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Abstract

We study three types of order convergence and related concepts of order continuous
maps in partially ordered sets, partially ordered abelian groups, and partially ordered
vector spaces, respectively. An order topology is introduced such that in the latter two
settings under mild conditions order continuity is a topological property. We present a
generalisation of the Ogasawara theorem on the structure of the set of order continuous
operators.

Keywords Order convergence - Order topology - Order bounded operator - Order
continuous operator - Positive operator - Band

Mathematics Subject Classification 06A06 - 47B60 - 47B65 - 54A20

1 Introduction

In this paper we deal with three types of order convergence, introduce an appropriate
topology and relate these concepts. Moreover, we study the according four types of
order continuity of maps and obtain properties of the corresponding sets of order
continuous maps. We investigate these concepts in partially ordered sets, in partially
ordered abelian groups as well as in partially ordered vector spaces, where we intend
to give the results as general as possible .

The first concept of order convergence which we will deal with (o1-convergence) is
motivated by the usual order convergence in (vector) lattices, see, e.g., [17, Definition
2.1],[2, Chapter 1, Sect. 4] or [ 1, Definition 1.1] and the literature therein. For bounded
nets, a definition of oj-convergence can also be found in [18, Chapter 1; Definition
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5.1.]. In partially ordered vector spaces, o1-convergence is considered, e.g., in [6] and
[11, Definition 1.7].

The second and the third concept of order convergence (o0p-convergence, 03-
convergence) seem to originate from [17] and the references therein, where these
concepts are studied in the context of lattices and lattice ordered groups. Somehow
unaware of [17], these concepts and some of the results where rediscovered in [1]
in the context of vector lattices. After introducing these concepts in partially ordered
sets, we will show that o3-convergence coincides with the convergence given in [27,
Definition 1] in partially ordered sets, and with the convergence introduced in [25,
Definition I1.6.3.] in lattices. Our definition is inspired by [11, Definition 1.8.], where
the concept is considered in partially ordered vector spaces.

Operators in vector lattices that are continuous with respect to oj-convergence
are frequently studied, see e.g., [2, Definition 4.1], [14, Definition 1.3.8]. Operators
on vector lattices that preserve o-convergence or o3-convergence are considered in
[1]. Our aim is to introduce a concept of topology in partially ordered sets such that
01-, 02- and 03-continuity, respectively, coincide with the topological continuity under
mild conditions. Therefore, we introduce an order topology t,,, which generalises the
concept of order topology in partially ordered vector spaces given in [11]. Note that
T, is a special case of a o-compatible topology on partially ordered sets considered
in [5]. We will show that 7, coincides with the topology defined in lattices in [25,
Definition I1.7.1] as well as in [4].

Note that another concept of topology, the so-called order bound topology, is intro-
duced in partially ordered vector spaces in [15, p. 20], see also [3, Def. 2.66]. In [15,
Theorem 5.2] it is shown that each regular operator between partially ordered vec-
tor spaces is continuous with respect to the order bound topology. As there clearly
exist examples of regular operators that are not oj-continuous, the concept of order
bound topology is not suitable for our purpose. For connections between the order
bound topology and the order topology, see [10]. See [24] for a partial survey on order
convergence.

The results in this paper are organised as follows. In Sect. 2, we introduce and
characterise net catching sets and define 7, in partially ordered sets. The three concepts
of order convergence are defined in Sect. 3 in partially ordered sets. We link the
concepts to the ones in the literature, show that the three concepts differ, investigate
their relations, and show that they imply 7,-convergence. We prove that closedness
with respect to 7, is characterised by means of order convergence. Further properties
of order convergence concepts such as monotonicity and a Sandwich theorem will be
established.

In Sect. 4, we investigate maps that are continuous with respect to the order con-
vergences and t,-convergence, respectively, and relate these concepts. We show that
o3-convergence in a lattice can be characterised by o;-convergence in a Dedekind
complete cover.

In Sect. 5, we characterise the concepts of order convergence and net catching sets
in partially ordered abelian groups. Section 6 contains the Riesz-Kantorivich theorem
in the setting of partially ordered abelian groups.

In Sect. 7, we give sufficient conditions on the domain and the codomain of an order
bounded map between partially ordered abelian groups that guarantee the equivalence
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of the four concepts of continuity. Under the same conditions, we show a generalisation
of Ogasawara’s theorem that can be found in [2, Theorem 4.4], i.e., we prove that the
set of all order bounded additive continuous maps is an order closed ideal in the
lattice-ordered abelian group of all order bounded additive maps.

In Sect. 8, we show that the scalar multiplication in partially ordered vector spaces
is linked appropriately to the o;-convergences if and only if the space is Archimedean
and directed. Examples are given which show that the order convergences differ in this
setting. In Sect. 9, we show that the results of Sect. 7 are also valid for linear operators
on partially ordered vector spaces.

Next we fix our notation. As usual, on a non-empty set P, a binary relation < is
called a partial order if it is reflexive, transitive and anti-symmetric. The set P is then
called a partially ordered set. For x,y € P we write x < y if x < y and x # y.
For U,V € P wedenote U < V ifforeveryu € U andv € V we have u < v. If
V = {v} for v € P, we abbreviate U < {v} by U < v (and similarly v < U). For
x € Pand M C P define M>, :={me M; m >x}and M<, :={m € M; m < x}.
Aset M C P is called majorising in P if for every x € P the set M=, is non-empty.

For x, y € P the order interval is given by [x,y] == {z € P; x <z < y}. P
is called directed (upward) if for every x,y € P the set P>y N P, is non-empty.
Directed downward is defined analogously. A set M C P is called full if for every
X,y € M onehas [x, y] € M. For asubset of P, the notions bounded above, bounded
below, order bounded, upper (or lower) bound and infimum (or supremum) are defined
as usual. For a net (x4)qea in P we denote x4 | if x4, < xg whenever « > B. For
x € P we write x, | x if x4 | and inf{xy; ¢ € A} = x. Similarly, we define x, 1
and x4 1 x.

P is said to have the Riesz interpolation property if for every non-empty finite sets
U,V C PwithU < Vthereisx € Psuchthat U < x < V. We call P a lattice if
for every non-empty finite subset of P the infimum and the supremum exist in P. A
lattice P is called Dedekind complete if every non-empty set which is bounded above
has a supremum, and every non-empty set which is bounded below has an infimum.
We say that a lattice P satisfies the infinite distributive laws if for every x € P and
M C P the following equations hold

x/\(\/M) =\/(x/\M),
v (AM) = AN v

(where in the first equation it is meant that if the supremum of the left-hand side of the
equation exists, then also the one on the right-hand side, and both are equal). If P is a
lattice which satisfies the infinite distributive laws, then for M, N C P the formulas

(\/M)/\(\/N) =\/M A N)
(/\M)v(/\N):/\(MvN) (1

are satisfied, see [25, Chapter I1.4].
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The following statement is straightforward.

Lemma 1.1 Let P be a partially ordered setand A € B C P suchthat A is majorising
in B. If the supremum of B exists, then the supremum of A exists and satisfies sup A =
sup B.

We call M C P order dense in P if for every x € P one has
supM<, = x = inf M~,.

Clearly, every order dense subset of P is majorising. The next statement is shown for
partially ordered vector spaces in [26, Stelling 1.2.7], for sake of completeness we
give a shorter proof here.

Proposition 1.2 Let M C N C P. If M is order dense in N and N is order dense in
P, then M is order dense in P.

Proof Let p € P. Clearly, p is a lower bound of M- ,. To show that p is the greatest
lower bound of M, let z € P be another lower bound of M ;. To obtain p > z, it
is sufficient to show that N>, C N>, since then the order density of N in P implies
p =inf N>, > inf N>, = z. Letn € N>,. Then M, € M>,, hence z is a lower
bound of Ms,. As M is order dense in N, we obtain n = inf M>, > z. Therefore
N>, € N>;. We have shown p = inf M. A similar argument gives p = sup M<.
O

Let P and Q be partially ordered sets and f: P — Q amap. f is called monotone
if for every x, y € P with x < y one has that f(x) < f(y), and order reflecting if for
every x, y € P with f(x) < f(y) one has that x < y. Note that every order reflecting
map is injective. We call f an order embedding if f is monotone and order reflecting.
f is called order bounded if every order bounded set is mapped into an order bounded
set.

In the next statement, for sets U € P and V C Q, we use the notation f[U] for
the image of U under f, and [V]f for the preimage of V.

Proposition 1.3 Ler f: P — Q be an order embedding and M C P.

(i) If the infimum of f[M] exists in Q and is an element of f[P], then the infimum of
M exists in P and equals the unique preimage of inf f[M], i.e. [{inf fF[M]}]f =
{inf M}.

(ii) Assume that f[P] is order dense in Q. Then the infimum of M exists in P if and
only if the infimum of f[M] exists in Q and is an element of f[P].

Analogous statements are valid for the supremum.

Proof For (i), assume that the infimum of f[M] exists in Q and is an element of f[P].
Since f is injective, there is a unique p € P with f(p) = inf f[M]. It is sufficient
to show that p = inf M. As f is order reflecting, p is a lower bound of M. For any
other lower bound I € P of M the monotony of f implies f (/) to be a lower bound
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of f[M]. Thus f(I) < inf f[M] = f(p). Since f is order reflecting, we conclude
| < p. This proves p to be the greatest lower bound of M, i.e. p = inf M.

In order to prove (ii), assume that the infimum of M exists in P. We show that
f(@nf M) is the infimum of f[M]. The monotony of f implies f (inf M) to be a lower
bound of f[M]. Letl € Q be a lower bound of f[M]. Since f[P] is order dense
in Q, we know that [ = sup{g € f[P];q < Il}. In order to prove /| < f(inf M)
it is sufficient to show that f(inf M) is an upper bound of {g € f[P];q < I}. For
q € f[P] thereis p € P such that f(p) = g. If furthermore g < I, we conclude
f(p) =q <1 < fIM]. Since f is order reflecting, p is a lower bound of M. This
implies p < inf M, and the monotony of f shows ¢ = f(p) < f(inf M). We have
therefore proven f (inf M) to be an upper bound of {g € f[P]; g < [}. This implies
f(@nf M) to be the infimum of f[M].

The statements about the supremum are shown analogously. O

Let G be a partially ordered abelian group, i.e. (G, +, 0) is an abelian group with
a partial order such that for every x, y,z € G with x < y it follows x +z <y + z.
Note that G4 := G>¢ is a monoid (with the induced operation from G). We call the
elements of G4 positive. G 4 is called generating' if G = G4 — G.. Note that G is
directed if and only if G4 is generating. We say that G is Archimedean if for every
x,y € G withnx <y forall n € N one has that x < 0. A directed full subgroup I of
G is called an ideal. A subgroup H of G is full if and only if H N G is full.

G has the Riesz decomposition property if for every x, y € G4 and w € [0, x 4 y]
there are u € [0, x] and v € [0, y] such that w = u + v. Observe that G has the Riesz
decomposition property if and only if G has the Riesz interpolation property, see e.g.
[9, Proposition 2.1]. If G is a lattice, then G is called a lattice-ordered abelian group.
Note that every lattice-ordered abelian group satisfies the infinite distributive laws, see
[9, Proposition 1.7], and hence the Eq. (1). For further standard notions in partially
ordered abelian groups, see [9].

Let G, H be partially ordered abelian groups. We call a group homomorphism
f: G — H additive and denote the set of all additive maps from G to H by A(G, H).
As usual, on A(G, H) a group structure is introduced by means of f +g: G — H,
x — f(x) + g(x), where the neutral element is 0: x — 0. A translation invariant
pre-order on A(G, H) is defined by f < g whenever for every x € G4 we have
f(x) < g(x). If G is directed, then < is a partial order on A(G, H). Note that an
element in A(G, H) is positive if and only if it is monotone. We denote the set of
all monotone maps in A(G, H) by A+ (G, H). An element of the set A (G, H) :=
A4(G,H) — AL(G, H) is called a regular map. Finally, we denote the set of all
order bounded maps in A(G, H) by Ay(G, H). Clearly, A:(G, H) € Ay(G, H). If
G is directed, then A(G, H), Ay(G, H) and A (G, H) are partially ordered abelian
groups.

On a real vector space X, we consider a partial order < on X such that X is a
partially ordered abelian group under addition, and for every A € Ry and x € X4
one has that Ax € X . Then X is called a partially ordered vector space. Note that X
is Archimedean if and only if %x J O for every x € X . If a partially ordered vector

' As usual, for M, N C GwedefineM — N :={m —n; (m,n) € M x N}.
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space X is a lattice, we call X a vector lattice. For standard notations in the case that
X is a vector lattice, see [2].

If X is an Archimedean directed partially ordered vector space, then there is an
essentially unique Dedekind complete vector lattice X® and a linear order embedding
J: X — X9 such that J[X] is order dense in X%. As usual, X? is called the Dedekind
completion of X.

For partially ordered vector spaces X and Y, L(X, Y) denotes the space of all
linear operators. We set L (X, Y) = AL (X,Y)NLX,Y),L.(X,Y) = A:(X,Y)N
L(X,Y)and Ly(X,Y) = Ap(X, Y) NL(X, Y). If X is directed, L(X, Y), L,(X, Y)
and L; (X, Y) are partially ordered vector spaces.

2 Order topology in partially ordered sets

In this section, let P be a partially ordered set. We will introduce the order topology
7, on P using net catching sets, which we define next.

Definition 2.1 A subset U C P is called a net catching set for x € P if for all
nets (Xq)gea and (Xy)gea in P with X, 1t x and X, | x there is @ € A such that
[)2017 xva] g U

Proposition 2.2 Let U C P and x € P. The following statements are equivalent.

(i) U is a net catching set for x.
(ii) For all nets (X4)aca and (Xg)gep in P with X4 1 x and Xg | x there are ¢ € A
and B € B such that [X4, Xg] C U.
(iii) For all subsets M C P being directed upward and M C P being directed
downward with supM = x = inf M there are i € M and i € M such that
[m,m] CU.

Proof 1t is clear that (ii))=>(i). In order to show (1):>(111) let M and M be as in (iii).
We endow M with the reversed order and define A := M x M with the component-
wise order on A. For @« = (m,m) € A let X, := m and X, := m. This defines
nets (Xg)aeca and (Xo)gea With X, 1 x and X, | x. Thus (i) shows the existence of
(m, m) = a € A such that [m, m] = [Xy, Xo] C U. It remains to show (iii)=(ii). Let
(Xa)awea and ()?,3),363 be as in (ii). Define M = {Xq; ¢ € A} and M := {%g; B € B}
and observe that M is directed upward and M is directed downward with sup M =
x = inf M. From (iii) we conclude the existence of m € M and i € M such that
[i1,m] € U. There are « € A and B € B such that i = %, and m = Xg, which
implies [Xy, Xg] = [, m] C U. O

Definition 2.3 A subset O of P is called order open if O is a net catching set for every
x € 0. A subset C of P is called order closed if P \ C is order open. Define

7,(P) := {0 < P; O is order open}.
The following is straightforward.
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Proposition 2.4 t,(P) is a topology on P.

The topology 7,(P) (or, shortly, 7,) is referred to as the order topology on P. As
usual, for a net (x) in P converging to x € P with respect to the topology 7, we

. To,
Wwrite x, — X.

Remark 2.5 Our definition of the order topology is a straightforward generalisation of
the topology given in [4] on complete lattices. For this, compare [4, Proposition 1]
with 2.2 (iii).

On the other hand, note that a net catching set is a generalisation of a concept in
partially ordered vector spaces introduced in [11, Definition 3.3]. By [11, Theorem
4.2], the order topology coincides with the topology studied in [11].

3 Order convergence in partially ordered sets

In this section, let P be a partially ordered set. We will introduce three types of order
convergence and relate them to 7,-convergence.

Definition 3.1 Let x € P and let (xy)qca be a netin P. We define

(1) xo 2L x, if there are nets (Xa)aea and (Xg)gea in P such that X, | x, X, 1 x and
Xog < Xq < Xy forevery a € A.
(ii) xog 2> x,if there are nets (o )aea and (¥o)aea in P and o € A such that ¥ Jx,
Xo 1 xand Xy < xq < Xo forevery o € Asq,.
(iii) xq 2 x, if there are nets (*g)gep and (¥))yecin Pandamapn: B x C — A
such that g 1 x, %, | x and ¥ < x, < ¥, forevery B € B,y € C and
o € Azp(y)-

Remark 3.2 Note that the 0] -convergence is inspired by the classical order convergence
in vector lattices, see e.g. [2]. The concepts of o>-convergence and o3-convergence
are adopted from [1], where these convergences are considered in vector lattices. In
Proposition 5.6 below the precise link will be given. The 03-convergence in partially
ordered vector spaces is defined in [28, Section 1.4]. Note furthermore that the order
convergence concepts studied in [25, I1.6.3] for lattices and in [27, Definition 1] for
partially ordered sets are equivalent to the o3-convergence. This will be established in
Proposition 3.5 below.

To establish the link to the order convergence concepts given in [28] and [27], we
need the following notion.

Definition 3.3 Let M be a set. A net (x4 )qe4 is called a direction if for arbitrary @ € A
there is B € A such thatw < 8.

The next lemma gives a link between directions and nets.
Lemma3.4 Let M be a set and let (Xo)qca be a net in M. If A x N is ordered

componentwise, (Xo)(a,n)eAxN is a direction and a subnet of (Xg)aeA-
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Proof Clearly (xq)(.n)caxN is a direction. The map ¢: A x N — A, (&, n) — o is
monotone and ¢[ A xN]is majorisingin A. Since x4 = Xg(a,n) forevery (o, n) € AxN,
the net (Xo)(a,n)eAxN 18 a subnet of (xg)uea. O

In the subsequent proposition, the statement in (iii) is the convergence given in
[25, Definition I1.6.3], and the concept in (iv) is the convergence considered in [27,
Definition 1]. For a version of the subsequent statement in the context of lattices, see
[17, Proposition 2.4].

Proposition 3.5 Letx € P andlet (xy)qca be anetin P. Then the following statements
are equivalent.

(i) Xa => x,

(ii) there are nets (xg)pgep and (Xg)gep in P and amap n: B — A such that Xg 1 x,
Xg | x andXg < x4 < Xg forevery B € Banda € Asy(p),

(iii) there are directions (Xg)gep and (¥,)yec in P and amap n: B x C — A such
that Xg 1 X, X ¢ xandxf; <xq < xyforevery,B €B,yeCanda € Asyg,y)-

(iv) there are sets M, M C P and K: M x M — A such that M is dzrected upward
M is directed downward, supM = x = inf M and for everym € M, i € M and
o € Ay iy we have m < xq < .

Proof 1Ttis clear that (ii) implies (i) and that (iii) implies (i). To show that (i) implies (ii),
we assume that there are nets (Xg)gep and (¥,),ecc in P andamap n: B x C — A
such that g 1 x, %, | x and Xg < x4, < X, forevery B € B,y € C and
o € Aspg.y). For (B, y) € B x C we define yg,,) := % and y(g ;) := X,,. Observe
that (35)sepxc is asubnetof () ge p and, similarly, (Vs)sepxc is asubnetof (X},), c.
Thus ys 1 x and y;5 | x. Furthermore, for (8, y) € B x C and o € A g,,) we have
Ypy) =Xp = Xa < Xy = Y(py)-

We next show that (i) implies (iii). Let (Xg)geB, (¥, )yec and n: B x C — A be as
in Definition 3.1. According to Lemma 3.4 we consider the directions (Xg) (g,1)eB xN,
(X)) (y.myecxn and define 77: (B x N) x (C x N), ((8,n), (y,m)) = n(B,y) to
obtain (iii).

To show that (i) implies (iv), set M = {xg; B € B} and M = {¥,;¥ € C} and
observe that M is directed upward, M is directed downward and sup M=x=inf M
is satisfied. To construct «, note that for (71, m) € M x M thereis (8,y) € B x C
such that 7 = Xg and 1 = X,,. Hence we can define « (171, m) = n(B, y) and obtain
fora € Asygim = Aspp,y) thatm = Xg < x4 < X, = m.

Finally we establish that (iv) implies (i). Define B := M, C := M, where C is
endowed with the reversed order of P.For 8 € Bandy € Csetig := fand X, 1=y,
moreover define n := «, which yield the desired properties. O

The following proposition gives the general relationships between the different
concepts of order convergence. The further discussion below will show that all the
concepts differ.

Proposition 3.6 Ler x € P and let (xy)qea be a net in P. Then

. 0] . . 07
(i) xo — x implies xo, — x,
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.. 02 . . 03
(ii) xo — x implies x4 — x, and

03 . . To
(iii) xq — x implies xo — X.

Proof As (i) and (ii) are straightforward, it remains to show (iii). For this, let O € 7, be

aneighbourhod of x. The convergence x, 2 X means that there are nets ()25) pep and
(X¥y)yecin Pandamapn: B x C — Asuchthatxg 1 x, %, | x and g < xo < X,
forevery B € B,y € C and a € Asyg,y). Since O is a net catching set for x,
Proposition 2.2 shows the existence of 8 € B and y € C such that [%g, ¥,] S O.
Hence for « € Axpg,,) We have x4 € [%g,%,]1 S O. |

Remark 3.7 (a) Observe that every net (xy)qeca With xo | x € P satisfies xq N X,
and due to Proposition 3.6 also x, 2 x.
(b) Let M C P,let (xy)qeca beanetin M andleti € {1, 2, 3}. Note that if x,, %xe

M in M, then also x4 —> x in P. An analogue is valid for t,-convergence. Note
furthermore that the converse statements are not true, in general. This is shown in
Example 8.4 below, where M is even an order dense subspace of a vector lattice
P.

Remark 3.8 Let (xy)qea be anetin P and x € P. We have x, 2 xif and only if
there is @ € A such that the net (xg)gea., satisfies xg 2 x

In general, 0-convergence does not imply o;-convergence.

Proposition 3.9 Let x € P have the property that for every p € P>y thereisaq € P
such that p < q. Then there is a net (xy)qeca in P and such that x, 2 x, but not

01
Xog — X.

Proof Let x € P have the above property. Consider A := P>, and define a partial
order < on A, where on A \ {x} the induced order from P is taken. Moreover, define
for every y € A that y < x. Observe that A is directed upward. Set x,, := « for every
o € A. First we show x, 2 x. We define ap = x and X, = X, := x for every
o € A and obtain Xy < xq < X, forevery a € Asq, = {x}.

It remains to show that x, 2L x does not hold. Assuming the contrary, there
is a net (Xy)wea With X | x and x, < X, for every « € A. By the assumption,
there is « € A such that « > x and 8 € A such that 8 > X, € A. Observe that
B > X4 > xo =a > x,hence B > o and thus g > X, > Xg > xg = B, whichis a
contradiction. O

Remark 3.10 (a) Assume P to be directed upward and downward, (xy)ye4 to be a net
in P such that {x,; o € A} is bounded, and p € P. Then x, 2 p if and only if
Xg 2 p.
One implication follows from Proposition 3.6. To show the other one, let x 2 p-
Thus there are nets (Xy)gea and (Xg)aea and ag € A such that X, 1 p, Xy | p
and X, < xo < Xy forall o € Asg,. Since P is directed upward and {x,; o € A}
is bounded, there is an upper bound p of {x,; o € A} U {X,}. For @ € A define
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ag and y, := p otherwise. This defines a net (¥4)gea With
Vo for every o € A. Similarly we can define a net (34 )geq to

Vo = Xq if &
)v]a | pand x4
obtain x, 2 p.

(b) The statement in (a) shows that the definition of order convergence given in [18,
Chapter 1, Sect. 5] for nets with bounded domain coincides with the concepts of
o1-convergence and op-convergence.

(c) If x € P is such that P- is directed upward and P< is directed downward, then
the following are equivalent:

=
=

(i) For every net (xy)qeca in P with xy 2 x we have that Xg L x.
(i1) Psy is bounded above and P<, is bounded below.

Indeed, to show (i)=>(ii), we assume, to the contrary, that (ii) is not valid. Suppose
w.l.0.g. that P, is not bounded from above, thus for every p € P, thereisr € Py
such that r £ p. Since P is directed upward, there is ¢ € P~ such that p,r < q.
As p < g, the assumption of Proposition 3.9 is satisfied, i.e. (1) is not true.

We establish (ii)=(i). Let (xy)qeca be a net in P such that x4 2 x, i.e. there are
nets (Xy)aea and (Xq)gea in P and o € A suchthatXy | x,X, 1 xand X, < x4 < Xq
for every o € A>q,. By (ii) there is an upper bound # € P for P, and a lower bound
1 € P for P<,. Fora € A, set yy := Xy whenever ¢ > ag, and y, := u otherwise.
Similarly, set 3 := X, whenever o > «g, and y, := [ otherwise. Observe that y, | x,

Yo 1 x and J, < x4 < Yy forevery @ € A. Thus x, 2 .

Remark 3.11 Due to Remark 3.10(c), in every partially ordered vector space the
concepts of oj-convergence and op-convergence differ. Furthermore, an example
of Fremlin in [1, Example 1.4] shows that o3-convergence does not imply o>-
convergence. For this, use Proposition 5.6 below. A sequence which is 7,-convergent,
but not o3-convergent, can be found in Example 8.3 below. The last two examples
are given in the setting of vector lattices. Note that there are examples where o;-
convergence, oz-convergence and t,-convergence coincide, see Example 3.13 below.

In the spirit of the following statement, results in lattices or vector lattices are given
in [17, Theorem 2.5] or [1, Proposition 1.5], respectively.

Proposition 3.12 Let P be a Dedekind complete lattice, let (xo)qca be a netin P and
x € P. Then x, 2 if and only if xq EE

Proof Due to Proposition 3.6 it is sufficient to show that x 2 ox implies x 2 x
Assume that there are nets (Xg)gep and (¥y)yecin P andamapn: B x C — A such
that X5 1 x, X, | xand Xg < x4 < X, forevery B € B,y e Cand o € Axyg,).
Fix (Bo, y0) € B x C. Set ap := 1n(Bo, yo0). By Remark 3.8 it is sufficient to prove
that (xg)ge Axqq is o1-convergent to x.

For o € A define My, = {x,; k € A>y} U {x}. Note that for (8,y) € B x C
and o € Asy,(g,,) We have Xg < M, < X,. As P is a Dedekind complete lattice,
Yo = inf M, and Y, := sup M, exist for @ € Asg,. Furthermore 3, < {x4, x} < Yo
forall o € Asyy, Yo 1 and Yo |. Let Yo < z forall @ € Asqy,. For B € B there is
o € Asq, such that n(B, yo) < «. Hence Xg < inf My ,,) < inf My = J, < z and
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we obtain x = sup{*g; B € B} < z. This shows j, 1 x. Analogously we get y, | x.
O

If we introduce the order topology 7, on the partially ordered set of real numbers
R, we obtain the standard topology on R.

Example 3.13 Let M C R be an open set with respect to the standard topology 7 and
equip M with the standard order of R. We show that 7,(M) is the restriction 7 (M)
of T to M and that 0,- and o3-convergence in M coincide with the convergence with
respectto T (M). Note that from Remark 3.10 (c) it follows that o1 -convergence and 0> -

convergence in M do not coincide. We first show that convergence with respect to (M)

. . . M
implies 0p-convergence. Indeed, let (xy)yc4 be anetin M such that x, —T—(—l) xeM.

Since M is open, there is r > 0 such that the open ball B, (x) € R with center x and
radius r is contained in M. Hence there is ogp € A such that for every o € Ay, we
have x, € B,(x). We therefore assume w.l.o.g. that (x4)qe4 1S a net in B, (x). Since
B, (x) is a Dedekind complete lattice, by Proposition 3.12 it is sufficient to show that
xg 3 x. For g € B :=(0,r) let Xg := x — B and Xg := x + B. If we equip B with
the reversed order of R, we obtain nets (¥g)gep and (Xg)gep in B (x) with Xg 1 x
and ¥g | x. Forevery B € B there is ag € A such that for every @ € Ay, we have

|xe — x| < B,ie Xg < x4 < Xg. Wesetn: B — A, B — ag, and obtain x, 5y,
We have now shown that convergence with respect to t (M) implies ox-convergence in
M . Note that 02-convergence implies 03-convergence and that o3-convergence implies
convergence with respect to 7,(M) in M by Proposition 3.6. It therefore remains to
establish that convergence with respect to t,(M) implies convergence with respect to
T(M). To show that T(M) C 7,(M), let O € (M) and x € O. Since M is open
in R with respect to 7 and O € (M), we conclude O € t. Thus there is r > 0
such that By, (x) € O. To show that O is a net catching set for x let (Xy)qeca and
(Xa)aea be nets in M such that X, 1 x and X, | x. Thus there is « € A such that
[, Xe] S [x — 7, x +r] C By (x) € O. This proves O € t,(M).

Order closed sets can be characterised by means of o;-convergence.

Theorem 3.14 Leti € {1,2,3} and C C P. The following statements are equivalent:

(i) C is order closed.

(ii) For every net (Xo)geca in C with xq X xeP it follows that x € C.

Proof In this proof, a set C that satisfies (ii) is called o;-closed. Observe that from
Proposition 3.6 it follows that order closed sets are always 03-closed, 03-closed sets are
0p-closed and that o,-closed sets are o1-closed. It remains to show that o;-closed sets
are order closed. By contradiction, assume that C C P is not order closed. Thus P\ C
is not order open, i.e. there is x € P \ C such that P \ C is not a net catching set for x.
This implies the existence of nets (Xy)qea and (Xy)gea in P with X, 1 x and X4 | x
such that for every o € A we have that [Xy, X4] ,(Z P\ C. Hence, for every o € A

there is x4 € [Xy, Xo] N C. Note that (xy)gca i a net in C with x, L xeP \ C,
hence C is not o1-closed. O
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Corollary 3.15 Let M C P be a lattice with the induced order from P. If M is order
dense in P, then M is dense in P with respect to t,(P).

Proof Let p € P.Let A := M-, be equipped with the reversed order of M. Since
M is a lattice, we know A to be directed. Setting x, := « for « € A, we obtain a
net (xq)qea in M with x, |. Since M is order dense in P, we know furthermore
inf{xy; @ € A} =inf A = inf M, = p, hence x, | p. Thus x, 2 p and Theorem
3.14 shows that p is contained in the closure of M with respect to 7, (P). O

For o;-limits, we obtain the following monotonicity property.

Proposition 3.16 Leti € {1, 2,3} and (x4)aca and (yg)gep be nets in P such that

Xo XxeP and yg N y € P.Ifforeveryag € A and By € B there are a € A,
and B € B>g, such that x, < yg, thenx < y.

Proof By Proposition 3.6 it is sufficient to show the statement for i = 3. In this case,
there are nets (£y)yec, (¥)seD, (Je)eck, (Fp)per in P and maps 1;: € x D — A,
My Ex F — Bsuchthat X, * x, % | x, 9 1 ¥, Y | ¥, % < xo¢ < X,
e < yp < y, foreveryy € C,8 € D,e € E, ¢ € F,a € Asy, (5 and
B € Bzyye.p)-

For every y € C and ¢ € F we have that X, < y,. Indeed, let§ € D, ¢ € E
and note that by assumption there are & € Axy (y.5) and B € By (e.) such that
Xy <Xx¢ < yg < Yy.From X, 1 x and y, | y we conclude that x < y. O

Remark 3.17 Note that Proposition 3.16 immediately implies the uniqueness of the
0;-limits.

The combination of Theorem 3.14 with Proposition 3.16 yields the following state-
ment.

Corollary 3.18 For every p € P the sets P<, and P, are order closed.

Remark 3.19 Corollary 3.18 implies that for every p € P the set {p} is order closed,
thus P with the order topology is T;. Note that the order topology is not Hausdorff, in
general. Indeed, a combination of Proposition 3.6 and Remark 3.7 yields that the order
topology is always o -compatible in the sense of [5]. Thus, [5, Theorem 1] presents an
example of a complete Boolean algebra on which the order topology is not Hausdorff.

The following statement is a generalisation of the sandwich theorem for sequences
given in [25, Chapter 11, §6,¢)].

Proposition 3.20 (i) Let (xy)aca, (Va)aca and (2q)uca be nets in P such that x, 2
p € Pandzy 2 p. If for every o € A one has x4 < Yoy < Za, then yy 2 p.

(ii) Let (Xo)aca, (Ya)aca and (Zo)aca be nets in P such that xq 2 p € Pand
Za 2 p. If there is ag € A such that for each o € A=y, we have xo < Yy < Za,

then yy SN p.
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(iii) Let (xo)aca, (¥)geB and (zy)yec be nets in P such that x, 2, p € P and
2y 2> p.Iffor (a0, o) € A x C there is By € B such that for all B € Bsp, there
is (o, ) € Asqy X Cxyy with xo < yg < 2y, then yp RN p-

Proof To show (i), let x4 2 p € P and z, 2 p. Thus there are nets (Xy)qea and
(Za)aea In P such that X4 1 p,Ze | pand Xy < x4 < Yo < Zo < Zg for every
o € A, hence we obtain yy SN p. The proof of (ii) is similar.

To show (iii), assume x4 2, p € Pandz, 2 p. Hence there are nets (Xs)sep,
(X )kek> Z)rer and (Ze)eep in P and maps ny: D x K — Aandn,: Lx E — C
such that Xs * p, X I p, 2 * p.Ze 4 P, Xs < xo < X, forall (6,k) € D x K
and o € Asp 5.0, and Z; <z, < Zsforall (A, &) € L x E and y € Cx,(5.5). Fix
k € K and A € L. By assumption, for (§, &) € D x E thereis B(5 ¢) € A such that for
all B € B>gs 4 there exists (&, ¥) € A>p,5,0) X C=p.(.,e) With x4 < yg < z,,, hence
also Xs < xg < yg <2y <Ze.Thusny: D x E — B with n,(8, €) := Bs,¢) defines
amap such that X5 < yg < Z holds forevery (§,¢) € Dx Eand 8 € B>y, (5.6)- This

proves yg 2. O

If all three nets have the same index set, we can simplify (iii) to the statements
given in the following Corollary.

Corollary 3.21 Let (xg)aea, (Va)aca and (2o)aea be netsin P such that x,, SN peEP
and z Z p.

(i) Ifthereis§ € A suchthatforeacha € Asswehave xy < yo < 2o, then y, EEN p.
(ii) If for every 6 € A there is is as € A such that for every a € Asq, we have

03
X5 < Yo < zs, then yo — p.

Proof For (ag, y9) € A x A there is Sy € A with By > 8, Bo > ag and By > yy. For
B € Asp, the inequality xg < yg < zg is valid. If we set o := B and y := B, we
obtain (o, y) € Asq, X Csy, with x4, = xg < yg < zg = z,. Hence Proposition
3.20(iii) implies the statement (i).

For (ag, y9) € A x A there is By € A with By > ag and By > 9. Now the
assumption implies the existence of ag, € A with x5, < yg =< zp, for every B €
Azqy - For e A-p, weseta := fo and y := o to get (o, B) € A>qy X Axy, With
Xo = Xgy < yg < 28, = Zy. Hence Proposition 3.20(iii) implies the statement (ii) as
well. O

In distributive lattices the lattice operations are compatible with the order conver-
gences.

Proposition 3.22 Let P be a distributive lattice and let (xy)qea and (y,g)ﬁeg be nets
in P. Let A X B be ordered component-wise and leti € {1, 2, 3}. Ifxa XxeP

and yg N y € P, then the net (X4 N Yg)(a,8)cAx B Satisfies xo A yg XX A y. An
analogous statement is valid for the supremum.
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Proof We show the result for i = 1; the cases i = 2 and i = 3 are similar. Let

(Xa)aca, (Ka)aca, (Jp)pen and (¥p)pep be nets in P such that Xy 1 x, X | x,
V8 1Y, V8 4 ¥, Xe < xo < Xo foreverya € A, and Jg < yg < yg forevery g € B.
We get immediately that X, A §8 < x4 A yg < Xo A yg for every (o, 8) € A x B
and that the net ()?a A )V/,g)(a,ﬂ)eAxB satisfies Xo A ¥g | x A y. Furthermore, (1) with
M = {%y; « € Ayand N = {J5; B € B} implies X5 A §5 T X A y. O

Remark 3.23 Let (xy)qca be anetin P and let (yg)gep be a subnet of (xy)qea. Let
x € Pandfixi € {1,2,3}. If x, = x, then ys —> x. This will be useful in
combination with the following statement. Let Q be a partially ordered set. For a net
(*a)aea in P and (yy)gea in Q andamap f: P x QO — Q the net (f(Xy, Yo))aea
is a subnet of (f (xa, ¥8))(@.f)eAxA-

In particular, 1f (x¥¢)aea and (¥ )aeca are nets in a distributive lattice P with x4 N
x € P and y4 i y € P, then Proposition 3.22 shows that the net (x4 A Yy)aeca

satisfies xq4 A Yo 2 XA y.

This technique will also be applied to the addition of nets in partially ordered abelian
groups and the multiplication of a scalar net and a net in a partially ordered vector
space in the subsequent discussion.

4 Continuous maps on partially ordered sets

In this section, P and Q are partially ordered sets. For o1 -, 02-, 03- and t,-convergence,
we will introduce the corresponding concepts of continuity. It will be shown that for
monotone maps these concepts are equivalent.

Definition4.1 Amap f: P — Q is called

. . . . . 0
(i) oj-continuous in x € P, if for every net (x4)eeca With x, — x we have that

f(xe) 2 £(x) (wherei € {1,2,3)).
(ii) order continuous in x € P, if it is continuous in x with respect to the order
topologies 7, (P) and t,(Q), respectively.

f is called o;-continuous (order continuous, respectively) if it is 0;-continuous (order
continuous, respectively) in x for every x € P.

Theorem 4.2 Leti € {1, 2, 3}. Every o;-continuous map f: P — Q is order contin-
uous.

Proof We show that for every order closed set C € Q the preimage [C]f is order
closed in P. Indeed, let C € Q be order closed. By Theorem 3.14 it suffices to show

that for every net (xo)yea in [C]f with xq 2 x € P we have that x € [C1f. Since

f is o;j-continuous, we obtain f (xy) N f(x). Since (f(xq))qeca isanetin C and C
is order closed, Theorem 3.14 implies that f(x) € C, hence x € [C]f. |

To show that all concepts introduced in Definition 4.1 coincide for monotone maps,
we need the following lemma.
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Lemma 4.3 Let (xo)qca be anet in P with x, ~> x € P.

(i) If inf{xy; o € A} exists, then inf{xy; @ € A} < x.

(ii) If for every a € A we have x4 € P>, then inf{xy; @ € A} exists and satisfies
inf{xy; 0 € A} = x.

Proof Note that for both statements it is sufficient to show that for every lower bound
p of {xy; @ € A} we have p < x.

Let p be a lower bound of {x,; @ € A}, i.e. for every « € A we have x, € Ps.
Since x,, X xand P, is order closed by Corollary 3.18, we conclude x € P, i.e.
p <x. m]

Theorem 4.4 Let f: P — Q be amonotone map andi € {1,2, 3}. Then the following
Statements are equivalent:

(i) f is oj-continuous.
(ii) f is order continuous.
(iii) For every net (xq)qeca in P and x € P the following implications are valid:

(a) If x4 | x then inf{f(xy); @ € A} exists and satisfies inf{ f (xq); @ € A} =
I 0.

(b) If x4 1 x then sup{f(xq); @ € A} exists and satisfies sup{ f (xy); @ € A} =
J(x).

Proof The implication (i)=>(ii) is contained in Theorem 4.2. We show (ii)=>(iii). Let
(xa)aeca beanetin P suchthatx, | x € P.DuetoRemark 3.7 and Proposition 3.6 this
implies xy 2% x.Since f isorder continuous, we obtain f (xy) Y f (x).Furthermore,
the monotony of f yields for every a € A that f(xy) € O f(x). Thus Lemma 4.3 (ii)
implies that inf{ f (xy); @ € A} exists and satisfies inf{f(xy); ¢ € A} = f(x). The
second statement in (iii) is shown analogously.

It remains to show (iii)=>(i). We proof this implication for i = 3; the argumentation
for i € {1, 2} is similar. Let (x4)qea be a net such that x, Boxe P, i.e. there are
nets (¥g)gep and (¥, )yecc in P and amap n: B x C — A such that Xg 1 x, X}, | x
and Xg < x4 < X, forevery B € B,y € C and @ € A (g,,). The monotony of
f and condition (iii) implies that f(%g) 1 f(x) and f(¥,) | f(x). Furthermore
the monotony of f yields f(Xg) < f(xo) < f(X,) forevery B € B,y € C and
@ € Asypy) Thus f(xg) = f(x). O

Combining Theorem 4.4 and Proposition 1.3, we obtain the following statement.

Corollary 4.5 Every order embedding f: P — Q for which f[P] is order dense in
Q is order continuous (and, hence, o;-continuous, where i € {1, 2, 3}).

Remark 4.6 Assumethat M C P isorderdensein P.Thenthe embedding f: M — P
is order continuous by Corollary 4.5, therefore the induced topology of 7,(P) on M
satisfies

{ONM; 0 €1,(P)} C 1o(M). )

Thus for every order closed set N € P we obtain that N N M is order closed in M. By
means of Theorem 3.14 this generalises [6, Proposition 5.1(iii)]. Example 8.4 below
shows that the converse implication in (2) is not valid, in general.
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The next statement follows from Proposition 3.12.

Proposition4.7 Let f: P — Q be a map.

(i) If P is a Dedekind complete lattice and f is oy-continuous, then f is also 03-
continuous.

(ii) If Q is a Dedekind complete lattice and f is o3-continuous, then f is also 0;-
continuous.

Remark 4.8 (i) Note that by Remark 3.8 every oj-continuous map is oz-continuous.
The converse implication is not true, in general, see Example 4.16 below, but it is
open whether it is true in partially ordered abelian groups.

(i) In[1, Example 1.8] it is shown that 03-continuity of maps between vector lattices
does not imply o-continuity, in general. In Corollary 7.9 below we present a
setting where 0>-continuity implies o3-continuity. It is an open question whether
this implication is valid in more general situations. Moreover it is not clear under
which conditions the converse implications in Theorem 4.2 are true.

(iii) In Theorem 7.7 we will present a situation where all concepts introduced in Defi-
nition 4.1 coincide.

In [1, Proposition 1.5] it is shown that the o3-convergence in a vector lattice X is
equivalent to the o>-convergence in the Dedekind completion X® of X. To show that
a generalisation2 to lattices holds, we need the following technical statement.

Lemma4.9 Let P be a lattice, Q a partially ordered set and f: P — Q an order
embedding such that f[P] is order dense in Q. Let (Yy)qca be a net in Q such that

Yo | f(x)forx € P.If
B:={veP;3dacA: f(v)> Yy}

is equipped with the reversed order of P, then B is directed and inf B = x. Thus
Xg 1= B forall B € B defines a net in P with Xg | x.

Proof For vy, v € B there are oy, @z € A such that f(v)) > Yo, and f(v2) > Yg,.
Since A is directed there is @ € A witha > {ay, az}. Weuse ¥, | and get f(v]) > g
and f(v2) > yu. By Proposition 1.3 we conclude f(vi Av2) = f(v) A f(v2) > Vg.
Thus v; A v € B, and we have shown B to be directed.

It is left to show that inf B = x. For v € B we have f(v) > y, > f(x) for some
o € A. Since f is order reflecting we know x to be a lower bound of B. In order to
show that x is the greatest lower bound of B let z € P be another lower bound. For
a € A the monotony of f implies

f@ = fIB]12 fl{ve P; f(v) = Yo}l ={y € fIPl; y = Ya}.

Since f[P] is order dense in Q we conclude f(z) < inf{y € f[P]; ¥y = Yo} = Vu-
Thus y | f(x) yields f(z) < f(x). Since f is order reflecting we conclude z < x.
This proves x to be the greatest lower bound of B. O

2 To link our notions with the one in [11, use Proposition 5.6 below.
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Proposition 4.10 Let Q be a partially ordered setand f: P — Q anorder embedding
such that f[P] is order dense in Q. Let (Xo)qcA be anetin P and x € P.

(i) If Q is a Dedekind complete lattice, then x, 5 x implies f(xq) 2 f(x).
(ii) If P is a lattice, then f(xy) 2 f(x) implies xq 2y,

Proof To show (i), let x, 2y Corollary 4.5 implies f(xy) 2 f(x). Thus Propo-
sition 3.12 yields f(xy) 2 f(x).

To prove (ii), let f (xq) 2, f(x). Hence there are nets (4 )qea and (Jg)aea With
Vo P f(x), Yo 4 f(x)and Iy < f(xg) < Yo forallae € A. Let (¥)gep be defined as
in Lemma 4.9 and note that Xg | x. By the definition of B, for 8 € B thereis ag € A
such that f(xg) < Yo < Yo, < f(B) = f(xp) forall @ € A-q,. Since f is order
reflecting we obtain x, < ¥g. An analogous construction shows the existence of a net
(X))yec with X, 1 x and such that for y € C there exists a, € A with X, < x,
foralla € A>q,. For (B,y) € B x Cletag,y) € A be such that o ;) > ag and
ag,yy = ay. Thusn: B x C — A, (B, y) = ag,y) yields a map as in the definition
of the o3-convergence. O

Proposition 4.10 in combination with Remark 3.10(a) yields the following.

Corollary 4.11 Let Q be a partially ordered set that is directed upward and downward,
and f: P — Q an order embedding such that f[P]is order densein Q. Let (Xq)acA
be a net in P such that { f (xy); o € A} is bounded, and let x € P.

(i) If Q is a Dedekind complete lattice, then x, 2 x implies f(xy) 2 f(x).

(ii) If P is a lattice, then f(xy) N f(x) implies xq 5

Remark 4.12 Note that the implications in Proposition 4.10(ii) and in Corollary 4.11(ii)
are not valid, in general. In Example 8.4 below a partially ordered vector space P = X

and a vector lattice Q = Y are provided which lead to a counterexample, where
f: P — Q is the inclusion map.

One can characterise o3-convergence in lattices by means of o3-convergence in a
cover.

Proposition 4.13 Let P be a lattice, let Q be a partially ordered set andlet f: P — Q
be an order embedding such that f[P] is order dense in Q. Let (X4)aca be a net in

P and x € P. Then xy 5ox if and only if f(x4) BEN f(x).

Proof If x, RN x, then f(xy) 2, f(x) in f[P], hence also in Q. To show the
converse implication, let Q" be the Dedekind-MacNeille completion® and J: Q —

Q" the canonical embedding. If f(x,) 2 f(x)in Q, then Proposition 4.10(i) shows

J(f(x4)) 2 J(f(x)). Since J o f[P] is order dense in J[Q] and J[Q] is order
dense in Q**, by Proposition 1.2 we conclude J o f[P] to be order dense in Q*. Note
furthermore that J o f: P — Q" is an order embedding. Hence Proposition 4.10(ii)

03
shows x, — x. O

3IfQisa partially ordered set, then there is a complete lattice Q" and an order embedding J: Q0 — Q*
such that J[Q] is order dense in Q*. The set Q* is called Dedekind-MacNeille completion of Q.
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Remark 4.14 In [1, Example 1.4] an example of a vector lattice X and a net (xq)yeca
with {x,; @ € A} bounded is given that o3-convergences, but does not op-converge.
Hence, by Proposition 3.6, the net (xy)xca does not oj-converge. Since (xy)qea 18
o3-convergent in X and {xy; o € A}is bounded, Corollary 4.11 implies (x4)yc4 to be
o1-convergent in X°, and hence 0;-convergent in X?. Thus an analogue of Proposition
4.13 for o1 -convergence and o;-convergence is not valid.

In Proposition 4.13, the statement is not valid for arbitrary partially ordered sets P.
Indeed, in Example 8.4 below we will present a partially ordered vector space P = X,
a vector lattice Q = Y, and a net (xy)qeca in P such that for the canonical embedding

f: P — Q we have that f(xy) 2 f(x), but (x4)qea does not 03-converge.

Next we discuss the link between o1-continuity and order boundedness. The proof
of the subsequent proposition is adopted from [13, Proposition 149].

Proposition 4.15 Every oy-continuous map f: P — Q is order bounded.

Proof Let A := [v, w] be an order interval in P and consider the net (x4)qea With
Xq = «. Note that x, 1 w, therefore x4 2L w. Thus f(xq) 2 f(w), hence there

are nets (Jo)aea and (Yo)aea suchthat Jo 1 f(w), Yo | f(w) and Jo < f(xa) < Vo
for every a € A. Consequently f [[v, w]] C [Jy, Vvl O

The subsequent simple example shows that 0;-, 03-, and order continuity do not
imply order boundedness, in general.

Example 4.16 Consider the partially ordered set P := R \ {0} with the standard order
andthemap f: P - P,x — é Clearly, f is not order bounded and, hence, not o;-
continuous due to Proposition 4.15. Since f is continuous with respect to the standard
topology of P, Example 3.13 yields that f is 0;-continuous, 03-continuous and order
continuous.

5 Order convergence and order topology in partially ordered abelian
groups

Let G be a partially ordered abelian group. In this section, we characterise net catching
sets as well as the three concepts of order convergence in partially ordered abelian
groups.

Proposition5.1 Let U C Gandx € U.

(i) U is a net catching set for 0 if and only if for every net (xo)qca in G with x4 | 0
there is a € A such that [—xy, xo] C U.
(ii) U is a net catching set for x if and only if U — x is a net catching set for 0.

Proof (i) Let U be a net catching set for 0. If (x4)yea is a net in G with x, | 0, then
—Xxg¢ 1 0, hence [—xy, xo] C U.

For the converse implication, we have to show that U is a net catching set for 0.
Let (Xy)wea and (Xy)qea be nets in G with X, 1 0 and X, | 0. Thus (X4 — Xg) | O.
By the assumption there is « € A such that [Xy, Xy] C [—(Xy — X)), Xo — Xo] € U.
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The result in (ii) follows from the fact that x,, | x if and only if xo, — x | O (and
the similar statement for increasing nets). O

Remark 5.2 In the case of a partially ordered vector spaces, the concept of O-
neighbourhood is introduced in [11, Definition 3.3]. Proposition 5.1 shows that
O-neighbourhoods are exactly the net catching sets.

Remark 5.3 (a) The set G is order closed, due to Corollary 3.18.

(b) The set G+ — G is order closed. Indeed, by Theorem 3.14 it is sufficient to show
that G+ — G is closed under o1-convergence. Let (xy4)qca be anetin G — G4
suchthat x, = x € G. Then there are nets (£y)qea and (¥g)gea such that £y 1 x,
X¢ 4 xand Xy < x4 < Xy for every @ € A. Thus for every « € A we obtain
x€G1+3 SO+ (e —G1) CGL+((Gy —Gy) —Gy) =G4 — Gy

(c) The set G4 — G is order open. Indeed, by Proposition 5.1 (ii) it is sufficient to
show that G4 — G is a net-catching set for 0. Let (x4)qca be a net in G with
Xq 4 0, then for every o € A we have [—xy, x4] S x¢y — G4+ C G4 — G4

Note that for nets (xq)oea and (yg)gep in G withxy | x e Gandyg | y € G
the net (xo + ¥g)(,p)eaxp satisfies x4 + yg | x + y, where A x B is ordered
component-wise. This yields the following statement.

Proposition 5.4 Let G be a partially ordered abelian group and let (xy)qeca and
(y,g),geg be nets in G. Let A x B be ordered component-wise and let i € {1,2, 3}.

If xq % x € G and Vg 2 y € G, then the net (xq + yg)(a,p)cAxB Satisfies
Xa + Y8 —> X+ y.

Remark 5.5 Due to Remark 3.19, the order topology is T} and o-compatible, hence
the assumptions in [5, Theorem 3] are satisfied. Since the map G — G: g — —gis
order continuous for every partially ordered abelian group G, by [5, Corollary] there
is a Dedekind complete vector lattice X endowed with the order topology with the
property that the addition X x X — X, (x,y) — x 4+ y is not continuous, where
X x X is equipped with the product topology.

As the order bound topology introduced in [15, p. 20] is always a linear topology,
this shows that 7, does not coincide with the order bound topology of X.

The order convergences in vector lattices investigated in [1] are special cases of the
o;-convergences, as the next proposition shows.

Proposition 5.6 Ler (xy)qeca be a net in G. Then

(i) Xxq Lo if and only if there is a net (Xy)gqea in G such that X | 0 and £x, < Xy
foreverya € A,

(ii) xq 20 if and only if there is a net (Xg)qea in G and ag € A such that X, | 0
and £x, < Xy for every a € Axy,,

(iii) X SN 0, if and only if there is a net (Xg)pep and a map n: B — A such that
Xg {4 0and £x, < Xg for every B € B and o € A>y(p),

(iv) foreveryi € {1,2,3}and x € G we have that x4 2 x ifand only if xo, — x 20
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Proof We show (iii), observe that (i) and (ii) are similar. Let x, 2 0.Then Proposition
3.5 yields the existence of nets ()A/ﬁ)lgeg and (¥g)gep and amap 1: B — A such that
y,g 10, y,g J 0and jg < xo < ygforevery p € Bandu € A>,7(,3) For B € B define
Xg 1= yg — yp. Observe that yg — g | 0. Furthermore —Xg < yg < xo < yg < Xp
holdsforall 8 € Banda € Ax;g). The converse implication in (iii) is straightforward.
The statement in (iv) is a direct consequence of Proposition 5.4. O

Order closed subgroups of lattice-ordered abelian groups are characterised as fol-
lows.

Proposition 5.7 Let M be a subgroup of a lattice-ordered abelian group G such that
M is closed under the lattice operations of G (i.e. for every x,y € M the element
x Vy € G belongs to M). Then M is order closed if and only if M N Gy is order
closed.

Proof Let M be order closed. Since G is order closed, we obtain that M N G4 is
order closed.

For the converse implication, we use Theorem 3.14. Let (x4)qec4 be a net in M
with x, 2> x € G. By Proposition 3.22 we obtain x;} <> x* and x; <> x~. Since
X}, x; € MNGy, weconclude x =xT —x~ € M. O

6 The Riesz-Kantorovich formulas for group homomorphisms

In this section, we study conditions on partially ordered abelian groups G and H such
that the set Ay (G, H) of all order bounded additive maps turns out to be a lattice-
ordered abelian group. The arguments are straightforward adaptations of the classical
Riesz-Kantorovich theorem, see [19] and [12]. We include the proofs here for sake of
completeness.

Proposition 6.1 Let G and H be partially ordered abelian groups such that G is
directed. Let f: G4+ — H be a semigroup homomorphism. Then there exists a unique
additive map g: G — H such that f = g on G. Moreover, if fI|G+] C Hy, then g
is monotone.

Proof First observe that for u,v,x,y € G4 with v — u = y — x we have that
f)— f(u) = f(y)— f(x).Indeed, from v+x = u+y itfollows that f (v)+ f(x) =
f+x)=flu+y = fw+ ).

For x € G there are u, v € G4 such that x = u — v. Define g(x) := f(u) — f(v)
and note that the definition is independent of the choice of u and v.

g is additive. Indeed, let x, y € G be such that x = v —u and y = z — w with
u,v,w,z € Gy.Since f)+ fQ)+ fu+w) = fo+2)+ fu)+ f(w), we
have

gx+y)=gv—u+z—w)=fw+z2— flu+w)
=f)—fW+f@)—f(w)=gv—u)+giz—w)
=gx)+g().
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Moreover, g is unique. O

The next proposition contains the crucial conditions under which the partially
ordered abelian group Ay (G, H) is a lattice.

Proposition 6.2 Let G be a directed partially ordered abelian group with the Riesz
decomposition property and let H be a Dedekind complete lattice-ordered abelian
group. For f € Ay (G, H) and x € G define

g(x) :=sup{fu); u €[0,x]}.

Then there exists a unique additive map h € Ay (G, H) such that h = g on G4.
Moreover, the supremum of f and 0 exists in Ay(G, H) and equals h.

Proof As f is order bounded and H is Dedekind complete, g: G4 — H is well-
defined.

To show that g is a semigroup homomorphism, let x, y € G. For u € [0, x] and
v e [0, y]wehaveu+v € [0, x +y]and f(u+v) = f(u)+ f(v),hence g(x +y) >
f(u)+ f (v). Then, by taking the supremum over all u, we have g(x+y) > g(x)+ f (v).
Similarly, the supremum over v yields g(x+y) > g(x)+g(y). Next,forw € [0, x+y]
the Riesz decomposition property of G provides us with u € [0, x] and v € [0, y]
such that w = u +v. Then f(w) = f(u) + f(v) < g(x) + g(y). The supremum over
wresults in g(x +y) < g(x) + g(y).

According to Proposition 6.1, there exists 2 € A (G, H) suchthath = g on G .

Now we show that /4 is the supremum of f and 0. Indeed, for x € G4 we have
h(x) = g(x) > f(x), hence & is an upper bound of f and 0. Let g € AL (G, H) be
an upper bound of f. Then for x € G4 and u € [0, x] we have g(x) > g(u) > f(u),
so that g(x) > g(x) = h(x),thusg > h.Hence h = f Vv 0. O

In fact, Proposition 6.2 yields the positive part f := h of f, hence Ap(G, H) is
a lattice.

Theorem 6.3 Let G be adirected partially ordered abelian group with the Riesz decom-
position property and let H be a Dedekind complete lattice-ordered abelian group.
Then Ay (G, H) is a Dedekind complete lattice-ordered abelian group.

Proof It remains to show that Ay, (G, H) is Dedekind complete. Let A be a non-empty
subset of Ap(G, H) that is bounded from above. Let ¢ be an upper bound of A. Denote
by B the set of all suprema of finite non-empty subsets of A. Note that g is also an
upper bound of B. For x € G define

g(x) == sup{f(x); f € B}. 3

To show that g is a semigroup homomorphism, letx, y € G4.Forevery f € B wehave
Sfx+y) = fx)+ () < gx)+g((y), hence g(x +y) < g(x)+g(y). Conversely,
for every f,h € B wehave f Vh € B,hence g(x +y) > (f Vh)(x+y) =
(fvhx)+ (fVvh(@O) = f(x)+ h(y). By taking supremum first over f and
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then over & we obtain g(x + y) > g(x) + g(»). We conclude that g is a semigroup
homomorphism.

According to Proposition 6.1 there exists a unique map 7 € A(G, H) withh = g
on G. From the definition of g it is clear that / is an upper bound of B, and hence
of A. As A is non-empty, there is f € A such that f < h. Moreover, 7 < ¢, hence
h € Ap(G, H).

As g is an arbitrary upper bound of A, it follows that /4 is the supremum of A. O

Remark 6.4 Under the conditions of Theorem 6.3, the lattice operations in A, (G, H)
are given by the following formulas. For every x € G4 and f, g € Ap(G, H) we
have

ST (x) = sup{f(u); u € [0,x]},

ST (x) = sup{—f(u); u €0, x]},

| f1(x) = sup{|f(w)|; u € [—x, x]},
(f vV g)x) =sup{f(x —u)+ gu); u€[0,x]},
(f Ag)(x) =inf{f(x —u)+gu); u € [0, x]}.

These formulas are called the Riesz-Kantorovich formulas.

Corollary 6.5 Under the conditions of Theorem 6.3 the following statements are valid.

(i) If A € Ap(G, H) is upward directed and bounded from above, then for every
x € G4 we have

(sup A)(x) = sup{f(x); f € A}.

A similar statement is valid for the infimum of a downward directed set that is
bounded from below.

(ii) For anet (fy)aca in Ap(G, H) we have f, | 0if and only if for every x € Gy it
holds fy(x) | 0.

(iii) Leti € {1,2, 3}, (fo)aca beanetin Ay(G, H) and f € Ap(G, H) with f, N f.
Then for every x € G one has fu(x) 2 f(x).

Proof To prove the statement in (i), let B be as in the proof of Theorem 6.3. Equation
(3) shows that for every x € G we have (sup A)(x) = sup{f(x); f € B}. Since A
is a majorising subset of B, we obtain that { f (x); f € A} is a majorising subset of
{f(x); f € B}. Thus we conclude (sup A)(x) = sup{f(x); f € A} by Lemma 1.1.
The statement (ii) follows from (i). To show (iii), let the net ( fvoé)o[E A1In Ap(G, H)
be such that =(f, — f) < fa J 0. By (ii), for x € G4 we get £(fo(x) — f(x)) <
fa (x) 1 0. As G is directed, Proposition 5.4 yields the statement for x € G. O
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7 Properties of the set of order continuous homomorphisms of
partially ordered abelian groups

In this section, let G, H be partially ordered abelian groups. We show that under the
conditions of the Riesz-Kantorovich Theorem 6.3 for an order bounded map f: G —
H the four concepts of continuity from Sect. 5 coincide. We furthermore show that
under the same conditions the set of order continuous maps is an order closed ideal
in the lattice-order abelian group Ay (G, H) of all order bounded additive maps. For
i €[1,2, 3], we denote the set of all o;-continuous maps in Ay (G, H) by Azi (G, H).
The set of all order continuous maps in Ay (G, H) is denoted by Af)" (G, H). Theorem
4.4 reads then as

AY(G, HYNAL(G, H) = AP (G, H) N AL (G, H) = AX(G, H). (4

The set AS(G, H) of positive order continuous additive maps is characterised as
follows.

Proposition 7.1 For every f € A(G, H), we have [ € AS (G, H) if and only if for
every net (Xo)ocaA With x4 | 0 it holds f(xy) | O.

Proof Let f € A(G, H) be such that for every net (xy)qea With xo | 0 it holds
f(xg) { 0. First we show that f is monotone. Indeed, let x € G, then for the net
(Xa)ae[—x,0] With X = —a we have x, | 0 and hence f(xy) | 0, which implies
f@x) = fx—x) =0.

To show that f is order continuous, note that the assumption implies that for every
net (xy)qea With x4 1 0 we have f(x,) 1 0. Then Theorem 4.4 yields the order
continuity of f, due to the translation invariance of infimum and supremum.

The converse implication follows directly from Theorem 4.4. O

As a consequence of Proposition 7.1, we obtain the following statement.

Proposition 7.2 Under the conditions of Theorem 6.3, the set A (G, H) is order
closed in Ap(G, H).

Proof We use Theorem 3.14. Let (fo)aca be anetin AS°(G, H) such that f, 2 fe
Ap(G, H).By Remark 5.3 (a), the set A4(G,H)is order closed, hence f is monotone.
By Proposition 5.6 there is a net (fa)aeA such that fa JO0and £(f, — f) < fa for
every a € A. In order to apply Proposition 7.1, let (xg)gep be a net in G such that
xg | 0. Since f is monotone, f(xg) | and O is a lower bound of {f(xg); B € B}.
Let z be a lower bound of {f(xg); B € B}. Let B € B. We will show that for every

o € A we have that z < fa (xg). Indeed, for y € B>g we calculate

2< f(xy) < (fa+ fa)(x)) < fulxy) + fulxp),

and from f, € AS(G, H) we conclude inf{fy(x,); y € Bsg} = 0. Hence z <
fa(xp). Thus, Corollary 6.5 establishs z < inf{ fy (xg); & € A} = 0. o
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In order to establish A;" (G, H)asanidealin Ay, (G, H), we first show the following.
Proposition 7.3 The set Aﬁi (G, H) is a full subgroup of A(G, H).

Proof Due to Proposition 5.4 the set Agi (G, H) is a subgroup of A(G, H). To prove
that Agi (G, H)is full, it suffices to show that AS°(G, H)isfull. Let f, h € AS°(G, H)
and let g € A(G, H) be such that f < g < h. For a net (x4)qca With x4 | 0 we
have h(xy) | 0. Since 0 < f(xy) < g(xy) < h(xy) (for every o € A) we conclude
g(xa) 1 0. o

To show that under the conditions of the Riesz-Kantorovich Theorem 6.3 the sets
Ay (G, H) and A{ (G, H) coincide for i € {1,2, 3}, we need three technical state-
ments.

Lemma 7.4 Let G be a partially ordered abelian group that satisfies the Riesz decom-
position property. Let x,y,z € G be such that {x, y} C [0, z]. Then there is w € G
with
(i) w =<x,
(ii) £w <y and
(iii) y —w <z —x.

Proof Let A := {—x,—y,x + y — z} and B := {x, y}. Since A < B, the Riesz
decomposition property implies the existence of w € G with A < w < B. Itis
straightforward that w satisfies (i), (ii) and (iii). O

Lemma 7.5 Let G be a partially ordered abelian group with the Riesz decomposition
property and let H be a Dedekind complete lattice-ordered abelian group. Let f €
AIT)"(G, H) and (yy)aea be a netin G such that y, | 0. For B € Aand y € [0, yg]
there is a net (wC{)OlEAzﬁ in G such that

(i) 0 <y —wy < yg— Yo foreverya € Asg,
(ii) inf{f(we); @ € Asg} exists and satisfies inf{ f (wy); o € Asg} < 0.

Proof Let B € A and let y € [0, yg]. For « € A>g we have 0 < y, < yg. So
{Va» ¥y} € [0, ygl. By Lemma 7.4 there is wy, € G such that wy < yu, Twe <y
and y — wq < yg — yq forevery @ € A>g. Thus the net (wg)wea., satisfies (i).
Next we will show that inf{ f(wy); @ € Asg} exists. Note that {wy; o € Asg} C
[—y. y]. Since f is order bounded, we know that { f (wy); o € Axg} is order bounded
in H. Thus the Dedekind completeness of H implies the existence of inf{ f (wy); o €
Axp).

It is left to prove that inf{ f(wy); @ € Asg} < 0. Note that the net (y4)aea satisfies
Yo 4 0 and that w, < y, for every @ € Axg. Thus for the net (Wa)aedsy WE

have wy 2,0, and Proposition 3.6 implies w, % 0. Since f is order continuous, it
follows that f (wg) 2% 0. Hence Lemma 4.3 implies inf{ f(wy); @ € A>g} <0. O

Due to Theorem 6.3, the conditions in the subsequent Proposition 7.6 and Theorem
7.7 yield

Ay(G, H) = A/(G, H).
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The operator 7 is the positive part of f in the Dedekind complete lattice-ordered
abelian group Ay (G, H), and f~ is the negative part.

Proposition 7.6 Let G be a directed partially ordered abelian group with the Riesz
decomposition property and let H be a Dedekind complete lattice-ordered abelian
group. If f € A(G, H), then [T, f~ € A¥(G, H).

Proof Let f € A;" (G, H). We will use Proposition 7.1 to show fT € AS(G, H).
Let (yg)aea be anetin X such that y, | 0. From the monotony of £ it follows that
fT(ye) | and that f*(y,) > 0 forevery a € A.

To show that inf{ f T (y4); @ € A} = 0, let z be alower bound of { f T (y,); o € A}.
Fix B € Aand y € [0, yg]. By Lemma 7.5 there is a net (wa)aeAZﬁ in G such that
0<y—wy <yg— o forevery @ € A>g and such thatinf{ f(wy); o € A>g} exists
and satisfies inf{f(wq); @ € Asg} < 0.Fora € Asgwecanuse 0 < y — wy <
YB — Yo tO see

FO) = fwe) = fO—wa) < fFH—we) < T —ya) = FT0p) — FT0w).
Therefore we have shown that

2= 100 < FT0p) — F) + fwa)

for every a € A>g. Thus

2 < fTp) — fO) +inf{f(we); @ € Asg) < fH(yp) — F() +0.

The infimum over y yields

2 < fT(yp) +inf{—f(); y €10, yp1} = [T (vp) — sup{f(); y €0, yp1}
= fT () — T (yp) =0.
We conclude inf{ /" (yy): @ € A} =0, hence /T € A(G, H).

Since for f € A (G, H) we have that —f € A(G, H), we obtain [~ =
(=T € A¥(G, H). o

Now we are in a position to present the main results of the present paper in the
subsequent two theorems.

Theorem 7.7 Let G be a directed partially ordered abelian group that satisfies the

Riesz decomposition property and let H be a Dedekind complete lattice-ordered
abelian group. Then

AY(G, H) = A (G, H) = AY (G, H) = Ay (G, H)
= A%(G, H) — A%(G, H).
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Proof Leti € {1,2,3}. By Theorem 4.2 we have
AY(G,H) C AP (G, H).
Proposition 7.6 implies that
AY(G,H) € AY(G, H) — AY(G, H).
By Proposition 7.3 the set Agi (G, H) is a subgroup of Ap(G, H), hence
A (G, H) — AS(G, H) € A} (G, H).

m}

Theorem 7.8 Let G be a directed partially ordered abelian group that satisfies the
Riesz decomposition property and let H be a Dedekind complete lattice-ordered
abelian group. Then AE" (G, H) is an order closed ideal in Ay(G, H).

Proof From Proposition 7.3 and Theorem 7.7 it follows that Ag" (G, H) is a full sub-

group of Ap(G, H). Proposition 7.6 implies that Ag" (G, H) is closed under the lattice

operations in Ay (G, H). In particular, A;" (G, H) is directed, i.e. it is an ideal.
Combining Theorem 7.7, Proposition 7.2 and Proposition 5.7, we conclude that

Ay (G, H) is order closed. O

Theorem 7.8 is a generalisation of a theorem by Ogasawara [16] (see also [2,
Theorem 4.4]) for o-continuous operators on vector lattices.

The following slight generalisation of [1, Proposition 1.6] is obtained due to The-
orem 7.7.

Corollary 7.9 Let G be a directed partially ordered abelian group that satisfies the
Riesz decomposition property and let H be an Archimedean lattice-ordered abelian
group. Then Aﬁz (G, H) C Ag3 (G, H).

Proof Let f € Agz(G, H) and (x4)qeca anetin G such that xq % x € G. Further-
more let (H”, J) be the group Dedekind completion* of H. Due to Corollary 4.5 the
map J is op-continuous, hence also J o f: G — HY. Since J o f is order bounded,

Theorem 7.7 yields Jo f € AL*(G, HY) = AP*(G, HY). Thus J (f (x4)) B T(F(x)
in H”. Now Proposition 3.12 yields J (f (x4)) 2 J(f(x)) in HY. Thus Proposition
4.10(ii) shows that f(xq) —> f(x). O

4 A slight adaptation of arguments given in [25, Theorem IV.11.1] yields that for every Archimedean
lattice-ordered abelian group G there is a Dedekind complete lattice-ordered abelian group G? and an
additive order embedding J: G — GY such that J[G] is order dense in G¥. We say that (G, J) is the
group Dedekind completion of G.
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8 Order convergence and order topology in partially ordered vector
spaces

In this section, let X be a partially ordered vector space. We will show that for i €
{1, 2, 3} the scalar multiplication is jointly continuous with respect to o;-convergence
on X and R, respectively, if and only if X is Archimedean and directed. Examples are
presented in which the order convergence concepts differ.

Lemma 8.1 Leti € {1, 2, 3}. Then the following statements are equivalent.

. . (27
(i) For every x € X the sequence (%x)neN satisfies %x - 0.

(ii) Forevery x € X the sequence (,%X)neN satisfies rll

(iii) X is Archimedean and directed.

T,
x = 0.

Proof The implication (i)=(ii) follows from Proposition 3.6. To show (ii)=(iii), we
first establish X to be generating in X. Let x € X, then for the sequence (%x)neN
we have %x o 0, hence Remark 5.3 (c) shows the existence of n € N with %x €

X4+ — X4. Since X4 — X is a vector space, we obtain x € X — X .

T, .
%x - 0. Since

To show that X is Archimedean, let x € X .. By (ii), we have
(%x) J, Lemma 4.3 proves (%x) J 0.

Next we show (iii))=>(i). Let x € X. By the directedness of X, we have x1, xo € X
with x = x; — xp. Since X is Archimedean, we get %xj J 0 for j € {1,2}. Thus

%x | 20 by Remark 3.7 and Proposition 3.6. Hence Proposition 5.4 implies %x =

%xl — %xz 2. O
Proposition 8.2 Leti € {1, 2, 3}. Then the following statements are equivalent.

(i) X is Archimedean and directed.
(ii) For every net (Ag)aca in R with Ay 2 x eRand every net (xg)pep in X with

Xg % x € X the net (AaXg)(a,p)cAx B Satisfies hyxp 2 ax (Where A X B is
ordered component-wise).

(iii) For every net (Ag)aea in R with Ay ZreR and every net (xq)aca in X with
Xg Y% x € X the net (AaXa)acA satisfies hyXq i

Proof To show (i)=(ii), let (Aq)gea be anetin R with 1, —> A € R and let (xg)gen
be anetin X with xg L xeX. According to Proposition 5.6, there is a net (?an)aeA
in R with A, |} 0 and +(ky — A) < X, for every @ € A, and a net (¥g)gep in X
with Xg | 0 and +(xg — x) < Xg for every B € B. Since X is directed, there is
X € X with +x < x. The net ()V\ai)(a,,g)eAxg is a subnet of (g X)ye4, hence X being
Archimedean implies that Ko 1 0. A straightforward argument shows that the net
(raXp 4 Ao X 4 |M1%8) (. pyeax B satisfies kg Xpg +AgX 4 |1|Xg | 0. For (@, B) € Ax B
we have 1, < X(x FAL )v»a + |A| and hence

+(hgXp — Ax) = Fhg(xp — %) £ (kg — A)X < (g + [ADIg + Ao ¥,
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such that the net (AyXg)(«,p)caxB satisfies Ayxg 2L x. The arguments for o;-
convergence and o3-convergence are similar.

The implication (ii)=>(iii) follows from Remark 3.23.

By Lemma 8.1 we obtain (iii)=(i). O

Next we present an example of a vector lattice in which 7,-convergence and o3-
convergence do not coincide.

Example 8.3 Let X be the vector lattice of all real, Lebesgue-measurable, almost
everywhere finite functions on [0, 1]. As usual, we identify almost everywhere equal
functions and order X component-wise almost everywhere. Let (f;,),en be the
sequence of characteristic functions of the intervals

[0, 11,10, 31.[3. 11. [0, 31, [5. 3).[3. 21. [3. 11. [0, %1, . ..

The sequence (f,),eN does not o3-converge to 0. Indeed, assume f;, Z00. By
Proposition 5. 6 there is a net (fa)aeA in X with fa J 0and amap n: A — N such
that £f, < f, foralla € Aandn € N >n(a)- TO obtain a contradiction note that

1 = sup{fu; n € Ny} < fy foralla € A.
We show that f,, 0. Let V C X be order open such that 0 € V. For ¢ € [0, 1]
ande € Roglet go () be the characteristic function of the interval [O 11Nt — &, t + ¢].

Note that for every ¢ € [0, 1] the sequence (g(l)> satisfies gi In 0. As Visanet
neN n

catching setfor 0, forevery ¢ € [0, 1]thereise(?) € R.g suchthat[ gg(i), gff()t)] cV.

Since [0, 1]is compact, there is a finite set I C [0, 1] such that {[t —e(t), t+c()]; t €
I}is an open cover of [0, 1]. Let § be a Lebesgue number of this cover. Thereis ng € N
such that for every n € N, the support of f,, has diameter less than §. Therefore for

every n € Nx,, there is t € [ such that f, € [ gét&), gff(i)] C V. This proves that
fn 0.

As a continuation of Remark 4.6, in the subsequent example we present a vector
lattice Y with order topology 7,(Y) and an order dense subspace X such that the
induced topology differs from the order topology 7, (X). In the spirit of [6] this means,
in particular, that the Extension property (E) is not satisfied for order closed sets.

Example 8.4 1In [6, Example 5.2] the vector lattice
Y = {y = (yi)iez €1%°; lim y; eXistS}
11— 00

and its order dense subspace

X=[x—(xl>lezeY Z gnoloxi}
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are considered. Moreover, it is shown that the sequence of unit vectors (€M), en is
o1-convergent to 0 in Y, but is not oj-convergent in X. Here for n, k € Z we set
e,(cn) := 1forn = k and e,(c") := 0 otherwise.

Let M = {e("); n € N}. By Theorem 3.14, M is not order closed in Y. We will
show in (A) that M is order closed in X and in (B) that there is no order closed N C Y
such that N N X = M. Moreover, in (C) we prove that the sequence (e("))neN is not
convergent with respect to 7, (X), and hence not 03-convergent and not 0>-convergent.

(A) To show that M is order closed in X, we use Theorem 3.14. Let (ny)qeca be

a net in N such that e 2% x ¢ X. Hence there is a net (€*)gea in X such that
& | 0and & (e —x) < & for all € A. We show in the steps (A1) and (A2)
that (n¢)aeca has exactly one accumulation point /, which implies x = ) € M.
(A1) The net (ng)yea has an accumulation point.
Indeed, assume the contrary. Let k € Z. Since no element of {0, ..., k} is an
accumulation point of (n4)qc4, thereis oy € A such that for every o € A, we have

ng > k. Hence e,(cn"‘)

= 0 for every & € Asq,, and |xx| = ‘e,ﬁ"") —xk‘ <er o
implies x; = 0. This shows x = 0.

We show that limy . o €} > 1 for every & € A. Assuming lim; . ¢ < 1, for
every o € A there is K € N such that for every k € N> g we have ¢ < 1. Since
(ng)gea has no accumulation points, there is 8 € A, such that ng > K, and we

(ng)
Eﬁ > enﬁﬂ =1

We donothave ¢ |, Oforevery k € Z\N, since otherwise monotone convergence

obtain the contradiction 1 > &% 5 = é

would imply 1 < limg_ o0 € = Y 72 ez;k" lo 0. Hence thereis k € Z\ Nand § > 0
with ¢ > é foreverya € A. Putw := §e® —28¢*=D and observe the contradiction
w < ¢€¥ |4 0. This shows that (n4)yea has accumulation points.

(A2) The net (ny)qea has at most one accumulation point.

Indeed, let /, k € N be accumulation points of this net. As é}" J 0, we obtain
that for every ¢ > 0 there is an op € A such that for every @ € A, we have

‘el("“) - xl‘ < & < ¢ < e. Since [ is an accumulation point of (114)qca, there

el(l) — X

is @ € Asg, such that | = ng. Thus |1 — x| = ) el(na) -

XI‘ = e,
consequently x; = 1. Since k is an accumulation point of (n4)eca, thereis B € Asq,
such that k = ng. Hence el(k) — 1’ = el(nﬂ) ,(k) =1,
ie. k =1.

(B) To show that there is no order closed set N C Y such that N N X = M, assume
the contrary. As e™ 2% 0 we obtain 0 € N. Hence 0 € NN X = M, which is a
contradiction.

— xl‘ < ¢ and we have shown e

o (X . . . .
(C) Assume that e 2> x € X. Since M is order closed in X, thereis/ € N

such that x = ). Let O := {x € X; x; € (0,2)} and observe that eDeoe 7, (X).

o(X . . .
Thus ¢™ LX), e implies the existence of N € N such that for every n € N>y we
have ¢™ € O, a contradiction.
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9 Properties of the set of order continuous linear operators in
partially ordered vector spaces

In this section, let X and Y be partially ordered vector spaces. In this setting, we
provide similar statements as in Section 7. The following is a slight generalisation of
[1, Theorem 2.1]. Note that for i = 1 the result is contained in Proposition 4.15.

Proposition 9.1 Let X be Archimedean, G be a partially ordered abelian group and
i € {1,2,3}. Every o;-continuous and additive map f: X — G is order bounded.

Proof Note that it is sufficient to show that f[[0, v]] is order bounded in G for every
ve X . Let A:=N x [0, v] be ordered lexicographically and define x, ) = %w,
Xnw) = —%v and X,y = %v for (n, w) € A. Note that X, 1 0 and X, | O
and that X, < x4 < X, for all « € A. Thus x4 2L 0. Since f is o;-continuous, by

Proposition 3.6 we obtain f(x,) 2 0. Therefore by Proposition 5.6(iii) there is a
net (yg)gep and a map n: B — A such that yg | 0 and & f(x,) < yp for every
B € Band o € As;p). Fix B € B. Since n(B) € A there are (m, u) € A such that
n(B) = (m, u). Now let w € [0, v] and observe that (m + 1, w) > (m, u) = n(B).
Thus =+ f(w) = £(m + 1) f (ﬁw) = +(m+ 1) f (Xms1.w) < (m+ 1)y Hence
SO0, v]] € [=(m + Dyg, (m + Dygl. mi

Remark 9.2 It is an open question whether Proposition 9.1 is valid if X is an
Archimedean partially ordered abelian group.

We denote Ly (X, Y) = AY(X, Y)NL(X, Y), Ly (X, Y) = AP (X, Y)NL(X, Y)
and LS (X, Y) = A (X, Y)NL(X, Y). The proof of the following statement is similar
to the one in [3, Lemma 1.26].

Proposition 9.3 If X is directed and Y is Archimedean, then every additive monotone
map is homogeneous, i.e. AL (X,Y) =L (X, 7).

An analogue for o;-continuous maps is given next.

Proposition9.4 Let X, Y be directed and Archimedean and let i € {1, 2,3}. Then
every additive o;-continuous map from X to Y is homogeneous, hence Agi X,Y) =
Ly (X, Y). Furthermore, A°(X,Y) = L(X, Y).

Proof Let T € Agi (X, Y). Observe that every additive maps is Q-homogeneous. Let
A € Rand x € X. There is a sequence (A,),en in Q that o;-convergences to A
(with respect to R, cf. Example 3.13). By Proposition 8.2 we get A,x 2 jx and
In T (x) N AT (x). Since T is o;-continuous, we obtain 7 (A,x) N T(Ax).As T is
Q-homogeneous, we get for every n € N that T (A,x) = A, T (x). Due to Remark 3.17
order limits are unique, hence we conclude T'(Ax) = AT (x). O

Under the conditions of Proposition 9.3, we obtain

Ap(X,Y) = Ap(X,¥) = Li(X, ¥) — Lo (X, ¥) € Ly(X, V) € Ap(X, ).
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Hence, if Ay (X, Y) is directed, then Ap(X, Y) = Ly(X, Y). Therefore, Theorem 6.3
yields the following statement.

Theorem 9.5 Let X be a directed partially ordered vector space with the Riesz decom-
position property, and let Y be a Dedekind complete vector lattice. Then every additive
order bounded map is homogeneous, i.e. Ap(X,Y) = Ly(X, Y).

We reformulate the Theorems 7.7 and 7.8 and obtain a generalisation of the Oga-
sawara theorem.

Theorem 9.6 Let X be a directed partially ordered vector space with the Riesz decom-
position property, and let Y be a Dedekind complete vector lattice. Then

L' (X, Y)=L2(X,Y) =L (X, Y) =L (X, Y)
=L3(X,Y) —LE(X, V).

Moreover, Lf)"(X, Y) is an order closed ideal in Ly,(X, Y).

If X is, in addition, Archimedean, then by Proposition 9.1 and Theorem 9.6 a linear
operator 7': X — Y is o;-continuous if and only if 7" € LY (X, Y) — LY (X, ).

It is an open question whether one obtains similar results to the ones in Theorem
9.6 under weaker assumptions. In particular, if Y is an Archimedean vector lattice, but
not Dedekind complete, then the set of all regular linear operators is an Archimedean
directed partially ordered vector space, and the notion of an ideal is at hand, see [6].
One can ask whether the set of order continuous (or o;-continuous) regular linear
operators is an order closed ideal in the space of regular operators.
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