace transform of the
right-hand side of Eq. 4.4 is given by

_3Rl‘1/2 3Rt1/? cde R2§2v2/(41)
Py - ) (1_§2)1/2 :

For the second term in the right-hand side of Eq. 4.2, by Fubini’s theorem and Eq. 3.4, we

have
sinh(6/2
——/ dalalf 7K10(\/>a1 M

cosh(mr6)
_ de 3 [ °do sinh(r0/2)
22 /0 cosh(r6) T /1; darai /0 7K19(\/§a1) cosh(ir )
_ 3 3 [>® smh(n9/2)
12 + = fR dalal/(; 7K19([ a)————— cosh(76) - 4.5)

Taking the inverse Laplace transform of the first term in the right-hand side of Eq. 4.5 yields
—%t, which accounts for the —> term in Eq. 1.16.
By Fubini’s theorem and Eq 3.2, we obtain

7/ daa/ 7Kt9(\/7 )51nh(719/2)

osh(6)
= —/ daaf dweiﬁ““h"’/ ﬁcos(w@)isinh(ﬂe/z).
T Jr 0 o Os cosh(m6)
By Eq. 3.9,
L s~ emracoshul () — 2 dre". (4.6)

\/7? (a coshw)/(4t)1/2

Hence the inverse Laplace transform of the second term in the right-hand side of Eq. 4.5 is
bounded in absolute value by

sinh(;r6/2)

3 o0 o.¢] ]/2 o0 d9

— / daa / dwErfc ((a coshw) /(4t)" /%) / — cos(w@)

TT1JR 0 o 0 cosh(r )
o° d£ sinh(7r6/2)

3 [ 00 1/2/
ﬂ/R daa/0 dwErfc ((a cosh w)/(4r) )0 0 cosh(z6)

- M / " aw f " daabtc (@ coshw) /@401, @7
0 R

where we have used Eq. 3.7. Since for z > 0

Erfc(z) — i o0 dre 2 dr —(Z+r) i 00 dr e_zz_ﬂ _ e—zz
T f f ’
) 4.8)

IA
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we obtain that the right-hand side of Eq. 4.7 is bounded from above by
3log(1 ++/2) /°° dw foo da qe—@coshw)?/@n
T 0 R

_ (33 log(l + \/i) /oo dw e—(Rcoshw)z/(4t)
T o (coshw)?

— O(te R/ 4.9)

In order to compute C3, we extend the integral with respect to a; to the interval [0, c0),
and obtain, via Fubini’s theorem and Eq. 3.4,

o0 o0 1 o0
/ dala1/ dazazp/ d9Kio(Vsa1)Kip(v/sa2)C3
0 0 0

o0 o0 1 o0
/ day a; / day 027/ d9Kio(Vsa1)Kip(Vsaz)
0 0 y 0
1

262 cosh(n@)(
L /OO 40 4 cosh((2m — a)0) — cosh((2mr — 2a)0) — 3
852 Jo cosh(r6)(sinh(6/2))2

1 /oo o Hsinh(Cr — 2)6))* — (sinh((r — a)0))*
452 Jo (sinh(r6/2))’ cosh(x6) ‘

4 cosh((2m — a)f) — cosh((2m — 2a)6) — 3)

Inverting the Laplace transform yields a contribution (% + a(oz))t, where a () is as defined
in Eq. 1.16. This, together with the statement below Eq. 4.5 gives the contribution a(«)t in
Eq. 1.17.

It remains to bound the inverse Laplace transform of

o0 o0 1 o0
/ dalalf dazaZfzf d9Ko(Vsa1)Kig(v/saz)
R 0 7= Jo
1
—
262 cosh(r0)
1 [ © 4 cosh((2mr —)6)— h((2mr —2x)6)—3
- 7/ daa/ 46 Ky (/5q) 2T =0)0) — cosh(@r 220)0)=3 |
s Jr 0 476 sinh(w0/2) cosh(6)

We first consider the case 7/2 < o < 7 /4, and we proceed as above. We use Eq. 3.2,
and invert the Laplace transform of s ~! e~ ¢0shw a5 in Eq. 4.6. This gives that the inverse
Laplace transform of Eq. 4.10 equals

/ooda a /oodw Erfe ((a cosh w)/(41)'/?) foo do (cos(wd))
R 0 0
4 cosh((2r — a)f) — cosh((2 — 2a)0) — 3
x 476 sinh(w6/2) cosh(ir6)

Using | cos(w#)| < 1, we find that the absolute value of the expression under Eq. 4.11 is
bounded from above by

/ daa f dw Erfc ((a coshw)/(41)'/%)
R 0

/OO 20 4 cosh((2r — a)0) — cosh((2mr — 2a)0) — 3
“ 1, 4720 sinh(76/2) cosh(76)

— O(te R/, (4.12)

(4 cosh((2m — a)f)— cosh((27 —2a)0)—3)

@11
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where, as before, we have used Eq. 4.8, and argued similarly to Eq. 4.9. We note that the
integrals with respect to 6 in Egs. 4.11 and 4.12 converge for 7 /2 < o < 7w /4.

We next consider the case 77 /4 < o < 2. We write the right-hand side of Eq. 4.10 as
the sum of two terms, say D;(s) + D(s), where

Di(s) = %/;wdaa[)wdéKie(ﬁa) cosh(2mr — a)f) — 1

76 sinh(760/2) cosh(r6)’

(4.13)

and
1 — cosh((2m — 2a)H)

476 sinh(0/2) cosh(h)

Ds(s) = lfoodaa/deKig(«/Ea) (4.14)
S JR 0

Using Egs. 3.2, 4.6 gives

|IL~YD1}@)| ‘/oodaa/OodwErfc((acoshw)/(4t)1/2)
R 0

cosh((2r — a)f) — 1
70 sinh(r0/2) cosh(6)

o
xf df cos(w0)
0

IA

/oo daa /OO dw Erfc ((a coshw)/(41)'/%)
R 0

/"O cosh((2m —a)f) — 1
X do -
0 76 sinh(;r0/2) cosh(w0)

= O(te R/, (4.15)

where we have used Eq. 4.8, and argued similarly to Eq. 4.9. The integral with respect to
0 in Eq. 4.15 converges for @ € (7/2,2n) D (7m /4, 2m). To invert Dy (s) we rewrite the
integrand as follows. For € € R,

1 — cosh((2w — 2)0)
4710 sinh(70/2) cosh(0)
4 cosh(r6/2) — 2 cosh((2a — 3)0) — 2 cosh(2a — )6)

476 sinh(270)
4 cosh(m0/2) — 2 cosh((2e — 32)0) — 2 cosh((2a — F)6)
- 4776 sinh(270)
+2cosh((2n + 6)9).— 2 cosh((2w — €)6) _ L sinh(ef).
476 sinh(276) b4

We choose 2« — 37” = 27 + €. This gives that € = 2o — 77” and
1 — cosh((2w — 2)0)
470 sinh(w6/2) cosh(m6)
2cosh(r6/2) — cosh((2er — 22)8) — cosh((1E — 2a)6)
- 276 sinh(2m )

- i sinh((4o — 7m)6/2). 4.16)
b4

The first term in the right-hand side of Eq. 4.16 is integrable, and, analogously to the above,
we proceed with Eqgs. 3.2, 4.6 and 4.8. This gives a remainder O (re~R*/(40).
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It remains to invert the contribution coming from the second term in the right-hand side
of Eq. 4.16. We recall (2.18) in [8]. That is, for —% <B < %, by Fubini’s theorem, Egs. 3.6
and 3.9, we have

*1{/mdaa/md—9Ki9(ﬁa) sinh(ﬂ@)}(t)
R o Os
o0 B o0
:L"{/ dag/ dn/ d@cosh(ne)Kig(ﬁa)}(t)
R s Jo 0

0o B
_1{1/ daa/ dne—a scosn}(t)
acosn
f/ daa/ d”EfC<(4t)1/2>

np acos B
/ daatiie <<4)1/2>

- O(te*Rz“"SW/(“’)), 4.17)

I /\

where we have used once more Eq. 4.8.
For 77 /4 < o < 27 we have that 2o — 7—” € (0, 7/2). Hence the second term in the
right-hand side of Eq. 4.16 gives a contr1but10n O(te_Rz“‘“(z"‘))2/ @0y,

Foroa = 7Zf , we have

oo
[Fao
0

Hence the inverse Laplace transform of D is O(te_RZ/ @40y For ¢ = Tm /4 we rewrite
Eq. 4.14 as

] o0 o0
D, = ff daa/ dOKig(/sa)
S JR 0

cosh((2m — a)f) — 1
76 sinh(7r0/2) cosh(r0)

cosh(w0/2) — 5 cosh(ﬂ@) cosh(2719)

76 sinh(270)
1 [ © h(76/2 h(w0) — 5 ot h(z6
_ 7/ daa/ 46K (5a) cosh(w6/2) — 2cos (m0) anh (7 0) '
s Jr 0 76 sinh(270) 210

Since
cosh(w6/2) — cosh(n@) — 5
b4 smh(27r€)

< 00,

o
/de
0

we have that this part also gives a contribution O(te’Rz/ 1), By Eqgs. 3.8 and 3.9 (see
(2.20) in [8]), we have for § > 0,

L1 L ooa'aa/w d—etanh(ﬁQ)Kie(«/Ea)]([)
R o 0

s

-1 1 *© *© —a+/s coshw *do
=L — daa dwe e 7 tanh(86) cos(wh) ¢ (1)
0

s

_ ! L daa/ dwe™ ”"Shwlog(coth(ﬂw/(4ﬂ)))}(l)

d dw Exfe( 400 W ) | h 4 418
f/ aa/ wrc( (4)1/2>0g(c0t (Tw/(4B))). (4.18)
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By Eq. 4.8 we obtain that Eq. 4.18 is bounded from above by

— O(re /40y,

I P D) /Oodw log(coth(rw/(48)))
0 (cosh w)?

. y . . 2
In particular, for 8 = 7, the term — t“"zhjig 9 contributes a remainder O (te~ R /@),

For o = 7/2, we have
o0
/

Hence the inverse Laplace transform of D is, for « = 7 /2, O(te_Rz/ (1Y, On the other
hand, for « = 7 /2 the integrand in Eq. 4.13 equals the integrand of Eq. 4.14 for « = 7n /4
up to a factor of —%. Hence the inverse Laplace transform of D is also O(te_Rz/ @y,

Form/4 < a < m/2, we have

r

Hence the inverse Laplace transform of D5 is, forw /4 < o < /2, O(Ie_R2/ r )). Similarly
to the above, we rewrite the hyperbolic part of the integrand in Eq. 4.13 as follows:

1 — cosh((2r — «)B)
476 sinh(76/2) cosh(r9)

1 — cosh((2m — 2a)0)
470 sinh(7w0/2) cosh(ir6)

cosh(2r —a)f) — 1

76 sinh(;r0/2) cosh(r0)
2cosh((3F — @)8) + 2cosh((3F — «)8) — 4 cosh(6/2)
- 76 sinh(276)
2cosh((3F — @)8) + 2 cosh((3F — a)f) — 4 cosh(6/2)
- 76 sinh(2770)
—2cosh((2m + €)6) 4+ 2 cosh((2mw — €)0)
+ 6 sinh(270)
4 sinh(ef)
NEAE—L (4.19)
b4

We subsequently choose € = 5 — . With this choice of ¢, the absolute value of the first
term in the right-hand side of Eq. 4.19 is integrable with respect to & on R™. Hence this term
contributes O(te_Rz/ @Dy to the inverse Laplace transform of the corresponding integral
in Eq. 4.13. Moreover, since € € (0,7 /2) for this case, we have by Eq. 4.17 that this

—R? sin® @)/ (41 ) to the inverse Laplace transform of the corresponding

term contributes O (te

integral in Eq. 4.13.
We next consider the case « = /4. Then D, for m/4 equals D, for 7z /4, we imme-

diately conclude that this term is O(Ie_Rz/ 40y We rewrite the hyperbolic part of the

integrand as follows:
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cosh(770/4) — 1
76 sinh(;w6/2) cosh(0)
2 cosh(96/4) + 2 cosh(5w6/4) — 2 cosh((2m + €)0)
- 76 sinh(270)
2 cosh((2wr — €)0) — 4 cosh(6/2)
+ 76 sinh(2 )
n 4 sinh(e0) .
o
We subsequently choose € = 7 and observe that the absolute value of the first term in the
right-hand side of Eq. 4.20 is integrable. This then yields that the corresponding Laplace
transform is O(te_Rz/ (1), The second term has been inverted in Eq. 4.17. Choosing g =

(4.20)

7 /4 gives a remainder O(Ie_Rz/(S’)).

We finally consider the case 0 < o < m/4. The contribution from D; to the inverse
Laplace transform can be estimated by Eq. 4.19, and the lines below, since € € (0, 77 /2) for
this case too. Hence we obtain a remainder O(z‘e’Rz(Sin ?/ 4 )). The contribution from D5
to the inverse Laplace transform follows by a minor modification of Eq. 4.19. We have

1 — cosh((2n — 2a)0)
476 sinh(7w0/2) cosh(;r6)
cosh(6/2) — % cosh((ZF — 2a)0) — 1 cosh((3F — 2a)6)

6 sinh(270)
3 cosh((27 + €)8) — § cosh((2m — €)0)
+
6 sinh(270)
sinh(€6)
e 4.21)

We choose € = % — 2a € (0, 7/2), and obtain the remainder O(te F sin® (200)/ 41y from
the corresponding integral in Eq. 4.14 by Eq. 4.17. The first term in the right-hand side of

Eq. 4.21 gives O(te~R*/40), >
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