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Abstract

In 1991 Soardi introduced a sequence of positive linear operators 8, associating to
each function f € C [0, 1] a polynomial function which is closely related to the
Bernstein polynomials on [—1, 4-1]. One of the authors already studied the operators
B, in several papers. This paper is devoted to other properties of Soardi’s operators.
We introduce a version f, which can be expressed in terms of the classical Bernstein
operators and present the relations between f8, and f3,. We derive Voronovskaja-type
results for both g, and ,3n Furthermore, rates of convergence for /3,,, respectively B,
are estimated. Finally, we study the first and second moments of 3,,.

Keywords Approximation by positive operators - Rate of convergence - Degree of
approximation
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1 Introduction

In 1991 Soardi [8] introduced the sequence of positive linear operators 8, associating
to each function f € C [0, 1] the polynomial function

[n/2] _ 2k
Buf) )= f ( ) Dy i (x) .
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where

5 n+1—-2k (n+1
wn,k(x):

Gt D2\ k )[(1—x)"(1+x)"+1*’<—(1—x)"+1*"(1+x)’<],

Usually, the operators §, are given in the form

-2 2k
Buf) () = Zf( mr )wn,km,

where m = |n/2] and wy x (x) = W, m—k (x) are the fundamental polynomials.
The definition and the proofs in [8] are based on properties of random walks on
hypergroups. Soardi proved that, for each f € C [0, 1], the sequence (8, f) is uni-
formly convergent to f. Furthermore, by an intensive use of probabilistic tools, Soardi
[8, Theorem 2] estimated the rate of convergence of (8, f) in terms of the usual mod-
ulus of continuity:

1Buf — fIl < (55+3n—2>w(f; %),forf ccpo. 1.

Shape preserving properties of the operators g, were investigated in [5—7]. In particu-
lar, if f € C [0, 1] is increasing, then B, f is increasing (see [6,Th. 2.1]; this fact will
be used in Sect. 3). Moreover, if f € C [0, 1] is increasing and convex, then g, f > f
(see [6,Th. 3.1]; this inequality will be instrumental in Sect. 5).

For x € (0, 1) and bounded functions f on [0, 1], Rasa [6,Theorem 4.1] proved
the Voronovskaja-type formula

1 1
Bof) <x)=f<x)+—[<——1> " ]+0(1/n)
n X

as n — oo, provided that f” (x) exists.

This paper is devoted to other properties of Soardi’s operators. In Sect. 2 we
introduce a version 8, which can be expressed in terms of the classical Bernstein
operators. The relations between B, and 8, are presented in Sect. 3. Section 4 contains
Voronovskaja-type results for both 8, and f,. Rates of convergence for B,,, respectively
B, are estimated in Sects. 5 and 2. The last two sections are devoted to the first and
second moments of §;,.

2 The variant [3,, and its relation to Bernstein polynomials

In this section we introduce a variant 8, of Soardi’s operator which seems to be more
natural. Replacing f ("_,12]‘ ) with f (%) leads to the definition
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( )(x) Zf<n+1 k)tbn,k(x),

where m = |n/2]. The index manipulation k — n + 1 — k yields

n+1
By = % (-5 ) daw.

k=n+1—m

For even values of n we have

2(Buf) 0 = if(

This representation is valid also in the case of odd integers n since the term
S O)w, np1 (x) withk = % is vanishing. Hence, for all n > 0,
2

(Buf) 0 = %f(”“ ) o

n—+1

n+1-—2k ).
w
n—+1 e X

Writing

_ 11— 2k k
(o) =5 27 (1-20])

| (CoICD N sy

we obtain the following relation to the classical Bernstein polynomials.

Lemma 1 For a function f on [0, 1], we have the relation

~ 1
(Buf) @) = [(Bn+1g> (Tx) ~ (Bur1g) ( ;")] ,

where
g)=0=21) f (1 -2t

and B, g denotes the classical Bernstein polynomial on [0, 1].
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3 Relations among the operators 3, and fi,,

Consider the operators 3, : C [0, 1] — C [0, 1] and ﬁn :C [n]?, 1] — C [0, 1]. Let

1 m+Dr—1

Mnil:n+1,1j|—>[0,1],un(f)=—
nt 4+ 1
Un:[osl]_>|:n+1,l:|vvn(t)= n+1'

Then, forn = 1,2,3, ..., v, = u;, '. We have B, f = B, (f ouy,), for f € C[0, 1]
and B,g = B (gouvy), forg e C [nlﬁ, 1]. The shape preserving properties of S,
can be translated to ,3,1. In particular, let h € C' 0, 1]. Then, the functions Hh’H e1xh
are monotonically increasing, hence Hh’” Bne1 £ B,h are monotonically increasing.
This implies ||A'[ (Bre1) & (Buh) =0, i.c.,

— 1] (Buen)" = Ba) < ||| (Buer)'

Since 0 < (Bye1) < % (see [6,Theorem 2.1(i) and Rem. 2.3]) we obtain

,forallh € C'[0, 1] (1)

/ n—1 ’
[Baty | = == ]

(see also [4,Ex. 4.1]).

1|t
Nowletg € C [m, 1]. Then

~ , n—1 ,
(3.) | = 180 g0l < =g o]

n—1 n—1 n
o LY P g
ie.,
H(B )/H <u|| "I, forallg € C! [; 1i| )
n8 “n+41 &l & n+1 |’

The inequalities (1) and (2) are instrumental in investigating the asymptotic behaviour
of the iterates of 8, and B,; see [4].

Let f € C[0, 1]. Then, with § = (Z’;—t;z (1 — x2), we obtain from Theorem 2

below

1Ba ) ) = £ Ol = | (B (f o)) @) = £ @)

< |(Bu (F 0100) @) = (f o) )] +1f 0100) 6) = f )
<20 (f oup; 8) +|f (un (X)) = f ()],
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where

1
o (foup;8) =supi|(fouy)(ty)—(fouy) ) :——=<t,0 =114 -1t <8}

n+17

n—+1
[f(s1) = f(s2)]:0=<s1,820 <1,[s51 —s2] < 73}

n+1 )

= su

=

1
p{lf (un (1)) = f (un (2))| : ? <t =1|h—-nl=< 5}
1

Thus

n—+1 1 — x|
[(Buf) (x) = f ()] £ 2w (f; TS) +w(f; " )

Consequently,

Ba ) () — f ()] = 20 (f; L e x2)>
(f —) forf € C [0, 1]. 3)
In particular,
1B f) () — £ ()] = 20 (f; %m) fo (f; %) forf € C[0,1].

See also Soardi’s estimate [8, Theorem 2]

1B f — fIl < <55+3n—2>w<f; %),forfeC[O, 1].

4 Voronovskaja-type results for the operators 3, and ﬁ,,

In 2000, Rasa [6, Theorem 4.1] proved the following Voronovskaja-type formula for
the operators f;,.

Theorem 1 Let x € (0, 1) and f be a bounded function on [0, 1]. If f” (x) exists,
then

2

—X "
f (X)] +o(1/n)

1 1 1
Bnf) (x) = f(x) +— [(— - 1) )+
n X

asn — OQ.
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Ifx #0,i.e.,t # 1/2, you can insert the well-known asymptotic formulas for B,,.
One obtains

1 —x2

~ 1 1
(Buf) @) =F )+ [—f’ @+ (x)} +o(1/n)
X 2

n

as n — oo. In the special case x = 0, we can use

i (1 _ )C)k (1 +x)n+1—k _ (1 _x)n+l—k (1 +.X')k

x—0 X

=2(n+1-2k)
in order to obtain

(Auf) © = 0+ 1 (B (3

where

gy =10-20g@)=1-207f(1-2.
The asymptotic behaviour can easily be derived if f is an even function which is smooth

in x = 0. If f is not an even function, (Bn+1 g:) (%) is an unpleasant expression.
The link to Soardi’s original operator is given by

Buf = B (f 0un) )

with u, (x) = ((n + 1)t — 1) /n. Therefore,

B 0 = () 0 = (ur) 0+ =2 (Bur’) 0+ 01/

as n — 00. A look into the proof of asymptotic formulas for Bernstein polynomials
reveals that the latter formula is valid if f is only locally smooth.
We have

B~ f @+ T o)
k=1

with
2k )
a(fox) = ar; () f9 ),

j=k
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where ay_; (x) are certain polynomials involving Stirling numbers of the first and the
second kind. More precisely, we have

q 2k K
(Bnf) (x) = f(x)+ ank Z %f(s) (x) Za k,s,v) X" +0(n"?)
k=1 s=k v=0

as n — 0o, where

N

ak,s,v)= E (=1)* r<S>S(r—v,r—k)U(r,r—v),
r
vk}

r=max{

provided that f is bounded on [0, 1] and admits a derivative of order 2¢q at x € [0, 1]
(see [1,Remark 2]).

Let f € C[0, 1]. We define f on [—1, +1] such that f becomes an even function,
ie, f(—x)=fx).Putp(t) =1—-2t.Ifx #0,i.e.,t # 1/2, we have

g =9 flp®)

and
gV =27 [1-20 1P @) +if IV @),
gV (1 ;x) = (2 [xr P )+ @]
g (1%) = (=27 [=xfD (=) + IV (=)
=27 [xf D 0+ 90 W]
Then

xilck l—x)

~ 1 I —x > (g,—
(Bi-1f) @) =~ (Bug) (T) M@ T .

5 An estimate of the rate of convergence for the operators ﬁ,,

In this section we derive an estimate for the rate of convergence for the operators B
in terms of the ordinary modulus of continuity w (f, §).
Put § (x) = g (1 — x). Then (B, g) (*3*) = (B,g) (5*) and

~ 1 B - I—x
(Bu-rf) 0 = 5- ¢ n(g—g»( : )
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For functions of the form

g =0=2) f (1 =2,

we have g = —g. Hence,

~ 1 1 -
(Br-i7) (x>=;(Bng)( zx). )

Lemma2 Foralln € N,
(Bver) @) 2 x (x €10, 1))
Proof With the notations of Sect. 3 we have

n
n+1€1+n+1€0>

3nel = Bn(e1 ovy) = Buuy = By <

n 1
= mﬂnel + n—_H,Bneo-
Since B, preserves constant functions and g, f > f, for all increasing and convex
functions f € C [0, 1], we obtain

1
e+ ——ey=e1 +

3 e >
'Bnel_n—}—l n—+1 n—+1

For reals ¢, x, put ¢ () =t — x.

Lemma 3 Forall n € N, the second central moment of B, satisfies the estimate

3n+1
(n+1)7?

(anf) (x) < (1 - x2) (x €[0,1]).

Remark 1 The constant on the right-hand side is best possible on [0, 1] because, for
x =0, we have (5,1%2) 0) = (Bnez) ©) =Gn+1)/(n+1)>2
Proof We have

(Brw2) 0 = (Buez) (0 = 2x (Brer ) (0 + 27 (Bueo) () = (Buea) () = 2

on [0, 1], where we used the inequality of Lemma 2. The desired estimate now follows
from

(,gn—lez) () =x>+ (1 - x2> (3n —2) /n?.
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Theorem2 Let f : C[0,1]. Foralln € N, and § > 0,

- 1 [3n+1
|(Bof) @) = 1 )] = (1+E\/m(l—x2)>w(ﬁ5) (xel0,1]).

Proof of Theorem 2 The estimate follows from Lemma 3 by standard arguments (see,
e.g., [2,Theorem5.1.2]). O

Putting § = /3/ (n + 1) immediately yields the following consequence.

Corollary 1 Foralln € N,

’(ﬁn.f)(x)—f(x)‘5(1+\/1—x2)w<f, i) (x €[0,1]).

n+1

6 An estimate of rate of convergence for the Soardi operator

As already mentioned in the introduction Soardi [8,Theorem 2] estimated the rate of
convergence of the operators 8, in terms of the ordinary modulus of continuity:

32 1
1Buf — fIl < <ss+ 7)w(f; ),forf ccpo .

Jn

In this section we improve this estimate considerably by diminishing the absolute
constant.

Theorem 3 Let f : C [0, 1]. Foralln € N, Soardi’s operator B, satisfies the estimate

1Buf — fII < <1+,/3+%>w<f;%> (neN).

Remark 2 In particular, we have

IIﬁnf—fllfcw(f;%) (nel,

where ¢ = (1 n ﬁ) ~ 3.236.

The essential ingredient of the proof is the following estimate of the second central
moment of the operators f,,.

Lemma4 Foralln € N, the second central moment of B, satisfies the estimate
3 2
2 2(1_ .2 L
(ﬁn%) ) =~ (1 x >+ -0 el0.1D.
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Remark 3 Since | —x < 1 — x2 on [0, 1], we have

(Bv2) @ =2 (1-2) el .

Furthermore, for each ¢ > 0, there is an index n¢ such that for each n > ny,

(ﬂnwf) (x) < 3}# (1 —xz) (x € [0,1]).

Proofof Lemma 4 Using the relation B, f = B, (f o uy) from Sect. 3 with u, (x) =
((n+4+ 1)t — 1) /n we obtain

2
5 n+1 nx +1
ﬂnwx =< ) ,Bn <€1— P €0
n+1 nx+1 ~ nx +1 2
fr— _2 .
( » >|:,3n€2 n+1,3n€1+(n+1>60:|

By Lemma 2,
2 2
) _ n—+1 ) (1_ 2) 3n+1 _an—i—l . nx +1
() = () [P+ (1-2) o 2 (G
3n+1 2 n—+1 2 nx +1 2
= (1—x>+ X —
n? n n+1
2
=3n;—1<1_x2>+(x—1>
n n
3 1 —x? —1)?
2_(1_x2)+ X +2(x )
n n
3 2
=—(1—x2)—|——2(1—x),
n n
which is the desired estimate. O

Proof of Theorem 3 By Lemma 4, it holds

(Bv2)w=>+2 wewo .

Using [2,(5.1.5)], we obtain
[(Bnf) (x) — f ()] < (1+\/n(ﬂn1ﬂ,% (x) w<f )
(1pe3)e(r 55)
S\1+4/3+-)olf;
n
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This completes the proof. O

7 The second moment of B,

We have
. . 1 1 \?
(Bne) () = (B2 () = (ﬂn (e - 1) )(x)
+1\? /-~ 1 +1 -
(222 )i 3
Since
~ 3n+1 ~
(b 0= 2L (1) ) 02

we obtain

n+1\2 [, 3n+1 5 1 n+l
(ﬂnez)(X)§< ) <x AT (1_x)>+n—2—2n_2x

n
n+1>2 > 3n+1 3n+l, 1 2n+42
x°+ - —x Tt - —

= n n? n? n? n2
2 1 2
=X —|——2(—nx —(2n+2)x+3n+2)
, 1—x
=x"+— (nx+3n+2).
n
It follows
nx +3n+2

0 < (Buer) (x) —x* < ———= (1 —x).
n

8 The value (B,e1) (0) of the first moment

The operator 8, does not reproduce the function e¢; (x) = x, x € [0, 1]. But B,e;
is increasing and convex ([6,Th. 2.1]), B,e; > e; ([6,Th. 3.1]), and B,e; (1) = 1.
Consequently,

0<Bper (x) —x < Buer (0) (1 —x), forx € [0, 1].

So, we need a good control on B,,e1(0). This is our aim in what follows.
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By Eq. ( 3) , we infer that

X < (Bner) (x) §X+%\/(3n+l)(l—x2)+l_x,for x €[0,1].

In particular, it follows that

0 < (Bren) (0) < T2V F1L Vj”“ ~2\/§ (n = 00).

In the next section we derive closed expressions for (8,e1) (0) and study its asymptotic
behaviour as n tends to infinity. We prove that the exact asymptotic rate of convergence
is

242
(Buer) (0) ~ J% (n — 00).

Note that 2+/3 ~ 3.4641 and 2/2/7 ~ 1.59577.

Theorem 4 Az x = 0, the first moment of Soardi’s operator has the explicit represen-

tation
0 1 ) 1 2n 1
(Baner) (0) = ( +2><n)—5,

1 1 2n 1
(ﬂZn—lel) (O) = 22n—1 <1 + 2n — 1> (n) B 2n — 1

and satisfies the asymptotic relation

(Bne1) (0) = \2/—\/__—l+0(‘3/2> (n — 00).

Proof Since

1imO% [(1 —0F (14 x)" R (1 — R x)k] —2(n+1—-2k),

we have
. _(n+1\2(n+1-2k)?
wp k (0) = ( k ) (n—+ D S+l
and
_ 1 " n + 1 _ 2 . r
(Bner) (0) = m Z ( X ) (n+1-=2k) (n—2k)" .
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Although one can calculate it for arbitrary r € N, we restrict ourselves to r = 1. Let
us first consider the case of even parameters 2n:

n

(Baner) (0) = m ;;o <2”k+ 1) Qn+1-2021n—k).
Writing
Qn4+1-=2k)2n—k) = —4k> +43n — 2) k2
+ (—12n2 +4n — 1)k+n(2n+ 12
we obtain
Xn: (2": 1) Qn+1—2620n—k)
k=0

L 3xe (212 B e (21— 1
= —4Qn+1) ;(k_3>+4(3n 2)2n+1) ;(k_2>

2”:<2n:1>

n
2
+(—12n2+4n - 1) n + 1)Z(k_"l> Fn@2n+1)>
k=1 k=0

"3 on—2 2 on—1
_ 3 - 2 -
=—4Qn+172> ( . )+4(3n—2)(2n+1) ) ( L )
k=0 k=0
1o " o+ 1
2 2
+<—12n +4n—1)(2n+1)§ <k>+n(2n+1) » < L )
k=0 k=0
—A+B+C+D.

Now

22— () - () - (")

2
a1 o0 ()45
=2t @+ )i ra@n+ -0 () + 5

n

A=—4Q2n+1)>2
2n—1 3 2n

= -2 (2n+1)+2n(2n+1)(3n—2)< >,
n

22n—1 _ (2n—1) B (Zn—l)

n—1 n

B=40Gn—2)2n+1)?%

2
=2""CBn—-2)Q2n+ 12 —20GBn—-2)2n + 1% <2n>
n
22n _ (2n
C= (—12n2 tdn— 1) Qn+1) %
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D =2""n(2n+1)>.

Finally,

(Baner) (0) = (A+ B+C+ D)

220 2n 4+ 1 n
—(2n—1)+(6n—4)+( 6n+2—L)+(2n+1)

+i<2")[2(3n—2)—4(3n—2)+<6n—2+i>}
22n\ 2n
SRca

2n 221\ n 2n )"

The well- known asymptotic behaviour of the central binomial coefficient (cf. Catalan

constant m (2"))

()= (1+0() w0

leads to the asymptotic formula

2 1
(Brre) O = = =52+ 0 ( —3/2) (n = 00).

Now we consider the case of odd parameters 2n — 1:

n—1
_ 1 2n 2 L
(Bon—1e1) (0) = m 1; < k) (n—k)*Q2n—-1-2k).
Writing
n—k)?*2n—1-2k) = -2k>+ (6n —7) k2 + (—6n2+8n—3>k+n2(2n— D

we obtain

n—1

(2:) (n—k)?Q2n—1—2k)

k=0

_—2(2n)3Z( >+(6n—7)(2n) Z( 2)
) - m—1 n—1
+(—6n +8n—3)(2n)2<k_1)+n (2n—1)2< )
k=1

=:A+B+C+D.
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Now
n—4 2n—3 2n—3 2n—3
2n -3 2 -2(;75) —2(35)
A=-202n)" ( L ) =-202n) 5
k=0
32n-3 2n 2n\ ,
=—(2n)=2 +2 i nm—1Dmn-—-2)+2 . n“(n—1)
— )3 2Y 3 Ldn(n — 1) <2n>
n

22 — 2(2,7—_22) — (2nn—_ 12)

2

n—3
_ _ 2 2n —2 . _ 2
B = (6n—17) (2n) ;( L ) = (6n —7) (2n)

= (6n—"7) |:(2n)222"3 _ (2")n n—1)— 1<2”>n2}
n 2\ n
= (6n —7)(2n)22%" 3 — % 6n —7)n@Bn —2) (i”)

n—2
C= (—6n2 480 — 3) n) g <2”k_ 1)

22)171 _ 2(211—1)

n—1

(2 N
- ( 6n® + 8n 3) 2n) :
— (—6n2 + 8n — 3) n (22"_1 — <2n>> ,
n
D=n?@n—1-+ (22" - <2n>) ,
2 n

Finally,

(Ban—1€1) (0)
1
= 2 = 1) (A+B+C+D)
2(—6n*+8n—3) 2n(2n—1)

2n —1 2n —1

=—Q2n-2)+(6n-7) +

n 1 2n
221=202n — 1)\ n

|:4(n—1)2—%(6n—7)(3n—2)+(6n2—8n+3)—%n(Zn—l):|

—8n%+14n—6 N n 2n
2n — 1 221=2(2p — 1)\ n

- +2(2n—1)+2 2n\ -1 +1 2n - 2
T =1 22@2n—1) \n) 2n—1 2\ n n—1)"
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This proves the explicit representation for odd values of the parameter. As above we
obtain the asymptotic formula

2 1
Jan  2n—1

This completes the proof. O

(Ban—1€1) (0) = o0 (n_3/2) (n — 00) .
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