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Abstract

Given Ey, E1, Fy, F1, E rearrangement invariant function spaces, ag, ai, bg, by, b
slowly varying functions and 0 < 6y < 6; < 1, we characterize the interpolation
spaces

R =R L =L
(Y@o,bo,Eo,aoyFo’ XﬂlyblsEl,a],Fl)e,b,E’ (YeovbO»Eo,ao,Fo’ Xel,blyEl‘al,F])Q,b,E

and

—R =L —L —=R
(Xeo,bo,Eo,ao,Fo’ X01,b1,El,a1,F1)9,b,E’ (X90,b0,Eo,ao,Fo’ Xel,bl,El,al,Fl)e,b,E’

for all possible values of 0 € [0, 1]. Applications to interpolation identities for grand
and small Lebesgue spaces, Gamma spaces and A and B-type spaces are given.

Keywords Real interpolation - K -functional - Reiteration theorems - Slowly varying
functions - Rearrangement invariant spaces

Mathematics Subject Classification 46B70 - 46E30 - 26A12

1 Introduction

Reiteration theorems play an important role in Interpolation Theory since, in particular,
they allow to identify interpolation spaces for many different couples. The classical
results are covered in the monographs [6, 7, 9, 50], but there is also an extensive
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literature concerning explicit reiteration formulas in various special cases, see e.g. [1,
4,11, 13,19, 32, 37, 38].

In this paper we continue the study started in [23, 24] about reiteration theorems
for couples formed by the various possible combinations of the spaces

- —R —C
XovEs XobEar XobEaF

where 6 € [0, 1], a and b are slowly varying functions (SV), and E, F are rearrange-
ment invariant (r.i.) function spaces; see Sect. 2 for precise definitions.

In this occasion we shall focus on the reiteration results for couples formed only
by combinations of R and L-spaces, specifically

<R =R L =L
(XQO,bO,Eoyao,Fo’ X91,b|.,E1,a1»F1)9,b,E’ (XGO,bO,Eo,aoyFo’ X91,b1,E|,a1,F1)9,b,E (1.D

and

—R <L L =R
(XGOstsEO»lJOyFO’ X91,b1,E|,a1,F1)9,b,E’ (Xﬂo,bo,Eo,ao,Fov Xel,bl,E],m,F.)e,byEa (1.2)

when0 < 6y <6y < land® € [0, 1].
In particular, we shall show that, when 6 € (0, 1), one can identify all the spaces
in (1.1) and (1.2) as classical interpolation spaces of the form

XG5,y E

where § = (1 —6)80 + 66, and By depends on all the parameters. On the other hand,
in the limiting cases 6 = 0, 1, the resulting reiteration spaces are described in terms
of the extremal scales

=R, R —=L,L —=R.L =L R
Xg.cEbF.a.Gr XocEbFaG XoeEbFac M4 Xgopypag (1.3)

that were introduced in the earlier works [23, 24]. Since the precise statements are
lengthy, we refer the reader to Theorems 4.3 through 4.6 in Sect. 4 below.

As in [23, 24], the present work finds its motivation in several recent applications
to the interpolation of grand and small Lebesgue spaces LP%, L(P% 1 < p < oo,
a > 0. As observed in [26, 40], these can be identified as R and L-spaces with respect
to the couple (L1, L) in the following way

LP = (Ly, Lo)® and L7 = (L, L) | 4

o -1 )
=2, P (1), Loo,1,Lp =L 0.1,

where £(t) = 14| log(¢)|,t € (0, 1) and %—i—# = 1. Therefore, as a direct application
of the theorems in this paper, one obtains an explicit identification of the spaces

(LPO),oz’ L[’l)’ﬂ)e b (L(Po,()t7 L(m’ﬂ)e,b,E’ (L(po’a, L‘"l)’ﬁ)g’b’E (1.4)
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and

(Lo, LoF) (1.5)

bE"

Namely, when 6 € (0, 1) these are described as spaces of Lorentz-Karamata type,
Ly B, E, while for & = 0, 1 the description involves the extremal spaces in (1.3); see
precise statements in Corollaries 5.5, 5.7, 5.9 and 5.10 below.

As a special example, which also illustrates the advantage of using as parameters
r.i. spaces, consider the case when E is equal to the Orlicz space Lj;. Then, we shall
obtain in particular the following identification

(Lrohe LPOF) = AP, M), 0<6 <1,

where % = % + %, A=2o0=9 ﬁ, and A(r'/P¢=4(1), M) is a Lorentz-Orlicz
space, as deﬁpned by Torchinsky in [49]. This result seems new in the literature and
may have an independent interest; see §5.2.1 below for details.

Our general reiteration theorems also apply to other R and L-families, such as the
Gamma spaces (see [28]) and the spaces A, o g and B o g defined by Pustylnik in
[44]. Some of these applications are new in the literature, and have been carried out
in detail in Sects. 5.3 and 5.4 .

In the case 6 € (0,1),be SVand E = L;,0 < g < 00, a very recent work of
Doktorski [14] proved (1.1)-(1.2) using a limiting reiteration result, and characterizes
(1.4)-(1.5) as corollaries. Our approach in this paper is slightly different to the one
used by Doktorski and has the advantage of being applicable also in the extreme cases
6 = 0, 1 and when E belongs to the richer family of r.i. spaces. As in [23, 24], the
main points in our proofs are explicit identities for the K-functional of all cases in
the form of Holmstedt type formulae (see Sect. 3), a change of variables (Lemma 4.1)
and equivalences between norms (Lemma 4.2). Additionally, in the case 6 € (0, 1)
and E = Ly, 0 < g < oo, with the additional condition b = 1, Fiorenza et al. [2,
3, 28] have obtained the interpolation spaces in (1.4) via a direct computation of the
K -functional or using certain limiting reiteration formulae.

The paper is organized as follows. In Sect. 2 we recall basic concepts regarding
rearrangement invariant spaces and slowly varying functions. We also describe the
interpolation methods we shall work with, namely Yg,b) E,the R and L-type spaces and
the extremal constructions. Generalized Holmstedt type formulae for the K -functional
of the different couples can be found in Sect. 3. The statements and proofs of reiteration
theorems appear in Sect. 4. Finally, Sect. 5 contains the applications to grand and small
Lebesgue spaces, Gamma spaces and A and B-type spaces.

2 Preliminaries
We refer to the monographs [6, 7, 9, 35, 50] for basic concepts on Interpolation

Theory and Banach function spaces. A Banach function space E on (0, 0o) is called
rearrangement invariant (r.i.) if, for any two measurable fuctions f, g,
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geEand ff<g*= feEand|fle = lgle.

where f* and g* stand for the non-increasing rearrangements of f and g. Following
[6], we assume that every Banach function space E enjoys the Fatou property. Under
this assumption every r.i. space E is an exact interpolation space with respect to the
Banach couple (L1, Lso).-

Along this paper we will handle two different measures on (0, co): the usual
Lebesgue measure dr and the homogeneous measure <-. We use a tilde to denote

t
r.i. spaces with respect to the second measure. For example

o dt
IfIz, :/o If(t)IT and [ fllz, = 1/fllLs-

If E is an r.i. obtained by applying the interpolation functor F to the couple (L1, L),
E = F(Li, L), we will denote by E the space generated by the same F acting
on the couple (Ll, L), E = F (Ll, Loo). It should be pointed out that there are
simple formulae which directly connect the norms of the spaces E and E, without any
reference to the parameter D. For all measurable function f : (0, oco) —> (0, co) we
have

1 5o = 17E ™l and [ fllFq .00 = I£ )l
In the rest of the paper we will denote by f the measurable function defined by

f@t)y=fQ1/n, t>0.

Moreover, givent > 0, itis sometimes convenient to diyjde the inter~val (0, o0) into two
subintervals (0, 7) and (7, 00), considering_ the spaces E(0, ) and E(z, 00) separately.
Observe that f € E(t, o0) if and only if f € E(0, 1/f) and

1100y = 171 E 0,10 @1

Throughout the paper, given two (quasi-) Banach spaces X and Y, we will write
X =Yif X < Y and Y — X, where the latter means that Y C X and the natural
embedding is continuous. Similarly, f ~ g means that f < g and g < f, where
f < g is the abbreviation of f(t) < Cg(t), t > 0, for some positive constant C
independent of f and g.

2.1 Slowly varying functions

In this subsection we recall the definition and basic properties of slowly varying func-
tions. See [8, 36].

Definition 2.1 A positive Lebesgue measurable function b, 0 # b # o0, is said to be
slowly varying on (0, co) (notation b € SV)if, foreach e > 0, the function t ~~ tb(¢)
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is equivalent to a non-decreasing function on (0, co) and ¢ ~> t~¢b(t) is equivalent to
a non-increasing function on (0, 00).

Examples of SV -functions include powers of logarithms,
(@) = (1 + [logt)*(@), t>0, aelR,

“broken” logarithmic functions defined as

o 1
z(a»m(z):{ﬁﬂg;j?:l’ =l @per, 22)

reiterated logarithms (£ o ... 0 €)%, « € R, t > 0 and also functions as ¢ ~~
exp(|logt|), o € (0, 1).

Some basic properties of slowly varying functions are summarized in the following
lemmas.

Lemma2.2 Letb,b;, by € SV.

(i) Thenbiby € SV, be SV andv” € SV forallr € R.
(ii) Ifa > 0, then b(t*by(r)) € SV.
(iii) If €, s > O then there are positive constants cc and C such that

ce min{s ¢, s€}b(¢) < b(st) < Ce max{s®, s €}b(¢) forevery t > 0.

Lemma 2.3 Let E be an ri. space andb € SV.
(i) If a > 0, then, forallt > 0,

1D 70,0y ~ 1°b() and  [Is™*b(s) 1 o0y ~ 1bD).
(ii) If ¢ € R, then, forallt > 0,
15D | .20y ~ 1)
(iii) The following functions are slowly varying
Qo (1) == b g0,y and Peo(t) := b F (¢ 00)> > 0.
(iv) Forallt > 0,
b@) S IOy and b)) S 166700

We refer to [20, 32] for the proof of Lemma 2.2 and 2.3, respectively.

Remark 2.4 The property (iii) of Lemma 2.2 implies that if b € SV is such that
b(tg) = 0 (b(#p) = oo) for some ty > 0, then b = 0 (b = 00). Thus, by Lemma 2.3
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(iii), if ||b||§(071) < oo then ||b||g(0’,) < oo for all > 0 and if ||b||g(1,oo) < oo then
||b||§(,yoo) < oo forallt > 0.

Moreover, if f ~ g then, using Definition 2.1 and Lemma 2.2 (iii), one can show
thatbo f ~bo g foranyb € SV.

2.2 Interpolation methods

Everywhere below X = (Xo, X)) is a compatible (quasi-) Banach couple, that is,
two (quasi-) Banach spaces continuously embedded in a Hausdorff topological vector
space. The Peetre K -funtional K (t, f; Xo, X1) = K (¢, f)isdefined for f € Xo+ X
and t > 0 by

K fy=inf{Ifollx, + 1 filx, : /= fo+ fi. fi € Xis i =0,1].

It is well-known that for each f € Xy + Xy, the function ¢t ~» K(t, f) is non-
decreasing, whiler ~» t~'K (¢, f),t > 0, is non-increasing. Other important property
of the K -functional is the fact that

K(t, 3 X0, X1) =tK@™ ", f1 X1, Xo) forallt > 0, (2.3)

(see [6,Chap. 5, Proposition 1.2]).

We now recall the definition and some properties of the real interpolation method
Xo.b. £ the limiting R and £ constructions and the extremal interpolation spaces. We
refer to the papers [20, 22-24] for the major part of the results of this subsection, and
for more information about these constructions.

Deﬁniti_on 2.5 Let E be an r.i. space, b € SV and 0 < 6 < 1. The real interpolation
space Xo b,E = (X0, X1)o.b,E consists of all f in Xo 4+ X; for which

I fllow.e == [ PbK @, £)] 5 < oo

The space Yg,b, g is a (quasi-) Banach space, and it is an intermediate space for the
couple X, that is,

XoNX| — Yg’b,E — Xo+ X1,

provided that 0 < 6 < 1,0r0 = 0 and ||b||E(1’OO) <ooorf =1and ||b||E(o,1) < 00.
If none of these conditions holds, the space is trivial, that is Yg,b, e = {0}.

When0 <6 < 1l,b=1land E = Ly, 1 < g < oo, the space Yg,b,g coincides
with the classical real interpolation space Yg’q. When & = 0 or & = 1 this scale
contains extrapolation spaces in the sense of Milman [37], Gémez and Milman [30]
and Astashkin, Lykov and Milman [4]. The spaces Yg,b, L, have been studied in detail
by Gogatishvili, Opic and Trebels in [32]. See also [1, 10, 13, 19, 33, 42, 48], among
other references.
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Remark 2.6 Here we collect some elementary estimates. Using Lemma 2.3 (i) and the
monotonicity of r ~» t 1K (¢, -), it is easy to check that forall > O and f € Xo+ X

WK, ) S sTbOK G, Ol o,y 0=0<1, (2.4)
and
WK, ) S sTIbEOK G, D greey 0<O =1 2.5)

Definition 2.7 Let E, F be two r.i. spaces, a,b € SV and 0 < 6 < 1. The (quasi-)
Banach space Y;?b,E,a’F = (Xo, Xl);?b,E,a,F consists of all f € Xo+ X for which

1£ 1R 00,0 r = [DO s @K (s, 1l 700 < oo

The space R is intermediate for the couple X, that is,

=R
XoN X1 — X@,b,E,a,F — Xo+ X1

provided that any of the following conditions holds:

1. 0 <6 < land ||b]|zq, ) < o0 or
2.0.=0, bl 0.1, < o0 and [b@all 7 o0) | 1,00 <
3.6 = land [b®)llall 1) 7.1, < o©-

. TR
Otherwise, Xy, £, r = {0}

Definition 2.8 Let E, F be two r.i. spaces, a,b € SV and 0 < 6 < 1. The space
Yib’E’a’F = (Xo, Xl)g,b,E,a,F consists of all f € Xo + X for which

1£1200.E.0F = POl a0 K6, NliFo| ;<o

This is a (quasi-) Banach space. Moreover it is intermediate for the couple X,

<L
X()DXI — XQ,b,E,a,F — XO+X11

provided that

1.0 <6 < Tand bl «) < o0, o0r

2. 0 =0and ||b(t)||a||1;<1yl) [ Bl.oe) < 0O OF

3.6 =1, Ibll 51,00 < 0© and ||b(t)||a||g(0yt) [ o1y < °-

.. <L . ..
If none of these conditions holds, then X, £ , F is the trivial space.

The above definitions generalize a previous family of spaces introduced by Evans
and Opic [18] in which a, b are broken logarithms. Earlier versions of these spaces
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appeared in a paper by Doktorskii [13], with a, b powers of logarithms and X an
ordered couple. These spaces also appear in the work of Gogatishvili, Opic and Trebels
[32] and Ahmed et al. [1]. In all these papers the spaces E and F remain within the
L, classes.

The spaces Xg ., 7(791, .o p and Yéb, E.a.F Satisfy the following symmetry prop-
erty:

Lemma 2.9 Let E, F be ri. spaces, a,b € SV and 0 <0 < 1. Then
— _ L _ R
(X0, X1o.b.E = (X1, X0)y g and (X0, X1gy par = X1, X0) |5 g2 p
Next lemma collects two estimates that will be used in the rest of the paper.

Lemma 2.10 Let E, F be ri. spaces, a,b € SV and 0 < 6 < 1. Then, for all
feXo+Xiandu >0

u @bl g, K £) S [b®ls ™ a@K s, Ol

(2.6)

EO,u)

and

u @@l 700 K @, ) S [bOIs ™)K G, Pl @)

Eu,00)

Proof We refer to [23,Lemma 2.12] for the proof of (2.6). Next we prove (2.7). Let
f € Xo+ X1 and u > 0. Using the monotonicity of the K-functional, Lemma 2.2
(iii) and Lemma 2.3 (ii) and (iv), we arrived at

Hb(r)ns—‘)a(s)K(s, I E

> [o)lsa) K 5. Nl

E (u,00) E(2u,00)
> b)) s Pas)K (s, f)ll = -
= [o@ls ™ a® K6 NiFaom) 7, .,
~u?a(@)||bll 52y, 00 K (. f)
~u”?a@) bl 5 .00 K (. £).
O
Consequently, when 0 <6 < 1
u@
K@, ) S ———————flIIR:0.b.Ea.F (2.8)
a@) bl 0.
and
u@
K, f) S ————Iflco0.Ear 2.9)

a@)|Ibll ¢, 00)
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forallu > Oand f € Y;?b’E’a,F, fe Yé:,b,E,a,F respectively.
The extreme spaces are defined in [23, 24] in the following way.

Definition 2.11 Let E, F, G be r.i. spaces, a,b,c € SV and 0 < 6 < 1. The space

Y;zjngaG = (Xo,Xl)GL Eb.F.a.G is the set of all f € Xo + X such that

| IR R:6,c.Eb,F.a,G = < 00.

cw)|b) s a)K G,

f(u,oo) B
(2.10)

<L.L .
The space Xy . g b.r.a.c = (Xo, Xl)g‘c’fE b Fac isthesetof all f € Xo + X for
which

c(u)

b(0)|s Pa(s)K (s, IN&o.0

I fllz,c6,¢,E,b,F a,G =

) ” <o
F(O,u) E
2.11)

The space Xpr g o506 = (X0, XOR5 1 5 o ¢ 18 the setof all £ € Xo+ X, for
which R

R c:0,c.E0.F.a,G =

e [b®lls P aWK (s, Hli.u

~ < 0
FO0,u) 'E

(2.12)

L. R .
The space Xy . g v rac = (Xo, Xl)g’CRE b Fac isthesetofall f € Xo+ X
such that

c@)|b®ls~?a)K (s, HllGwn | ~

F(u,00) E

1 fllzR:0,c,Eb,FaG = < 00.

(2.13)

These spaces enjoy the following symmetry property.

Lemma2.12 Let E, F, G be r.i. spaces, a,b,c € SV and 0 <60 < 1. Then

(XOsXI)QCEbFaG—(Xl,XO)l GchFaG

and

(Xval)echFaG_(Xl’XO)l echFaG
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3 Generalized Holmstedt type formulae

For parameters 0 < 6y < 61 < 1, agp, a1, bg, by € SV and Ey, E1, Fy, F) r.i spaces,
the couples

—R =R —L =L
(Xf)o,bo,Eo,aosFo’ X91,b1,E1,tl1,F1)’ (Xeo,bo,Eo,aosFo’ X91,b1,E1,a1,F1)

and

—R =L —L —=R
(X(?o,bo,Eo,ao,Fo’ X91,b1,E1,al,F1)’ (X(?o,bo,Eo,ao,Fo’ X91,b1,E1,a1,F1)

are compatible (quasi-) Banach couples. We wish to identify the interpolation spaces
generated by the previous couples as interpolated spaces of the original one, X. Our
first stage in that process is to relate the K -functional of the underlying couples through
several generalized Holmstedt type formulae.

3.1 The K-functional of the couple ()_(z,bo,fo,ao,Fo’ )_(Z,ibhfhah,;l),
0<Bp<bO<1.

Theorem3.1 Let 0 < 6y < 61 < 1. Let Eo, Ey, Fo, F| ri. spaces and ay, aj,
bo, by € SV such that ||bollg 0.1y < o0 and ||billg, 1) < 0o. Then, for every

=R =R
fe X90,b0,Eo,ao,Fo + X91,b1,El,al,F1 andu >0

—R R
K(P(”)’ f’ X@o,bo,EOﬂOvFO’ Xgl’bl’El’al’Fl)
~ |bo(2)|s~% K F
” o Is™Pao($)K (s, )l 7y Bo0.)
+ P IbLIE, 0.0 - N1~ a1 OK (. I, .00
+ 0 [br O™ a K 6. Iy

3.1
Ei(u,00) G-

where

oy —60 A0 D0l £, 0.u)

, > 0. (3.2)
ar@) bl g, ..

p(u) =u

Proof Given f € Xo+ X and u > 0, we consider the following (quasi-) norms

(PN = |b;Ols™a;()K 6. 7

Ejouw’
(R} @) = 10117, 0.00 - 117 a5 DK (. DIF 1009
(@, 1)w) = [bsOs ;K. DIFy 0| ) (3.3)

@ Springer



General reiteration theorems... Page 11 0f45 47

<R . . . .
and wedenote Y; = X, . g. 4. F,» J = 0, 1. With this notation what we pursue to
X 7 0j.j.Ej.aj,Fj
show is that

K(p@), f; Yo, Y1) ~ (Pof)(u) + p)[(R1 f)(u) + (Q1 /) w)] (3.4)

where p is defined by (3.2).

Wefix f € Xo+ X1,u > 0and we assume that (Pp f)(«), (R1 f)(u) and (Q1 f)(u)
are finite, otherwise the upper estimate of (3.4) holds trivially. As usual (see for example
[6] or [19]) we choose a decomposition f = g + h such that ||g|lx, + ullhllx, <
2K (u, f). Then, for all s > 0,

(3.5)

% K(u, f)
(s,8) <2K(u, f) and K(s,h) <2s L

Therefore, in order to obtain the upper estimate of (3.4) it is enough to prove that

Iglly, + o llAlly, S (Pof)w) + p@(R1 )W) + (Q1/)w)].

We start establishing that || g ||y, < (Pof)(u). By the triangle inequality and the (quasi-)
subadditivity of the K -functional, we have the inequalities

lglly, = (Pog)(u) + (Rog)(u) + (Qog)(u)
S (Pof)(w) + (Poh)(u) + (Rog) () + (Qog) (u). (3.6)

So, it suffices to estimate (Poh)(u), (Rog)(u) and (Qpg)(u) from above. Using (3.5)
and the monotonicity of § ~ sTIK (s, f), s > 0, we obtain that

(Poh) () = [bo(0)lls™ao()K (s 1) 7.

Eo(0,u)
_ K(u, [)
< [oons™ao XLz B om
—bo ~ _
< [bo) s~ a0) K (5. )l Fow = PN 37)

On the other hand, using (3.5), Lemma 2.3 (i) and (2.6), we have

(Rog) (1) = IIboll 5, 0. 1t~ a0 () K (. @115 1.00)
S K@ Dol gy 0.0 1t *a0® 17 .00
~ u™ag)[[boll £,0.) K (s £) S (Pof) (). (3.8)
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47 Page 12 of 45 P. Ferndndez-Martinez, T. Signes

Similarly, using also Lemma 2.3 (iv) it follows

(Qo)w) = Do)l Par®)K (. O | .
< K ) oo s a0 7| 5
~ b )ag@)K (. f) S (Pof)(w). (3.9)

Hence, inequalities (3.6)-(3.9) give that ||glly, S (Pof)(u) < oo, which in particular
shows that g € Y. In a similar way it can be proved that

Ially, S (Rif)@) + (1)) < oo,

so h € Y. Indeed, by the triangle inequality and the (quasi-) subadditivity of the
K -functional, we have

IAlly, = (Prh)(u) 4+ (Rih) (u) + (Q1h) (1)
S (P ) + (R f)w) + (Rig)(w) + (@1 /) (w) + (Qi1g)(w).  (3.10)

Now we estimate (Pyh)(u). Using (3.5), Lemma 2.3 (i) and (2.5), we obtain

(P @) = b1 ®lls ™" a1 (IK G5, W 7,1

E1(0,u)
Ku, f) 1-6
< 1 ~
< =L o0l @ ®l7, 0. Fo
~ u O a @)D IE, 0.0 K (W, ) S (R W), 3.11)

Similarly, (R;g)(u) and (Q1g)(«) can be bounded from above. In fact, Lemma (3.5),
Lemma 2.3 (i) and (2.5) yield

(Ri)@) = b1, 0.0 [t e K E D] 7 o)
S K@, PIbHIE 0.0 1 a1® [ 7 .00
~u M aiw)Ibill g, 0. K (. £) S (RLH@w), (3.12)

and also, using Lemma 2.3 (iv),

(Q19)@) = [br®)lls™ a1 (K s, &)1 7,10 Hgl(um)
S K@, f) Hbl(t)llfe‘al(s)llﬁ(r,oo) H E1(u.00)

Su " arbi K (u, ) S (R1f) (). (3.13)
Summing up

lgly, + @ lAlly, < (Pof)@) + p[(R1 )W) + (Q1 /) W],
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for any positive function p. This concludes the proof of the upper estimate in (3.4).
Next we proceed with the lower estimate in (3.4), that is

(Pof)w) + p(R1 /)W) + (Q1/) )] < K(pw), f; Yo, Y1).

Suposse that f € Yy + Y1 and fix u > 0. Let f = fo + f1 be any decomposition of
f with fy € Yp and f1 € Yj. The (quasi-) subadditivity of the K-functional and the
definition of the norm in Yy, Y; imply

(PofY(w) < (Pofo)w) + (Pofi)w) < |l folly, + (Pofi) (),
(R1 fHY(w) S (Ry fo)(w) + (R f1)(w) < (Ry fo)w) + |l filly,,
Q1)) S (Q1fo)w) + (Q1 /1)) < (Q1f0)@) + Il filly,-

Then

(Pof)(u) + p)[(R1 () + (Q1 f)(u)]
S follyy + o) filly, + (Po fi) () + p () (Ry fo) () + (Q1 fo) w)].

Thus, to finish the proof, it is enough to verify that

(PofD)@) + p)[(R1 fo) () + (Q1f0) )] Sl folly, + o)l filly,-

We begin with (Py f1) (u). Using (2.8) with f = f} € Y; and Lemma 2.3 (i) (61 —6p >
0), we obtain

ar($1bill g .5
=0 00 Ey 0.0
ar@lbill g, .u)

(Pof) () S I f1llyy

bo(t) Hﬁl 6o

Fo@0 || £y (0,

I fillyy = p @)l filly,. (3.14)

In a similar way, using (2.8) with f = fy € Y9 and Lemma 2.3 (i) (6p — 01 < 0), we
have

_ ai(t)
(Ri fo)(w) < Il folly, IIb1 ||El(o,u) 1% QIWOHE(O) Fi (10.00)
00,1 ’
g at@) bl g o 1
fo-01 By oy = —— 1l folly, (3.15)
aO(u)”bO”EO(O,M) p(u)
and
< 0o—0; ai(s)
Qo)) 5 1 follyy br () |s 7 — e | )
ao(s)|| O||E0((),s) F1(t,00) E\(1,00)
b 1
~ 00_91M||follyo < —— 1 folly. (3.16)
ao () 1boll &, (0.4 p ()
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where the last equivalence follows from Lemma 2.3 iv).
Putting together the previous estimates we establish that

(Pof)w) + p)[(R1 f)w) + (21 /)w) < 1 follyy + @)l filly, -

And taking infimum over all possible decomposition of f = fy + f1, with fy € Yy
and f; € Y1, we finish the proof. O

3.2 The K-functional of the couple (XL bo,Eo,ao,Fo’XéLh,b1,E1,a1,F1)'
0<0p<67<1.

Next theorem follow from Theorem 3.1 by means of a symmetry argument.

Theorem3.2 Let 0 < 6y < 61 < 1. Let Ey, Ey, Fo, F| ri. spaces and ay, aj,

bo, by € SV such that ||b0||§0(1’oo) < 00 and ||b1||gl(1’oo) < o0. Then, for every
—r —

Ie Xeo,bo,Eo,ao,Fo + X01,b1,E1,al,F1 andu >0

=L =L
K('O(M)’ I3 X90,bo,Eo,ao,Fo’ X91,b1,E1,a1,F1)

~ —0o K -
[Bo@ls™a0) K 5. Nl 0.0 E om
+ 160l 7y .00y 100 K (2, £ 70,09
+ 0@ [br)ls ™ ar$)K s, NI,

(3.17)

E1(u,00)
where

61—6 aO(u) "bo || E()(M,OO)

p(u) = ’
ai (l/t) ||bl ”E] (u,00)

Proof Lemma 2.9 and (2.3) yield

—=L —=L
K(p(u), f;XQO,bOsEOﬂO Fo’ X91 by, Ey.ai, Fl)

Zp(u)K< pu)’ s (lex())l —61,b1,E1,a;,Fy’ (X]’XO)I —60,bo, Eo,d0, FO)
where
Lo elal( )I|b1||EI(o 1w =0
p(u) ao(+ )||b0||E0(() l/u)
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Now, applying Theorem 3.1 we obtain the estimate

=L =L
K('O(”)’f; XGO,bO,Eo,ao,Fo’ X91,b1,E|,a1,F1)

~ b1 @i (s)K (s, f3 X1, Xo)| 7 N
p@ DI @K . £ X0 X010 5
+ 1001l £y0.1/0) 110 @0 K (2, £ X1, X071 .00

- HBo(t)||s9°—lao(s)K (52 13 X1 X0Nl v, 00)

Eo(1/u,00)
The equivalence (3.17) follows using again (2.1) and (2.3). O

3.3 The K-functional of the couple ()_(Z,bo,Eo,ao,Fo’ )_(‘19:1,,,1 JEv.a1.Fq)7
0<Bpg<bO;<1.

Theorem3.3 Let 0 < 6y < 61 < 1. Let Eo, Ey, Fo, F| ri. spaces and ay, aj,
bo, by € SV such that ||b0||go(0)1) < o0 and ||b; ||§1(1’oo) < o00. Then, for every
—R —
fe X90,b0,Eo,ao,Fo + X91,b1,E1,al,F1 andu >0
=R =L
K(p(u), g X90,b0,Eo,ao,Fo’ X91,b1,E1’141,F1)

~ [bo®lls a0 K 5. Pl

Eo(0,u)
—01 ~
+ @) o1 ls ™ @ OK 6. DlFn) 7
where
ao(u)|Iboll 7
p(u) = ufrt—0 " RO g (3.18)

ar ) b11E, .00

Proof Given f € Xo + X; and u > 0, we consider the (quasi-) norms (Pyf)(u),
(Rof)(u) and (Qo f)(u) defined as in (3.3) and we redefine

(PLOW = [br®lls " ar®K 6 HlF o) 5 o,
(R = 011, o0y - 11" a1 OK (10 Pl 0.1
(01 1)@ = b1l ar()K s )7, |

Ei(u,00)

—R <L
We denote, as usual, Yo = Xg 1, £.00.F, @0 Y1 = Xy, v, £, .a,.F,- What we want to
show is that

K(p), f; Yo, Y1) ~ (Pof)(u) + p(u)(Q1f)(u) (3.19)
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47 Page 16 of 45 P. Ferndndez-Martinez, T. Signes

where p is defined by (3.18). In order to do that we follow the same steps as in the
proof of Theorem 3.1.

We fix f € Xo+ X1 and u > 0, and we choose a decomposition of f = g+ h
such that || g|lx, + ullhllx, < 2K (u, f). We start by showing that

lglixo + plRlx, < (Pof)w) + pu)(Q1f)(w)

to establish the upper bound for the K-functional in (3.19). The inequality || gy, <
(Py f)(u) can be proved exactly as we did through (3.6) to (3.9). Now we proceed
with ||2]|y,. Using the triangular inequality and the (quasi-) subadditivity of the K-
functional it follows

IAlly, = (Pth)(u) + (Rih)(u) + (Q1h)(u)
S (P () + (Rih)(u) + (Q1 /) (w) + (Q18) ().

Hence, it is enough to estimate (P1h)(u), (R1h) (1) and (Q1g)(u) from above. Using
(3.5), Lemma 2.3 (i), (iv) and (2.7), we deduce that

(P = b1 ®Olls ™" a1 (9K G, 1) 7,01

K(u, f) H 1—6
< b t 1 ~ ~
~ " 1) ls al(s)”Fl(o,t) E10m)

~uMay (b WK (u, £) < (Q1£)(w)

E1(0,u)

and

(R @) = 51117, (u.o0) 1t~ a1 OK (¢, D17, 0.
_ K@ f)

1511, .00 11" a1 O, 0.0

~ " ar )11, o0y K s £) S (Q1F)w).

In the same vein

Q19w = [brOlls™" a1 &K (. I F,

E\ (u,00)
S K@ HIBLIE, oo 1S @17 .00
~ " ay (@) 15111 £, .00 K (. ) S Q1))

Then, ||2lly, S (Q1f)() and h € Y;. Summing up, we establish the upper estimate
of (3.19), that is
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K(p(u), f: Yo, Y1) = ligly, + p)lklly, S (Pof)w) + p)(Q1f)w).

Let us prove the lower estimate

(Pof)(w) + p)(Q1 )W) S K(pu), f3 Yo, Y1) (3.20)

forany f € Yo+ Yy and u > 0. Let f = fo + f1 be any decomposition of f with
fo € Yo and f; € Y;. Using the (quasi-) subadditivity of the K-functional and the
definition of the norm in Yy, Y;, we have

(Pof)(m) S (Pofo)w) + (Pofi) ) < |l folly, + (Pof1)(u)
(01 /)W) S (Q1fo)w) + (Q1fw) < (Q1fo)w) + |l filly,

Thus, we have to study the boundedness of (Po f1) (u) and p (1) (Q1 fo) (u) by || folly, +
p@)|l filly,. For the proof of the estimate (Pp f1)(u) S p(u)| filly, one has to argue
as in (3.14). Similarly, using (2.8) with f = fy and Lemma 2.3 (i) (69 — 61 < 0), we
obtain

a(s)

Q1 f)@) S 1 follvg D1, oy | 570~ o — |
oIPTIE .00 a0 () 1001 7 0.5 | Fi(u.00)

0o—6 ai (M) ||bl ”El (u,00)

1
I follyy = —— Il follx-
ao@ ol 00 pG) OO

Putting together the previous estimates we establish that

(Pof)w) + p)(Q1/)w) S Nl follyy + p @)l filly, -

Taking infimum over all possible decomposition of f = fy + f1, with fo € Yy and
f1 € Y1, we deduce (3.20). The proof is completed. O

3.4 The K-functional of the couple ()_(g;),bo,Eo,ao,Fo’ )_(Z,?,b1 Ey.an )
0<0p<6O7<1.

Finally we present the last Holmstedt type formula. Although it seems that the result

is the symmetric counterpart of Theorem 3.3, this is not the case since the condition
6o < 0 is crucial.

Theorem3.4 Let 0 < 6y < 61 < 1. Let Eo, Ey, Fo, F| ri. spaces and ay, aj,
bo, by € SV such that ”bOHEo(l,oo) < o0 and ”b1”51(0,1) < o00. Then, for every
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—=L —R
fe Xeo,bo,Eo,ao,Fo + X91,b1,E1,al,F1 andu >0

=L =R
K('O(“)’ I Xeo,bo,Eo,ao,Fo’ X9|,b1,E1,u|,F|)

~ [bo®llsaos)K 5. Pl

Eo(0,u)
+ 10 £y .00 1P a0 K (22 )11 7y 0.0
+ o1 E, . It a1 K (. HIF .00y

+ p@)|brOlls™ a1 5K 5, Nl 7,00

Ey,00)’
where

61—6 a()(u) "bo || E()(M,OO)

, > 0. (3.21)
ar@lbill g, o.u)

p(u) =u

Proof Given f € Xo + X1 and u > 0, we consider the (quasi-) norms (P f)(u),
(R1 f)(m) and (Q1 f)(u) defined as in (3.3) and we redefine

(Po @) = [bolls P ao K. Mo 7 o,
(Ro.f)() = b0l 7y, 000 11~ @0 K (&, ) 70,0

Qo)) = [bo(®) s a0 K (5, )17y

Eo(u,00)”
£ R
We denote, as usual, Yo = Xy v £ a0.Fp> Y1 = X0, b1, Ey.ar, F, - We Want to show that

K(pu), f: Yo, Y1) ~ (Pof)(u) + (Ro f)(u)
+o@)[(R1 f)(u) + (Q1 ) (u)] (3.22)

where p is defined by (3.21). Again we follow the same steps as in Theorem 3.1.
We fix f € Yo+ Yy and u > 0, and we choose a decomposition f = g + h such
that ||gllx, + ullllx, < 2K (u, f). Hence, to obtain the upper estimate of (3.22) it is
enough to prove that

lglyy + p@)lAlly, S (Pof)(u) + (Rof)w) + p@)[(Ry f)(u) + (Q1./)(w)].

Theinequality |||y, < (R1f)(u)+(Q1 f)(u) canbe proved exactly as we did through
(3.10) to (3.13). Now, we are going to establish that ||g|ly, < (Pof) @) + (Rof)(w).
By the triangle inequality and the (quasi-) subadditivity of the K -functional, we have
that

lglly, < (Pog)(u) 4 (Rog)(u) + (Qog)(u)
S (Pof)(w) + (Poh)(u) + (Ro f)(u) 4+ (Roh)(u) + (Qog) (u).
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For the proof of (Poh)(u) < (Pof)(u) proceed as in (3.7). Besides that (3.5),
Lemma 2.3 (i) and (2.4) give

K(u, f)
u

1—69

(Roh)(u) <

~ 1™ a0 ) [0, 00 K (112 £) S (Ro.f) ().

15001 2, .00y 11~ a0 (D)1 7, 0,09

Similarly, it follows

(Qu)(w) 5 K (w, )| Dol a0y
~ u=Pag ) 1bol 7,00 K (5 £) S (Rof)(w).
Hence llgllv, 5 (Po.f)@0) + (Ro f)(u) and summing up

Iglly, + o lhlly, S (Pof)w) + (Rof)(w) + p)[(Ri f)w) + (Q1 f)w)].

This concludes the proof of the upper estimate of (3.22).
Next, we proceed with the lower estimate of (3.22), that is

(Pof)(w) + (Ro f)(w) + p()[(R1 /) (u) + (21 /) (w)] S K(pu), f; Yo, Y1)

forall f € Yy + Y| and u > O where p is defined by (3.21).

We fix againu > 0, f € Yo+ Y;. Let f = fy + f1 be any decomposition of f
with fo € Yp and f; € Y;. Using the (quasi-) subadditivity of the K-functional and
the definition of the norm in Yy, Y1, we have

(Pof)(w) < (Pofo)w) + (Pof1)w) < |l follv, + (Pof1)(w),

(Rof)(u) < (Rofo)(w) + (Rof1)(w) < |l folly, + (Rof1)(w),
(R1 () S (R fo)(w) + (Ry f1)(w) < (Ry fo)(w) + | filly,
Q1)) < (Q1fo) W) + (@1 /1)) < (Q1f0)w) + | filly,-

Thus, it is enough to verify that

(Po f1)(u) + (Ro f1) () + p@)[(R1 fo) () + (@1 f0) )] < Nl folly, + o filly,-
(3.23)

Arguing as in (3.14)-(3.16) we can obtain that (P f1) (1) < p @)l filly,, (R1 fo)(u) S

ﬁn folly, and (Q1 fo) () < ﬁn folly,- On the other hand, using (2.8) with f = f;
and Lemma 2.3 (i), we have

_ a0
a1 [bill 0.1

- 01 —6,
(Ro/1)@) S 11l b0l 0 |~ E o

61—06 aO(”) ||b0 ||E()(M,OO)
ay(u)||by ||1'§1 (0,u)

I fillyy = p@)Il filly,-
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Putting together the previous equations we establish (3.23). Finally, by taking infimum
over all possible decomposition of f = fy+ f1, with fy € Yy and f] € Y, we obtain
the desired estimate. O

4 Reiteration formulae
Our objective in this section is to identify the spaces
—R =R L =L
(X60.b. Eg.a0. Fo» X61.b1.E1.a1. F )6.b.E> (XH(),bo,Eo,ao,Fo’ X4, by.Ey.ay, Fy)0.b.E>
—R —=L —L —R
(XQO,bO,Eo,ao,Fo’ X91,b1,E1,a1,F1)9sb’E and (X(?o,bo,Eo,ao,Fo’ X91,b1,El,a1,F1)9’bﬁE

for all possible values of 6 € [0, 1]. In that process we shall need two lemmas that we
collect in next subsection.

4.1 Lemmas

The first lemma is a change of variables and the second one is an equivalence between
norms.

Lemma4.1 [23,Lemma4.1] Let E be an r.i. space,a,b € SV,0<0 <1,0<a <1
and consider the function p(u) = u®a(u), u > 0. Then

0@ b(o)K (o), )|z ~ [lu b K (u, ) 5
forall f € Xo+ X1, with equivalent constant independent of f.

Lemma4.2 Let E, F beri. spaces,a,b e SVando, B,y € Rwithf <0andy > 0.
Then, the equivalences

Hzﬂb(t)us"‘a(s)f N F 0.0

=~ et Pa@b® fOl @.1)
and
715 £ ) 70| ~ 1157 @b O (42)

hold for any monotone measurable function f on (0, 00).

Proof Both properties are proved in [21,Theorems 3.6 and 3.7] for non-increasing
measurable functions on (0, c0). We assume now | that f is a non-decreasing measur-
able function. By (2.1) and applying (4.2), with f and y = —f < 0, we obtain (4.1)
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for f
[P f Oz 0| - = [FoO1s™ T T 7000
= [P0 s~ TN 0| 5
~ [le=“Pambe F )l g
= [l Pab@) f ) 5
The proof of (4.2) can be done in a similar way. O

Now, we are in position to establish reiteration theorems for R and L-classes.

—R “R
4.2 The space (Xg, 1 £o.a0,Fo* X01,b1,E1,a1,F)0,b,E10 < €0 < 61 <1and0 < 6 < 1.

Theorem4.3 Let 0 < 6y < 61 < 1. Let E, Ey, E|, Fo, F| ri. spaces, agp, ay, b, by,
by € SV such that ||b0||50(0,1) < oo and ||b1||§1 0.1y < 00 and denote

0,—0o ao(u)|lboll Eo(0,u)

p(u) = ’
ar@lbill g .u)
(a) [f‘() < 6 < 1, then

— —R
(XQO,bO,Eo,ao,Fo’ X«91,b1,E1,a1,F1)9,b,E = X@,Bg,E

where 0 = (1 — 0)0y + 060, and

By (u) = (ao@)Iboll 5y 0.) ' (@1 @)lIbill, 0.) bR, u > 0.
(b) If6 = 0 and |bll g1 o0y < 00, then

—R =R —=R,L
(X(?o,bo,Eo,ao,Fo’ X91 by, Ey.ai, FI)O b,E X9o bop, E,by, Eg,a0, Fo*

(c) If0 =1 and ||b||g(0’1) < 00, then

— R R R
(XGO,bo,EogaosFo’ X91,b1»E1,a|,F|)1 bE X61 B\ ,E,ay,F) N Xé)l bop,E,by,E,a1,F)

where B1(u) = ||b; ||El(0’u)b(p(u)), u > 0.

Proof Throughout the proof we use the notation Yy = Yg)bo’ Eo.ao.Fp> Y1 =
—R —
Xo, b,.Ey.a).F, A0d K(u, f) = K(u, f; Yo, Y1),u > 0.
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We start with the proof of (a). Let f € Yg.p . The generalized Holmstedt type
formula (3.1) and estimate (2.6) give that

Ko, ) 2 [o@lls™ao)K (s, )17,

2 ™ ag) ol g, 0.0y K (. £)-

Eo(0,u)

Hence, using also Lemma 4.1, we have

£, » ~ 10@ " blp @)K (o), )
2 [ o) ~bp(u))u=ag)boll g, 0.0 K . )] 7

Observing

By (1)

_9b — Qo—é—v
p)""b(p(u)) =u ao () Iboll &, 0.4)

u >0, “4.3)

we obtain that || f 1, bt S I f iy, , - This proves the inclusion YobE < ngBg’E.

Next, we proceed with the reverse inclusion. Let f € Yé By.E- Using again
Lemma4.1, the generalized Holmstedt type formula (3.1) and the triangular inequality,
we have

1£117,, » ~ @ b(@)K (@), )]z
< [ 2@ @) oo ls a0 K (5, Al 7,00
+ 0@ @)L 0.0l @ OK @ DIF 00|

+ 0@ b @) [ Olls™ @K . .00 | 7y 000 | 5
=1+ L+ L.

E

Hence, in order to prove that f € 791,, g itis suffices to estimate last three expressions,
I, I> and I3, by ||u’9 Bo(u)K (u, f)| . We start with /7. Using (4.3) and Lemma 4.2,
with the K-functional and = 6y — 0 < 0, we obtain

— [ 00— ___Bow —6o -
L= ol 70 || PO a0 K, D Eywn |7 0.0 .
< |uf0 B )5~ ag (s)K (s, )1 7y 0.0 -
~ u™ By K (u, )] - (4.4)
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Now we estimate I>. The relation

P o(py) = u I — D, (4.5)
al(”)”bl”El(o,u)

and Lemma 4.2, with the K -functional and y = 6 — 6 >0, give that

~ lu~? By)K (u, fl 3.

61—0 B,
= [ e

Finally, we approach I3 through I». Using (4.5) we have

— |, -0 By (1) -0 ~ ~
L= oz o [b1®)lls™ a1 K (s, NI .00 HE1<u,oo>' 5
Since the function # ~~ || - || (t,00) is monotone and 6; — 6 > 0, we can apply

Lemma 4.2 to obtain that

Iz ~

61—6 By () —6
u'” W”E(O)bl(u)lls Yay(s)K (s, f)||p1(uoo)”

From Lemma 2.3 (iv) and (4.5) we deduce that I3 < I, and the proof of (a) is
completed.

.. . . —R.L
The proof of (b) follows similar steps. The inclusion Y 0,5, = X vop. E.bo, Eg.a0, Fo

comes directly from Theorem 3.1 and the lattice property of E. In order to prove the
reverse inclusion we use again Lemma 4.1, Theorem 3.1 and the triangular inequality.

Indeed, Tet £ € Xy op. .y, £0.00. 7y then
1f 17y, - ~ [DG@)HK (o), )] 5

S [beo @ [bo® s a0 K (s, M| 200 | 2

+ | b @b 17, 0.0 I @1 OK @ DIF 0| 2

+ [paboan o @ls a1 K s,
=14+ Is+ Ie.

Itis clear that Iy = || f||~®r.c . Let us estimate /5 by I4. Lemma 4.2, with
X o bop. E.by. Eg.ag. Fo
the K-functional and y = 67 — 6y > 0, and (2.6) guarantee that

b
Is = H 0 QOM(()”)EO(O“)‘D( (u ))||t79'a1(t)K(t
a

N Hufeoao(u)||b0||EO(0,u)b(p(u))K(u, ) HE <l
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The third term Ig is bounded by /5. Indeed, since the function ¢ ~» || - || F(t.00) is
monotone and y = 6 — 0> 0, Lemma 4.2 gives that

oy —60 Y00l £, 0.0)

I = b(p@)) || bi)lls™ar()K (s, )l -
ar()[Ibill, 0. ” PE 1000 51,00 &
ap(u)|boll z
01—6p 0(0,u) —61 -
uft =t — 0 b (o (u))by () |Is ™" a1 (s)K (s, f)l H
al(“)“bl”El(o,u) Fi(u,00) E

Then, Lemma 2.3 (iv) implies that /g < Is. Summing up,

v <L+ Is+1g < Iy = —R.L
(WA AN s+16 S ||f||X90.bop.E’b0vEO,a0.F0

and the proof of b) is concluded. -~
Finally, we proceed with the proof of ¢). Let f € Y1 g. Lemma4.1, Theorem 3.1
and the lattice property guarantee that

1£1l7,, , ~ 10@~"D(o@)K (o), iz

2 [bo@) 10111z, 0.0 1" @K € Ol oo

~ = R
E “f”X{-)l.Bl‘E.a],Fl

and

17170 2 Hb(p(u)) b1l @) K 6. Pl 00|

Ej(u.0) || g

= I fllgr= :
01.,bop,E.by,E.ay,F|
<R <R R
Then’ f € XQ],B],E,al,Fl n X@],bop,E,bl,El,al,Fl .
. . <R <R R
Next, we study the reverse inclusion. Let f € X91 By.E.a,Fi N X@l,bop,E,bl EpalF-
Using again Lemma 4.1, Theorem 3.1 and the triangular inequality, we have that

1£17,,, ~ 2@~ "b(p@) K (o).

< @)oo @) oo s a0 K (5. 117,00 | 0.0

E
+ oG IBLIE, 0. I @ OK € 1117, 00|
+ [b @ o115 @ K 6. Al 00| 7,00y HE
=11+ Is + Io.
Since I = ||f||YZ§‘BI,MLF1 and Iy = ||f||Y;?_g§p‘E‘bbEl%F1, it is enough to estimate

I7. Using Lemma 4.2, with the K -functional and 8 = 6y — 01 < 0, and estimate (2.5),
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we obtain

I; = ue"_el%;::Zmb(,O(u))||b0(t)||S_9°ao(S)K(S»f)||ﬁ0(z,u>||Eo(o,u> B
< uf=" —“‘(”)QEEL'J)E‘(O*“) blp @)™ a0 K s, Do)
~ | @@ o .0 WK @ )|
< D@L, 0l @ OK @ FIF 00 HE == s
This completes the proof. .

4.3 The space ()_(go’bo’fo,ao’,;o,)_(é,bhfhahﬁ)g,b,,g,o <B0p<Bi1<1and0 <0 <1.
Next theorem can be proved similarly, except that Holmstedt formula (3.17) has to
be used in place of (3.1). However, since this approach is lenghty, we prove it using

Theorem 4.3 and a symmetry argument.

Theorem4.4 Let 0 < 6y < 6y < 1. Let E, Ey, E|, Fo, F| ri. spaces, ag, ay, b, by,
by € SV such that ||b0||go(1’oo) < 00 and |[billg, (1.00) < 00 and denote

61—6 aO(u) "bo || E()(M,OO)

IO(M) =u ’
ai (l/t) ||bl ”E] (u,00)

(a) If0 <6 < 1, then

—r —r _
(XQOstsEOﬂO»FO’ X91,b1,E1,al,F1)9,b,E = X@,B@,E

where 0 = (1 — 0)0y + 060, and

Bo(u) = (a0@) b0l Eyu.00)) ' (@1 @IIb11IE, (u.0cy) D@, u > 0.
(b) If 0 = 0 and ||b||g(1,oo) < 00, then

L =L =L —=L,L
(Y@o,bo,Eo,ao,Fo’ X91,b1,E1,a1,F1)0,b,E = XQO,BO,E,GO,FO N Xeo,bOp,E,bo,Eo,aoyFo

where Bo(u) = ||b0||§0(u‘oo)b(p(u)), u > 0.
(c) If0 =1 and bl ) < o0, then

L =L LR
geo,bo,Eo,ao,Fo’ X@],b],El,al,Fl)l,b’E = Xel,bop,E,bl,El,al,Fl' (46)
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Proof We prove (c). Applying both identities of Lemma 2.9 we have

L =L
(XQOstsEO»CIOxFO’ X4, by.Ey.ar,F)1.b.E

—L =L
(X91,b1,E1,a1,F1 ’ X90,b0,Eo,ao,Fo)0,E,E

_ R R B
- ((Xl’ XO)]*Q],B],ELELH ’ (Xl’ XO)179(),60,E0,E(),F0)0,b,E'
Then, by Theorem 4.3 b) we obtain

£ +£ R.L
(XQO,bO,Eo,aosFo’ X91,b1,E1,a1,F1)1,b,E = (X1, XO)FQ] ,bop* E.b1,E1,a1, F

where

#
p () =u = T ’
ao@)1boll £,0.u)

Equality (4.6) follows from Lemma 2.12 and that b o p#(u) = bo p(u), u > 0.
The proofs of (a) and (b) can be carried out using similar arguments and Theorem 4.3

(a), (©). o

R —
4.4 The space (Xgo,bo’fo,ao’,;o,Xé,bhfhahﬁ)g,b,f,o <Bp<0Oi1<1and0 <0 <1.

The following theorems deal with reiteration formulae with mixed R and L-spaces.
Both theorems have to be proved independently, since the symmetry argument cannot
be applied.

Theorem 4.5 Let 0 < 6y < 61 < 1. Let E, Ey, E|, Fo, F| ri. spaces, ag, ay, b, by,
by € SV such that ”bOHEo(O,l) < oo and ||by ”El(l,oo) < o0 and denote

o1 —60 L0 1boll £y 0.

plu) = u ,
a1 (@) o112, (u.00)

(a) If0 < 6 < 1, then
—R —r —
(XQOVbO,Eo,ao,Fo’ X91,b1,E1,al,F1)0,b,E = Xé,B(),E
where 6 = (1 — )0y + 00 and
1-6 0
By (u) = (ao(u)”bO”EO(o,u)) (al(’/l)”bl ||El(u,oo)) b(p(u)), u > 0.
(b) If 0 = 0 and ||b||§<1yoo) < 00, then

—R —=L —=R,L
(XGO,bO,Eo.,ao,FO’ X91,b1,E1,111,F1)0,b,E = Xeo,bop,E,bo,Eoyao,Fo‘
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(c) If0 =1 and ||b||g(0,1) < 09, then

- LR
(YQQ,bo,Eo,ao,Fo’ X01,b1,E1,a1,F1)1,b’E X91 bop,E,by,Ey,a1,F1°

Proof The proof follows essentially the same steps as the proof of Theorem 4.3,
although some estimates are different. Let us start by denoting as usual Yy =

=R
XH() bo, Eo,ao, F()’Y1 X@] bi.Ey,a1, Fy and K(M f) K (u, f; Yo, Y1), u > 0.

The inclusion Y, 0.b.E — X; 0.By.E follows from Lemma 4.1, Theorem 3.3 and
inequality (2.6) as we did in the proof of Theorem 4.3 (a). Let now [ € Yéy By.E

Using Lemma 4.1, Theorem 3.3 and the triangular inequality, we have
1£1l7,, . ~ @b K (o), )]z
< e~ "beo@n ool a0 K (5. 117300 | 0 | =

+ P00 o0 @) [b1®) s~ @K 2 7y |17y | 2
=10+ I11-

The expression /1o can be estimate by || f ||Y§ L aswe did with 77 in (4.4). We also
,Bg,

observe

61—6 By (u)

Ill = N
ay(u)||by ||El(u,oo)

[or @l a1 &K (5. Pl

El(u,oo)' o

< [un-? 9(( ))n g ()K (s,

Applying, as usual, Lemma 4.2 with the K -functional and y = 0; — 6 > 0, we obtain
that I1; < ||f ”Y(; . This completes the proof of (a).
,Bg,

Next we proceed with the proof of (b). The inclusion Y g <> Y;ﬁfo 0. bo, Eo.a0, Fo
follows directly from Lemma 4.1, Theorem 3.3 and the lattice property of E.In order
to prove the reverse inclusion we use again Lemma 4.1, Theorem 3.3 and the triangular
inequality to obtain that

15y, ~ IDG@)K (o), )]z
S [bee@n o lis™ a0 K (s, Mol 200 | 2

+ | @bto@) [br®lls a5 K G,
= I1p + L13.
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It is clear that I, is equal to || f || —R.L . Besides that, arguing as we did
0 ,bop, E.bqy, Eq,aq. F
with /11 and using (2.6) we estimate I 13 by I12. Indeed,

I3 S [u®ag@)[boll 5,0, b0 @)K (u, )] 2

< [beo@n [oosao)K . Pz | 7,00

~ = 1.
E

This completes the proof of (b). Similar steps using (2.7) instead of (2.6) lead to the
proof of (c). O

- R
4.5 The space (Xg;)’bo’fo,ao":o,X91’b1’E1,a1’F1)g,b,E,0 <@p<B1<1and0 <O =<1.

Theorem 4.6 Let 0 < 6y < 6y < 1. Let E, Ey, E|, Fo, F| ri. spaces, ag, ay, b, by,
by € SV such that ||b0||go(1)oo) < oo and |bi|l g, ©.1) <00 and denote

01—60 a()(u) ”b() ||EO(”7°O)

., u>0.
ar@lbill g 0.0

pu) =

(a) If0 <6 < 1, then

— =R
(XGO,bOVEo,ao,Fo’ X91 by, Ey.ai, F1)0 b,E X 0, E

where 6 = (1 — 0)0y + 00, and

By(u) = (a0() b0l By u00)) ' (a1 @IIb1ll5, 0.0) b)), ut > 0.
(b) If 0 = 0 and ||b||E(1,oo) < 00, then

~ <R —L.L
(Xeo,bo,Eo,ao,Fo’ X@],bl,El,al,Fl)(),b’E X90 By, E,ag, Fy N X@o bop, E,bg, Eg,aq, Fo

where By(u) = ||b0||50(u’oo)b(p(u)), u > 0.
(c) If0 =1 and ||b||g(0,1) < 09, then

=R R
(X90 by, Eg.a0, Fo° X91 b, Eq.a1, Fl)l bE — X91 Bi,E,a1,F mX@l bop,E,by,Ey,a1,F

where By (u) = ||b; ”E. (O‘M)b(,o(u)), u > 0.

Proof As usual, we denote Yy = Ygoybo’EO’aO’FO, Y| = Y;?,bl,El,al,Fl and K (u, f) =
K(u, f; Yo, Y1), u > 0. Lemma 4.1 establishes the equivalence

1f1lg,, , = N~ D@ K . Nl ~ 1@ *b(p@)E (pw). £l -
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Then, in order to obtain (a) it is sufficient to prove that

o @)~ blo@NK (pw), g ~ ||u_éBe(u)K(M, Nz 4.7)
Theorem 3.4 and (2.4) give

K(p@), £) Z 1501 5y .00 1P a0) K (5, ) £y 0.0
2 u™%ag(u) 5ol £, (.00 K (. f)-

Hence, the inequality “ < ” of (4.7) follows using the relation

) 5 By (u)
0b _ 6o 9—’ 0-
p ) "b(p(u)) =u ao@)[150 [l £ u,00) o

Next, we proceed with the reverse inequality “ < ” of (4.7). By Theorem 3.4 and the
triangular inequality, we have

lo@) b)) K (pw). )|z
< [p@ b0 [bo@ls™ a0 K 5. Nz | 0.0

+ | B @00 7y 0 [P0 OK )7 00| 5

+ |06 oo @) 117, 0. It @ (OK @,

+ 0@ (@) |1 O lls™ @K S D100 | 7y | 5

=Ty + Iis + L + 117.

E

Let us estimate the four expressions by ||u_9~ Bo(u)K (u, )|l z. Lemma 4.2, with the
monotone function ¢t ~ || - || Fo0.0)» B="00— 6 < 0 and Lemma 2.3 (iv) yield that

N H G0—0 B (u)

————————bo(u) s ao()K (s, HI 0. | ~
a0 () 011 5, (u.00) oo ||

(u), _
N H " eae( s Pao(IK S, Do |

Lemma 4.2 again, with the K-functional, implies that I14 < ||u_§Bg WK u, Hlz.

Similarly, using Lemma 4.2 only once, we establish that I15 ~ |lu~% By (u)K (u, f)|| 7
Having in mind that

= B
p ) fb(p ) = Mel_(g&’ u>0
arbill g, 0.4)
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and arguing as we did with I, in Theorem 4.3, we have that 714 ~ || u? By () K (u, Dz
The estimate of the term /17 can be carried out, arguing as in /14, using Lemma 4.2
twice, once with the monotone function ¢ ~~ || - || F(1.00)» the second one with the

K -functional, y = 6] — 6 > 0 and Lemma 2.3 (iv). In fact,

9|*9~B9—(u)
ar )bl g, 0.4
91—5%
ar@lbill g, .u)
ugl B@( )
ay(u)

~ e Bsw K w. 1),

Iy = b1 s a1 K G Ol 0.000 || 2

by (u)lls ™" a1 (s)K (s,

A

———ls™"ay(s)K (s,

This concludes the proof of (a).
To prove (b) it suffices to show that

b @)K (p), HHll ~ max {1l fll5z A llpe.c J. 4.8)

00, Bo,E,aq, Fo X90 bop, E b, Eq.aq), Fy

Theorem 3.4 guarantees that

Ko@), ) 2 160l 5 .00 11" Pa0OK . P 7 0.0

and

Kpw), )= Hbo(t)us‘@"ao(s)l((& DIz 0.0 HEO(o,u)'

Hence the inequality “2” of (4.8) follows. On the other hand, Theorem 3.4 and trian-
gular inequality give that

[ @nE 0. Nz S o) [ools ™ ans)K (5. iz 0,0 700 | 2
+ D@00l 4,0 [P 0O K €, ) 70,0 5
+ | @b @)ILIE, 0.0 1~ @1 OK € D 0y | 2

+ | @b @) b1 Is™ a1 YK 5, 17,000 | Fy 000 | 2

= I11g + 19 + Iy + 1.
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It is clear that I1g = ||f||Y£,£ and I19 = ||f||YL . Besides,
60.bop. E,bg. Eq.ag, Fy 60, Bo. Eag. Fo

Lemma 4.2, with the K -functional and y = 6; — 6y > 0, and inequality (2.4) yield

g 4000 ol 7, _
g = [ =0 SRS b)) [ ar (0K (0 ) 0|

a1 () E
~ Hu‘%ao(u)||bo||§0(u,oo)b(i0("‘))K(“’ h Hg
~ _9 I =
SHWwamW@W”W %MﬂKmfwm@mE—Wf%g%ﬂm%

The estimate of the last term I, requires, as with /17, the use of Lemma 4.2 twice,
with y = 601 — 6y > 0, and Lemma 2.3 (iv). Indeed,

by = H"QP
arIblg, 0.

b [b1 O lls ™ a1 @K 5. NI F 100|000 | £

ap)llboll g
01—0o Eo(u,00) —6 .
~ ——————————b(p)bi)lls"tar(s)K (s, f) 5

| a1 @b11g, 0.0 ‘ ! PlFioo| 5

a0 boll
01 —6, Eo(u,00) —0 ~
< Jurhmt = b @) s (DK S DI 00

~ Hufeoao(u)IIbollio(u,oo)b(p(”))K(”’ h HE

Finally, using (2.4) we have that Io; < || f "Yﬁ . This establishes b).
00, B0, E,aq, Fo
The proof of ¢) can be done using similar arguments to Theorem 4.3 c). O

5 Applications

For simplicity, we apply our results to ordered (quasi)-Banach couples X = (Xo, X1),
in the sense that X1 < Xp. The most classical example of an ordered couple is
(L1(2, ), Loo(2, 1)) when 2 is a finite measure space.

5.1 Ordered couples

We briefly review how our definitions adapt to this simpler setting of ordered couples.
When X; < Xj, the real interpolation Xg 1, £ can be equivalently defined as

Xop.e={f €Xo: It 7"DOKE Pl < oo}

where 0 < 0 < 1, E is anr.i. space and b € SV (0, 1). The replacement of (0, co) by
(0, 1) in Definition 2.1 yields the definition of the class SV (0, 1).

Similarly, given a real parameter 0 < 0 < 1, a,b,c € SV(0, 1) and r.i. spaces
<L <L.L <R, L . .
E, F, G, the spaces Xy g 45> Xg o Eb Fa.Go X9.c.Eb.F.a.G T defined just as in

Definitions 2.8 and 2.11; the only change being that E(0, co) must be replaced by
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47 Page 32 of45 P. Ferndndez-Martinez, T. Signes

E(0, 1). Likewise, the spaces Xe b.E.q. F,X;zji- b F.a.G and Xe CRE b, F.q.G are defined

as

<R _
X rar = {1 €Xo: [p@Is™a®K s, Nz 5o <0}

Xg o EbFaG = [f € Xo: Hc(u)”b(t)lls Ya(s)K (s, g, l)”F(u I)HE(Q 1 oo}

and

—LR
X9.c.Eb,F.a,G

_ {f € Xo: Hc(u) [b) s a()K (5, Hligr ||f(u,1>H Fon < oo}.

Of course, all the results in the paper remain true if we work with an ordered couple
and use slowly varying functions on (0, 1) as parameters. In these cases all assumptions
concerning the interval (1, co) must be omitted.

Moreover, if the couple is ordered, then the R and L-scales are also ordered.

Lemma 5.1 Let X be an ordered (quasi-) Banach couple, Ey, E1, Fy, F) ri. spaces
and ag, a1, bg,b; € SV(0,1). If0 < 6y < 01 < 1, then

X(?l,bl,El,tll,Fl - Xeo,bo,quao,Fo’ X01,b1,E1,aqu1 - X90,b0,EoJlo,Fo’
=R =L =L =R
X9|,b1,E1,al,F1 - Xeo.bo,Eo,uo,Fo’ X91,b|,E1.al,F1 - X90,b0.Eo,ao,Fo’

assuming, if it is necessary, the condition ||bol| g, 1) < 00 such that the right hand
side of each inclusion is not the trivial space.

<R
Proof Letf € X01:b1,E1,511,F; anq gssume.that Iboll 0.1y < oognd b1l 0.1y < 00,
otherwise the first inclusion is trivial. Using (2.8), that the function # ~~ || - |5 ¢ 1) s
non-increasing and Lemma 2.3 (i) with o = 61 — 6y > 0, we obtain

ap(s) H ~
a1 ($)Ib1lI, (g.s) I Fott.1)
61—06 ap(s) H B
a1®)Ib1llF, g.5) | FoO.1

01—6
1/ 1R: 60,60, Eo.a0, Fo S I I1R:01,01,E1,a1, 1 bo(f)HS o

Eo(0.1)
< IS IRs0. 1. Evar. 1 100l o, [

~ ||f||R;01,b1,E1,al,F1

which gives that f € Xy, 1 £, q0.7,- The proof of the other three inclusions can be
carried out using similar arguments, using (2.9) in place of (2.8) if it is necessary. O

5.2 Interpolation between grand and small Lebesgue spaces

In this subsection we shall describe the interpolation spaces between grand and small
Lebesgue spaces as Lorentz-Karamata type spaces L b .
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For convenience we will consider (€2, ) a finite measure space with u(2) = 1
and we will denote the function spaces as Ly, L 4, etc..., dropping the dependence
with respect to the domain (€2, w).

Definition5.2 Let | < p < 0o, b € SV and E an r.i. space. The Lorentz-Karamata
type space L, p, g is defined as the set of all f € M(€2, ) such that

”f”Lp,bj = Htl/pb(t)f*(t)” E(O,l) < Q.
The Lorentz-Karamata type spaces comprise a big family of r.i. spaces, including
the L, spaces, the Lorentz spaces L, ,, the Lorentz-Zygmund spaces L?-4(log L)“
and the Lorentz-Karamata spaces L, 4. (see [32, 39, 43]). Moreover, these spaces
are particular examples of the ultrasymmetric spaces Ly g studied by E. Pustylnik

[45], where it was shown that a r.i. space is ultrasymmetric if and only if its norm is
equivalent to

1z, = [e@ F* O 501, 5.1

for some parameter space E.
Using Peetre’s well-known formula [6, 41]

t
K(z,f;Ll,Loo>=/ Frs)ds = @), 1> 0,
0

and the equivalence [[#'/7b(t) f** (D)l 5.1 ~ I1t"/7b@) f* Dl g1y | < p < 00
(see, e.g. [12,Lemma 2.16]), it follows that the Lorentz-Karamata type spaces are
interpolation spaces between L and Lo

Lppve= (L1, Loo)l_%,b,E. (5.2)
Analogously it can be proved that
L L
(L1, Lm)l—%,b,E,a,F =LpbvEar

where

LE b par =1 € M@0+ [bOIs"7a) £ O

)
E0,1)

if E, F are r.i. spaces, a,b € SV and 1 < p < oo (see [32] for the case E = L,,
F =1L, 0<gq,r <00). Working a litte more, it can be stated that

R _ 1R
(L17 LOO)]_l b.E.a.F Lp,b,E,a,F
P La.a,
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where
LRy s = € M@0 : [bOls"Pa) FOli7,, 1>HE(O L <o)

(see [16,Lemma 6.6] or [17]). Also,
(L1, L oo)R 5 b F.a.G =L b Facr
CL LTS o pae=Ertebrac:
L L) e = bt e and
O S e R S T

where the spaces L j%bFaG,L’Cﬁ G LRLEbFa and L . EbFaGare

deﬁned as the set of all f e M(Q, n) ft())roshlch (2.10)-(2. 13) are satisfied changmg
“Pa(s)K (s, f)= s/Pa(s) f**(s) by s'/Pa(s) f*(s), respectively (see [17] for the
caseE=Lr,F=Lq,O<q,r < 0).
Following the paper by Fiorenza and Karadzhov [26] we give the next definition:

Definition 5.3 Let 1 < p < oo and @ > 0. The grand Lebesgue space L% is the set
of all f € M(2, ) such that

1l = €7 "7 1) 70|

< o0
Loo(0.1)

The small Lebesgue space L(7¢ is the set of all f € M(, i) such that

1l = |7 O O 7, 0

~ <
L1(0,1)

1 1
where >t = L.

The classical grand Lebesgue space L”) := LP"! was introduced by Iwaniec
and Sbordone in [34] in connection with the integrability properties of the Jacobian
under minimal hypothesis. The classical small Lebesgue space L := L1 was
characterized by Fiorenza in [25] as the associated space to LP); thatis (LPy = L.
For more information about these spaces, generalizations and applications to PDE’s
see the recent paper [27] and the references therein.

As observed in [26, 40], these spaces can be characterized as R and L-spaces in
the following way

Lne =R

(pa _ 7L
pot-alrw).Loo, 1L, 24 L _Lp,l”/P/_'(u),Ll,l,Ll,'

Thus, we can apply the results from §4.3 to identify the interpolation of grand and
small Lebesgue spaces. In order to do that we need the following technical lemma.
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Lemma5.4 [19 Lemma 6.1]

i) If0+5 <O0withl <g <ooorq =o00ando <0, then

1
167 Oz, 0 ~ €7, ue© 1), (5.3)

ii) Ifo—l—cll>Owith1§q<oo,0rq=ooand020,then

o+l
167 DNE, 1y ~ €T @), ue0,1/2). (5.4)

Notice also thatif b(¢) ~ a(¢) forall ¢ € (0, 1/2), then the monotonicity properties
of the K -functional and the properties of the slowly varying functions imply that

Xov,E = X9,4,E-

Thus, under conditions of Lemma 5.4 ii)

Xe’”ga(t)uzqul)’E - Xe,z“*%(u),E
forall 0 < 6 < 1 and all r.i. space E. A similar identity holds for R, £-spaces and for
extreme constructions.

Using Theorem 4.3 and (5.3) with ¢ = 0o, we can state the interpolation formulae
for a couple formed by two grand Lebesgue spaces. Similar results in the no-limiting
cases 0 < 6 < 1 appear in [3,Theorem 8.3], [14,Corollary 51] and [28,Theorem 1.2].
The result also completes [23,Corollary 5.7].

Corollary 5.5 Let E be an r.i. space,b € SV(0,1), 1 < pg < p1 <ocanda, B > 0.
1 1

o

Consider the function p(u) = uro P1L€rP1 7o (u), u € (0, 1).
(a) If0 < 6 < 1, then

(L/Do),Ot7 Lm)’ﬂ)e,b,E =L, g,k

[e(-6) , po
where % = 1[7;09 + % and By(u) = ¢ [ Po +Pl](u)b(,o(u)), u e (0,1).
(b) If6 =0, then
po)a 1 p1).p _T1RL
(L L )O,b,E - Lpo,bop’Eygfa/pO(u),Loo,1,1‘[,0'

(c) If0 =1 and |blig 1) < oo, then

po).a 1 p1).B —_JR R.R
(L L )l,b,E - Lm,Bl,E,l,Lpl N Lpl,bop,E,z—ﬁ/m(u),Loo,l,Lm (5

where Bi(u) = Z%S(u)b(p(u)), u e (0,1).
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Remark 5.6 Comparing (5.5) with Corollary 5.7 c¢) from [23], we observe that

R P0),o R
Lm,Bl,E.l,LP1 N (L ’ LPl)l,bop#,E,rﬁ/m (), Loo

_ 7R R,R
- LPl,BhE,l,L,;l n Lpl,bop,E’g*ﬂ/Pl (). Loo.1.Lp,

B
where p* (1) = ul?1 (u), u € (0, 1).

Theorem 4.4 and (5.4) with ¢ = 1, enables us to state the following interpolation
formulae for a couple formed by two small Lebesgue spaces. The result completes
[14,Corollary 49], [23,Corollary 5.12] and [28,Theorem 3.4].

Corollary 5.7 Let E be an r.i. space,b € SV(0,1), 1 < pg < p1 <ocanda, B > 0.
o« P

1_1 5-5
Consider the function p(u) = uro P10 P1(u), u € (0, 1).

(a) If0 < 6 < 1, then

(Lo, L(pl'ﬁ)e,b,E =Lp.By.E

a(l-6) | BO
where % = 117;09 + % and By(u) =€ " P (u)b(p(u)), u € (0, 1).
(b) If 0 = 0, then
L(po,a’ LB — LL N LL’L ) 5.6
( )O*b'E Po.Bo.E 1Ly, Po,bop E 6P ), Ly, 1Ly, (5-6)

where Bo(u) = £7 (u)b(p(w)), u € (0, 1).
(c) If0 = 1and bl ) < 00, then

(L(P()’Ol’ L(Plaﬁ) — LE’R ) )
Lo B bop, E6P/P " w), L1, 1,L

Remark 5.8 Comparing (5.6) with Corollary 5.12 (b) from [23], we observe that

L (r1,8\L
Lp(),BO,Eyl,Lpo N (LPO’ L )O,bop#,E,ea/péil(u),Ll
L.L
—LE nL>
Po-Bo-Eeb o = by bop, BP0 @), Ly 1Ly,

where p* (u) = ut®Pou), u € (0, 1).

Additionally, using Theorems 4.5, 4.6 and estimates (5.3), (5.4), we identify the
interpolation space between grand and small Lebesgue spaces. Corollary 5.9 completes
[14,Corollary 52] with the limiting cases & = 0, 1, while Corollary 5.10 completes
[3,Theorem 6.5], [14,Corollary 50], [24,Theorem 5.7] and [28,Theorem 5.1].
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Corollary 5.9 Let E be an r.i. space,b € SV(0,1), 1 < pg < p1 <ocanda, B > 0.

o

11 —[=+-5]
Consider the function p(u) = uro 71£ ™ 1 (u), u € (0, 1).

(a) If0 <6 < 1, then
), (p1.8
(Lpo a L )e,b,E

_a(-0)
1

1 _1=0 , 0 _ 0
where = + i and By(u) = ¢

(b) If6 =0, then

(LPO)JX7 L([?lyﬂ)o _ 7 R.L

=LpBE;

L w)b(p(u)), u € (0, 1).

b E T Lpo,bop,E,e*“/m(u),Loo,LLPO‘

(c) If0 = 1and ||b||g(0,1) < 00, then

(Lpo),ot, L(Plﬁﬂ)l’b’E — LL’R

’ .
p1.bop, EP P17 ), Ly 1L,

Corollary 5.10 Let E be an r.i. space,b € SV(0,1),1 < pg < p1 < ocanda, B > 0.
B

R T
Consider the function p(u) = uro P1L£70 " (u), u € (0, 1).

(a) If0 <6 < 1, then

(L(Po,oc’ Lm)’ﬂ)é),b,E — Lp,Bg,E’

a(l-60) _ po

"L u)b(pw)), u € (0, 1).

1 _1=60 , 0 — (
whereF— 2o + o and By(u) = £ "o

(b) If 6 =0, then

LE

(po,@ 7 p1).B
(Lo, LPOF) 10, Bo.E,1, Ly,

bE —

where Bo(u) = 70 w)b(pm)), u € (0, 1).
(c) If0 =1 and ||b||§(0’1) < 09, then

(po.a@ 7 p1).B _ 7R
(L L )l,b,E - LPlaBlvalepl nL

where Bi(u) = E_”ﬁl(u)b(p(u)), ue (0,1).

L5F (5.7)

/
po.bop. E.£%P07" (u),L1,1,L

R.R
p1.bop. EL7P/PL(u), Loo.1,Ly,

Remark 5.11 Comparing (5.7) with Theorem 5.7 (b) from [24] one can deduce the

identity

L
LPO,BO,E,I,L,;O N (Lpo,

_ 7L L.L
= Ly, By,E,1,L,, N L

p1.BVL
L ) w/ph 1
0,bop* E£*P0™" (1), L

/
po,bop,E,@a/po_l (u),Ll’laLpo
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where o (1) = ul? (u), u € (0, ).
5.2.1 Example: the case when E = Ly

Let Lj; denote the Orlicz space on (0, 00), that is, the set of all measurable functions
f such that the Luxemburg-Nakano norm

. I
||f||LM=1nf{)»>0./0 m (L )dt§1}<oo,

where M is an Orlicz function (increasing convex function on [0, co) with M (0) = 0).
These spaces generalize the L, spaces, which correspond to M (1) = t9.

We next define the family of Lorentz-Orlicz spaces, as considered by Torchinsky
in [49]. When M is an Orlicz function and ¢ : [0, 1] — [0, c0) is increasing and
concave, the Lorentz-Orlicz space A (¢, M) is the set of all measurable f on (0, 1)
such that

1 K% d
1 o) = inf {A 0 /0 M(M)Tt < 1} 0.

It is known that the above norm || - || Ay, m) is equivalent to the quasi-norm obtained
by replacing f** with f*, provided that the upper extension index p, < 1; see, e.g.
[12,Lemma 2.16]. That is,

I £ la ) ~ @ f* Oz,

In particular, the Lorentz-Orlicz spaces A (¢, M) are ultrasymmetric, in the sense of
(5.1); see also [5,Theorem 2].

In the special case when ¢(f) = t1/Pb(r), with 1 < p < oo and b € SV, then
the Lorentz-Orlicz space A(t'/Pb(r), M) coincides with the Lorentz-Karamata type
space L p,1,,, namely

AYPo(t), M) = Lyp.1,,-

Therefore, we can summarize as follows the results stated in part (a) of Corollar-
ies 5.5 and 5.7, in the special case that E = Ly and b = 1.

Corollary 5.12 Let M be an Orlicz function, 1 < pg < p; < oo, o, B > 0 and
0 <6 < 1. Then,

(Lpo),a’ Lm)’ﬁ)e,],LM = A(II/FZ_A(I), M)
and

(L(po,a’ L(p]’ﬁ)a,l,LM = AP eB (), M),
1 _1-6 , 6 _ a(l-6) BO — ad=0) , po
where ;= 120 + 5 A= SEE 4 R and B = <50 +
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Similar statements can be written for the interpolation spaces formed by the pairs
(Lpo),og L(Plslg) and (L(PO,OQ LP')’ﬂ).

5.3 Generalized Gamma spaces

Our goal in this subsection is to obtain interpolation formulae for couples formed by
two Generalized Gamma spaces with double weight; see [28].

Definition5.13 Let 1 < p < 00, 1 < g < oo and wy, wy two weights on (0, 1)
satisfying the following conditions:

(c1) There exist K»; > 0 such that wy(2f) < Kjpwa(t), forallt € (0, 1/2). The space
L?(0, 1; wy) is continuously embedded in L! 0, 1).
(c2) The function fot wy(s)ds belongs to L% O, 1; wy).

The Generalized Gamma space with double weights GT'(p, ¢, wi, w») is the set of
all measurable functions f on (0, 1) such that

1 t q %
I fller = </ wl(t)(/ wa(s)(f*(s))? dS>"dt) < 0.
0 0

These spaces are a generalization of the spaces GI'(p, ¢, w1) := GI'(p, q, wy, 1),
introduced in [29], while the spaces GI"(p, 0o, wi, wy) appeared in [31].

If we assume that uw; (#) and w, are slowly varying functions, we can identify the
Generalized Gamma space as an £-space in the following way

_ 7L

GF(P, q,wi, wZ) - L[l,(uwl (u))l/q,Lq,(u)z(u))l/p,Lp .

Thus, we can apply the results from Sect. 4.3 to interpolate two Generalized Gamma
spaces with double weights.

Corollary 5.14 Let E be an r.i. space and b, uwi(u), wy, uws(u), wg € SV (0, 1). Let
1 < po < p1 <00, 1 <gq < oo and consider the function

L 1
L1 wl @l @)z, 0
pu) =uro P — , ue(,1).

T 1
wy' @ w3, ()

(a) If0 <6 < 1, then
(GT(po, go, wi, w2), GT(p1, q1, w3, wa))y y p = Lp.By.E

L _1=60 , 6 i
where 5= + o and By (u) is equal to

1 1 1 1 0
(o) l@w )@z, ) (a@) 7T IEws @) Iz, 1)) bloG),
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foru € (0, 1).
(b) If 0 = 0 then

(GT(po, qo, wi, w2), GT(p1, g1, w3, W)y, p

=L nLE~
P0.Bo. E.(wa ()P0 L o Ppo.bop, E, (uwy ))/90, Ly, (wa () /70, L

1
where Bo(u) = [|(twi (1) |7, . )b(p()), u € (0, 1).
(c) If0 =1 and |blig 1) < oo, then

(GT(po. qo, w1, w2), GT(p1, g1, w3, wa)), , &

_ LR
T T p1.bop, B, (wws @)/, Ly, (wa )PV Ly

5.4 A and B-type spaces

Finally, we consider the A and B-type spaces studied by Pustylnik in [44].

Definition 5.15 Given 1 < p < 0o, @ < 1 and E an r.i. space. The space A, ¢ f is
the set of all measurable functions f on (0, 1) such that

ds H
— || - <
s I1E©,1)

1
1l = €@ / ST LGs)
t

assumed that the function (1 4 #)*~! belongs to E (i.e. ||£°‘_1(t)||g(0,1) < 00 see
[44]). The space B), o, f is the set of all measurable functions f on (0, 1) such that

N NBywr = H sup S%E“’l(s)f**(s)H

~ <
O<s<t E(0,1)

The spaces of B-type when o = 0 first appeared in [12]. General versions of these
spaces were studied in [46]. The main feature of the A and B-type spaces is that
they appear in a natural way as optimal domain and range spaces, respectively, in the
corresponding weak type interpolation theorems [44, 47]. The norms || - ||4,, , and
Il - I8, are equivalent with the corresponding quasi-norms obtained via replacing
f** by f*

The A and B-type spaces can be seen as R and L-spaces, respectively. Indeed,

Bpor =L"

_ 7R
Apar =1L P LE 091 (), Loo”

P (@0),E, 1L

Then, we can apply the results from Sect. 4 to obtain the following interpolation
formulae.

Corollary 5.16 Let E, Ey, E| be ri. spaces, b € SV(0,1), 1 < pg < p1 < o0,
o, B < 1 and assume that (1 + W)L (1 + w1 belongs to Eq, E1, respectively.
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Consider the function

1
L Ol

pu) = ul’ , ue,1).
Mﬁ (t)”El(O 0

(a) If0 <6 < 1, then
(Ap(),ol,E()’ Ap]’ﬁ’El)G,b,E = Lp,Bg,Ev

1 1-6 0
re — = —2 Z
where » 70 + 7 and

By () = € 05 0, €7 1 4, b)), 1 € (0. 1)

(b) If 6 =0, then

O R.L
(APWEO’ APl»ﬁ’El)o,b,E = Lpo,bop,E,lo‘*l(u),Eo,l,Ll'

(c) If0 =1 and ||b||g(0’1) < 09, then

_ 7R R.R
(APO,Q,EOv APl’ﬂ,El)l‘b,E = Lpl,Bl,E,l,Ll N Lpl‘bop,E,eﬂ_l(u),Eh],L]

where By (u) = [P~ (0| £, (0.b(0 @), u € (0, 1).

Corollary5.17 Let E, Eg, E; be ri. spaces, b € SV(0,1), 1 < py < p1 < o0 and

L L wypg, (6(u))
a, B < 1. Consider the function p(u) = uro 1 m, u e (0,1).

(a) If0 < 6 < 1, then

(BPO,OAEO’ BP],,B,E])Q’b’E =Lp.By.Es

where L = =0 + 2 g4

14 Po P1
By(u) = (€ w)pr, (L))~ (P e, (€@))) blow)), u € (0, 1).

(b) If 6 =0, then

4L L.L
(Bpo.a. o Bl’lﬁEl)O,b,E = L Bo Bt ) Lo Lp(),bop,E,l,Eo,Za—l(u),Loo

where Bo(u) = @g,(£(u))b(p(u)), u € (0, 1).
(c) If0 =1and bl ) < o0, then

LR
(Bpo.aEo- Bl’l’ﬁ»El)l,b,E - Lm,bop,E,l,El,zﬂfl(uwa'
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Corollary 5.18 Let E, Eg, E; be ri. spaces, b € SV(O 1), 1 < pp < p1 < o0 and

1 [1€%— (t)”EO(Ou) uc (0 1)

1 _ 1
a, B < 1. Consider the function p(u) = uro 1 m,

(a) If0 <6 < 1, then
(Apo,a,Em Bm,ﬁ,El)g,b’E =Ly By.E;

1_1-0_, 0
where = + o and

Bow) = 17 @156 (€07 e, (€@) blp@), w e ©,1).

(b) If6 =0, then

_ I RL
(Apo.a.Eo- BPl»f”El)o,b,E - LPO,bOp,E,Z""l(u),Eo,l,Ll'

(c) If0 =1 and |blig 1) < oo, then

LR
(Apo,oc,Eo’ Bm,ﬁ,El)l,b,E - Lpl,bop,5,1751,g,sfl(u),L@

Our last result completes [24,Corollary 5.19].

Corollary5.19 Let E, Ey, E; be ri. spaces b e SV(©,1), 1 < pg < p1 < o0 and

11 pa—1
o, B < 1. Consider the function p(u) = uPO Pl M ue0,1).
(X4 (I)HE](() )

(a) If0 < 6 < 1, then
(Bpo,a,Eos Apl,ﬁ,El)g,b,E =Ly By.E;

where L = 1=2 4+ 2 g4

p pPo p1
By(u) = (¢~ pry (@) 17 01, ), blo@), u € O, 1).

(b) If 6 =0, then
L L.L

(Bpo.ac. - Al’l’ﬁvEl)O,b,E =L By Ete1 (). Loy Lpo,bop,E,1,E0,E°(*l(u),Loo
(5.8)

where Bo(u) = @g,(£(u))b(p(u)), u € (0, 1).
(c) If0 =1and bl ) < 0, then

_ 7R R.R
(Bpo,a,an APlxlg,El)l’b’E - Lpl,Bl,E,l,Ll N Lpl,bOp,E,lﬁ—l(u),E|,],L| s

where By (u) = |/~ () g, 0, (P (W), u € (0. 1).
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Remark 5.20 Comparing (5.8) with Theorem 5.19 (b) from [24] one can deduce that

L L

L Bo.E o1, Loy (L .10, Lo Apl’ﬂ'El)O,b(WEO(/Z(u))),E’LEo
_ 7L L.L

- Lpo,Bo,E,Z"’l(u),Lgo N Lpo,bop,E,l,Eo,Zo‘"(u),Loo'

Additional remark. During the revision period, after the first draft of this paper
was submitted, we had knowledge of the work by Leo Doktorski [15]. His work,
which cites various results from our paper, contains limiting reiteration formulae for
L and 'R spaces in the case when E = L, which also cover the quasi-Banach range
0 < g < oo. We thank Leo Doktorski for sharing his work with us, and for quoting
our results in his paper.

Acknowledgements The authors have been partially supported by grant MTM2017-84058-P (AEI/FEDER,
UE). The second author also thanks the Isaac Newton Institute for Mathematical Sciences, Cambridge, for
support and hospitality during the programme Approximation, Sampling and Compression in Data Science
where the work on this paper was undertaken; this work was supported by EPSRC grant no. EP/R014604/1.
Finally, the second author thanks Oscar Dominguez for useful conversations at the early stages of this work,
and for pointing out the reference [28]. The authors thank the referee for many useful comments that have
improved the final version of this paper. In particular, for suggesting to carry out the example in §5.2.1.

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Ahmed, I., Edmunds, D.E., Evans, W.D., Karadzhov, G.E.: Reiteration theorems for the K -interpolation
method in limiting cases. Math. Nachr. 284(4), 421-442 (2011)
2. Ahmed, I, Fiorenza, A., Formica, M.R., Gogatishvili, A., Rakotoson, J.M.: Some new results related
to Lorentz GI'-spaces and interpolation. J. Math. Anal. Appl. 483(2), 123623 (2020)
3. Ahmed, L., Fiorenza, A., Hafeez, A.: Some interpolation formulae for grand and small Lorentz spaces.
Mediterr. J. Math. 17(2), 57 (2020)
. Astashkin, S.V., Lykov, K., Milman, M.: Limiting interpolation spaces via extrapolation. J. Approx.
Theory 240, 16-70 (2019)
. Astashkin, S.V., Maligranda, L.: Ultrasymmetric Orlicz spaces. J. Math. Anal. Appl. 1,273-285 (2008)
. Bennett, C., Sharpley, R.: Interpolation of Operator. Academic Press, Boston (1988)
. Bergh, J., Lofstrom, J.: Interpolation Spaces. An Introduction. Springer, Berlin (1976)
. Bingham, N.H., Goldie, C.M., Teugels, J.L.: Regular Variation. Cambridge University Press, Cam-
bridge (1987)
9. Brudnyi, Y.A., Krugljak, N.Ya.: Interpolation Funtors and Interpolation Space, Noth-Holland (1991)
10. Cobos, F., Fernandez-Cabrera, L.M., Kiihn, T., Ullrich, T.: On an extreme class of real interpolation
spaces. J. Funct. Anal. 256, 2321-2366 (2009)
11. Cobos, E, Segurado, A.: Some reiteration formulae for limiting real methods. J. Math. Anal. Appl.
411(1), 405-421 (2014)

I

0 3 N L

@ Springer


http://creativecommons.org/licenses/by/4.0/

47

Page 44 of 45 P. Ferndndez-Martinez, T. Signes

12.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

30.

31

32.

33.

34.

35.

36.

37.

38.

39.

Cwikel, M., Pustylnik, E.: Weak type interpolation near “endpoint” spaces. J. Funct. Anal. 171, 235—
277 (2000)

. Doktorskii, R.Ya.: Reiteration relations of the real interpolation method. Soviet Math. Dokl. 44, 665—

669 (1992)

. Doktorski, L. R. Ya.: Reiteration formulae for the real interpolation method including £ or R limiting

spaces, J. Funct. Spaces, Art. ID 6685993, pp. 15 (2020)

Doktorski, L. R. Ya.: Some reiteration theorems for R, £, RR, RL, LR, and LL limiting interpolation
spaces, J. Funct. Spaces, Art. ID 8513304, pp. 31 (2021)

Doktorski, L. R. Ya., Fernandez-Martinez, P., Signes, T.: Reiteration Theorem for R and L-spaces
with the same parameter. J. Math. Anal. Appl. 508, 125846 (2022)

Doktorski, L. R. Ya., Fernandez-Martinez, P., Signes, T.: Some examples of equivalent rearrangement-
invariant quasi-norms defined via f* or f**, preprint, arXiv:2203.10500

Evans, W.D., Opic, B.: Real interpolation with logarithmic functors and reiteration. Canad. J. Math.
52(5), 920-960 (2000)

Evans, W.D., Opic, B., Pick, L.: Real interpolation with logarithmic functors. J. Inequal. Appl. 7(2),
187-269 (2002)

Ferndndez-Martinez, P., Signes, T.: Real interpolation with symmetric spaces and slowly varying
functions. Quart. J. Math. 63(1), 133-164 (2012)

Ferndndez-Martinez, P., Signes, T.M.: An application of interpolation theory to renorming of Lorentz-
Karamata type spaces. Ann. Acad. Sci. Fenn. Math. 39(1), 97-107 (2014)

Fernandez-Martinez, P., Signes, T.: Limit cases of reiteration theorems. Math. Nachr. 288(1), 25-47
(2015)

Ferndndez-Martinez, P., Signes, T. M.: General Reiteration Theorems for R and L classes: case of left
R-spaces and right £-spaces, J. Math. Anal. Appl. 494(2), 124649, pp. 33 (2021)
Ferndndez-Martinez, P., Signes, T. M.: General Reiteration Theorems for R and L classes: case of
right R-spaces and left £-spaces, accepted to be published in Mediterr. J. Math. arXiv:2010.06940
Fiorenza, A.: Duality and reflexivity in grand Lebesgue spaces. Collect. Math. 51(2), 131-148 (2000)
Fiorenza, A., Karadzhov, G.E.: Grand and small lebesgue spaces and their analogs. Zeit. Anal. Anwen-
dungen 23, 657-681 (2004)

Fiorenza, A., Formica, M.R., Gogatishvili, A.: On grand and small Lebesgue and Sobolev spaces and
some applications to PDE’s. Differ. Equ. Appl. 10(1), 21-46 (2018)

Fiorenza, A., Formica, M. R., Gogatishvili, A., Kopaliani, T., Rakotoson, J. M.: Characterization of
interpolation between grand, small or classical Lebesgue spaces, Nonlinear Anal. 177, part B, pp.
422-453 (2018)

Fiorenza, A., Rakotoson, J.M.: Some estimates in GI"(p, m, w) spaces. J. Math. Anal. Appl. 340(2),
793-805 (2008)

Gomez, M.E., Milman, M.: Extrapolation spaces and almost-everywhere convergence of singular
integrals. J. Lond. Math. Soc. 34, 305-316 (1986)

Gogatishvili, A., Aykol, C., Guliyev, V.S.: Characterization of associate spaces of generalized weighted
weak-Lorentz spaces and embeddings. Studia Math. 228(3), 223-233 (2015)

Gogatishvili, A., Opic, B., Trebels, W.: Limit reiteration for real interpolation with slowly varying
functions. Math. Nachr. 278(1-2), 86-107 (2005)

Gustavsson, J.: A function parameter in connection with interpolation of Banach spaces. Math. Scand.
42, 289-305 (1978)

Iwaniec, T., Sbordone, C.: On the integrability of the Jacobian under minimal hypotheses. Arch.
Rational Mech. Anal. 119, 129-143 (1992)

Krein, S. G., Petunin, Ju. I., Semenov, E. M.: Interpolation of Linear Operators, Translations of Math.
Monograhps. Vol. 54 (1982)

Matuszewska, W.: Regular increasing functions in connection with the theory of L*?-space, Studia
Math. 21, 317-344 (1961/1962)

Milman, M.: Extrapolation and optimal decompositions with applications to analysis. Lecture Notes
in Mathematics, vol. 1580. Springer, Berlin (1994)

Nilsson, P.: Reiteration theorems for real interpolation an approximation spaces. Mat. Pura Appl. 32,
291-330 (1982)

Neves, J.S.: Lorentz-Karamata spaces, Bessel and Riesz potentials and embeddings. Dissertationes
Math. 405, 46 (2002)

@ Springer


http://arxiv.org/abs/2203.10500
http://arxiv.org/abs/2010.06940

General reiteration theorems... Page450f45 47

40.

41.

4.
43.
44.

45.
. Pustylnik, E., Signes, T.: New classes of rearrangement invariant spaces appearing in extreme cases of

47.
48.

49.
50.

Opic, B.: Limiting reiteration theorems for real interpolation. Publicaciones del Dpto. de Andlisis
Matematico, Seccién 1; Num. 51, 149-169. Actas del Colloquium 2003/2004. School of Mathematics
at Complutense University in Madrid

Peetre, J.: Espaces d’interpolation et théoreme de Soboleff. Ann. Inst. Fourier (Grenoble) 16(fasc. 1),
279-317 (1966)

Persson, L.E.: Interpolation with a parameter function. Math. Scand. 59, 199-222 (1986)

Pesa, D.: Lorentz-Karamata spaces, (2021), arXiv:2006.14455v2

Pustylnik, E.: Optimal interpolation in spaces of Lorentz-Zygmund type. J. d’ Analyse Math. 79, 113—
157 (1999)

Pustylnik, E.: Ultrasymmetric spaces. J. London Math. Soc. (2) 68, 165-182 (2003)

weak interpolation. J. Funct. Spaces and Appl. 4(3), 275-304 (2006)

Pustylnik, E., Signes, T.: Orbits and co-orbits of ultrasymmetric space in weak interpolation. J. Math.
Anal. Appl. 339, 938-953 (2008)

Segurado, A.: Limiting interpolation methods (Tesis doctoral). Univ. Compl. de Madrid, Madrid (2015)
Torchinsky, A.: Interpolation of operations and Orlicz classes. Studia Math. 59, 177-207 (1976)
Triebel, H.: Interpolation theory, function spaces, differential operators. Noth Holland, Amsterdam
(1980)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/2006.14455v2

	General reiteration theorems for mathcalR and mathcalL classes: mixed interpolation of mathcalR and mathcalL-spaces
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Slowly varying functions
	2.2 Interpolation methods

	3 Generalized Holmstedt type formulae
	3.1 The K-functional of the couple (overlineXmathcalRθ0,b0,E0,a0,F0,overlineXmathcalRθ1,b1,E1,a1,F1), 0<θ0<θ1<1.
	3.2 The K-functional of the couple (overlineXmathcalLθ0,b0,E0,a0,F0,overlineXmathcalLθ1,b1,E1,a1,F1), 0<θ0<θ1<1.
	3.3 The K-functional of the couple (overlineXmathcalRθ0,b0,E0,a0,F0,overlineXmathcalLθ1,b1,E1,a1,F1), 0<θ0<θ1<1.
	3.4 The K-functional of the couple (overlineXmathcalLθ0,b0,E0,a0,F0,overlineXmathcalRθ1,b1,E1,a1,F1), 0<θ0<θ1<1.

	4 Reiteration formulae
	4.1 Lemmas
	4.2 The space (overlineXmathcalRθ0, b0,E0,a0,F0, overlineXmathcalRθ1,b1,E1,a1,F1)θ,b,E, 0<θ0<θ1<1 and 0leqθleq1.
	4.3 The space (overlineXmathcalLθ0, b0,E0,a0,F0, overlineXmathcalLθ1,b1,E1,a1,F1)θ,b,E, 0<θ0<θ1<1 and 0leqθleq1.
	4.4 The space (overlineXmathcalRθ0, b0,E0,a0,F0, overlineXmathcalLθ1,b1,E1,a1,F1)θ,b,E, 0<θ0<θ1<1 and 0leqθleq1.
	4.5 The space (overlineXmathcalLθ0, b0,E0,a0,F0, overlineXmathcalRθ1,b1,E1,a1,F1)θ,b,E, 0<θ0<θ1<1 and 0leqθleq1.

	5 Applications
	5.1 Ordered couples
	5.2 Interpolation between grand and small Lebesgue spaces
	5.2.1 Example: the case when E=LM

	5.3 Generalized Gamma spaces
	5.4 A and B-type spaces

	Acknowledgements
	References




