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Abstract
Amixed lattice group is a generalization of a lattice ordered group. The theory ofmixed
lattice semigroups dates back to the 1970s, but the corresponding theory for groups
and vector spaces has been relatively unexplored. In this paper we investigate the basic
structure of mixed lattice groups, and study how some of the fundamental concepts in
Riesz spaces and lattice ordered groups, such as the absolute value and other related
ideas, can be extended tomixed lattice groups andmixed lattice vector spaces.We also
investigate ideals and study the properties of mixed lattice group homomorphisms and
quotient groups. Most of the results in this paper have their analogues in the theory of
Riesz spaces.
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1 Introduction

The theory of mixed lattice semigroups was developed by Arsove and Leutwiler in
[4–7]. Their aim was to develop an axiomatic approach to classical potential theory
from a purely algebraic point of view. Their theory unified and generalized some of the
earlier axiomatizations of potential theory, such as the theory of cones of potentials,
developed by Mokobodzki and Sibony (see [7] and references therein), and the theory
of H -cones developed by the Romanian group of mathematicians, Boboc, Bucur and
Cornea [9]. These theories can be regarded as special cases of the Arsove–Leutwiler
theory. Since the properties of mixed lattice semigroups had been extensively studied,
it seemed natural to investigate the mixed lattice structure in the group setting. This
was done by Eriksson–Bique in [10,11]. Group extensions ofmixed lattice semigroups
were considered in [10], where it was shown that the mixed lattice structure is indeed
preserved in such extensions. A more general definition of a mixed lattice group was
given in [11], and some of the basic properties of mixed lattice groups were derived
there. However, after the publication of the aforementioned papers the research on the
subject has been virtually nonexistent. The purpose of the present paper is to initiate
a systematic study of mixed lattice groups.

Amixed lattice group is a partially orderedAbelian groupwith twopartial orderings.
The usual supremum and infimum of two elements is replaced by unsymmetrical
mixed envelopes which are formed with respect to the two partial orderings. It is then
required that these mixed upper and lower envelopes exist for every pair of elements.
If the two partial orderings are identical, then the mixed upper and lower envelopes
become the usual supremum and infimum, and the mixed lattice group reduces to an
ordinary lattice ordered group. In this sense, a mixed lattice group is a generalization
of a lattice ordered group. However, due to the unsymmetrical nature of the mixed
envelopes, some familiar properties of lattice ordered groups (such as the distributive
laws) no longer hold in a mixed lattice group.

Sincewe are considering a generalization of lattice ordered groups andRiesz spaces,
it is natural to begin our study by considering some of the most fundamental concepts
in these structures, such as the absolute value and ideals, and examine how these
concepts could be carried over to the theory of mixed lattice structures. In Sect. 2 of
the present paper we give the essential definitions and results that will be needed in
the subsequent sections. These include the concept of a mixed lattice vector space
which has not been studied before. We also introduce a classification of mixed lattice
groups based on their algebraic structure, and present some examples to illustrate the
relationships between different classes of mixed lattice groups. Roughly speaking,
these so-called regularity classes describe how closely the set of positive elements
resembles a mixed lattice semigroup. The importance of this classification becomes
apparent as we develop our theory further.

In Sect. 3we define the generalized absolute values and derive their basic properties.
The generalized absolute values are defined in terms of upper and lower parts, which
are analogous to the positive and negative parts in the theory of Riesz spaces, but now
we have two partial orderings which leads to two distinct upper and lower parts for
each element. The fundamental identities as well as the triangle inequalities for the
generalized absolute values are given in Theorems 3.2, 3.4 and 3.5. In addition to these
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we give some other interesting results, such as Theorem 3.6, which is the mixed lattice
version of the representation of an element as a difference of two disjoint elements,
a well known result in Riesz space theory. To finish Sect. 3, we study the behavior
of mixed envelopes under scalar multiplication in vector spaces and the relationship
between the ordinary absolute value and the generalized absolute values.

The related concept of mixed lattice ideal is introduced in Sect. 4, and some basic
facts concerning ideals will be presented there. The definitions of ideals are based on
the notion of order convex sets. We give characterizations of mixed lattice ideals and
examine their relationship with lattice ideals.

In Sect. 5 we study homomorphisms between mixed lattice groups. First we give
the fundamental characterization of mixed lattice homomorphisms (Theorem 5.2) and
show that a mixed lattice homomorphism preserves the regularity properties of its
domain (Theorem 5.8). We study the kernel of a mixed lattice homomorphism and
show that the kernel has similar ideal properties as the kernels of Riesz homomor-
phisms between two Riesz spaces (Theorem 5.9). Theorem 5.10 characterizes mixed
lattice isomorphisms, and in Theorem 5.13 we show that a mixed lattice semigroup
homomorphism can be extended to a mixed lattice group homomorphism. The closely
related idea of a quotient group is discussed in Sect. 6, where we give necessary con-
ditions for the quotient group to be a mixed lattice group (Theorem 6.2).

Most of the concepts and results in the present paper have their counterparts in the
theory of Riesz spaces and lattice ordered groups. For a comprehensive treatment of
these topics, we refer to [8,12,15,16]. We should point out that although the proofs
of some results in this paper may appear to be similar to their counterparts in Riesz
spaces, the algebraic structure of mixed lattice groups is different than the structure of
Riesz spaces. In fact, many well known fundamental properties of Riesz spaces such
as the commutativity of the lattice operations no longer hold in mixed lattice groups.
To emphasize these differences, we will give references on Riesz spaces and lattice
ordered groups at many places. Moreover, since this is a rather unexplored topic, we
try to give fairly complete proofs for most results. It is our hope that this paper will
serve as a good starting point for future research on mixed lattice groups and mixed
lattice vector spaces.

2 Mixed lattice semigroups and groups

We begin by stating the definitions of the basic structures. Let (S,+,≤) be a positive
partially ordered Abelian semigroup with zero element. That is, we require that u ≥ 0
for all u ∈ S, and u ≤ v implies u+w ≤ v +w. In what follows, we will also assume
that the cancellation law

u + w ≤ v + w �⇒ u ≤ v (2.1)

holds in S. This partial order ≤ is called the initial order. It follows from the assump-
tions that the initial order has the following property.

a ≤ u, b ≤ v and a + b = u + v �⇒ a = u and b = v (2.2)
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942 S.-L. Eriksson et al.

Indeed, if the above assumptions hold then u + v = a + b ≤ a + v, and so by (2.1)
we have u ≤ a. But by assumption a ≤ u, so u = a. A similar argument shows that
v = b and (2.2) follows.

The semigroup S itself gives rise to another partial ordering. This intrinsic order
on S is called the specific order, and it is defined by

u � v ⇐⇒ v = u + w for some w ∈ S. (2.3)

Clearly, (2.3) means that u � 0 for all u ∈ S (since u = u + 0). Hence, if we
formally use the difference notation v − u to denote the unique element that satisfies
u + (v − u) = v (whenever such an element exists), then the above definition is
equivalent to

u � v ⇐⇒ The difference element v − u exists in S,

but traditionally definition (2.3) is used for the specific order since there are no negative
elements in S. Note that (2.3) does not hold for the initial order, in general.

We should still verify that � is a partial ordering which is compatible with the
semigroup structure and satisfies (2.1). It is easy to see that� is reflexive and transitive.
To prove antisymmetry, assume u � v and v � u. Then u = v + v′ and v = u + u′
for some u′, v′ ∈ S. Adding v′ to the last equality gives u = v + v′ = u + u′ + v′.
As u′ + v′ ≥ 0, it follows by (2.2) that u′ + v′ = 0. But this implies that u′ = v′ = 0,
again by (2.2). Hence, u = v. This proves that � is a partial order. Next, if u � v then
v = u + u′ for some u′ ∈ S. It follows that v + w = u + w + u′ for any element
w ∈ S, and so u+w � v+w. Conversely, if u+w � v+w, then v+w = u+w+u′
for some u′ ∈ S. Since equality is just a special case of the relation ≤, it follows by
(2.1) that v = u+u′, or equivalently u � v. Hence, the specific order� is compatible
with the semigroup structure and has the cancellation property (2.1).

If we equip the semigroup S with the partial order �, then (S,+,≤,�) is a posi-
tive partially ordered semigroup with respect to two partial orderings ≤ and �, both
satisfying (2.1). Notice that u � v implies u ≤ v in S, but not conversely. Moreover,
it follows from positivity and (2.2) that no nonzero element of S has an inverse in S.
In particular, S cannot be a group, unless S = {0}.

With these two partial orders ≤ and � we define the mixed lower and upper
envelopes

u �� v = max{w ∈ S : w � u and w ≤ v}

and

u

�

�v = min{w ∈ S : w � u and w ≥ v},

respectively, where the minimum and maximum are taken with respect to the initial
order ≤, whenever they exist. The following definition was given by Arsove and
Leutwiler in [7].
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Definition 2.1 Let (S,+,≤,�) be a partially ordered Abelian semigroup with zero
element and two partial orders ≤ and � such that u ≥ 0 for all u ∈ S and (2.1) holds
in S, and� is given by (2.3). If the mixed upper and lower envelopes u

�

�v and u �� v

exist in S for all u, v ∈ S, and they satisfy the identity

u

�

�v + v �� u = u + v

then (S,+,≤,�) is called a mixed lattice semigroup.

Remark 2.2 There are other equivalent formulations for the definition of amixed lattice
semigroup given in [7].We have chosen to use the above definition in this paper, as it is
themost convenient for our purposes.Wedonot discuss the other possible formulations
here, but we would like to remark that the additional identity in Definition 2.1 does
not follow from the other assumptions and it is needed in order to make these different
formulations equivalent. The existence of the mixed envelopes is not sufficient for
that, and it is possible to construct a semigroup where all the other assumptions hold
except the last identity in Definition 2.1. The next example clarifies this.

Example 2.3 Consider the semigroup S = {0}∪ [2,∞) with the usual addition of real
numbers. Let ≤ be the usual order inherited from R and define � as the partial order
induced by S itself, that is, y � x if and only if y = x or y ≥ x + 2. Note that this
is equivalent to y = x + w for some w ∈ S. Clearly, ≤ and � are partial orderings
that are compatible with the semigroup structure of S and satisfy condition (2.1).
Moreover, the elements x

�

�y and x �� y exist in S for all x, y ∈ S. For example, the
element x �� y is given by

x �� y =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x, if x ≤ y

y, if x ≥ y + 2

x − 2, if y < x < y + 2 and x /∈ (2, 4)

0, if y < x < y + 2 and x ∈ (2, 4)

Thus (S,+,≤,�) satisfies all the assumptions of Definition 2.1, except that the iden-
tity x

�

�y + y �� x = x + y does not hold in S. For instance, 2 �

�3 + 3 �� 2 =
4 + 0 �= 2 + 3. Hence S is not a mixed lattice semigroup.

Remark 2.4 The ideas introduced so far can be given a more informal description.
Loosely speaking, the construction of a mixed lattice semigroup is as follows.We start
with some ”initial” partially ordered Abelian semigroup (S0,+,≤)with zero element
(hence the term initial order), assuming that (S0,+,≤) is positive with respect to ≤,
and the cancellation property (2.1) holds. Then we take some specific subsemigroup
S of S0 and define the specific order as the partial order determined by S. Thus we
end up with a semigroup (S,+,≤,�) with two partial orders, which is then a mixed
lattice semigroup, provided that all the assumptions regarding the mixed envelopes
are satisfied. In this process, some elements of the initial semigroup S0 are ”left out”
and the semigroup S does not contain all the original elements that are positive with
respect to the initial order≤, but it consists precisely of those elements that are positive
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944 S.-L. Eriksson et al.

with respect to the specific order �. Many of the examples given in this paper are also
constructed in this manner.

Now we come to the topic of mixed lattice groups rather than semigroups. The
following definition of a mixed lattice group was given by Eriksson–Bique in [11].

Definition 2.5 Let (G,+,≤,�) be a partially ordered Abelian group with respect to
two partial orders ≤ and �. If the mixed lower envelope x �� y exists for all x, y ∈ G,
then (G,+,≤,�) is called a mixed lattice group.

We note that the above definition is not as restrictive as the definition of a mixed
lattice semigroup. Most importantly, the two partial orders are not required to be
related in any way. Definition 2.5 also clearly shows that a lattice ordered group is
a special case of a mixed lattice group. Indeed, if the two partial orderings ≤ and �
are chosen to be identical, then the mixed lattice group reduces to an ordinary lattice
ordered group.

Eriksson–Bique [10] has also shown that every mixed lattice semigroup S can be
extended to a group of formal differences of elements of S and the mixed lattice
structure is preserved in this extension. Many important examples of mixed lattice
groups arise in this way. We will now discuss this construction in more detail.

Let S be a mixed lattice semigroup and define an equivalence relation on S ×S by
putting

(u, v) ∼ (x, y) ⇐⇒ u + y = v + x .

The equivalence class generated by (u, v) is denoted by [(u, v)] and the set of all
equivalence classes by [(S,S)]. We define addition in [(S,S)] by

[(u, v)] + [(x, y)] = [(u + x, v + y)].

Now the zero element of [(S,S)] is [(0, 0)] and [(u, 0)] + [(0, u)] = [(0, 0)], and so
[(u, 0)] = −[(0, u)] for all u ∈ S. Thus, [(S,S)] is a group. Next we define partial
ordering by

[(u, v)] ≤ [(x, y)] ⇐⇒ u + y ≤ x + v.

It is not difficult to show that the addition and partial ordering are well-defined. The
above definitions imply that the property

[(u, v)] ≤ [(x, y)] �⇒ [(u, v)] + [(a, b)] ≤ [(x, y)] + [(a, b)]

holds in [(S,S)], and hence [(S,S)] is a partially ordered group. Moreover, We
observe that the sets S and {[(u, 0)] : u ∈ S} are isomorphic, so we identify [(u, 0)]
with u, and similarly we identify [(0, u)] with −u. We now denote this group by
[(S,S)] = S −S and we call S −S the group of formal differences of elements of S.

The specific order in S − S is defined as

u − v � x − y in S − S ⇐⇒ u + y � x + v in S.
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The following results are due to Eriksson–Bique.

Lemma 2.6 ([10, Lemma 3.1]) The specific order in S − S defined above is a partial
order that is well-defined and compatible with the group structure of S−S. Moreover,
it has the property

u − v � x − y ⇐⇒ x − y = u − v + w for some w ∈ S,

for u, v, x, y ∈ S.

Theorem 2.7 ([10, Theorem 3.2]) Let S be a mixed lattice semigroup and u1, u2,
v1, v2 ∈ S. Then the mixed envelopes of elements u1 − u2 and v1 − v2 in S − S exist
and they are given by

(u1 − u2) �� (v1 − v2) = (u1 + v2) �� (v1 + u2) − (u2 + v2)

and

(u1 − u2)

�

�(v1 − v2) = (u1 + v2)

�

�(v1 + u2) − (u2 + v2).

In particular, S − S is a mixed lattice group.

Let G be a mixed lattice group. The definition of the mixed envelopes implies that
the inequalities

x �� y � x � x

�

�y and x �� y ≤ y ≤ x

�

�y

hold for all x, y ∈ G. In the sequel, we will use these inequalities without further
reference. There are several other identities and calculation rules that we will apply
frequently. For easy reference, we list all these fundamental properties of mixed lattice
groups below. The following properties hold for all elements x , y and z in an arbitrary
mixed lattice group.

(P1) x

�

�y + y �� x = x + y
(P2a) z + x

�

�y = (x + z)

�

�(y + z)
(P2b) z + x �� y = (x + z) �� (y + z)
(P3) x

�

�y = −(−x �� − y)
(P4) x � y ⇐⇒ x

�

�y = y ⇐⇒ y �� x = x
(P5a) x � u and y ≤ v �⇒ x

�

�y ≤ u

�

�v and x �� y ≤ u �� v

(P5b) x � z and y ≤ z �⇒ x

�

�y ≤ z and x �� y ≤ z

Identities (P1), (P2a), (P2b) and (P3) were proved in [11, Lemma 3.1]. Note, in
particular, that in a mixed lattice group (P1) is a consequence of the definitions of
the mixed envelopes and the existence of negative elements, while in the definition
of mixed lattice semigroup (P1) must be included as an axiom. Properties (P4), (P5a)
and (P5b) are easy consequences of the definition of the mixed envelopes.

123



946 S.-L. Eriksson et al.

A subset S of G is said to be a mixed lattice subsemigroup in G if S is a mixed
lattice semigroup and the mixed envelopes x

�

�y and x �� y in S are the same as in
G for all x, y ∈ S. It follows from the definition of the mixed lattice semigroup that if
the semigroup U = {w ∈ G : w � 0} is a mixed lattice subsemigroup in G then it is
the largest (with respect to set inclusion) mixed lattice subsemigroup in G.

In addition to properties (P1)–(P5), there are the following ”regularity properties”
which require certain additional assumptions that will be discussed below.

(R0) x ≤ y ⇐⇒ y

�

�x = y ⇐⇒ x �� y = x
(R1) x � y �⇒ x ≤ y
(R2a) x � z and y � z �⇒ x

�

�y � z
(R2b) z � x and z � y �⇒ z � x �� y

We begin with properties (R2a) and (R2b), which have the following characteriza-
tion.

Theorem 2.8 ([11, Theorem 3.5]) Let G be a mixed lattice group and let U = {w ∈
G : w � 0}. Then the following conditions are equivalent.

(a) U is a mixed lattice subsemigroup of G.
(b) x �� y � 0 for all x, y ∈ U , where �� is the mixed lower envelope in G.
(c) G has the properties (R2a) and (R2b).

Property (R1) holds in every mixed lattice semigroup, where it is a simple con-
sequence of the definition of specific order. As we develop our theory further in the
following sections, it turns out that this property is quite important in many situations.
We will show below that (R0) is implied by (R1). Moreover, (R2a) and (R2b) are also
essential for certain results and, in many cases, a mixed lattice group can be viewed
as a group extension of some mixed lattice semigroup. Due to the importance of these
properties, we introduce the following classification of mixed lattice groups.

Definition 2.9 Let G be a mixed lattice group.

(i) G is called pre-regular if x � y implies that x ≤ y in G.
(ii) G is called quasi-regular if the set S = {w ∈ G : w � 0} is a mixed lattice

subsemigroup in G.
(iii) G is called regular if it is quasi-regular and the set S defined above is generating,

that is, G = S − S.
(iv) A mixed lattice group that is not pre-regular is called irregular.

By Theorem 2.8, G is quasi-regular if and only if the properties (R2a) and (R2b)
hold in G. It is now a simple matter to show that every regular mixed lattice group is
quasi-regular, and every quasi-regular mixed lattice group is pre-regular. Moreover,
pre-regularity implies property (R0). The converse implications do not hold in general
(see Examples 2.17 through 2.23 below).

Theorem 2.10 The following hold.
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(a) Every regular mixed lattice group is quasi-regular.
(b) Every quasi-regular mixed lattice group is pre-regular.
(c) Every pre-regular mixed lattice group has the property (R0).

Proof (a) Obvious.
(b) Assume that G is quasi-regular and x � y. Then x − y � 0, and the set

{w ∈ G : w � 0} is a mixed lattice semigroup, where (R1) holds. So we have
x − y ≥ 0, or x ≥ y. Hence, G is pre-regular.

(c)Assume first that x ≤ y. Since y � y, by (P5) we have y

�

�x ≤ y

�

�y = y, and
so by (P1) we get x + y = x �� y+ y

�

�x ≤ x �� y+ y. This implies that x ≤ x �� y.
On the other hand, we have x � x �� y, and so by (R1) we have x ≥ x �� y. Hence
x = x �� y. Conversely, if x = x �� y then x ≤ y. For the other equivalence, note
that if x �� y = x then the identity x + y = x �� y + y

�

�x implies that y

�

�x = y.
The reverse implication is proved similarly. 
�

The foregoing theory can also be formulated in vector spaces. For this, recall that
(V,≤) is a partially ordered vector space if

u ≤ v �⇒ u + w ≤ v + w and u ≤ v �⇒ αu ≤ αv

hold for all u, v, w ∈ V and α ≥ 0. We now define a mixed lattice vector space by
introducing another partial ordering and requiring that the mixed envelopes exist for
every pair of elements. In this paper, we only consider real vector spaces.

Definition 2.11 Let (V,≤,�) be a partially ordered real vector space with respect to
two partial orders ≤ and �. If the mixed upper and lower envelopes x �� y and x

�

�y
exist for all x, y ∈ V , then (V,≤,�) is called amixed lattice vector space. The partial
orderings ≤ and � are called initial order and specific order, respectively.

Definition 2.11 clearly implies that a Riesz space is a special case of a mixed lattice
vector space. Indeed, if the two partial orderings ≤ and � coincide, then the mixed
upper and lower envelopes become the usual supremum and infimum, and the mixed
lattice vector space reduces to an ordinary Riesz space. Thus every Riesz space is a
mixed lattice vector space, and every mixed lattice vector space is an ordered vector
space, but the converse inclusions do not hold. In this sense, the concept of a mixed
lattice vector space is intermediate between a Riesz space and a general ordered vector
space.

Most results in this paper are given in the more general group setting and the proofs
can be translated to vector spaces with no difficulty. In fact, many of our results do not
depend on the scalar multiplication at all. Therefore, we shall formulate our results in
mixed lattice vector spaces only if they are not applicable to the group setting.

Before discussing the examples, we give a useful result that helps to determine
whether a given structure is actually a mixed lattice group. The next theorem is an
extension of [11, Theorem 3.3], in which the equivalence (a) ⇐⇒ (e) was proved.

Theorem 2.12 Let G be a partially ordered group with two partial orderings ≤ and
�. Then the following conditions are equivalent:
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948 S.-L. Eriksson et al.

(a) G is a mixed lattice group.
(b) The mixed lower envelope 0 �� x exists for all x ∈ G.
(c) The mixed upper envelope 0

�

�x exists for all x ∈ G.
(d) The mixed lower envelope x �� 0 exists for all x ∈ G.
(e) The mixed upper envelope x

�

�0 exists for all x ∈ G.

Proof The equivalence (a) ⇐⇒ (e) was proved in [11, Theorem 3.3]. The other
equivalences (a) ⇐⇒ (b), (a) ⇐⇒ (c), and (a) ⇐⇒ (d) are proved similarly. 
�

We now discuss several examples of mixed lattice structures. The first one is due
to Arsove and Leutwiler [7].

Example 2.13 The historical background of mixed lattice semigroups is in potential
theory, and an archetypical example of amixed lattice semigroup is the setU of positive
superharmonic functions on some region D in R

n . Here the initial order is defined
pointwise, that is, f ≤ g if f (x) ≤ g(x) for almost every x ∈ D and the specific
order is defined by f � g if f ≤ g and g− f is superharmonic on D. Then (U ,≤,�)

is a mixed lattice semigroup [7, Theorem 21.2].
A special case of positive superharmonic functions is the semigroup of positive

concave real functions on some interval [a, b]. Hence, the set of those functions that
can be written as a difference of two positive concave functions is a mixed lattice
vector space. Differences of concave functions typically arise in certain optimization
problems.

The next example is from probability theory, and it was also given by Arsove and
Leutwiler [7, pp. 126–127].

Example 2.14 A sub-stochastic matrix is a (possibly infinite) non-negativematrix P =
(pi j ) such that the elements of P satisfy the condition

∑

j
pi j ≤ 1 for all i . Vectors

are ordered in the usual way, that is, x ≤ y if xi ≤ yi for all i . A vector x ≥ 0 is called
excessive with respect to the sub-stochastic matrix P if Px ≤ x . Define the specific
order by x � y if x ≤ y and P(y − x) ≤ y − x , or (I − P)(y − x) ≥ 0. For a given
sub-stochastic matrix P , let U be the set of all bounded vectors that are excessive with
respect to P . Then (U ,≤,�) is a mixed lattice semigroup.

The dual concept of excessive measure is defined as a non-negative row vector xT

such that xT P ≤ xT . The set of finite measures that are excessive with respect to P
is similarly a mixed lattice semigroup.

More generally, it has been shown that the cones of excessive functions and exces-
sive measures associated with Markov processes with continuous state-space have a
mixed lattice structure. For proofs and more details, see [13, Theorems 5.9 and 5.11]

The following example of a regular mixed lattice group (indeed, a mixed lattice
vector space) was given in [11, Example 1].

Example 2.15 Let G = BV ([a, b]) be the set of all functions of bounded variation
on an interval [a, b]. Functions of bounded variation have the following well known
characterization (see for example [3, Theorem 6.13]): f ∈ BV ([a, b]) if and only if
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f = f1 − f2, where f1 and f2 are positive increasing functions. It was shown in [7,
Theorem 21.2], that the set S of all positive increasing functions is a mixed lattice
semigroup. Hence, we can write G = S − S and so G is a mixed lattice group where
the initial and specific orders are defined by

f ≤ g ⇐⇒ f (x) ≤ g(x) for all x ∈ [a, b]

and

f � g ⇐⇒ g − f is increasing and g − f ≥ 0,

respectively. It is well known that the space BV ([a, b]) is a Riesz space with respect
to both partial orders defined above (see [1, Section 9.8]). So, in a sense, this mixed
lattice vector space is a ”mixture” of the two Riesz spaces (BV ([a, b]),≤) and
(BV ([a, b]),�).

Next we consider different positive cones in R
n to obtain more examples of mixed

lattice vector spaces.

Example 2.16 Let V = (Rn,≤,�) where ≤ is given by the standard positive cone,
that is, x ≥ 0 if xk ≥ 0 for all k = 1, 2, . . . , n and define � by the positive cone
C = {x : xk+1 ≥ xk ≥ 0, k = 1, 2, . . . , n − 1}. Then the cone C is generating and
the element u = 0

�

�x exists for every x ∈ V and hence V is a regular mixed lattice
vector space. In fact, u is a vector such that

u1 =
{
x1 if x1 ≥ 0

0 if x1 < 0
and uk+1 =

{
xk+1 if xk+1 ≥ uk
uk if xk+1 < uk

for k = 1, 2, . . . , n − 1. This example applies also for the infinite dimensional
sequence space consisting of those sequences (xk), where xk is defined as above
for k = 1, 2, 3, . . .. In this case, the definition of the specific order can be written as
x � 0 if x ≥ 0 and x is increasing.

In the sequel, we denote the supremum and infimum formed with respect to initial
order by sup and inf, respectively (whenever they exist), and the supremum and infi-
mum formedwith respect to specific order by sp sup and sp inf, respectively (whenever
they exist). Our next examples are mixed lattice vector spaces that are quasi-regular
but not regular.

Example 2.17 Let V = R
3 and define ≤ as the partial order induced by the positive

cone C1 = {(x, y, z) : z ≥ √
x2 + y2}. Define specific order � as the partial order

with the positive cone C2 = {(x, y, z) : x = y = 0, z ≥ 0}. Geometrically it is
obvious that the element x

�

�0 exists for all x ∈ R
3, since the cone C1 and any

line parallel to z-axis always intersect. Moreover, the two partial orders ≤ and �
coincide on the z-axis and hence the set {x ∈ G : x � 0} can be identified with
the set of positive real numbers with the usual ordering. This set is obviously a very
special case of a mixed lattice semigroup. Thus (V,≤,�) is a mixed lattice group
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(in fact, a mixed lattice vector space) which is quasi-regular, but not regular since the
specific cone C2 is not generating. This example also shows that a mixed lattice group
need not be a lattice with respect to either partial ordering. Again, this is easy to see
geometrically for partial order ≤, since the intersection of two circular cones of type
C1 is not necessarily a circular cone and thus the element sup(x, y) does not exists
if the elements x and y are not comparable. G is also not a lattice with respect to �,
since the element sp sup{x, y} does not exist, unless the points x and y both lie on the
same line parallel to the z-axis.

Example 2.18 Let V be the vector space of all bounded differentiable real functions
on an interval (a, b) and define the initial order ≤ as the usual pointwise ordering, and
specific order by f � g if g − f ≥ 0 and g − f is a constant function. Let f ∈ V
and put m = inf{ f (x) : x ∈ (a, b)} and m f = min{0,m}. Then g = f

�

�0 exists
and g(x) = f (x) −m f for all x ∈ (a, b). Clearly, g ∈ V and so (V,≤,�) is a mixed
lattice vector space that is quasi-regular but not regular since the specific positive cone
Cs = { f ∈ V : f ≥ 0 and f is constant} is not generating.
Example 2.19 Let G be the set of real n × n matrices and let B be the class of all
symmetric n × n matrices. We define order relations A ≤ B if ai j ≤ bi j for all
i, j = 1, . . . , n and A � B if A ≤ B and B − A ∈ B. Then C = 0

�

�A exists for
every A ∈ G and the elements of C are given by ci j = max{0, ai j , a ji }. Hence, G
is a mixed lattice group. G is easily seen to be quasi-regular (by the condition (b) of
Theorem 2.8) but not regular since B does not generate G.

Note that B could be replaced by some other suitable class of matrices, such as
integer matrices. This choice for B yields a different mixed lattice group.

Example 2.20 Let V be the space of continuous real functions on the interval [−1, 1].
Let f ≤ g be the usual pointwise ordering and f � g if f ≤ g and g − f
is an even function. Then h = 0

�

�f exists in V for every f ∈ V , and h(x) =
max{0, f (x), f (−x)}. Hence, (V,≤,�) is a mixed lattice vector space.

The following two examples are due to Eriksson–Bique [11].

Example 2.21 Consider the partially ordered group (Z,≤,�), where ≤ is the usual
order. Let p be a strictly positive integer and define specific order � by setting

n � m if m − n ≥ 0 and m − n is divisible by p.

Then (Z,≤,�) is a quasi-regular mixed lattice group [11, Example 2].

Example 2.22 The set R of real numbers is a mixed lattice group with ≤ as the usual
order and specific order defined by x � y if y − x ≥ 0 and y − x ∈ Z. Now, for
example, if n ∈ Z then

n �� x =
{
n if n ≤ x

�x� if n > x

where �x� is the greatest integer less than or equal to x . [11, Example 3]
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Note that the above construction could also be applied to Q or any subfield of R to
yield a mixed lattice group.

Next we give an example of a pre-regular mixed lattice group that is not quasi-
regular.

Example 2.23 Let G = (Z × Z,≤,�) and define partial orders ≤ and � as follows.
If x = (x1, x2) and y = (y1, y2) then x ≤ y iff x1 ≤ y1 and x2 ≤ y2. In addition,
x � y iff x = y or y1 ≥ x1 + 1 and y2 ≥ x2 + 1. Using Theorem 2.12 it is easy to
check that G is a mixed lattice group which is clearly pre-regular. Now let x = (1, 1)
and y = (1, 2), and let W = {w ∈ G : w � 0}. Then x ∈ W and y ∈ W but
y �� x = (0, 1) /∈ W . By Theorem 2.8 the set W is not a mixed lattice subsemigroup
of G and so G is not quasi-regular.

Remark 2.24 There is an interesting problem related to the previous example and the
regularity properties of mixed lattice vector spaces. The above counterexample was
based on the fact that the set of positive elements in a mixed lattice group is not
necessarily convex. However, in an ordered vector space the positive cone is always
convex, so this raises the following question: Does there exist a pre-regular mixed
lattice vector space that is not quasi-regular? A negative answer to this question would
result in a somewhat simplified theory for mixed lattice vector spaces.

The next example presents a mixed lattice group which is irregular, and does not
have properties (R0), (R1) and (R2).

Example 2.25 LetG = (Z×Z,≤,�), where≤ and� are lexicographic orders defined
as

x ≤ y ⇐⇒ (x1 ≤ y1 or x1 = y1 and x2 ≤ y2 )

and

x � y ⇐⇒ ( x2 ≤ y2 or x2 = y2 and x1 ≤ y1 ).

Then G is a partially ordered group with the usual coordinatewise addition, and since
both partial orders are total orders they obviously have the properties

x ≤ y ⇐⇒ x + z ≤ y + z and x � y ⇐⇒ x + z � y + z.

Clearly, the element x

�

�0 exists for every x ∈ G, and so G is a mixed lattice group.
However, none of the regularity properties (R1)–(R2) hold in G. To see this, let x =
(0, 1) and y = (1, 0). Then x ≤ y but x �� y = y �= x . Hence, (R0) does not hold
and this implies that (R1) and (R2) do not hold either.

Irregular mixed lattice structures are perhaps a bit too general to be very useful.
It turns out that more interesting results can be obtained under the pre-regularity
assumption, and in later sections we will mostly focus on the pre-regular case.
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3 Generalized absolute values

One of the fundamental concepts in the theory of Riesz spaces and lattice ordered
groups is the absolute value of an element. However, in mixed lattice groups this
idea is completely unexplored. In this section we introduce the generalization of the
absolute value for elements of mixed lattice groups and mixed lattice vector spaces.

We start by introducing the upper and lower parts of an element which play the
roles of the positive and negative parts of an element in a lattice ordered group.

Definition 3.1 LetG be amixed lattice group and x ∈ G. The elements ux = x

�

�0 and
l x = (−x)

�

�0 are called the upper part and lower part of x , respectively. Similarly,
the elements xu = 0

�

�x and xl = 0

�

�(−x) are called the specific upper part and
specific lower part of x , respectively.

From the above definitions we observe that for the specific upper and lower parts we
have xu � 0 and xl � 0, and for the upper and lower parts ux ≥ 0 and l x ≥ 0. By
Theorem 2.12, a partially ordered group G is a mixed lattice group if and only if one
of the upper or lower parts exists for all x ∈ G.

The upper and lower parts have the following basic properties.

Theorem 3.2 Let G be a mixed lattice group and x ∈ G. Then we have

(a) u x = l (−x) and x u = (−x) l .
(b) u x

�
�x l = u x + x l and l x

�

�x u = l x + x u

(c) x = x u − l x = u x − x l

(d) x u �� l x = 0 = x l �� u x
(e) x u �

�l x = u x + l x = x l + x u = x l �

�u x
(f) u x − l x = x + u x �� x l and x u − x l = x + l x �� x u.

Proof (a) These follow immediately from the definitions.
(b) Using (P2a) repeatedly we get

u x + x l = x

�
�0 + 0

�

�(−x)
= (x + 0

�
�(−x))

�

�(0 + 0

�

�(−x))
= (x

�

�0)

�
�(0

�
�(−x))

= u x

�

�x l .

The proof for the second equality is similar.
(c) Using (P1) and (P3) we get

u x − x l = x

�

�0 − 0

�

�(−x) = x

�

�0 + 0 �� x = x + 0 = x .

Similarly, x u − l x = x .
(d) Combining (P1) and (b) gives

u x

�

�x l + x l �� u x = u x + x l = u x

�

�x l .

From this it follows that x l �� u x = 0. The other equality is similar.
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(e) For the first equality, we use (P2a) twice to get

u x + l x = x

�

�0 + (−x)

�

�0
= (x + (−x)

�

�0)

�

�(0 + (−x)

�

�0)
= (0

�

�x)

�

�((−x)

�

�0)
= x u �

�l x .

The last equality is proved similarly. The middle equality follows from (c).
(f) First we note that by (P2a) and (P3)

(x u �

�l x) − x u − l x = (−l x)
�

�(−x u) = −(l x �� x u)

and

(x l �

�u x) − u x − x l = (−u x)

�

�(−x l) = −(u x �� x l).

So by adding −x u − l x and −u x − x l , respectively, to the two equations in (e) we
get

u x �� x l = u x − x u and − (l x �� x u) = x l − l x .

Now we use (c) and substitute x u = x + l x into the first equality and
x l = u x − x into the second equality to get u x − l x = x + u x �� x l and
x u − x l = x + l x �� x u . 
�

From the preceding theorem we observe that both ”unsymmetrical” expressions
u x

�

�x l and l x

�

�x u have properties that are similar to the absolute value of an
element in lattice ordered groups, and they can be expressed as the sum of upper and
lower parts, just as the absolute value can be expressed as the sum of positive and
negative parts. These observations motivate the following definition.

Definition 3.3 Let G be a mixed lattice group and x ∈ G. The elements ux l = ux + x l

and l xu = lx + x u are called the unsymmetrical generalized absolute values of x .

We will now examine the basic properties of the generalized absolute values. As
we might expect, they turn out to have many similarities with the ordinary absolute
value, as the next few theorems show.

Theorem 3.4 Let G be a mixed lattice group and x ∈ G. Then we have

(a) ux l = u x

�

�x l = u x + x l and l xu = l x

�

�x u = l x + x u.
(b) ux l = l(−x)u.
(c) x � 0 if and only if x = l xu = x u and l x = 0.
(d) (x u)u = l(x u)u = x u and (x l)u = l(x l)u = x l .
(e) ux l + l xu � 0 and ux l + l xu ≥ 0.
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Proof (a) is just a restatement of Theorem 3.2.
(b) By Theorem 3.2 (a) we have l(−x)u = l (−x)

�

�(−x)u = u x

�

�x l = ux l .
(c) If x = x u then x � 0. Conversely, let x � 0. Then l x = (−x)

�

�0 ≥ 0 and
since−x � 0 and 0 ≤ 0, it follows by (P5) that l x = (−x)

�

�0 ≤ 0
�

�0 = 0. Hence,
l x = 0. This implies that x = x u − l x = x u and l xu = l x + x u = x u = x .

(d) These identities follow immediately from (f), since x u � 0 and x l � 0.
(e) These follow from (c) and Theorem 3.2 (e), since

ux l + l xu = u x + l x + x l + x u = 2(u x + l x) = 2(x l + x u). 
�
Thenext theoremgives someuseful additional properties of the generalized absolute

values. The first two are the triangle inequalities.

Theorem 3.5 Let G be a mixed lattice group. For all x, y ∈ G the following hold.

(a) u x + u y ≥ u (x + y), x l + y l ≥ (x + y) l and ux l + u y l ≥ u(x + y) l

(b) x u + y u ≥ (x + y)u, l x + l y ≥ l (x + y) and l xu + l yu ≥ l(x + y)u

(c) x

�

�y − y �� x = u(x − y) l and y

�

�x − x �� y = l(x − y)u

(d) 2(x

�

�y) = x + y + u(x − y) l and 2(y

�

�x) = x + y + l(x − y)u.

Proof (a)Since u x = x
�

�0 � x and u x = x

�

�0 ≥ 0 and similarly u y = y

�

�0 � y
and u y = y

�

�0 ≥ 0, it follows by (P5) that u x + u y ≥ (x + y)

�

�0 = u (x + y).
The proof for the second inequality is similar. It then follows that

u(x + y) l = u (x + y) + (x + y) l ≤ u x + u y + x l + y l = ux l + u y l .

(b) Just repeat the arguments in (a).
(c) Applying Theorem 3.2 we get

y

�

�x − x �� y = y

�

�x + (−x

�

�− y)
= [y + (−x

�

�− y)] �

�[x + (−x

�

�− y)]
= [(y − x)

�

�0] �

�[0 �

�(x − y)]
= u (y − x)

�

�(y − x) l

= u(y − x) l .

The second equality follows from the first one by exchanging x and y and applying
Theorem 3.2 (a).

(d) From (P1) we get y �� x = x + y − (x

�
�y). The desired result follows by

substituting this into (c). The second identity is similar. 
�
In Theorem 3.2 we showed that any x ∈ G can be written as a difference of upper

and lower parts. Just as in Riesz space theory, these decompositions x = x u − l x and
x = u x − x l with x u �� l x = 0 = x l �� u x are minimal in the sense of the following
theorem.

Theorem 3.6 Let G be amixed lattice group. If x ∈ G and x = u−v then the following
hold.

(a) If u � 0 and v ≥ 0 then u ≥ x u and v ≥ l x ,
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(b) if u ≥ 0 and v � 0 then u ≥ u x and v ≥ x l ,

and conversely,

(c) if x = u − v with u �� v = 0 then u = x u and v = l x ,
(d) if x = u − v with v �� u = 0 then u = u x and v = x l .

Proof (a) Let x = u − v with u � 0 and v ≥ 0. Then u = x + v ≥ x and it follows
by (P5a) and (P4) that x u = 0

�

�x ≤ 0

�

�u = u. Then, using (P5) again we get

l x = (−x)

�

�0 = (v − u)

�

�0 = v + (−u
�

�− v) ≤ v + 0 = v.

(b) Similar.
(c) Assume that x = u − v with u �� v = 0. Then we have

0 = u �� v = u + 0 �� (v − u) = u − 0
�

�(u − v) = u − (u − v)u = u − x u,

and so u = x u . It now follows that v = u − x = x u − x = l x .
(d) Similar. 
�
The preceding theorem corresponds to the representation of elements in a Riesz

space as a difference of two disjoint elements. The theory of disjointness in mixed
lattice semigroups has been studied by Arsove and Leutwiler [7].

In an arbitrary mixed lattice group, the generalized absolute values can behave
somewhat unexpectedly. However, in pre-regular mixed lattice groups we can say
more about the upper and lower parts as well as the generalized absolute values.

Theorem 3.7 LetG be a pre-regularmixed lattice group and x ∈ G. Then the following
hold.

(a) x � 0 if and only if x = l xu = ux l = u x = x u and l x = x l = 0.
(b) x ≥ 0 if and only if x = ux l = u x and x l = 0.
(c) ux l ≥ 0 and l xu ≥ 0. Moreover, ux l = l xu = 0 if and only if x = 0.
(d) u (u x) = u(u x) l = u x and u (l x) = u(l x) l = l x .
(e) u(ux l) l = ux l and u(l xu) l = l xu .

Proof (a) Let x � 0. By (P4) it follows that x = 0

�

�x = x u . Then we have
x = x u = x u − l x and it follows that l x = 0 and l xu = l x + x u = x u = x .
Furthermore, we have x l = 0

�

�(−x) � 0, which implies that x l ≥ 0 by (R1). But if
x � 0 then −x � 0, which implies that −x ≤ 0. Hence, since 0 � 0, by (P5) we have
x l = 0

�

�(−x) ≤ 0

�

�0 = 0. Thus x l = 0 and so x = u x − x l = u x and ux l =
u x + x l = u x = x . Conversely, if x = l xu = lx

�

�x u then x ≥ x u = 0

�

�x ≥ x
and so x = x u = 0

�

�x and it follows from (P4) that x � 0.
(b) Similar.
(c) Clearly, ux l ≥ 0 and l xu ≥ 0. If x = 0 then evidently ux l = l xu = 0.

Conversely, assume that l xu = l x + x u = 0. Then x u = −l x , which implies that
2x u = x u − l x = x . Now x = 2x u � 0, and so by (a) we have x = l xu = 0. If
ux l = 0 then similar arguments show that x = 0.

(d) These follow immediately from (b), since u x ≥ 0 and l x ≥ 0.
(e) This follows immediately from (a) and (b). 
�
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Remark 3.8 The last theorem is not valid without the pre-regularity condition, and the
generalized absolute value may even be negative. The next example clarifies these
points.

Example 3.9 Consider the lexicographically ordered mixed lattice group of Example
2.25. If x = (1,−1) then x ≥ 0 but u x = (0, 0) ≤ x . Moreover, x l = −x ≤ 0 and so
ux l = u x + x l = −x ≤ 0. This shows that in general, one of the generalized absolute
values as well as the upper or lower part can actually be negative with respect to one of
the partial orders. However, Theorem 3.4 (e) implies that both unsymmetrical absolute
values cannot be negative at the same time.

Next we will study the behavior of the mixed envelopes and generalized absolute
values under scalar multiplication. In a mixed lattice vector space the generalized
absolute values have alternative expressions, which bear close resemblance to the
definition of the absolute value in Riesz spaces, that is |x | = x ∨ (−x).

Proposition 3.10 Let V be a mixed lattice vector space. Then for all x, y ∈ V the
following hold.

(a) (ax) �� (ay) = a(x �� y) and (ax)

�

�(ay) = a(x

�

�y) for all a ≥ 0,
(b) (ax) �� (ay) = a(x

�

�y) and (ax)

�

�(ay) = a(x �� y) for all a < 0,
(c) u(ax) l = aux l and l(ax)u = al xu for all a ≥ 0,
(d) u(ax) l = |a|l xu and l(ax)u = |a|ux l for all a < 0.
(e) ux l = x

�
�(−x) and l xu = (−x)

�

�x.

Proof (a) Assume that a > 0 (the case a = 0 is trivial). Then by the definition of the
lower envelope we have

(ax) �� (ay) = max{w : w � ax, w ≤ ay}
= max{w : w

a � x, w
a ≤ y}

= max{au : u � x, u ≤ y}
= amax{u : u � x, u ≤ y}
= a(x �� y).

The proof for the upper envelope is similar.
(b) These identities follow from (a) and property (P3).
(c) These follow from (a) and (b) and Theorem 3.2.
(d) Note that if a < 0 then a = −|a|, and apply part (c) and Theorem 3.2(b).
(e) By Theorem 3.2 and part (b) we have

x

�

�(−x) = (u x − x l)

�

�(x l − u x)
= (−2x l)

�

�(−2u x) + u x + x l

= −2(x l �� u x) + ux l

= ux l .

This proves the first identity in (e). The second identity is proved in a similar manner.

�
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To conclude this section, we show that under certain conditions the results of the
preceding proposition hold also inmixed lattice groups. For the discussion that follows,
we will need the next definition.

Definition 3.11 Amixed lattice groupG is calledArchimedean if the condition nx ≤ y
for all n ∈ N implies x ≤ 0.

Erkisson–Bique has proved the following result concerning Archimedean mixed
lattice semigroups.

Theorem 3.12 ([10, Theorem 4.1]) If S is an Archimedean mixed lattice semigroup,
then

nx �� ny = n(x �� y) for all n ∈ N and x, y ∈ S.

Combining the result of Theorem 3.12 with property (P3) and the identities in
Theorem 2.7 yields the following corollary.

Corollary 3.13 If G is a regular Archimedean mixed lattice group, then the following
hold for all x, y ∈ G.

(a) nx �� ny = n(x �� y) and nx

�

�ny = n(x

�

�y) for n = 0, 1, 2, . . .
(b) nx �� ny = n(x

�

�y) and nx

�

�ny = n(x �� y) for n = −1,−2, . . ..
(c) ux l = x

�
�(−x) and l xu = (−x)

�

�x.

Remark 3.14 It should be noted that the Archimedean property in the preceding theo-
rem is not a necessary condition, as the above result holds in every non-Archimedean
Riesz space. In general, the identities in Corollary 3.13 do not hold as the following
example shows.

Example 3.15 Consider the partially ordered group (Z,≤,�) of Example 2.21, where
≤ is the usual order and

n � m if m − n ≥ 0 and m − n is divisible by p.

Choose p = 3. Then we find that −1

�

�1 = 2 but −3

�

�3 = 3 �= 3(−1

�

�1) = 6
and so the identity (a) of Corollary 3.13 fails to hold. Next, let x = −1 and compute
u x = −1

�

�0 = 2 and x l = 0

�

�1 = 3. Then by Theorem 3.2 we have ux l =
2 + 3 = 5. However, if we try to use the formula of Corollary 3.13 (c) we get
x

�

�(−x) = −1

�

�1 = 2 �= ux l .

If G is a lattice with respect to specific order � then the absolute value with respect
to � exists for all x ∈ G and we denote it by sp |x | = sp sup{x,−x}. Similarly,
we denote the positive and negative parts with respect to � by sp(x+) and sp(x−),
respectively.

Proposition 3.16 Let G be a quasi-regular mixed lattice group that is a lattice with
respect to its specific order. Then
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(a) sp |x | = sp sup{ux l , l xu} for all x ∈ G.
(b) sp(x+) = sp sup{u x, x u} for all x ∈ G.
(c) sp(x−) = sp sup{l x, x l} for all x ∈ G.

Proof (a)We have ux l = u x

�

�x l � u x � x and l xu = l x

�

�x u � l x � −x . From
this it follows that sp sup{ux l , l xu} � sp sup{x,−x} = sp |x |. On the other hand, we
have sp |x | � x , sp |x | � −x and sp |x | � 0. Then by (R2) sp |x | � 0

�

�x = x u

and sp |x | � (−x)

�

�0 = l x . So sp |x | � l x

�

�x u = l xu . Similarly we show that
sp |x | � ux l . Hence, sp sup{ux l , l xu} � sp |x | and the proof is complete.

(b) Since u x � x and x u � 0 we get sp sup{u x, x u} � sp sup{x, 0} = sp(x+).
On the other hand, sp(x+) � 0 and sp(x+) � x , and so sp(x+) � x

�

�0 = u x and
sp(x+) � 0

�

�x = x u . It follows that sp(x+) � sp sup{u x, x u}. Hence, sp(x+) =
sp sup{u x, x u}. The proof for (c) is similar. 
�

4 Mixed lattice ideals

Ideals play a fundamental role in the theory of Riesz spaces. In this section we extend
the study of ideals to mixed lattice groups. A lattice ideal in a Riesz space E is defined
as a subspace A of E such that if x ∈ A and |y| ≤ |x | then y ∈ A. We could define
ideals in a mixed lattice group similarly with respect to initial and specific orders.
However, for the specific order such a definition is problematic, since the absolute
values ux l and l xu are not necessarily positive with respect to specific order. The
notion of an order convex subspace can be used as a generalization of the lattice
ideal in an ordered vector space, and lattice ideals in Riesz spaces are precisely those
sublattices that are order convex. We use this approach to define ideals in mixed lattice
structures.

Definition 4.1 (i) A subgroup S of a mixed lattice group G is called a mixed lattice
subgroup of G if x

�

�y and x �� y belong to S whenever x and y are in S. Here
x

�

�y and x �� y are the upper and lower mixed envelopes in G.
(ii) A subset U ∈ G is called order convex, if x ≤ z ≤ y and x, y ∈ U imply that

z ∈ U . Similarly, a subsetU ∈ G is called specifically order convex, if x � z � y
and x, y ∈ U imply that z ∈ U .

(iii) If A is an order convex mixed lattice subgroup of G then A is called a mixed
lattice ideal of G. Similarly, a specifically order convex mixed lattice subgroup
of G is called a specific mixed lattice ideal of G.

Next we state a useful characterization for mixed lattice ideals in a pre-regular
mixed lattice group. The conditions (c)–(f) correspond to the usual definition of a
lattice ideal.

Theorem 4.2 Let G be a pre-regular mixed lattice group and A a subgroup of G. The
following conditions are equivalent.

(a) A is a mixed lattice ideal in G
(b) The following two conditions hold.

(i) x ∈ A implies ux l ∈ A. (ii) 0 ≤ x ≤ y with y ∈ A implies x ∈ A.
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(c) If u y l ≤ ux l and x ∈ A then y ∈ A.
(d) If l yu ≤ ux l and x ∈ A then y ∈ A.
(e) If l yu ≤ l xu and x ∈ A then y ∈ A.
(f) If u y l ≤ l xu and x ∈ A then y ∈ A.

Proof The implication (a) �⇒ (b) is evident.
To show that (b) �⇒ (c), assume that conditions (i) and (ii) in (b) hold. If

0 ≤ u y l ≤ ux l and x ∈ A, then ux l ∈ A by (i). Then (ii) implies that u y l ∈ A and the
inequality 0 ≤ u y ≤ u y l together with (ii) imply that u y ∈ A. So u y l −u y = y l ∈ A,
and hence u y − y l = y ∈ A.

Next we show that (c) �⇒ (a). Assuming that (c) holds, let x ∈ A. Then
0 ≤ u x = u(u x) l ≤ ux l and so u x ∈ A. This proves that A is a mixed lattice
subgroup (by Theorem 2.12). Next, assume that u ≤ z ≤ v with u, v ∈ A. We want to
show that z ∈ A. Now0 ≤ z−u ≤ v−u, and it follows that 0 ≤ u(z−u) l ≤ u(v−u) l .
Since A is a subgroup, we have v − u ∈ A and so by assumption z − u ∈ A. Thus,
z = u − (z − u) ∈ A and A is order convex, and hence a mixed lattice ideal.

For (c) �⇒ (d), let x ∈ A and observe that the inequality l yu ≤ ux l is equivalent
to u(−y) l ≤ ux l . If the condition (c) holds, then −y ∈ A and since A is a subgroup,
we have y ∈ A. This establishes (d). The implications (d) �⇒ (e), (e) �⇒ ( f )
and ( f ) �⇒ (c) are proved similarly. 
�

As it turns out, the equivalent conditions for specificmixed lattice ideals are slightly
different. More details are given in the following results.

Proposition 4.3 Let G be a pre-regular mixed lattice group and A a subgroup of G.
The following conditions are equivalent.

(a) A is a specific mixed lattice ideal in G
(b) The following two conditions hold.

(i) x ∈ A implies ux l ∈ A. (ii) 0 � x � y with y ∈ A implies x ∈ A.

Proof The implication (a) �⇒ (b) is clear.
To prove that (b) �⇒ (a), suppose that conditions (i) and (ii) in (b) hold. If

x ∈ A then ux l ∈ A and this implies thatA is a mixed lattice subgroup. Moreover, if
x, y ∈ A and x � z � y holds, then 0 � z − x � y − x ∈ A and by condition (ii)
we have z − x ∈ A, and consequently, x + (z − x) = z ∈ A. Hence A is a specific
mixed lattice ideal. 
�

The related conditions (c)–(f) of Theorem 4.2 are not equivalent for specific mixed
lattice ideals, but they imply the conditions given in Proposition 4.3.

Proposition 4.4 Let G be a pre-regular mixed lattice group and A a subgroup of G.
If one of the following equivalent conditions holds then A is a specific mixed lattice
ideal.

(a) If u y l � ux l and x ∈ A then y ∈ A.
(b) If l yu � ux l and x ∈ A then y ∈ A.
(c) If l yu � l xu and x ∈ A then y ∈ A.
(d) If u y l � l xu and x ∈ A then y ∈ A.
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Proof The equivalence of the conditions is proved in the same way as in Theorem 4.2.
Assume that (a) holds. If x ∈ A then it follows from the identity u(ux l) l = ux l that
ux l ∈ A. Moreover, if 0 � y � x then 0 � u y l � ux l and so y ∈ A. Hence by
Proposition 4.3 A is a specific mixed lattice ideal. 
�

The next counterexample shows that the conditions of Propositions 4.3 and 4.4 are
not equivalent.

Example 4.5 Consider Z × Z with the lexicographic order ≤ given in Example 2.25
and define � by (x, y) � (u, v) if x ≤ u and y ≤ v. Then G = (Z × Z,≤,�) is a
regular mixed lattice group. Consider the subgroup A = {(x, y) : y = 0}. It is easy
to see that the condition (b) of Theorem 4.3 holds in A and so A is a specific mixed
lattice ideal in G. However, the conditions of Proposition 4.4 do not hold inA. Choose
for example x = (2, 0) and y = (1,−1). Then x ∈ A and y = u y l � ux l = x , but
y /∈ A.

As an easy consequence of the preceding results we have the following relationship
between lattice ideals and mixed lattice ideals.

Proposition 4.6 (a) If G is a mixed lattice group that is a lattice with respect to initial
order ≤ then every mixed lattice ideal is a lattice ideal (with respect to ≤).

(b) If G is a mixed lattice group that is a lattice with respect to specific order � then
every lattice ideal (with respect to �) is a specific mixed lattice ideal.

Proof (a) Let A be a mixed lattice ideal in G and x ∈ A. Assume that |y| ≤ |x |. By
Theorem 4.2 we have ux l , l xu ∈ A and inequalities x ≤ l xu and −x ≤ ux l imply
that 0 ≤ |x | ≤ ux l + l xu . Then Theorem 4.2 implies that |x | ∈ A. Since 0 ≤ y+ ≤
|y| ≤ |x |, it follows that y+ ∈ A. Similarly, y− ∈ A and so y = y+ − y− ∈ A. This
proves that A is a lattice ideal in G.
(b) Let A be a lattice ideal with respect to � and x ∈ A. Then 0 � x u = sp |x u | �
sp |x |. This implies that x u ∈ A and so l x = x u − x ∈ A. Hence ux l = x u + l x ∈ A.
Moreover, if 0 � y � x with x ∈ A then 0 � sp |y| � sp |x | and since A is a lattice
ideal, this implies that y ∈ A. Hence the conditions of Proposition 4.3 hold and A is
a specific mixed lattice ideal. 
�

The converse of Proposition 4.6 does not hold (see Example 4.10 below).
The following facts are now evident.

Proposition 4.7 In a mixed lattice group G the following hold.

(a) If G is pre-regular and A is a mixed lattice ideal in G, then A is a specific mixed
lattice ideal in G.

(b) Intersections of (specific) mixed lattice ideals are (specific) mixed lattice ideals.

Before discussing examples we give the following simple but useful result.

Lemma 4.8 If G is a quasi-regular mixed lattice group and U = {w : w � 0} then the
subgroup S generated by U (i.e. S = U − U) is a specific mixed lattice ideal in G.
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Proof If x ∈ S then x = u − v for some u, v � 0 and 0

�

�x = 0

�

�(u − v) =
v

�

�u − v � 0 and so 0

�

�x ∈ U ⊂ S. This proves that S is a mixed lattice subgroup
of G. Moreover, 0 � y � x clearly implies that y ∈ S and hence S is a specific mixed
lattice ideal. 
�

In the remainder of this paper, we shall use simply the terms ideal and specific ideal
for mixed lattice ideals and specific mixed lattice ideals, respectively, if there is no
danger of confusion.

Example 4.9 Consider the mixed lattice group (G,≤,�) of Example 2.21. The only
ideals in this mixed lattice group are {0} and G. Indeed, if S is an ideal in G and
x ∈ S with x ≥ 1 ≥ 0, then since G is pre-regular, we have ux l = x ≥ 1, and so
u1 l = 1 ≤ ux l . Hence 1 ∈ S, and consequently, n · 1 = n ∈ S for every n ∈ Z. Thus
S = G.

The subgroup A = {pn : n ∈ Z} is a specific ideal in G, by Lemma 4.8.

Example 4.10 Let G = R
2 and define ≤ as the partial order induced by the positive

coneC1 = {(x, y) : x ≥ 0andy ≥ 0}. Define specific order� as the partial order with
the positive cone C2 = {(x, x) : x ≥ 0}. Both of these are compatible partial orders in
R
2. An easy verification shows that the element 0

�

�x exists for all x ∈ G. Thus, by
Theorem 2.12, (G,≤,�) is a mixed lattice vector space which is clearly pre-regular
but not regular, since the cone C2 does not generate the whole space R

2. It should be
clear, however, that the set S = {x ∈ G : x � 0} is a mixed lattice semigroup and thus
G is quasi-regular.

In (G,≤,�), the set A = {(x, y) : x = y} is a specific mixed lattice ideal by
Lemma 4.8, but not a mixed lattice ideal. To show that A is not a mixed lattice ideal,
choose x = (1, 1) and y = (1, 0). Then x ∈ A and y = u y l ≤ ux l = x , but y /∈ A.
Finally, note that G is a lattice with respect to ≤ and the x-axis is a lattice ideal in G
but not a mixed lattice ideal. Hence, the converse of Proposition 4.6 does not hold.

Example 4.11 Asanother example, considerG = BV ([0, 1]), the functions of bounded
variation on [0, 1] (see Example 2.15). Let S be the set of all constant functions. Then
S is clearly a subgroup of G, and it is also a mixed lattice subgroup, where the upper
and lower envelopes are given by f

�
�g = max{ f , g} and f �� g = min{ f , g}.

However, S is not a (specific) ideal in G. This can be seen by choosing f (x) = 1 and
g(x) = 1 − x . Then g ≥ 0 and f � 0, and since G is regular, we have g = ug l and
f = u f l . Now ug l ≤ u f l and ug l � u f l , and f ∈ S but g /∈ S. Hence S is not an
ideal or a specific ideal in G.

Next, consider the subset A = { f ∈ G : f (0) = 0}. This is both an ideal and a
specific ideal inG. To see this, let f ∈ A and ug l ≤ u f l . By thedefinitions of initial and
specificorders (seeExample 2.15), it is clear that u f (0) = f l(0) = 0, and so u f l ∈ A.
Moreover, since G is regular, we have 0 ≤ ug l and hence 0 ≤ ug l(0) ≤ u f l(0) = 0.
This implies that ug l(0) = 0 and so g ∈ A. Hence, A is an ideal in G, and it then
follows from Proposition 4.7 that A is also a specific ideal in G.

Example 4.12 LetV be themixed lattice vector space of Example 2.18with the specific
positive cone Cs = { f ∈ V : f ≥ 0 and f is constant}. The subspace S = Cs − Cs

consisting of all constant functions is a specific ideal in V but not an ideal.
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Example 4.13 Let G be the mixed lattice group of Example 2.19. It is easy to verify
that the set of diagonal matrices is a mixed lattice ideal in G and the set of symmetric
matrices is a specific mixed lattice ideal in G (by Lemma 4.8) but not an ideal. Finally,
the set of integer matrices is a mixed lattice subgroup in G but not a specific mixed
lattice ideal.

5 Mixed lattice homomorphisms

Next we use the results of the preceding sections to study mixed lattice group homo-
morphisms.

Definition 5.1 Let G and H be mixed lattice (semi)groups. An additive mapping T :
G → H is a mixed lattice (semi)group homomorphism if T (x

�

�y) = T x

�

�T y and
T (x �� y) = T x �� T y for all x, y ∈ G.

If T is a mixed lattice group homomorphism, then by additivity T (0) = 0 and
T (−x) = −T x for all x ∈ G.

Our next result gives a characterization of mixed lattice group homomorphisms.
Similar characterizations are well known in Riesz spaces ([2, Theorem 2.14]) and
lattice ordered groups ([14, Theorem 4.5]).

Theorem 5.2 Let T : G → H be an additive mapping between two mixed lattice
groups G and H. Then the following statements are equivalent.

(a) T is a mixed lattice group homomorphism.
(b) T (x

�

�y) = T x

�
�T y for all x, y ∈ G.

(c) T (x l) = (T x) l for all x ∈ G.
(d) T (x u) = (T x)u for all x ∈ G.
(e) T (l x) = l (T x) for all x ∈ G.
(f) T (u x) = u (T x) for all x ∈ G.
(g) T (x �� y) = T x �� T y for all x, y ∈ G.
(h) If x �� y = 0 in G, then T x �� T y = 0 holds inH.

Proof (a) �⇒ (b) Obvious.
(b) �⇒ (c) Assuming that (b) holds, we have

T (x l) = T (0

�

�(−x)) = T (0)

�

�T (−x) = 0

�
�(−T x) = (T x) l .

(c) �⇒ (d) If (c) holds, then by Theorem 3.2 (a) we have

T (x u) = T ((−x) l) = (T (−x)) l = (−T x) l = T x u .

(d) �⇒ (e) Assume (d) holds. From the identity l x = x u − x it follows that

T (l x) = T (x u − x) = T (x u) − T x = (T x)u − T x = l (T x).
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(e) �⇒ (f) If (e) holds, then

T (u x) = T (l (−x)) = l (T (−x)) = l (−T x) = u T x .

(f) �⇒ (g) First we note that for any elements u and v in a mixed lattice group we
have

u − u (u − v) = u − (u − v)

�

�0 = u + (v − u) �� 0 = v �� u,

so by additivity of T and part (f) we have

T (y �� x) = T (x − u (x − y)) = T x − u (T x − T y) = T y �� T x .

(g) �⇒ (h) If x �� y = 0 then (g) implies T x �� T y = T (x �� y) = T (0) = 0.
(h) �⇒ (g) First we note that 0 = (x �� y)− (x �� y) = (x − x �� y) �� (y− x �� y),
so by (h) we have

0 = T (x − x �� y) �� T (y − x �� y)
= (T x − T (x �� y)) �� (T y − T (x �� y))
= T x �� T y − T (x �� y).

Hence, T (x �� y) = T x �� T y.
(g) �⇒ (a) If (g) holds, then

T (x

�

�y) = T (−(−x �� − y))
= −T (−x �� − y)
= −(T (−x) �� T (−y))
= −(−T x �� − T y)
= T x

�

�T y.


�
Under the additional assumption that H contains no elements of order 2 we can

add the following conditions to the list of the preceding theorem.

Proposition 5.3 Let T : G → H be an additive mapping between two mixed lattice
groups G and H. If H contains no elements of order 2 then the following statements
are equivalent.

(a) T is a mixed lattice homomorphism.
(b) T (l xu) = l(T x)u for all x ∈ G.
(c) T (ux l) = u(T x) l for all x ∈ G.

Proof (a) �⇒ (b) Applying Theorem 5.2 we get

T (l xu) = T (l x + x u) = T (l x) + T (x u) = l (T x) + (T x)u = l(T x)u .

(b) �⇒ (c) Follows by the identity ux l = l(−x)u in Theorem 3.4.
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(c) �⇒ (a) By Theorem 3.5 (d) we have 2(x

�

�y) = x + y + u(x − y) l , so by
additivity of T we get

2T (x

�

�y) = T (2(x

�

�y)) = T x + T y + T (u(x − y) l)
= T x + T y + u(T x − T y) l

= 2(T x

�

�T y).

It follows that 2(T (x

�

�y)−T x

�

�T y) = 0, and sinceH contains no elements of order
2, this implies that T (x

�

�y) = T x

�

�T y. Hence T is amixed lattice homomorphism.

�

In particular, the additional assumption in the preceding proposition holds in mixed
lattice vector spaces. Moreover, it holds if the range of T is a mixed lattice group that
is a lattice with respect to one of the partial orderings. In fact, we have the following
well-known result.

Lemma 5.4 ([8, Corollary 1, pp. 294]) If G is a lattice ordered group with x ∈ G and
n ∈ N, then nx = 0 implies that x = 0.

The conclusion of the above lemma holds also in a regular Archimedean mixed
lattice group. For this, we need the following lemma (which is due to the referee, to
whom we are grateful).

Lemma 5.5 If G is a regular Archimedean mixed lattice group with x ∈ G and n ∈ N,
then nx = 0 implies that x = 0.

Proof First assume that x ≥ 0. Then 0 ≤ x ≤ 2x ≤ · · · ≤ nx = 0, so x = 0. Now let
x be arbitrary. It follows from Corollary 3.13 that

n(ux l) = u(nx) l = u0 l = 0 and n(l xu) = l(nx)u = l0u = 0.

Moreover, Theorem 3.7(c) shows that ux l ≥ 0 and l xu ≥ 0, so the first line of our
proof implies that ux l = 0 and l xu = 0. Consequently, x = 0, again by Theorem
3.7(c). 
�
Combining the results of Proposition 5.3, Lemma 5.4 and Lemma 5.5 we get the
following special cases of Proposition 5.3.

Corollary 5.6 Let T : G → H be an additive mapping between two mixed lattice
groups G and H. Consider the following statements.

(a) T is a mixed lattice group homomorphism.
(b) T (l xu) = l(T x)u for all x ∈ G.
(c) T (ux l) = u(T x) l for all x ∈ G.

The statements (a), (b) and (c) are equivalent if at least one of the following conditions
hold.

(i) G and H are mixed lattice vector spaces.
(ii) H is a lattice with respect to one of the partial orderings.
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(iii) H is a regular Archimedean mixed lattice group.

Remark 5.7 Note that in Example 2.17 we showed that there does exist mixed lattice
groups that are not lattices with respect to either partial ordering. We should also
point out that the conditions (b) and (c) in the above corollary always hold for any
mixed lattice homomorphism but they are not necessarily equivalent to T being a
homomorphism. Furthermore, the assumption in Lemma 5.4 that G is a lattice is not
a necessary condition.

We shall say that a mapping T : G → H between two mixed lattice groups G and
H is increasing if x ≤ y in G implies that T x ≤ T y inH. Similarly, T is specifically
increasing, if x � y in G implies that T x � T y in H. We now prove the following
result which gives some additional basic facts about mixed lattice homomorphisms.

Theorem 5.8 Let T : G → H be a mixed lattice group homomorphism between two
mixed lattice groups G and H. Then the following hold.

(a) T is specifically increasing. In addition, if G is pre-regular then T is increasing.
(b) If S ⊂ G is a mixed lattice subgroup (or subsemigroup) of G, then T (S) is a mixed

lattice subgroup (or subsemigroup) of H.
(c) If G is pre-regular then T (G) is pre-regular.
(d) If G is (quasi-)regular then T (G) is (quasi-)regular.
(e) If G is pre-regular and A is a (specific) ideal in G, then T (A) is a (specific) ideal

in T (G).
(f) If T is bijective then T−1 is also a mixed lattice homomorphism.

Proof (a) If x � y then x − y � 0, and by Theorem 3.4 we have (x − y)u = x − y.
Since T is a homomorphism, it follows that

T x − T y = T (x − y) = T ((x − y)u) = [T (x − y)]u � 0,

and so T x � T y.
If G is pre-regular, then x ≥ 0 if and only if x = u x , by 3.7. Similar arguments as

above now establish that x ≥ y implies that T x ≥ T y.
(b)These statements are evident by the definition of amixed lattice homomorphism.
(c) It is sufficient to show that if y ∈ T (G), then y � 0 implies that y ≥ 0. If y � 0

then by Theorem 3.4 (f) y = y u . There exists x ∈ G such that y = T x , and we have
y = y u = (T x)u = T (x u). Now x u � 0 and G is pre-regular, so it follows that
x u ≥ 0. By (a) T is increasing, and so y = T (x u) ≥ 0. Hence T (G) is pre-regular.

(d) Assume that G is quasi-regular. Let U = {w ∈ T (G) : w � 0}. We need to
show that U is a mixed lattice semigroup. If u, v ∈ U , then u = u u and v = v u by
Theorem 3.4, and there exist elements x, y ∈ G such that u = T x and v = T y. Since
x u � 0, y u � 0 and G is quasi-regular, it follows by Theorem 2.8 that x u �� y u � 0.
By (a) T is specifically increasing, so we have

u �� v = u u �� v u = (T x)u �� (T y)u = T (x u �� y u) � 0.
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Hence, by Theorem 2.8 the set U is a mixed lattice semigroup and so T (G) is quasi-
regular. Moreover, if G is regular, then G = S − S and T (G) = T (S) − T (S), where
T (S) is a mixed lattice semigroup, as we have just proved. Hence T (G) is regular.

(e) By Theorem 4.2 we need to show that if 0 ≤ T x ≤ T y with T y ∈ T (A), then
T x ∈ T (A). Since T x ≥ 0 it follows that T x = u (T x). Hence, (T x) l = T (x l) = 0,
which implies that x l = 0, and so x ≥ 0. Moreover, 0 ≤ T x ≤ T y implies that
T (y − x) ≥ 0, and again similar reasoning shows that y − x ≥ 0. Hence we have
0 ≤ x ≤ y with y ∈ A, and since A is an ideal, it follows that x ∈ A and so
T x ∈ T (A). Moreover, since u(T x) l = T (ux l) and A is an ideal it follows that
u(T x) l ∈ T (A) if and only if T x ∈ T (A). Hence, T (A) is an ideal, by Theorem 4.2.
The proof is essentially the same for specific ideals.

(f) Let y ∈ H and set x = T−1y. Then T (x u) = y u , and we have T−1(y u) =
x u = (T−1y)u . Thus T−1 is a mixed lattice homomorphism, by Theorem 5.2. 
�

Let T : G → H be a group homomorphism, and recall that the kernel of T is the
set N (T ) = {x ∈ G : T x = 0}. We give the following result concerning the kernel of
a mixed lattice homomorphism.

Theorem 5.9 Let T : G → H be a mixed lattice group homomorphism between two
mixed lattice groups G and H. If G is pre-regular then the kernel N (T ) is an ideal,
and hence a specific ideal.

Proof The kernel N (T ) is certainly a subgroup of G, and it is also a mixed lattice
subgroup of G, for if x, y ∈ N (T ) then T (x

�

�y) = T x

�

�T y = 0

�

�0 = 0, hence
x

�

�y ∈ N (T ). Assume then that G is pre-regular. Then by 3.7 we have ux l ≥ 0 for
all x ∈ G. Suppose now that 0 ≤ u y l ≤ ux l with x ∈ N (T ). By Theorem 5.8 T is
increasing, and so we have

T (0) = 0 ≤ T (u y l) ≤ T (ux l) = u(T x) l = u0 l = 0.

Hence, T (u y l) = u(T y) l = 0, and it follows by Theorem 3.7 (c) that T y = 0, or
y ∈ N (T ). This shows that N (T ) is an ideal in G, and hence a specific ideal by
Proposition 4.7. 
�

The converse of the preceding theorem holds too, in the sense that ifA is an ideal in
a pre-regular mixed lattice group G, then there exists a mixed lattice homomorphism
whose kernel is A. We will prove this later in Theorem 6.3.

If T : G → H is a bijective mixed lattice homomorphism, then so is T−1 (by
Theorem5.8), and T is called amixed lattice isomorphism, and themixed lattice groups
G andH are said to be isomorphic. In pre-regular mixed lattice groups, isomorphisms
have the following characterization, which is analogous to the characterization of
Riesz isomorphisms between twoRiesz spaces (see [16, Theorem 18.5]). Additionally,
Eriksson–Bique has proved a similar result for isomorphisms between two mixed
lattice semigroups ([10, Theorem 4.3]).

Theorem 5.10 Let G and H be pre-regular mixed lattice groups and T : G → H a
bijective additive mapping. Then T is a mixed lattice isomorphism if and only if both
T and T−1 are increasing and specifically increasing.
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Proof If T is an isomorphism, then T−1 is also an isomorphism and they are both
increasing and specifically increasing by Theorem 5.8. Conversely, assume that T and
T−1 are increasing and specifically increasing. If x, y ∈ G, then x � x

�

�y and y ≤
x

�

�y, which implies that T x � T (x

�

�y) and T y ≤ T (x

�

�y). Hence, T x

�

�T y ≤
T (x

�

�y). Similar reasoning shows that T−1(u)

�

�T−1(v) ≤ T−1(u

�

�v) for all
u, v ∈ H. Since T is bijective, there exist unique u and v in H such that u = T x
and v = T y. So we have x

�

�y ≤ T−1(T x

�

�T y). Now since T is increasing, we
can apply T and obtain T (x

�

�y) ≤ T x

�

�T y. Hence, T (x
�

�y) = T x

�

�T y, and
so T is a mixed lattice homomorphism. Since T was assumed to be bijective, T is an
isomorphism. 
�

Mixed lattice homomorphisms also have a domination property described in the
next theorem. For a similar result in Riesz spaces, see ([15, 2.6.9]).

Proposition 5.11 Let G andH be mixed lattice groups and T : G → H a mixed lattice
homomorphism. If S : G → H is an additive mapping such that S and T − S are both
increasing and specifically increasing, then S is a mixed lattice homomorphism.

Proof Let x and y be elements of G satisfying x �� y = 0. This implies that x � 0
and y ≥ 0. To see this, we write x �� y = x + 0 �� (y − x) = x − 0

�

�(x − y) =
x − (x − y)u = 0, or x = (x − y)u � 0. Similarly we get y = u (y − x) ≥ 0.
By our hypothesis it follows that 0 � Sx � T x and 0 ≤ Sy ≤ T y. Since T is a
homomorphism, we have 0 ≤ Sx �� Sy ≤ T x �� T y = T (x �� y) = T (0) = 0.
Hence Sx �� Sy = 0 and so by Theorem 5.2 S is a mixed lattice homomorphism. 
�

We will now examine the extensions of mixed lattice semigroup homomorphisms
to mixed lattice group homomorphisms. The following lemma is a slight modification
of Kantorovich’s classical extension lemma in Riesz spaces (see [2, Theorem 1.10]).

Lemma 5.12 Let S and T be Abelian semigroups and T : S → T an additive
mapping. IfG andH are the groups generated byS and T , respectively (i.e.G = S−S
and H = T − T ), then there exists a unique additive mapping S : G → H such that
S extends T , that is, Sx = T x for all x ∈ S.

The next result shows that if a mixed lattice group is extended to a group of formal
differences, then amixed lattice semigroup homomorphism can be extended to amixed
lattice group homomorphism.

Theorem 5.13 Let T : S → T be a mixed lattice semigroup homomorphism between
two mixed lattice semigroups S and T . If G = S − S andH = T − T are the mixed
lattice group extensions of S and T , then T can be extended to a mixed lattice group
homomorphism S : G → H.

Proof Let T : S → T be a mixed lattice semigroup homomorphism. Since T is an
additivemap, byLemma5.12 it has an additive extension S : G → HwhereG = S−S
andH = T − T are the mixed lattice group extensions of S and T , respectively. We
need to show that the extension S preserves the mixed lattice operations. Let w, z ∈ G
and write w = u − v and z = x − y where u, v, x, y ∈ S. Then by Theorem 2.7

w

�

�z = (u − v)

�

�(x − y) = (u + y)

�

�(x + v) − (v + y).
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Since S = T on S, we get

S(w

�

�z) = S((u + y)

�

�(x + v)) − S((v + y))
= T ((u + y)

�

�(x + v)) − T (v + y)
= T (u + y)

�

�T (x + v) − T (v + y)
= (Tu + T y)

�

�(T x + T v) − T v − T y
= (Tu − T v)

�

�(T x − T y)
= Sw

�

�Sz

for all w, z ∈ G. It now follows from Theorem 5.2 that S is a mixed lattice group
homomorphism. 
�

6 Quotient mixed lattice groups

In this section we examine how quotient group constructions work in mixed lattice
groups, and we obtain results that have analogues in Riesz space theory. For these we
refer to [16, Chapter 3, §18].

Let G be an additive group and S a subgroup of G. An equivalence relation ∼ in G
is defined as x ∼ y iff x − y ∈ S. The equivalence class (or coset) of x ∈ G is denoted
by [x], and we identify S = [0]. The quotient group of G modulo S is denoted by
G/S. The set G/S with addition defined by

[x] + [y] = [x + y] for all [x] and [y],
is a group, where −[x] = [−x].

Assume now that G is a pre-regular mixed lattice group. We will prove that if A is
an ideal in G then we can define initial and specific orders in G/A in such manner that
G/A becomes a mixed lattice group. First we define the partial orderings.

Definition 6.1 Let A be an ideal in a pre-regular mixed lattice group G. If [x], [y] ∈
G/A then we define [x] ≤ [y] whenever there exists elements x ∈ [x] and y ∈ [y]
such that x ≤ y in G. Similarly, [x] � [y] whenever there exists elements x ∈ [x] and
y ∈ [y] such that x � y in G.

Before we proceed we need to verify that the relations given in the above definition
are indeed partial orderings in G/A. We will begin with the initial order. Reflexivity is
obvious. For transitivity, assume that [x] ≤ [y] and [y] ≤ [z]. Let x ∈ [x], y1, y2 ∈ [y]
and z ∈ [z] be such that x ≤ y1 and y2 ≤ z. Then

x ≤ y1 = y2 + (y1 − y2) ≤ z + (y1 − y2),

but by definition y1 − y2 ∈ A, and so z + (y1 − y2) ∈ [z]. This shows that [x] ≤ [z].
Finally, to prove antisymmetry, let [x] ≤ [y] and [y] ≤ [x]. Then there exist

x1, x2 ∈ [x] and y1, y2 ∈ [y] such that x1 ≤ y1 and y2 ≤ x2. Since A is a subgroup,
it follows that

0 ≤ y1 − x1 ≤ (y1 − x1) + (x2 − y2) = (x2 − x1) + (y1 − y2) ∈ A.
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Since A is an ideal, it follows that y1 − x1 ∈ A, that is, [x] = [y]. Noting that A is
also a specific ideal (by Proposition 4.7), we can show similarly that the specific order
given in Definition 6.1 is likewise a partial ordering in G/A.

We will now show that with these orderings the set G/A becomes a pre-regular
mixed lattice group.

Theorem 6.2 If A is an ideal in a pre-regular mixed lattice group G, then G/A is
a pre-regular mixed lattice group with respect to initial and specific orders given in
Definition 6.1.

Proof First we must show that these partial orderings are compatible with the group
structure, that is, G/A is a partially ordered group with respect to orderings ≤ and �.
To this end, assume that [x] ≤ [y] and choose x ∈ [x] and y ∈ [y] such that x ≤ y,
and let z ∈ [z]. Then x + z ≤ y+ z, and so [x + z] ≤ [y+ z]. By definition of addition
in G/A, this is equivalent to [x] + [z] ≤ [y] + [z]. The specific order � is treated
similarly.

It remains to show that G/A is a mixed lattice group. We will do this by showing
that [x]u exists for all x ∈ G and it is equal to [x u]. Let x ∈ G and notice that x u ≥ x
and x u � 0, so we have [x] ≤ [x u] and [0] � [x u]. Assume then that [x] ≤ [y] and
[0] � [y]. Then there exist x1 ∈ [x] and y1, y2 ∈ [y] such that x1 ≤ y1 and 0 � y2.
It follows that x1 ≤ y1 ≤ y2

�

�y1 and x − x1 ≤ 0

�

�(x − x1) = (x − x1)u . This
implies that

x = x1 + (x − x1) ≤ y2

�

�y1 + (x − x1)
u = y2 + (y1 − y2)

u + (x − x1)
u .

Now we also have

y2 + (y1 − y2)
u + (x − x1)

u � 0,

and therefore

x u = 0

�

�x ≤ y2 + (y1 − y2)
u + (x − x1)

u .

Now, since y1, y2 ∈ [y] and x, x1 ∈ [x], we have y1 − y2 ∈ A and x − x1 ∈ A, and
sinceA is a mixed lattice subgroup, it follows that (y1− y2)u ∈ A and (x− x1)u ∈ A.
Hence we have

x u ≤ y2 + (y1 − y2)
u + (x − x1)

u ∈ y2 + A = [y2] = [y].

Thus, [x u] ≤ [y] and so we have proved that

[x u] = min{[w] ∈ G/A : [0] � [w] and [x] ≤ [w]} = [0] �
�[x] = [x]u,

and so G/A is a mixed lattice group, by Theorem 2.12.
Finally, assume that G is pre-regular and let [x] � [y]. Then there exist x ∈ [x]

and y ∈ [y] satisfying x � y in G. Since G is pre-regular, this implies that x ≤ y.
Consequently, [x] ≤ [y] and so G/A is pre-regular. 
�
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Themixed lattice group G/A is called the quotient mixed lattice group of G modulo
A.

Now we observe that there is a close connection between mixed lattice homomor-
phisms and quotient mixed lattice groups.

Theorem 6.3 If A is an ideal in a pre-regular mixed lattice group G, then G/A is a
mixed lattice homomorphic image of G under the canonical mapping x �→ [x]. Con-
versely, ifG is pre-regular and T : G → H is a surjectivemixed lattice homomorphism
with kernel N (T ), then G/N (T ) and H are isomorphic.

Proof Let G be a pre-regular mixed lattice group and A an ideal in G. Inspecting the
proof of Theorem 6.2 reveals that [x u] = [x]u in G/A, and so by Theorem 5.2 the
mapping x �→ [x] is a mixed lattice homomorphism of G onto G/A, and A is the
kernel of this homomorphism.

Conversely, let T : G → H be a surjectivemixed lattice homomorphismwith kernel
N (T ). Then by Theorem 5.9, N (T ) is an ideal in G, and G/N (T ) is a mixed lattice
group by Theorem 6.2. Now the mapping f : G/N (T ) → H, where f ([x]) = T x , is
a mixed lattice isomorphism of G/N (T ) ontoH. To prove this, we need to show that f
is a bijective mixed lattice homomorphism. First, if T x = T y then T (x − y) = 0, and
so x − y ∈ N (T ). But this means that x and y belong to the same equivalence class in
G/N (T ), that is, [x] = [y]. Thus f is injective. Next, let z ∈ H. Since T is surjective,
there exists an element x ∈ G such that z = T x . Now we have f ([x]) = T x = z, and
so f is surjective. Finally, since [x u] = [x]u in G/N (T ), and T is a homomorphism,
it follows that

f ([x]u) = f ([x u]) = T (x u) = (T x)u = ( f ([x]))u .

Hence, f is a bijective homomorphism, and therefore an isomorphism. 
�
Combining the two preceding theorems with Theorem 5.8(d) we get the following

result.

Corollary 6.4 IfA is an ideal in a quasi-regular (regular) mixed lattice group G, then
G/A is a quasi-regular (regular, respectively)mixed lattice groupwith respect to initial
and specific orders given in Definition 6.1.

We conclude this section with an example.

Example 6.5 Let G = BV ([0, 1]) be the set of all functions of bounded variation on
the interval [0, 1] (see Example 2.15). In Example 4.11 we saw that the set S of all
constant functions is a mixed lattice subgroup of G, but not an ideal. In Example 4.11
we also considered the set A = { f ∈ G : f (0) = 0}, which was seen to be an
ideal in G. As a group, the quotient group G/S can be identified with the subgroup
A of G. If we define a mapping T : G/S → A by T ([ f ]) = f − f (0), then T is
clearly an additive map (that is, a group homomorphism), which is bijective. Indeed, if
T ([ f ]) = T ([g]) and choose any f ∈ [ f ] and g ∈ [g], then f − f (0) = g− g(0), or
f − g = f (0)− g(0). Now f (0)− g(0) is a constant and so f − g ∈ S, or [ f ] = [g].
Thus T is injective. Let f ∈ A. Then f ∈ G and so f ∈ [ f ] ∈ G/S, and we have
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T ([ f ]) = f − f (0) = f , since f (0) = 0 for all f ∈ A. Hence T is surjective. This
shows that the groups G/S and A are isomorphic.

Now, since S is not an ideal, Theorem 6.1 does not apply here. In particular, the
canonical mapping x �→ [x] is not a mixed lattice homomorphism, because the kernel
of this mapping is S, and the kernel of a mixed lattice homomorphism is necessarily
an ideal (by Theorem 5.9).

Since A is an ideal in G (see Example 4.11), the quotient group G/A is a mixed
lattice group and the canonical map f �→ [ f ] is a mixed lattice homomorphism. We
observe that the elements of G/A are the equivalence classes determined by constant
functions, that is, G/A = {[ f ] : f is constant}. Indeed, if f and g are in [ f ], then
f − g ∈ A, or ( f − g)(0) = 0. This implies that f (0) = g(0) and hence [ f ] = [g]
if and only if f (0) = g(0). Since f (0) is a constant, we have [ f ] = [ f (0)].

Now the mapping T : G → S defined by T f = f (0) is a surjective mixed lattice
homomorphism, since

T ( f

�

�g) = ( f

�

�g)(0) = max{ f (0), g(0)} = T f

�

�Tg,

and the kernel of T is A. Hence, by Theorem 6.3, G/A and S are isomorphic mixed
lattice groups.
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