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Abstract
We obtain two-sided estimates for the heat kernel (or the fundamental function) associated
with the following fractional Schrodinger operator with negative Hardy potential

Aot / 2 _ )\, | x | —a

on R?, where « € (0,d A 2) and A > 0. The proof is purely analytical and elementary. In
particular, for upper bounds of heat kernel we use the Chapman-Kolmogorov equation and
adopt self-improving argument.
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1 Introduction

Letd € Ny := {1,2,---}and @ € (0,d A 2). We consider the following Schrodinger
operator
L:=AY 14 (1.1)
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on RY, where A%/2 := —(—A)*/2 and q(x) = k|x|™* with

(1.2)

for any 8 € (0,a). Here, I'(—8/2) = [;*r~'7%/2(e7" — 1)dr < 0 for § € (0, ), and
I'z) = f0°° ri~le=" dr forall z > 0. We note that x5 < 0, and so q(x) <0Oon R4; we also
note that the radial function |x|~* comes from the Hardy inequality for fractional Laplacian
AY/2 (see [7, 20] and the references therein for more details). Thus, the operator £ given
by Eq. 1.1 is the fractional Schrodinger operator with negative Hardy potential. Denote by
p(t, x, y) the heat kernel associated with the operator £ = A*/? +¢; see Section 2.2 below
for more details. Our main result is as follows.

Theorem 1.1 For any § € (0, ), the Schrodinger operator L given by Eq. 1.1 has the heat
kernel p(t, x, y), which is jointly continuous on (0, 00) x R? x R4, and satisfies two-sided
estimates as follows

R N xl )’ BNy t J
p(t,x,y)’\‘(l/\m IAW t /\m . x,yER,t>0.

(1.3)

We note that the last expression in Eq. 1.3 may be replaced by the heat kernel p(z, x, y)
of A%/2 (see Section 2.1 and Eq. 2.2). As pointed out before Lemma 2.3 below, the function
8 > ks is strictly decreasing on (0, o) with lims_,9 k5 = 0 and lims_,, ks = —oo. Hence,
Theorem 1.1 essentially gives us two-sided estimates and the joint continuity of heat kernel
associated with the operator A%/2 —x|x|~® for all A > 0. It is well known that the fractional
Laplacian A%/2 is the infinitesimal generator of the rotationally symmetric a-stable process,
which now has attracted a lot of interests in the field of probability and potential theory
(see [6] and references therein). Recently there are also a few works concerning on gradient
perturbations and Schrodinger perturbations of fractional Laplacian (see e.g. [9-12, 15, 16,
24,27, 28,33, 34]). In particular, according to [33, Theorem 3.4], when the potential belongs
to the so-called Kato class, heat kernel estimates for Schrodinger perturbations of fractional
Laplacian are comparable with these for fractional Laplacian (at least for any fixed finite
time). Note that ¢ (x) = —A|x|~* does not belong to the Kato class. As shown in Theorem
1.1, the heat kernel p(z, x, y) associated with the Schrédinger operator £ given by Eq. 1.1
exhibits behaviour which is different from that of the case that g(x) = —A|x|™Y with y €
(0, @), which is in the Kato class. The study of heat kernel estimates for Schrodinger-type
perturbations by the Hardy potential of fractional Laplacian is much more delicate.

In the classical case @ = 2, the Schrodinger-type perturbations by the Hardy potential
were considered for the first time by Baras and Goldstein [4]. They proved the existence
of nontrivial nonnegative solutions of the classical heat equation 8, = A + «|x|~2 in R¢
for 0 < k < (d — 2)?/4, and nonexistence of such solutions, that is explosion, for bigger
constants «. Sharp upper and lower bounds for the heat kernel of the Schrédinger operator
A + k|x|~2 were obtained by Liskevich and Sobol [29, p. 365 and Examples 3.8, 4.5 and
4.10] for 0 < k < (d — 2)?/4. Milman and Semenov proved the upper and lower bounds
fork < (d — 2)2 /4, see [30, Theorem 1] and [31]. In this paper, they also allowed x < 0
and obtained the sharp upper and lower bounds for the perturbed kernel (see [30, Theorem
2 and Corollary 4]). See [23] and the references therein for the recent works of this topic.
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For @ € (0,d A 2) the Schrodinger operator £ with x > 0 attains recently more and

o 2
more interest. In [1, 2] for « > «* = 21};&% the phenomenon of instantaneous

blow up of heat kernel was proven. In [5], the author gives the upper bound for the heat
kernel of £ with the Dirichlet conditions on bounded open subsets of R?. In the recent
paper [8], the following sharp estimates for the heat kernel p(¢, x, y) of £ were obtained.
For 0 < k < «*, there is a unique constant § € [0, (d — «)/2] such that for all + > 0 and
x,y € Rd == R\{0},

Pl x,y) &~ (14 %x|7) (1+ 271y 7%) p(t. x, ). (1.4)

Note that since the singularity of the function R¢ 5 x — «|x|™® at the origin is critical,
p(t, x, y) is not comparable with the unperturbed kernel p(z, x, y). Like in Theorem 1.1,
the choice of « influences the growth rate or the decay rate of the heat kernel at the origin.
This rate is represented by the function |x| %, where § is connected with « via the formula
r{ss)r(s) .
Kk = —x 7~ (compared with Eq. 1.2).
r(5)r(=)

2

Remark 1.2 Theorem 1.1 and [8, Theorem 1.1] (the main result of [8]) can be stated
29T ((d+a)/4)?
C((d—a)/4)? °
corresponding to the Schrodinger operator A%/2 + k|x|~* satisfies

together as follows. For any —oco < k¥ < «* = the heat kernel p(¢, x, y)

8

/e VAN p
ﬁ(t,x,y)~<l+w) <1+ |y|°‘> p(t,x,y), t>0, x,y € Ry,

where § € (—a, 45%] is uniquely determined by
_2r (%)
ERONC R

In this setting, Theorem 1.1 may be treated as both a fractional counterpart of the result
obtained in [30] and the extension of Eq. 1.4 to negative values of . Here, we would like
to point out one difference between the cases « = 2 and o < 2 for « < 0. The general form
of the estimate in both cases is similar, i.e., the perturbed kernel p(z, x, y) is comparable
with the unperturbed kernel p(z, x, y) multiplied by some weighted functions. However, in
[30, Theorem 2 and Corollary 4], for o = 2, the exponent of the weighted function is equal

tod = —W and converges to infinity as k — —oo. In our case o < 2, as it
was mentioned below the statement of Theorem 1.1, § — « for k — —o0. Since ¢(x) =
K |x| ™ is negative and does not belong to any Kato class on R?, the construction and proofs
of the estimates of p(¢, x, y) are very delicate. In particular, we cannot use the perturbation
series (at least for large values of —k) to construct p(z, x, y) as used in [7-9]. That is why
we will consider the Dirichlet fractional Laplacian operator A%/ on Rg = R4\ {0} and via
the Feyman-Kac formula, we construct p(t, x, y) on (0, co) X Rg X Rg. Hence, the operator
L with negative values of k also enjoys some probabilistic meaning. Roughly speaking, it is
connected with a symmetric «-stable process with killing in terms of the negative potential
k|x| ™%, which strongly affects the behaviour of p(z, x, y) for x and y near 0. It turns out that
due to the strong singularity of g (x) at 0, the heat kernel (or the transition density function)
p(t,x,y) is equal to O when x = 0 or y = 0. In consequence, the kernel p(z, x, y) defined
on (0, 00) x Rg X Rg may be continuously extended to (0, 0o) x RY x RY.

@ Springer



1000 T. Jakubowski, J. Wang

We note that Theorem 1.1 was proved independently in a very recent paper [17]. In the
proofs, the authors use generally probabilistic tools. In our paper we propose a different
method. Although the perturbed kernel p(z, x, y) is defined by the Feyman-Kac formula, in
the proofs we apply only analytical tools. For upper bounds, we generally use the Chapman-
Kolmogorov equation and the method of “self-improving estimates” (see the proofs of
Proposition 3.1 and Theorem 3.5, see also the proof of [25, Theorem 1.1]). Roughly speak-
ing, to show the inequality f(x) < CF(x), we first show that f(x) < g1(x) + c1 F(x),
where g1 (x) is in some sense small. Next, by plugging this estimate to the proper functional
inequality on f, we get the improved estimate of the form f(x) < g,(x) + ¢, F(x), where
gn(x) — O0asn — oo and sup, ¢, ¢ < 0. By passing with n to infinity we obtain the
desired estimate. To obtain lower bounds we use the generally well known estimate from
Lemma 3.8 and upper bound estimates. Although the estimate from Lemma 3.8 is generally
well known, we couldn’t find the proper reference with the assumptions on the potential
satisfied by g (x). We note that the setting of [17] is more general than the present paper.
From the other side, we give more details about the kernel p(z, x, y), see e.g. Theorem 2.4.
We also note that in our paper we show the straightforward dependence between the expo-
nent § and the potential ¢ (x), while in [17, Theorem 3.9] this dependence, given by double
integral, is much more complicated.

The paper is organized as follows. In Section 2, we construct p(z, x, y) and prove some
basic properties of this kernel. In Section 3, we give the proof of Theorem 1.1. First, we
prove upper bounds in Theorem 3.5. Next, we show lower bounds in Theorem 3.13 and joint
continuity (Theorem 3.16). We end this section with short discussion on Dirichlet forms
associated with the Schrodinger operator £ given by Eq. 1.1. Finally, in the Appendix, we
present the proof Lemma 3.8.

Throughout the paper, we write f ~ g for f, g > 0, if there is a constant ¢ > 1
such that ¢! f < g < cf on their common domain. The constants c, C, ¢;, whose exact
values are unimportant, are changed in each statement and proof. Let B(x, r) be the open
ball with center x € R? and radius r > 0. As usual we write a A b := min(a, b) and
aV b :=max(a,b).

2 Preliminary Estimates

2.1 Fractional Laplacian and Rotationally Symmetric ¢-Stable Lévy Process

Let

a2°7I1((d + @) /2)
7421 (1 — a/2)

v(z) = lz]79, zeR" 2.1

For (smooth and compactly supported) test function ¢ € C2°(IR¥), we define the fractional
Laplacian by

APp(x) = —(=2)p(x) :=lim [p(x +2) —p(0)]v(@)dz, x€R?.
30 J{jz|>¢)
In terms of the Fourier transform (see [20, Section 1.1.2]), A/D‘/Q\QJ(S ) = —|&|“@(&). Denote

by p(t, x, y) the heat kernel (or the fundamental function) of A%/2 (or equivalently, the
transition density function of a (rotationally) symmetric «-stable Lévy process (X;);>0). It
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is well known that p(z, x, y) is symmetric in the sense that p(t, x, y) = p(z, y, x) for any
t > 0and x, y € RY, and enjoys the following scaling property

pt,x,y) =t~ pA, 7 x 7V, >0, x,y e R
Moreover,

t
e~ 150, x,yeR% (2.2)

t,x, ~t >
pt.x,y) =y

We also note that p(z, x, y) is a function of # and x — y, so sometimes we also write it as
p(t,x —y),ie. p(t,x,y) = p(t,x —y). See [6] for more details.

2.2 Fractional Laplacian Schrédinger Operator and Feynman-Kac Formula

In this part, we apply some results from [19, Chapter 2] to the operator £ = A%/ 4 ¢ given
by Eq. 1.1, where g(x) = «s|x|™* < 0. Let Rg = Rd\{O}. We first recall [19, Chapter 2,
Definition 2.1]. A nonnegative Borel measurable function V on ]Rg is said to belong to the
Kato class g, if

t
lim sup / / p(s,x,y)V(y)dyds = 0.
tﬁoxe]Rg 0 ]Rg
A nonnegative Borel measurable function V on ]Rg is said to belong to the local Kato class
Keloc, if V1p € Iy for all compact subsets D of ]Rg. A Borel measurable function V on
Rg is said to belong to the Kato-Feller class, if its positive part V. := max{V, 0} € K, and
its negative part V_ := max{—V, 0} € Ky 1oc. (Different from [19], in the present setting
we start from the nonpositive definite operator A%/2 4 ¢, and so we make the corresponding
changes in the definition of the Kato-Feller class.) It is easily seen from [8, Lemma 2.3] that
—q ¢ Kq, but always we have —g € ICy 10c. In particular, g belongs to the Kato-Feller class.
In the following, we will restrict ourselves on the killed subprocess of the symmetric
a-stable Lévy process (X;);>0 upon exiting IRg (or hitting the origin), i.e.,

X;Rg = X, .lft<r]Rg’
0, iftr> T]Rgv
where TRd = inf{r >0: X; ¢ Rg} = inf{r > 0 : X; = 0}. By the strong Markov property

.. R .. .
of the process (X;);>0, it is easy to see that the process (X, °);>0 has a transition density

(or Dirichlet heat kernel) leg (t, x, y), which enjoys the following relation with p(t, x, y):
d
PR, x, y) = pt, x,y) — E*[p(t - TR Xrpgs y)]l{tzr]Rd}], x,y € RS,
0 0

According to [26, Theorem 1. ¢), p. 5-6; Theorem 3, p. 8] and the assumption that 0 < a <
d, P* (‘L'Rg <o00)=0forall x € Rg. Consequently,

PRt x,y) = p(t,x,y), >0, x,yeRL 2.3)

It is well known that for every ¢ > 0 the function p(t, -, -) is continuous on R? x R4,
and p(t, x, y) satisfies the following Chapman-Kolmogorov equation

pit+s,x,y)= /d p(t,x,2)p(s,z,y)dz, t,s>0, x,y¢€ RY. 2.4)
R

A continuous function f on Rg is said to belong to C (]Rg), if for every & > O there is
a compact set K C Rg such that | f(x)| < & forall x ¢ K. Regard £ = A%/? 4 g as the
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1002 T. Jakubowski, J. Wang

operator defined on Cyo (R‘g ); that is, we consider a negative perturbation of the fractional
Laplacian on Rg (with the Dirichlet boundary condition at {0}). Therefore, according to
[19, Theorem 2.5], the operator £ = A%/% 4 generates a strongly continuous and positivity
preserving semigroup (ﬁ,),zo on Coo (Rg), which is given by

P = [ pxnsody, f e (BY). v e Ry,
where the kernel p(z, x, y) satisfies the Chapman-Kolmogorov equation too, i.e.,
plt+s,x,y)= / plt.x,2)p(s.2,y)dz, t,s>0, x,y € R (2.5)

Aslditionally, fort > 0, we put p(t,x,y) = 0, whenever x = 0 or y = 0. Moreover,
(Pr)s=0 also acts as a strongly continuous semigroup in L”(Rd; dx) foralll < p < oo,

and, in L2(RY; dx) the semigroup (15,),20 is self-adjoint. Meanwhile, (ﬁz)zzo is given via
the Feynman-Kac formula:

ﬁlf(x) —E* (f(XtIRg)ef(;q(X:RO)dS)

=E (f(xt)efotq“fm) . feCx (Rg) L t>0,xeRE. (26)
We used here that IP* (ng < o00) =0forall x € ]Rg.
Due to g(x) < O on Rg again, it follows from Eqs. 2.3 and 2.6 that
plt,x,y) < pt,x,y), t>0, x,y¢€ R.
Since (ﬁ,),zo is self-adjoint in L2(1Rd; dx),
p(t,x,y)=p(,y,x), t>0, x,y€ RY.

According to [19, Propositions 5.2 and 5.3] and their proofs, p(z, x, y) will satisfy the
following Duhamel’s formula:

t
ptxn) =pxn+ [ pt—sx99@p06. 5 dzds

t
:P(f»x»Y)+/ / ﬁ(f_SsxyZ)Q(Z)P(S,Zv)’)dZdS (27)
0 JR4

forallt > Oand x, y € Rg.
Next, we show that p(¢, x, y) enjoys the same scaling property as p(t, x, y).

Lemma 2.1 Foranyt > Oandx,y € RY,

ple,x,y) =t~ A, xe= Ve yr Ve,

Proof We only consider the case that x,y € Rd; otherwise, the statement holds triv-
ially. Recall that for the symmetric a-stable process (X;);>0, the processes (X,;);>0 and

(tl/"‘Xu),Zo enjoy the same law for any fixed # > 0. For fixed ¢ > 0, set )A(u = X, for
u > 0. Then, by Eq. 2.6, for any f € Coo(IRY), 7 > 0 and x € RE,

Bif @) =B (FX)elitXd) = B (fRyeltfmds) g (f(Ryethackode)

— Ve (f(tl/ozXl)effolq(tl/axu)du> _ Ve (f(tl/axl)ef()lq(Xu)zlu) ’
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where in the last equality we used the fact that g (x) = «s|x|~“. Hence, the desired assertion
follows from the equality above. O

2.3 Integral Analysis for Fractional Laplacian Schrodinger Operator

Lemma 2.2 Let 8 € (0, 2). Then,
d+
r ()

() (7

where T'(—B/2) = [;7t7'7P/2(e™" — 1) dt.

d—a+p
|x|f = 2d+B7d/2 ]I‘TJr

dt (2.8)

OO[P(I,O)—P(LX)
L

Proof We follow the method used in the proof of [7, Proposition 5]. First, let 1, (s) be the
density function of the distribution of the «/2-stable subordinator at time 7. Let g;(x) =

(4nt)_d/2e_|x‘2/(4’). Then,
o0
p(t, x) 2/0 8s(xX)ne(s) ds.
By [7, 24)], fory <d/2 — 1,
o
f gs(X)s¥ ds =477 142 T(d)2 — y — 1)|x Y2,
0
Then, by integrating by parts, ford/2 — 1 <y < d/2, we get
Oo —ap [ _? —d)2
s —g&x))s” ds =(4n —e & |s s
f( (0) — g5(x))s” ds = (4n) /f 1 r=d/2g
0 0

—d/2 2
Y - 0 s
|X|2 0 3
SR id fy ST
vl _—anT@/2-y) _
—4 1y d/2y+/1_d7;2|x|2y d+2

Note that, for any y > —1,

o0 r 1) «
/ o) di = LDt
0 r (04(}’24‘ ))
see [7, (23)]. (Note that the condition that y < d/a — 1 is not required in the proof of
[7, (23)].) We further obtain

d—a+p

fo [P(I,O)—p(t,x)]f@%dtZ/o /0 [85(0) — gs(X)mi(s)t @~ drds

(L) .« B
=(“>A[&©—&um“yds

d+p
r(4)
d+B 2-8
—d—8 7d/2r( o )F< 2 ) g
=2 T [x|P.

")
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Since I’ (#) = —gl“ (—g), we get the assertion of the lemma. O

We recall from [7, (25)] that for any g € (0, d),

d—a—

r()

2 & 8

x| = 2"—%‘1/2—/ pt,x)t =« di, xeR% (2.9)
r()r(s)h

Thus, Eq. 2.8 may be treated as an extension of the formula (2.9) to negative B. Note that in

the proof of Eq. 2.8 we have to use a compensated kernel p(¢, 0) to ensure convergence of

the integral involved.
Now, let 8 € (0, «). By Eq. 2.9,

d dj2 r (M%> *© d=2a+p
|x|P~ = 2d+B-agd/ / p(t,x)t o dt.
P r(5f)

On the other hand, let f(r) = cr@2+P)/® with

()
2
c=20tPgd2 : (2.10)
r(58)r ()]
o 2
Then, according to Eq. 2.8,
oo
x| :/ [p(,0) — pt, )] f () dr. (2.11)
0

Combining two equations above together, we will find that

IS pGrx) f(rydr

—Kkpglx|™ = =% ,
Jo Lp(r,0) — p(r, )] f(r)dr
where
-8 d+p
21 (4) r (42)
K= "8 dip—a)
r(F)r(=5)
In particular,
o0
— kplxlP = / p(r,x) f'(r) dr. 2.12)
0
We note that kg < O forany 8 € (0, ) and limg_, 4, kg = —00. For convenience, let kg = 0.
Moreover, write
-8 d+B\ B
2T (%) r (T) 2
Kp == r (228 (dtp=2)
2 2
and let J
r&§—6r(§+:
r(t) = (d{ )T (5+1) 0<t<a/2

T (S +)ra-n’
Then, using the formula

M) [ 1 1
T __y_g(x+k_l+k)’ x>0
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with the Euler-Mascheroni constant y (see [3, (1.2.13)]) and following the argument in the
end of the proof for [7, Proposition 5], one can check that r(¢) is strictly increasing on
(0, @/2), and so B + kg is strictly decreasing on (0, @).

Lemma 2.3 ForB € (0,a),t >0andx € R4, we have

t
/ p(r,x,y>|y|ﬁdy=|x|ﬂ—xﬁ// pls.x P dyds.  (2.13)
R4 0 R4

Proof Let f(r) = cr@=2+B)/® with the constant ¢ given by Eq. 2.10. By Eqs. 2.12 and
2.11, forany > 0 and x € R?,

t t o0
—K,s// p(s,x,y)|y|ﬁ-“dyds=// pls + . ) f(r) dr ds
0 R4 0 0
t o0
:—// i,17(S-I—i’,x)f(r)dra,’s
0o Jo O0s
_ /0 [p(r.x) — plt 4 01F () dr
=/0 [p(r, x) — (5, 0) + p(r, 0)— p(t + r. X)LF () dr
=—|x|”+/ / Pt % DIp(r. 0 —p(r WIF () dy dr
0 R4

= —|xff +/ p(t,x, yylP dy,
R4
where in the second equality we used the fact that
lim p(s+r,x)f(r) <c lim (s +r)" 4 f(r) = 0.
r—00 r—0o0

This completes the proof. O

Set hg(x) = |x|?. Letting t — 0 in Eq. 2.13, informally it holds that
(A% 4 kglx|™)hp(x) =0 (2.14)

for all x € RY. That is, the function A g is harmonic with respect to the operator A2 4
kglx|™*.

From now, we will fix § € (0, «), and write «; as k for simplicity. The following theorem
is an analog of [8, Theorem 3.1]. Since there is no problem with convergence of the integrals
involved, the proof is much simpler than that of [8, Theorem 3.1].

Theorem 2.4 For 8 € (0,a),t >0andx € R4, we have

t
/ plt,x, VP dy = |x1P + (k — K,S)/ / Pls, x, NIyP~“ dyds. (2.15)
R4 0 JR4
In particular, for any t > 0 and x € RY,

/}Rlﬁ(t,x,y)lyl‘sdy = Ixl’. (2.16)
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1006 T. Jakubowski, J. Wang

~The assertion (2.16) states that ss5(x) = |x|° is an invariant function for the semigroup
(Pr)r=>0 and so it is harmonic, which justifies (2.14) rigorously. On the other hand, note that
Eq. 2.14 implies that

[AY 4 k|x|™*Thp(x) = (c — kp)|x|P7%,  x e RY

From this one can deduce (2.15) informally (but directly) via the Feynman-Kac semigroup
associated with A%/2 + k|x| 2.

Proof of Theorem 2.4 When x = 0, both sides of Egs. 2.15 and 2.16 are equal to zero, since
p(t,0,y) = 0forallz > 0and y € RY. Below, we consider the case that x IRg. By
Egs. 2.7 and 2.13, forany ¢ > Oand x € R4,

t
—Kﬂf/ pls, x, Myl dyds
0 JRY
t
:_"ﬂ// p(s,x, YIyIP~* dyds
0o JRre
t t
_"ﬁ/f f/ pu, x,2)q@)p(s —u, z, VY|P~ dzdudy ds
0 RY Ju R4

=—|x|ﬂ+f Pt x. )yl dy
IRd

t
—/f ﬁ(u,x,z)q(z)<|z|ﬁ—/ p(t—u,z,y)lyl'gdy> dzdu.
0 JRY R4

Hence, according to Eq. 2.7 again, for any t > O and x € ]Rg,

t
=0 [ [ P dyds =+ [ por iyl dy
0 R4 R4
+ [ = pex byl dy
=+ [ px il dy.
R4
which proves (2.15). Now, Eq. 2.16 follows by taking g = §. The proof is complete. O
Although the following lemma is not used in the proofs, we state it as one of the results.
From this lemma we see that the right-hand side of Eq. 2.17 behaves near 0 as — log |x|.

Lemma 2.5 Foranyt > 0and x € RY, it holds that

t
C/ ﬁ(t,x,y)IYI‘S(IOegI—IOgIXI)dy=f/ P, x, Iy’ *dyds,  (2.17)
R¢ 0 JRI

where

S —
C := lim
B—$ Kg — K
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Proof By Eq. 2.15, Eq. 2.16 and the dominated convergence theorem,

o _ . 1 i _ _
/[ pls,x, My dyds = lim [ P, x, MIyLAxIP? — yP~0) dy
0 JRY B—38 Kp — K JRd

=C/]Rd13<z,x,y>|y|‘3(log|y| —log |[x)) dy,

proving the desired assertion. O

3 Two-Sided Estimates and Joint Continuity of p(t, x, y)
3.1 Upper Bounds of p(1, x, y)
Foranyt > Oand x € R4, define
H(t,x) = /1;% p(t,x,y)dy.
Note that, by Lemma 2.1, forall# > 0 and x € RY, we have
H(t, x) = /w B e Ty dy = HQLL V%), (3.1

On the other hand, by the fact 0 < p(¢, x,y) < p(t,x,y) foranyr > Oand x, y € R4, it
also holds that

O§H(t,x)§/ p(t,x,y)dy=1, t>0, xR (3.2)
]Rd

Proposition 3.1 There is a constant C > 0 such that for all x € R,

H(l,x) < C1 A |x|%).

Proof By the Chapman-Kolmogorov Eq. 2.5 (which holds true for all x,y € R?) and
Eq. 3.1, for any x, y € RY,

ﬁ(l,x,w:/ / 5(1/3. 5, 5 (/3 2 w)p(1 /3, w, y) dw dz
]Rd ]R‘l
E/ / p(1/3,x,2)-c- p(1/3,w, y)dwdz
R4 JRY

=cH(1/3,x)H(1/3,y) = cH(1,3*x)H(1,3"/y), 3.3)
where the constant ¢ comes from the estimate p(1/3, x, y) < p(1/3,x,y) <c.
Denote by |B(0, r)| the Lebesgue measure of B(0, r). Fix r > 0 small enough such that
n:=c|B,r)| < 3-8/ According to Egs. 2.16, 3.3 and 3.2, for any x € R4, we have
- 1 -
Ha0= [ oy [ iy
B(0.r) = JBO.r)
< f P, x, y)dy + Mx|® < / cH(1,3"x)dy + M|x|?,
B(0,r) B(0,r)

=nH1,3"%x) + M|x|?, (3.4)
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where M = r~%. Now, we can iterate the inequality (3.4) to obtain that for all x € RY,
H(1,x) <nH(1,3"%x) + M|x|’
<0 [nH@, 30 + M3 | 4+ Mix P
< 0? [nH (370 + M3 4 ML+ 30

< ...
<n"H(1,3"%) + M[1 493" 4+ 374" |x P,
By Eq. 3.2, taking n — oo in the inequality above, we get that for any x € R,

3

H(l,x) < |x1°,

M
1 — n38/e
yielding the desired assertion. O

Applying Proposition 3.1 to Eq.3.3, we immediately get

Corollary 3.2 There is a constant C > O such that

p(1x,y) < CAADAAP), xyeR”
Next, we further refine upper bounds for p(t, x, y).

Lemma 3.3 Foranyt > 0and x, y € RY, we have

2t, x,
/ p(t,x,2)p(t,z,y)dz < u
B(y.lx—y!/2) 2
Proof Fixt > 0and x, y € R?. By symmetry,
/ pt,x,2)pt, z,y)dz =/ pt,x,2)pt, z, y)dz.
B(y,lx—yl/2) B(x,lx—yl/2)
Hence, by Eq. 2.4,
2/ p@t,x,2)p(t,z,y)dz
B(y,|lx—y|/2)
=/ pt,x,2)p(t,z,y)dz +/ p(t,x,2)p(t,z,y)dz
B(y,lx=yl/2) B(x,|x—yl/2)
< [ ptx 2tz dz = par.x. ).
R
This completes the proof. O

Lemma 3.4 There exists a constant M > 0 such that for any t > 0and x, y € R?, we have
pt,x,y) < / p(t/2,x,2)p(t/2,z,y)dz+ Mh(t, x)p(t, x, y),
B(y,lx—yl/2)

where h(t, x) = t—%/%|x|°.
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Proof By Eq. 2.5, forany t > 0 and x, y € R¥, we have

Bt x.y) = / 523, P2 2 y) dz
B(y,lx—y1/2)

+/ p(t/2,x,2)p(t/2,z,y)dz.
B(y.lx—yl/2)¢
Note that, according to Eq. 3.1 and Proposition 3.1,
/ plt,x,y)dy =H(@t,x)=H(,t7"/%x) < ch(t,x), t>0, x € R,
R4

Fort > 0and x, y, z € R? with z € B(y, |x — y|/2)¢, we have
pt/2,z,y) < p(t/2,z,y) <c1p(t, x,y).
Hence, forany r > Oand x, y € R4,

/ p/2,x,2)p(t/2,z,y)dz <cip(t, x,y) p(t/2,x,z2)dz
B(y,lx—yl/2)¢ B(y,|x—yl/2)¢

<ccih(t/2, x)p(t, x,y)
< Mh(t, x)p(t, x, y),

thus we get the assertion of the lemma. (]

Theorem 3.5 (Upper bounds) There is a constant C > 0 such that for all x, y € R,
P x,y) < CAA YA AP, x, y). 3.5

Proof Letn = 1/2 and v = 20=%/® ~ 1. As in Lemma 3.4, denote h(r, x) = t~5/%|x|.
Note that

nh(t/2,x) = S(t/2)7x|® =207/ = ex P = vh(r,x), t>0,xeRY (3.6)
Let M be the constant from Lemma 3.4. We will claim that for n > 0,
pltx,y) <+ A +v+.. .+ VYMRE, X)]pt,x,y), >0, x,yeR (3.7)
Indeed, forr € (0, 1] and x, y € RY, by Lemmas 3.3 and 3.4,
pt.x,y) <[n+ Mh(t, )p@, x, y),

where we used the fact p(z, x, y) < p(t,x,y) forany ¢t > Oand x, y € RY. Next, we use
induction. Suppose that

plt,x,y) <"+ A +v+... V" YMht, 0)lp@t,x,y), >0, x,y e R
Then, forany ¢t > Qand x, y € R4, by Lemmas 3.4, 3.3 and Eq. 3.6,

ptx.y) < f (/2. x. Dp(t/2. 2, y) dz + Mh(t, ) pt. x. y)
B(y,|x—=yl/2)

< / "+ A +v+...+ V" HMh@/2, )pt/2, x, 2)p(t/2, 2, y) dz
B(y,lx—y1/2)
+Mh(t, x)p(t, x,y)

<H"+A+v+...+ v"_l)Mh(t/Z, ) Inp(t,x,y) + Mh(t, x)p(t, x,y)
<"+ W+ VYMAE )P, x, ) + Mh(t, x)p(t, x, y)
="+ A +v+.. +VYME@E, X)]p(t, x, y),
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and Eq. 3.7 follows. Since i(1, x) = |x|?, by letting n to infinity in Eq. 3.7, we get

p,x,y) < IxPp(1,x,y), x,yeR (3.8)

1—v

In the following, we pass to the proof of Eq. 3.5. By symmetry, we may and do assume
that |x] < |y|. For x,y € RY with |y| > |x| > 1, Eq. 3.5 follows by the estimate
p(l,x,y) < p(l,x,y). For |[x| < |y| < 1, we use Corollary 3.2 and the estimate that
p(1, x,y) > c. Finally, for |x| < 1 < |y|, Eq. 3.5 follows by Eq. 3.8. O

3.2 Lower Bounds of p(1, x, y)
We first begin with the following lemma, which is a consequence of Theorem 3.5.

Lemma 3.6 There is a constant C > 0 such that

H(l,x)>CA|x]%), xeR%

Proof Let R > 0 and x € B(0, R/2). Then

5
/ Iyl‘sp(l,x,y)dyfm/ %dy:czR‘s""ao as R — oo.
B(0,R)¢ B(O,R)c ¥4t

Choose R > 1 be such that ¢,C R <1 /2, where C is the constant given in Eq. 3.5.
Then, by Eq. 2.16, forr > R > 1 and x € B(0, r/2), we have

/]Rdﬁ(l,x,y)dyzr*‘sf (L x. Iyl dy

B(0,r)¢
|x|®

-8 s s ) X
>r | IxI°=C Ix|°p(1, x, MIyl°dy | = R (3.9
B(0,r)¢ r

Hence, for x € B(0, R/2), by Eq. 3.9,

Rat T 2RS T 2RS

for x € B(0, R/2)¢, taking r = 2|x| + 1 in Eq. 3.9, we can get that

Rd T 2Q2Ix] + D T 2(4]x¢ T 48+1

Combining both estimates above, we can prove the desired assertion. O

To obtain lower bounds of p(z, x,y), we need to consider the difference between
p(t,x,y) and p(¢, x, y). Motivated by Duhamel’s formula (2.7), we define

t
pit,x,y) :f /dp(t—s,x,z)lzl_“p(s,z, y)dzds, t>0, x,yeRd.
0 JRR

It is easy to see that p; (¢, x, y) also enjoys the same scaling property as p(¢, x, y), i.e.,
pilt,x, y) =t py (L x4y TV, 1> 0, x, y € R (3.10)
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Let
t
G(t, x) :/ / p(s,x,2)|z| *dzds, t>0,x¢€ Rg.
0 JRY
By [8, Lemma 2.3],
G(t, x) ~ log(1 +tx|™), >0, x € RY. (3.11)

Lemma 3.7 Forallx,y € R(d), we have

pi(l,x,y) = [G(1,x) + G, y)] p(, x, y).
Proof By the 3P inequality (see [10, (9)] or [16, (2.11)]), forany x, y € R4,
1
f / p(l —s,x,2)|z| " p(s, z, y) dzds
0 ]Rd

1
5c1p<1,x,y>/0 fRdua(l sox. D)+ pls. ey dzds
— (G x) + G, y)p(Lx, y).,

thus we get the upper bound.
Now, we pass to the lower bound. Since the function |x| — log(1 + |x|~%) is decreasing
in |x|, by Eq. 3.11 and the symmetry of p(t, x, y) and p; (¢, x, y), it suffices to prove

pilix,y) = oG, x)p(l,x,y), 0<|x] =<yl
First, let [x| < 2. Then, by Eq. 2.2,

1/2 1/2
/ / p(s, x, z)—dzds>/ / p(s, x, z)—adzds
0 B(0,3) B(x,sl/2) |z]

1/2 1
ZCOZCO/ f p(s,x,2)——dzds
0 B(0,3) |z|«

12 1 12 1
/ / p(s,x,z)—dzdsmf / p(s,x,z2)—— dzds.
0 R4 |z| 0 B(0,3) |z|*

Hence, for any |x| < 2 and |y| > 4,

and so

172 1
Pl(l,x,y)Z/ / ps,x,2)——p( —s,2,y)dzds
0 B(0,3) |z

1/2
%/ / p(s,x,z)—ap(l,x,y)dzds
0 B(0,3) |z
12 1
%/ / p(sava)iap(lv)QY)dzds
0o Jmrd |z|

=G(1/2,x)p(1, x,y) = G, x)p(1, x, y), (3.12)
where in the second step we used the fact that

p(l—s,z,y)~p(l,x,y), 0<s<1/2,|x| <2,]z| <3,|y| > 4.
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Next, suppose that [x| < 1 and |x| < |y| < 4. Then, p(1, x, y) = c. Note that
t
/ pl(l,x,z)p(r,z,y)dz=/ / / pGs,x,w)|w|™*p(t —s,w,2)p(r,z,y)dwds dz
R4 R4 Jo JRA

t

=// pls, x, w)|w|™*p@+r—s,w,y)dwds
0 JR4

<pit+rx,y).

Hence, by the scaling property of pi(¢, x, y) and Eq. 3.12,
pl(l,x,y)zf p1(1/2%, x,2)p(1 = 1/2% z,y) dz
B(0,8)°
=/ 29pi(1,2x,22)p(1 — 1/2%, 2, y) dz
B(0,8)¢
203G(1,2x)/ p(1,2x,22)p(1 —1/2%,z, y) dz
B(0,8)°

>c4G(l,x) =2 esG(, x)p(1, x,y),

where in the third inequality we used the fact that

dz

1
p(1,2x,22)p(1 — 1/2%, 2, y)dch6/
/B(o,sy BO.8) |z — x|?He|z — y|dte

1
> 07/ —————dz > c3.
B(0.8)¢ |Z|2d+2a

At last, suppose that 1 < |x| < |y|. Then G(1, x) = |x|~“. Hence,

12 1
panz [ pena e - sz dads
0o JB(x1/2) |z|

172 1
> 69/ / p(s,x,2)——p(l —s,z,y)dzds
0 B(x],1/2) x|
> c10G(1, x)p(1, x, y),
where the last inequality follows from the facts that
p(l—s,z,y)~ p(,x,y), O0<s<1/2,z€ B(x,1/2),1<|x| <|y|
and

12
/ / P(SyX,Z)dZdSEC]].
0 B(|x|,1/2)

The proof is complete. O

The following estimate is generally well known (see e.g. [9, Section 6] for further
background).

Lemma 3.8 Forallt > 0andx,y € Rg, we have

pi(t, x, y)]

p(t,x,y) = p(t, x,y) exp [K
pt,x,y)

Proof Since the proof is a little long, we will postpone it to the Appendix. O
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We note that the estimate in Lemma 3.8 is not sharp. More precisely, one may show

that lim —2LLSL) o ()
s—0+ —log(s|x)p(1,sx,y) za—lr(%)r(%)

. Hence, by Eq. 1.3, for fixed y # O,
o Py

P, x,y)e  PTxy — oo as x — 0. However, we still can get the following useful

estimate.

Corollary 3.9 There are constants ¢,y > 0 such that forallt > 0 and x, y € R%, we have

pltx.y) >c [1 A (z—”"|x|)7] [1 A (z—l/“|y|>y] p(t.x,y) (3.13)

Proof Lemmas 3.7 and 3.8 along with Eq. 3.11 yield that for any x, y € RZ,

p1(t, x, )’)]
p,x,y)

> p(t, x, y)exp[—c(G(t, x) + G(z, y))]

> p(t. x, y)exp [—C(log(l + 1]x| ™) +log(1 4 1]y ™*))]

=p(t,x,y) [(1 + t|x|“")—c] [(1 + t|y|—a)—C]

= pt.x, ) [27CA v i [27Ca vy =€,

p(t,x,y) > p(t,x,y)exp [K

thus we get Eq. 3.13 with y = «C and ¢ = 47C, O

Lemma 3.10 For any r > 0, there is a constant C, > 0 such that for all x,y € R? with
x| Ayl =1,

ﬁ(l’x7 y) 2 Crp(l,)ﬁ )7)

Proof Forr > 0and x, y € R? with x| A |y| > r, by Eq. 3.13, we get
P, x,y) = el AP p(1, x, y),

where ¢ and y are the constants from Corollary 3.9. O

Lemma 3.11 For any R > 0, there is a constant Cg > 0 such that for any x, y € R? with
x|V Iyl < R,

p(1,x,y) = Crlx’|yl°.

Proof By Eq. 3.9, there exists a constant Ry > 2 - 31/% large enough such that for all
x € B(0, Ry/2),

| 8

~ _ - |x
[ p(1,x,y)dyzR05/ p(l,x,y)lyl‘sdyzfg-
B(0,Ro) B(0,Rp) 2R,
On the other hand, by Eq. 3.5, for all rp > 0 and x € R4,
/ p(l.x,y)dy < Cilx p(L,x, Iyl dy < Cilx|°rg.
B(O,ro) B(O,r())
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We take rop =
x| < Ro/2,

m. For0 <a < b < o0, let D(a, b) = B(0, b) \ B(0, a). Then, for

/ p(1, x,2)dz > |x|° 1 —cirl) = I (3.14)
D(ro, Ro) T - ZRS 0 4R8

Therefore, by Eqgs. 2.5 and 3.14, forall x, y € R4 with [x] V |yl < Ro/2,

5G.xy) z/ / 51 x, (L 2 w) (L, w, y) dz dw
D(ro,Ro) Y D(ro,Ro)

xl®yl°

inf p(l, z, w).
16R(2)‘S z,weD(ro,Ro)p( )

Next, by Lemma 3.10,

cCyy

inf p(l,z,w) > Gy inf rl,z,w) > W

z,weD(ro,Ro) z,weD(rp,Ro)

>0, (3.15)

where C,, > 0 is a constant given in Lemma 3.10. Hence,
pG.x,y) = colx Py’ Ix|V Iyl < Ro/2.

Now, by the scaling property of p, we obtain

R
Bl x,y) =37 53, 37, 37y) > e3P, x| v Iyl < 5 301/a-

This completes the proof. O

Remark 3.12 Instead of applying Lemma 3.10, we can make use of the Feynman-Kac for-
mula (2.6) for the semigroup (P;);>o and Dirichlet heat kernel estimates for fractional
Laplacian obtained in [14] to achieve (3.15).

Theorem 3.13 (Lower bounds) There is a constant C > 0 such that for all x, y € R,

P x,y) = CAAXID)A AV p(L, x, y).

Proof By symmetry, we will consider only |x| < [y|. For |wi| < 1/4, |[w2| > 1 and
1/4 < |z| < 1/2, by Lemmas 3.10 and 3.11, we have

p(1,wi, 2) = cfwi ]

and
p(1,w2,2) > cap(l, wa,2) = p(2, wz, 2) = p(2, wz, wy).
Hence, for any |w| < 1/4 and |w;| > 1,

P2, wi, wr) > / P, wi, 2)p(l, z, wa) dz > clwi[° p(2, wy, wy).
B(0,1/2)\B(0,1/4)
(3.16)

Therefore, for [x| <271/%/4 and |y| > 27'/*, by Eq. 3.16,
p(Lx,y) =242, 2Mx 21 y) > cpdl ey P p(2, 21k, 21/ y)
=c2‘s/a|x|‘3p(1,x,y).

Next, for |x| A |y| = 2=1/% /4, we use Lemma 3.10. Finally, for |x| Vv |y| < 271/%, we apply
Lemma 3.11. O
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Two-sided estimates for p(¢, x, y) stated in Theorem 1.1 is a direct consequence of the
scaling property of p(t, x, y) and Theorems 3.5 and 3.13.

3.3 Joint Continuity of p(t, x, y)

To prove the joint continuity of p(t, x, y), we just follow the same argument of [8, Subsec-
tion 4.3]. For the sake of completeness, we present the proof here.

Lemma 3.14 For any fixed x € RY, the function ]Rg >y > p(t, x,y) is continuous.

Proof Fixx,y,z € Rg with z — y. Then, by Eq. 2.7,
15(17)57)’) _[3(17X7Z):17(17x7)’) _p(lsva)

1
+/ /dﬁ(l =5, x, wqgw)(p(s,w,y) — p(s, w, z))dwds.
0 R
For any ¢ > 0 small enough, by Eq. 3.11,
&
—f / p(l —s,x, w)qgw)p(s, w, y)dwds
0 JRY
&
S—/ / p(l —s,x, w)qg(w)p(s, w, y)dwds
0 JR4

£
<o [ [ p6owngdwds
0 JRY
=—kc1G(e,y) < crely|™%. 3.17)

Similarly, we have
&
—/ / Pl —s,x, w)gw)p(s, w, 2) dwds < crelz| ™.
0 JRA

Foranye <s <landw,y,z € RY with 7 — y, we have p(s, w, y) < p(s, w, z). By
the dominated convergence theorem, it holds that

1
/ /d p —s,x, wqgw)(p@s,w,y) —p@s,w,z))dwds — 0, z—>y.
e R
Combining with all the estimates above, we prove the desired assertion. O

Proposition 3.15 The function p(t, x, y) is jointly continuous with respect to t > 0 and
d
x,y € Ry.

Proof By the scaling property of p(t, x, y), it suffices to show the continuity of p(1, x, y)
with respecttox, y € Rg. As indicated in the proof of Lemma 3.14, we only need to verify
that

1
—// [p(1 — s, %, w)p(s,w, ) — p(1 — s, x, w)p(s, w, y)|g(w)dwds — 0
0 JRY

forany x, y, X,y € IRg with X — x and y — y.
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In addition to Eq. 3.17, we have

1
—f / p(l —s,x,w)gw)p(s,w,y)dwds
1—¢ JRY
=—/ / ps, x, w)gw)p(l —s, w, y)dwds
0 R4

€

S—// pGs, x,w)gw)p(l —s,w, y)dwds
0 ]R‘l

<cielx|7“.

Forany ¢ < s < 1 —¢ and x,y,2,X,y € ]Rg with x — X and y — 3,
p(s,z,y) = p(s,z,y), and p(l —s,%,z) = p(1 —s, x, ), thanks to Lemma 3.14. Then,
by the dominated convergence theorem, it holds that

1—¢
—/ / B — 5. & w)p(s. w. 7) — (L — s, x. w)p(s. w, Y)lg(w) dwds — 0
e R4

forany x, y, X,y € Rg withX — x and y — y.
Hence, according to all the estimates above, we prove the desired assertion. O

Theorem 3.16 (Joint continuity) The function p(t, x, y) is jointly continuous with respect
tot >0andx,y € RY.

Proof According to Proposition 3.15 and the scaling property of p(z, x, y), we only need to
verify that p(1, x, y) is jointly continuous with respect to x, y € R¢ when x = 0 or y = 0.
Since p(1, x,y) = 0 when x = 0 or y = 0, the desired assertion for the joint continuity is
a direct consequence of the fact that p(1, x, y) > 0 and two-sided estimates for p(1, x, y)
on ]Rg X Rg. O

3.4 Dirichlet Forms
Finally, we discuss the Dirichlet form associated with the Schrodinger operator £ given

by Eq. 1.1; see [21] for the theory of Dirichlet forms. According to [19, Theorem
2.5], the Feynman-Kac semigroup (P;);>¢ in LZ(IRd; dx) coincides with the semigroup

corresponding to & with the domain

_ 2
7@ ={f e P®G;dx) : ff wdxdyi—/ FA@)lg @)l dx < oo}
RIxRY X — Yl RY

and defined by
~ 1
Eo=5 [, 70— FONE = gonut =y drdy

+/1;<d Jf(x)g(x)lg(x)|dx
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forany f, g € 9D (&), where v is defined by Eq. 2.1. Clearly, the quadratic form (&, D(&))
is equivalently given by

~ 1
Eo=5 ([ 70— FONEe =gt =y drdy

+/ f(x)g(x)lg(x)|dx,
R4

9@E)=|f e LR dx): (1. f) < o0,
which are extended to be defined on L2(RY; dx).

Proposition 3.17 (053, @(67’)) is a symmetric regular Dirichlet form on L*>(R¢; dx) with
core C° (RY).

Proof Define

1
fGo =3 [[ w0 FoNEm - s = drdy. g€ 9@

and

DE) = {f e L2(RY: dx) : &(f, f) < oo}.

Then, (&, 2(&)) is a symmetric Dirichlet form on L2(IR?; dx) associated with fractional
Laplacian; moreover, CZ° (R ¢ 2(AY?) (here 2(A%/?) denotes the L2-domain of A%/2
on L2(R%; dx)) and (&, 2(&)) is regular with core CSO(R‘I); see [13, Section 2.2.2] for
more details. On the other hand, due to « < d, we can verify that

[ rerawidx <oo. £ e camd,

In particular, C2°(RY) ¢ 2(A*/?) N LARY; |q(x)| dx) C D(&).
It is easy to prove that (&, 2(&)) is a symmetric Dirichlet form on LZ(R¢; dx). Next,

we claim that C2° (R9) is dense in @(éz) with the norm \/E + Il - lL2(we:ax)- According
to the Hardy inequality for fractional Laplacian (see [7, Proposition 5]), there is a constant
Co > O such that for all f € L2(R%; dx),

/R ) F2@)lg(x)ldx < Co&(f, ).

Thus, the norms v/& + | - Il L2(Re:ax) and VE + || || ;2. gy are equivalent. Therefore, the
desired assertion above immediately follows from the fact that (&, Z(&)) is regular with
core C° (R%). O

Let A(x) = |x|°, and define

- 1 f®  fmY -
£ =3 //Rdxw (h(x) - W)) BRIV — ) dxdy, | € D),
where 2(&) = {f € LXR%; dx): E(f, f) < oo}

Proposition 3.18 We have (&) = (&) and
Ef.=E . feD@).
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Proof Denote by (-, -) the ipner product of L%(R¥; dx). Recall that (f’,)tzo is well defined
on L?(R%; dx) by setting P, £(0) = 0 for any f € L>(R¢; dx). According to Eq. 2.16,

(f— Bif. f) = fRd (f(x) - /R B x ) f) dy) £ dx

— Jf(x) . o)
_/Rd (h(x) ]de(t,x,y)h(y)dy / plt, x, y)h(y)h( )dy) f(x)dx

_ ; fO O F
_//wxw P (h(x) h(y)) ne) "R dxdy.

Hence, by the symmetry,

f@  fMY?
F=Bf )= //R - (”‘”(hm‘fy)) hCO(y) dx dy.

Note that

t,
lim M vx—y), x,yeRd (3.18)

t—0F

Indeed, by the Duhamel formula (2.7), for any x, y € Rg,

fim POy PO w// Bl — 5. x. (@) p(s. 2. y) dzds

t—0t t t—0t

=v(x —y)+ lim f/ / pt—s,x,2)q@)p(s,z,y)dzds.
t—=0t t Jo JRe

Next, by the fact that p(¢,x,y) < p(t,x,y) forallt > Oand x,y € R4, Lemma 3.7,
Egs.3.10 and 3.11, forany x, y € Rg,

1! . 0
;/ /d Pt —s5,x, 2z p(s, z, y)dzds < et~ p(t, x, WIG(t, x) + G(t, y)] =o,
0 JRr

and so we get Eq. 3.1§.
Now, for f € (&), by Fatou’s Lemma and Eq. 3.18, we have

E(f, f)=lim = (f Pif, f)

P, x,y) (f) fO)?
‘zli%szwxm ‘ (h(x)‘h(y)) HER () dy dx

2
> 1// fiminf 22 (f(x) - ﬂy)) h()h(y) dy dx
R xRY 1—0 t

2 h(x)  h(y)
_1 f@ fOMY? .
T2 //]R"x]Rd (h(x) B @) h@OhGWx = y)dydx = E(f, f).

@ Springer



Heat Kernel Estimates of Fractional Schrodinger Operators... 1019

Hence, 2(&) C Z(&). On the other hand, we take f € 2(&). Since p(t, x,y) <
pt,x,y) < catv(x — y) forall r > 0 and x,y € R4, according to the dominated
convergence theorem and Eq. 3.18 again, we have

- 1 .
E(f, fy=lim —(f = Pif. f)

~ 2
— lim 1 // pt,x,y) (f(x) B f(Y)) hGh(y) dy dx
R4 xR4

1-02 t h(x)  h(y)
! // (f(x) f(y))2 ;
== ——= ) h(x)h(Y)v(x —y)dydx = E(f, f).
2 Jeasra \nGo) ™~ 0y mram e I
Combining with both inequalities, we prove the desired assertion. O

Remark 3.19 The construction of (é_" .9 (co5 )) can be deduced from Doob’s theory of h-
transformations; see [18, Chapter 11] for more details. Indeed, as shown by Eq. 2.14, the
function &7 = |x|® is harmonic with respect to the operator £ given by Eq. 1.1. Define
Ly f(x) = hx)"'L(fh)(x) forall f € L2(RY; h(x)?dx). It is easy to see that the oper-
ator Ly is symmetric on L2(R4; h(x)? dx), and the associated symmetric regular Dirichlet
form (&, (&) on L2(RY; h(x)? dx) is given by

En(fs £)=—(Lnfs L2 hx)2 dx)
__ / f (PO = FEORE) FREVGx — y) dy dx
R4 xR4
—K / x| 7% £ (x)2h%(x) dx
]Rd
_ / f () = FG) FORMAEVGx — y) dy dx
R9xR4
- f f (h(y) = () F2RCOV(x — y) dy dx
R9 xRY
- f | F ()22 (x) dx
]Rd
. / / () = FG) FORMAEIVGx — y) dy dx
RYxR4

1
=3 // (f) = FEN?hh(x)v(x — y)dy dx
R4 xR

for all f € 2(&), where in the fourth equality we used Eq. 2.14 and the last equality
follows form the property that v(x — y) = v(y — x). Note that

E (L. ) = —Lf N 2@iner dv) = —(LOF) A 2 wasaxy = E Bf, RE).

Combining both equalities above together, we arrive at

5 _ 1 -1y L o fmy? 3
ECf. ) = &, fh )-2//Rdxw<h(y) h(x)) hOYh G (x — y) dydx.

The right side of the equality above coincides with the expression of (é_a .9 ((5_a ).
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Appendix: Proof of Lemma 3.8

Let go(x) = —|x|~%. For any A > 0, denote by p*(t, x, y) the heat kernel associated with
the generator A%/2 + Ago(x). Hence, by Duhamel’s formula (see [19, Propositions 5.2 and
5.3] and their proofs), we have

t
prt,x,y) = p't,x,y) + (L — v)f /]Rd pU(t —5,%,2)q0(2) p*(s, 2, y) dz ds
0 0

for any + > O and X,y € Rg. Noting that go(x) < O for all € Rg, we can rewrite the
equality above as

t
pl(t,x,y) = pr(t,x,y) +/ /Rd Pt —s,x,2) (A —V)|qo(2)|p* (s, z, y) dz ds.
0 0

For any A > 0, ¢ >0andX,y€Rg,weset

pot,x,y)=p*(t,x, y),

t
pﬁ(t,x,y)=/ /}Rd Py 1t —5.x,2qo(@)|p"(s, 2, y)dzds, n>1.
0 JRY
Then, by [9, Lemma 1 and the proof of Theorem 2],
t
p2+,n+1(t,x,y)=/ f1pﬁ(t—s,x,z)lqo(z)lpﬁl(s,z,y)dzds, m,n >0
0o JrY

and

o0
P x, ) =Y A plt,x,y), n > >0
n=0

Furthermore, we have

LemmaA.l LetO <A <7 < oc. Forallx,y € RS andt > 0,

o]
n _ _
Z(k)” Cpptex.y) = pl M xy), k=0.1,201- M
n=k
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Proof We use induction. When k = 0, Eq. 1 holds trivially. For k = 1,

t
p;H(t,x,y):/ fdp'“(r—s,x,z>|qo<z>|p"*<s,z,y)dzds

/ /].RdZ)\’pl (t —s, x, z)lqo(z)lZA/pj(s z,y)dzds

0 i=0

= Z ZW”PLM(% x.y) = an””pﬂ(t, ).
n=1

i=0 j=0

Next, we assume that Eq. 1 holds for some k € IN.. We get

t
pZIlk(t,x,y):/ /]Rd PZﬁA(t—s,x,z)lqo(z)lp””(s,z, y)dzds
0 0
t AN o
=// Z())J_"pi"(t—s,x,z)lqo(z)lZk/p?(s,z,y)dza’s
0 JRY i\ j=0
ZZ( )A’*’ “pl it (0%, )

i=k j=0

oo n—k—1

n—j—1 L
> ( L )A” lpix,y)
k+1 j=0
- ()
=, A x, ),
W k+1

where in the last equality we used the fact proved in the proof of [9, Lemma 6] (cf. [22,
(5.26)]). The proof is complete. (]

Next, we consider some properties of the function A — p*(z, x, y).

Lemma A.2 For fixed X,y € RS and t > 0, the function
hO) = p*(t,x.y), A>0
is completely monotone, i.e., (—l)kh(k)(k) >0forall.>0andk =0,1,2,---

Proof For A > 0, we take n > A. Choosing k = 0 in Eq. 1, we get
oo
h(G) =Y (=N plit x, y).
n=0
By Eq. 1, we get

dkkhm—k’Z( 1) ( )(n—x)" “pptx,y) = (DMKl prex,y). ()

Since py A, x, y) > 0, we conclude that 4 is completely monotone on (0, co). O

By the Bernstein theorem (see [32, Theorem 1.4]), we get
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Corollary A.3 For fixed X,y € Rg andt > 0, there exists a nonnegative Borel measure
Me,x,y(du) on [0, 00) such that

o0
P'\(t,x,y)zf e Wi x,y(du).
0

pht.x.y)
prx,y)”

The next lemma will yield the monotonicity of the function A —

Lemma A4 Foreveryn > 1,A>0,t>0andX,y € Rﬁ, we have

(n+ Dph (. x, Y)ph_ (6, x,y) = nph(t, x, y)*.

Proof Fix x,y € Rg and ¢t > 0, and let u = p;,y,y be the nonnegative measure from
Corollary A.3. Then, by Eq. 2,

n

d o —AU_ N
0t pi(t, x, y) = (—1)" p*o,x,y):/ M ()
0

air

According to the Cauchy-Schwarz inequality,

00 2 o) 2
I:/ e—)nllun /’L(du):l — [/ e—)nll/zu(n+1)/2 . e—)nll/zu(i‘l—l)/zu(du)]
0 0

< (/oo ef)»uun+l M(du)) (/ooef}\uunfl u(du)) .
0 0

(! ph(t, x, y)* <+ DIph (6, x,y) - (n — D! ph_y (2, x, ),

and so the desired assertion follows. O

Hence,

pit.x.y)

Lemma A.5 For fixed X,y € IRE;’ and t > 0, the function A +— o )
prt, x,y

is decreasing

on (0, 00).

—n0) _ Pi\(ty x,y)
Y ) .
Eq. 2. Combining Eq. 2 again with Lemma A.4, we find that

—h"(WhO) + 1) =2pj(t, x, y)p*(t, x, y) + p} (2, x, y)?
h2(3.) B P, x, )2

which yields the desired assertion. O

Proof Let H(A) = for & > 0, where in the second equality we used

H'(M) = =0,

We now present the main result in this appendix, which immediately gives us Lemma
3.8.
Theorem A.6 Forevery X >0,t >0andx,y € Rg, we have

Ap1(t, x, y)}

prx,y) > p(t,x, y) eXp[
p(t, x,y)
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Proof Fixx,y € ]Rf)l and ¢ > 0, and let h(L) = p*(z, x, y). Since h > 0,

Ah/(u)du:l.

A
h(x) = h(0)exp [/ (log h(uw)) du] = h(0) exp [/
0 o hu)

By Eq. 2 and Lemma A.5, we get

p

Mt x,y) = p(t,x, y)exp [—/O

Ao U t, x,
171( )’)d

Ap1(t, x, y)]
Pt x,y) ’

The proof is complete. O
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