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Abstract We study Kadec—Klee properties with respect to global (local) convergence
in measure in quasi-Banach function spaces. First, we prove some general results which
can be of independent interest. Next, we investigate these properties in symmetrizations
E™. Finally, we apply general results to study these properties in Marcinkiewicz and
Lorentz spaces.
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1 Introduction

Geometry of Banach spaces has found a lot of applications and has been intensively
developed during the last decades. However, the studies of global properties are not
always sufficient. The geometric structure of a separated point of a Banach space
(Banach lattice) has been intensively investigated recently (see [7,8,14,15,19,24,25,
27,28]). On the other hand, a symmetrization E®) of a quasi-Banach function space
E is an important construction covering several classical classes of Banach function
spaces (see [12,13,21,22,24-26]).
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We study Kadec—Klee properties with respect to global (Iocal) convergence in mea-
sure. We concentrate on the structure of the separated point. In Sect. 2 we recall the
necessary terminology. In Sect. 3 we prove some general results concerning quasi-
Banach function spaces which can be of independent interest (the most interesting and
useful in this section are Lemma 3.2, Theorems 3.9, 3.15 and 3.16). Obviously, study-
ing the structure of quasi-normed function spaces, instead of normed function spaces,
often forces the need to use new methods. Next, in Sect. 4, we investigate Kadec—Klee
properties in symmetrizations E™). The natural way is to express properties of E*)
by the respective properties of E (see Theorem 4.9). We discuss also whether some
assumptions of Theorem 4.9 are essential and we show that assumptions of Theo-
rem 4.9(i) are independent. It is also worth to mention Proposition 4.14 which gives
a new range of application for some useful characterization of convergence x, — x
in norm. Finally, in Sects. 5 and 6, we apply our general results to characterize the
local structure in Marcinkiewicz and Lorentz spaces. Recall also that the structure of a
separated point has applications in the local best dominated approximation problems
in Banach lattices (see [7,8]).

2 Preliminaries

Given a real vector space X the functional x +— ||x|| is called a guasi-norm if the
following three conditions are satisfied:

(1) |lx]| = 0if and only if x = 0O;
(i) llax|| = lalllx|l,x € X,a € R;
(iii) there exists C = Cx > 1 such that ||x + y|| < C(|lx|| + ||y|}) forall x, y € X.

Wecall || - || a p-norm where 0 < p < 1 if, in addition, it is p-subadditive, that is,
X+ ylI? < [xI” + [[y||” forall x, y € X.

By the Aoki—Rolewicz theorem (cf. [17, Theorem 1.3 on p. 7] , [32, p. 86]), if
0 < p < lissuch that C = 21/P=1 then there exists a p-norm || - ||; which is
equivalent to || - || so that

lx + 17 < 1207 + lIyly and [lxll < llx]l < 2Cllx[l1 2.1

forall x, y € X. The quasi-norm || - || induces a metric topology on X: in fact, a metric
can be defined by d(x, y) = ||x — y||”, when the quasi-norm || - ||; is p-subadditive.
We say that X = (X, || - ||) is a quasi-Banach space if it is complete for this metric.
As usual S(X) (resp. B(X)) stands for the unit sphere (resp. the closed unit ball)
of a real quasi-Banach space (X, ||-||x).
We denote by L the set of all (equivalence classes of) extended real valued

Lebesgue measurable functions on I = (0, ), where « = 1 or @« = oo. Let m
be the Lebesgue measure on (0, o).
A quasi-Banach lattice (E, || - ||g) is called a quasi-Banach function space (or a

quasi-Kothe space) if it is a linear subspace of L? satisfying the following conditions:

(1) Ifx e L%, y € E and |x| < |y| m-a.e.,thenx € E and ||x||g < |ylE.
(2) There exists a strictly positive x € E.



Kadec—Klee properties of some quasi-Banach function spaces 985

By E; we denote the positive cone of E, thatis, Ey = {x € E : x > 0}.Forx € L0
set
suppx ={r el :x(t) #0}.

Moreover, let E (w) be the weighted quasi-Banach function space, that is
E(w)={x € L:xwe E} with the norm [|x || Ew) = lIxwll £, 2.2)

where w : I — [0, 00) is a measurable weight function.
Moreover, the p-convexification E (P of E, for 1 < p < 00, is defined by

1
EP ={x e L% |x|” € E} and ||xllzon = Illx|”II}/".

If0 < p < 1, we say about p-concavification EP) of E.
For x € LY, its distribution function is defined by

di)=m{s €[0,a) : |x (s)] > A}, L>0,
and its decreasing rearrangement by
x*@)=inf (A >0:d, (L) <t}, t>0. (2.3)

Set x* (00) = lim;_ 0 x* (7) if I = (0, 00) and x* (c0) = 0if I = (0, 1). For the
properties of d, and x*, the reader is referred to [3,29].

Two functions x, y € L are called equimeasurable (x ~ y for short) if d, = dy.
We say that a quasi-normed function space (E, || - || g) is rearrangement invariant (r.i.
for short) or symmetric if whenever x € L% and y € E with x ~ y, then x € E and

lxlle = lIylle.

For any symmetric quasi-Banach function space (E, || - || g) we have
00 Ci G 00 00
LP(I)NL®(I) < E < LP°°(I) + L*°(), 2.4)

where C is from the C-triangle inequality for | - || g, the number p satisfies the equality

— 1/
C =271 Cr =27 x| Co = i and L7 = (x € L0« ] =

SUpP,cys t1/Px*(r) < oo} (see Theorem 1 and 3 from [2]). For more details about
symmetric (quasi-)Banach function spaces see [3,20-22,26,29,32].

Recall that a quasi-Banach function space E is called order continuous (E € (OC))
if for each sequence x, | 0, thatis x, > x,4+1 and inf,, x, = 0, we have ||x,||g — 0
(see [18,31,35]). Moreover, E € (OC) if and only if for every element x € E
and each sequence (x,) in E satisfying conditions inf {x,, x,,} = O for n # m and
0 < x, < |x| we have ||x,||g — 0. The sufficiency follows from Proposition 2.2 in
[30]. We prove the necessity. If the condition is not satisfied then we find an element
x € E and a sequence (x,) in E such that inf {x,, x,,} =0 forn #m,0 < x, < |x|
and ||x,|lg - 0. Letting y, = Y jy_;xx and y = Y oo, xx we get y — y, | 0 and
ly — yull == 0, which means E ¢ (OC).
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The following equivalent conditions are well known for a Banach function space.
We collect them (with a short explanation) in a case of quasi-Banach function space
E for further convenience.

Theorem 2.1 Let E be a quasi-Banach function space and x € E. The following
statements are equivalent:

(i) For every sequence (x,) in E satisfying conditions inf {x,, x,,} = 0 forn #= m
and 0 < x,, < |x| we have ||x,||g — 0.

(i1) For each sequence (x,) in E such that 0 < x, < |x| and x, — 0 m-a.e. we have
xull g — O.

(iii) For any sequence (x,) in E such that 0 < x, < |x| and x,, — 0 locally in
measure we have ||x,| g — 0.

Proof The implication (ii) = (i) is clear. The implication (i) = (ii) can be proved
as Lemma 5 in [15] (the proof works almost the same for a quasi-Banach function
space). The implication (iii) = (ii) is obvious. The implication (ii) = (iii). Note
that if x, — 0 locally in measure then x,, — 0 a.e. for some subsequence (x,, ) of
(x,), because the measure space is o -finite. Applying the double extract subsequence
principle we can finish the proof. O

The author would like to thank Professor Witold Wnuk for the fruitful discussion
concerning the above theorem, especially for pointing out that the equivalence (i) <
(iii) follows also from a general, deep result from the theory of locally solid Riesz
spaces (see [1, Theorem 12.9]).

Theorem 2.1 gives a natural motivation for the following definition. A point x € E
is said to have an order continuous norm (x is a point of order continuity, x is an
OC point briefly) if for any sequence (x;) in E such that 0 < x, < |x| and x,, — 0
m-a.e. we have ||x, || — 0. Consequently, E € (OC) if and only if every element x
in E has an order continuous norm. The symbol E, stands for the subspace of order
continuous elements of E.

We assume in the paper (unless it is stated otherwise) that E has the Fatou property,
that is, if 0 < x, 1 x € L° with (xp)p2y in E and sup,cy X, < o0, then x € E
and lim, |x,||g = ||x||£. Recall that in the definition of a semi-Fatou property we
assume additionally that x € E.

A point x € E is said to be an Hg-point (resp. H;-point) in E if for any (x,) C E
such that x, — x globally (resp. locally) in measure and ||x, ||z — ||x|/g, we have
llxn — x|l — 0. We say that the space E has the Kadec—Klee property globally (resp.
locally) in measure if each x € E is an Hg-point (resp. H;-point) in E.

A point x > 0 is said to be an H; -point of £ (Hl+-p0int of E) if for any sequence
(xn) C E4 suchthat x, — x globally (resp. locally) in measure and ||x, || — ||x| g,
we have ||x, — x|[g — O.

Let 0 < p < oo. A quasi-Banach lattice E is said to be p-convex whenever there
is a constant C > 0 such that

n 1/p n 1/p
(Z |xl~|f’> <C (Z ||x,~||',;>
i=1 E i=1
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forall xi,...,x, € E,n € N.If C = 1, we say that E is p-convex with the constant
1. It is known that if E is p-convex then there is an equivalent norm ||-||; ~ |-l g
such that (E, ||-||;) is p-convex with the constant 1. Moreover, E is p-convex if and

only if E(/P) is 1-convex (with the same constant). Finally, if E is p-convex with
the constant C and 0 < ¢ < p then E is g-convex with the constant at most C (see
Theorem 4.2 in [32]).

A quasi-Banach lattice X is called L-convex whenever it is p-convex for some
p > 0 (see [16]).

3 Quasi-Banach function spaces

In this section we will prove some general results useful in the sequel which can be
of independent interest. We will discuss also several basic results for quasi-Banach
function spaces which in the case of Banach function spaces are well known (or
even obvious). However, for a quasi-Banach function space the respective proofs need
different techniques.

Lemma 3.1 Let (E, ||-||g) be a symmetric quasi-Banach function space. If x € E,
then x* (00) = 0.

Proof This implication is obvious under the assumption that £ < L! + L which
is true for a symmetric Banach function space and need not be satisfied for arbitrary
symmetric quasi-Banach function space. We will prove this fact in generality applying
the condition (2.4). Suppose a := x* (c0) > 0. Denoting A ={t € [ : [x (¢)| > a/2}
we have m (A) = oo. Take a sequence (A,) of pairwise disjoint sets with A, C A and
m (A,) = oo. Set x, = x x4, For each partition x, = y, + z, with y, € LP*° and
Zp € L we have ||z, |l > a/4, because otherwise y;¥ (c0) > a/4 and consequently
Yyn ¢ LP°°. Thus ||lx, || p.co o > a/4, whence, by condition (2.4), we get ||x,||g >
a/4C,, where is C is the constant from condition (2.4). This means that x ¢ E,. O

Lemma 3.2 Let (E, ||-||g) be an L-convex quasi-Banach function space. If || x, || g —
0 then there is a subsequence (xnm)m of (xn),, an element x € E and a sequence
0 < B, — 0 such that ’xnm’ < Bux for each m.

Proof Clearly, if E is a Banach function space the result follows from [18,1V.2, Lemma
2, p. 138]. Since E is L-convex so it is p-convex for some p > 0. Consequently

F = E/P) is 1-convex, it means there exists a norm ||- llp on F which is equivalent to
. 1 p
the quasi-norm |-[lo ~ ||| p, where |zl = (|[|z1"/?|| ;)" Suppose [x,]lz — 0 and

set y, = |x,|P. Then y, € EV/P and ||y, = (H|yn|1/p ”E)p — 0. Consequently,
lyallo = 0O, whence there is a subsequence (yn,, ),, of (yn), » an element y € F and
a sequence 0 < «,,, — 0 such that |xnm |p = |ynm| < a,,y for each m (see [18, IV.2,
Lemma 2, p. 138]). Thus |xp,, | = |yn,, |1/‘" < a,ln/pyl/l’ € E. We finish the proof by
taking x = y!/? and B, = a,/”. i

Remark 3.3 Clearly, if ||-||g is a norm then the implication ||x, —x||g — 0 =
lxxllg = llx|l g is trivial by the triangle inequality. If ||| g is a quasi-norm then this
is no longer true. Consider the space R? with the functional
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=l 2l ifx=0
Ix1| + lx2| if x2 # 0,

for x = (x1,x2). Clearly, ||x +y|l < 2(x]l + l¥]l). Note also that for u,v €
(R%, |I-ll) with |u| < |v| we have [lu]| < [lv]|. Moreover, taking x, = (1, 1/n) and
x = (1,0) we get [x, —x|| = |0, 1/n)|| = 1/n — O, but [x,| =1+ 1/n -
lxll = 1/2.

A necessary and sufficient condition for the implication ||x, —x|lg — 0 =
lxzllg — llx|lg, where E is a quasi-Banach space, has been proved by Aoki (see
Theorem 3 in [33]). We will show some useful sufficient condition for the above
implication, a condition which is often applied in the studies of E ). Namely, in the fol-
lowing Lemma we assume that E is a quasi-Banach function space which is p-convex
with the constant 1 for some p > 0. Note that in the classical examples of sym-
metrization E® (the Lorentz space E® = A, ,,, E® = Ay with ¢ (0%) = 0, the
Marcinkiewicz space E® = M (;*)—see Sects. 4 and 6 for definitions, the generalized
Orlicz-Lorentz space which is a symmetrization of the Musielak—Orlicz space—see
[12,13]) the respective space E satisfies trivially this condition.

Lemma 3.4 Suppose E is a quasi-Banach function space which is p-convex for some
p > 0 with the constant 1. If || x,, — x||g — O then ||x,||g — x| g-

Proof If p > 1 and E is p-convex with the constant 1, then E is 1-convex with the
constant 1 (see Theorem 4.2 in [32]), whence ||-|| ¢ is a norm. Consequently, we may
assume that 0 < p < 1. By the assumption F = E(/P) is I-convex with constant 1,
that is the functional ||z|| = (|||z|"/? ||E)p is a norm. Suppose ||x, — x|z — 0 and

set y, = |x4|”, y = |x|”. Then y,,y € E(/P)_ Since 0 < p < 1 then the function
o) = ul/P 4 > 01is a convex function whence it is superadditive on R, that is
@ (lu—v|) <l ) —¢ (v)],u, v € R;. Consequently, by y,, y > 0,

p 1 p
lyn = yllp = (HIyn —yl””HE) < (H)’n/p —y””HE)
= (llxal = Ixl g)? < llxn — x|l g)? — 0.

By the triangle inequality, ||y,|lf — ||yl g. Thus

p p
bl = Wxallly = ([1al2) )" = (J1'77] )" = x1g

which finishes the proof. O

Lemma 3.5 If x, — x globally in measure then x; — x* globally in measure. In
particular, x) (0c0) — x* (00).

Proof This fact has been shown in the proof of Theorem 3.5 in [8] under assumption
that x* (00) = 0.Leta = x* (00) > 0. By the assumption, x;; — x* a.e. (see property
11° in [29], page 67). First we claim that

X (00) = x* (00). (3.1)
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Suppose this is not the case. Suppose b := limsupx;; (c0) > a. Passing to a sub-

sequence if necessary we conclude that there is No such that x, (co0) > %b + %a

for n > Ny. Moreover, there is o € I such that x* (1) < # for t > ty. Then

xXp@)—x*(t) > l% fort > ty and n > Ny. This is a contradiction with the fact that
x5y — x*ae.

If ¢ := liminf x; (0c0) < a then there is Ny such that x;} (c0) < % forn > Ny
(passing to a subsequence if necessary). Consequently,

m{tel:xn(t)>aT+c}:m{tel:x:(t)>¥} < ooforn > Nj.
Moreover,m{tel:x(t)> %i}zm{tel:x*(t)> %}:oo,whence
a—c
m{tel:lxn(t)—x(t)|>T}:oofornzNo.

Thus x, - x globally in measure, which proves the claim (3.1).
Let ¢ > 0. There exists f, > 0 and Ny € N such that

x*(t) < x*(00) + e/4forall t > 1; and |x; (1) — x*(ts)| < &/4 forn > Ny.
Furthermore, by (3.1), there is Ny such that
|x (00) — x* (00)| < &/4 forn > Nj.
Since x;', for n € N, and x* are nonincreasing functions,
m ({t € [te, 00) & |x; (1) — x™(1)| > s}) = 0 for n > max {Ny, N1}.
Since x;; — x* a.e., x;' converges to x* locally in measure. Thus
m ({t € (0, te] = |xj; () — x™(2)| > 8}) — 0.

Hence x;' converges to x* in measure. o

Proposition 3.6 Suppose E is a quasi-Banach function space. If x is an Hj-point
(Hl+-p0int) of E then x is a point of order continuity.

Proof For a Banach function space the result follows from Proposition 2.1 in [11] (see
also [6, Proposition 1.1]). If x ¢ E,, by Theorem 2.1, there is a sequence of pairwise
disjoint elements (x,);2 ; with0 < x, < |x|and [x, | > § > 0. Taking z,, = |x| —x,

we can finish the proof as in [11, Proposition 2.1]. O

Lemma 3.7 Let E be a quasi-Banach function space. If x > 0 is an H; -point of E,
then HxXAk ||E — 0, where A = {t € I : x (t) < 1/k}. Moreover, if x (x > 0) is
an Hg-point of E (H;'-point of E), then ||x)(3"
measurable sets satisfying m (B,) — 0.

g — 0 for each sequence (By) of
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Proof See the proof of Remark 3.4 in [23]. For the second claim see Lemma 3.2 in
[8], still true for a quasi-norm (the symmetry of E is not necessary in the proof). 0O

Remark 3.8 Clearly, the above Lemma is also true for an Hl+—p0int (H;-point).

Theorem 3.9 Let E be an L-convex quasi-Banach function space and x € E. Then
the following statements are equivalent:

(i) x is an Hg-point of E.
(i) |x|is an Hg-point of E.
(i) |x| is an H;'-point of E.

Remark 3.10 For an H;-point one can prove similarly the analogous result.

Proof of Theorem The implication (i) = (ii) follows the same way as in the proof of
Lemma 3.1 in [8] (also for a quasi-normed space, the assumption that E is L-convex
is not needed in this part). The implication (ii) = (iii) is obvious.

The implication (iii) = (i). We apply the proof of Lemma 3.5 from [23]. However,
we need to modify it essentially, so we present the details for reader’s convenience.
Let ||x, || — |lx] and x,, — x in measure. Since for each n > 0 we have

mit el |lxy O —|x@OI =0} <mftel:|x, ) —x(@)|>nt—>0,
S0 |x,| — |x| in measure. By the assumption we conclude that

x| — |x[lI — 0.

Applying Lemma 3.2, we find a subsequence (]xnm )m of (|xu|),, anelement y € E4
— |x|| < Bmy for each m. Let ¢ > 0.

and a sequence 0 < B,, — 0 such that Hx,,m
Fix m satisfying

|Bmoy| < e/16C* (3.2)
where C = Cg is from the C—triangle inequality for |-||. Denote (|xy,, |)r°;=m0 still by
(IxnDpZy and (Bim)m=m, bY (Bn),—- We may assume that B, is decreasing, whence

llal = IxIl < Buy < iy and [|Biyll < e/16C* (3.3)

foralln = 1,2. Setu = |x| 4+ By and
By={tel:u()<l1/k}.
Since By C {t € I : |x (t)| < 1/k}, by Lemma 3.7, we take k big enough to satisfy
|xxs | <e/16C>.
Applying the second inequality from (3.3) we conclude that

luxs |l = € (x| + |Bryxs ) < e/8C*.
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Moreover, |||x,| — |x]||| < & /SC3 for sufficiently large n. Setting

Cho={tel:0=<sgn[x()x, ()] <1}and D, ={r € : sgn [x () x, ()] =—1},

we get

lx = xull < C||(1x] = [xa]) xc, || +C* | (x = %) xDonge | +C? || (x = x0) XDo\BL | -

Note that
C?||(x = xn) xpung | = C* [ Ux] + 1xa]) xDon |

< C ([ xal = 1xD) xpune | + 12 1x ] xpune )
<c3 (s/sc3 + e/8c3) .

Consequently,
Ibx — xall < 36/8 + C2 || (x = x0) xDo\8e | - 34
Take
e ) 1 1
0<é< 7 min 1 - 3.5
16kC Byl lxll
Denote

FY =1{t € Dy\By : |x, (1) — x ()] > 8},
Gy = {t € D)\By : x, (1) — x (1)] < 8}.

Note that x, — x and consequently m (FF) - 0asn — oc. Since |x| is H,f -point,
< £/32C* for sufficiently large n. Thus, by (3.3),

by Lemma 3.7, we get H |x| XFk

+C H(x — Xp) XGk

|G = xn) xp\8c | < € H (X = Xn) Xp

+C | = %)

)

<e/8C2+C H (x — ) Xeh

= c|@ixl + By xrg
<C? (2 H|x|m¢

+C H(x — Xn) XGk

+ Hﬂlny;

(3.6)

for sufficiently large ». Finally, divide set Gﬁ in two subsets

Hf = teGk:|x(t)|>i and I¥ = teGk:,Bly(t)>i .
n n _2k n n _2k
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Note that GX ¢ HF U I¥, because if t ¢ H* U I then u (1) < 1/k sot € By and
t ¢ Gk. Therefore, by (3.5),
) =8¢ (2K 11 g )

) < £/4C3. (3.7)

< 5C<HXH,{C

< 2k8C ( |11 g

+ HZkﬂl)’lej

H (x = Xn) Xck + H X1k

+ Hﬁl)’XI,’;
Combining (3.4), (3.6) and (3.7) we get

lx — xall < 3e/8+ C?||(x — xu) DB |
<3e/8 4+ C? (8/8C2 +C

)

(¥ — ) Xt

<e/24 Ce/AC3 <&
for sufficiently large n. O

Lemma 3.11 Suppose E is a symmetric quasi-Banach function space which is p-
convex with the constant 1 for some 0 < p < 1. Let F = EV/P)_ [f x is an H,-point
of E then x? is an Hgy-point of F.

Proof By Theorem 3.9 it is enough to show that |x|” is an H; -point of F. Assume

that 0 < x, — |x|” globally in measure and ||x,||r — |||x|1’||F. Thus x,/” — |x|
globally in measure by Lemma 3.9 (i) from [23] (note that F is symmetric). Moreover,

| = lxl%,

1 p
| =l — [1x1?

whence

x,%/p HE — |llx[llg. Since |x| is an Hg-point of E (see Theorem 3.9), so

ert/p - I)CIHE — 0. Consequently,

”xn - |x|p”F

1/p|l? 1 4
= b =7 < [’ = ]| = 0.
E E
because ¢ (1) = u'/P u > 0, is a convex function whence it is superadditive on R .
O

The following Proposition has been proved in [8, Lemma 3.8] for a symmetric
Banach function space.

Proposition 3.12 Suppose E is a symmetric quasi-Banach function space which is
p-convex with the constant 1 for some p € (0, 1). If x is an Hg-point of E and x,, — x
globally in measure then || x| g < liminf ||x, || g.

Proof Suppose x, — x globally in measure and x,,x € E.Let F = EU1/P) Set
Yo = |xu|?,y = |x|?. Then y, y, € F. Moreover, |x,| — |x| in measure, whence
yu» — y globally in measure, by Lemma 3.9 (ii) from [23] with ¢ (1) = u'/?. By
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Lemma 3.11, y is an Hg-point of F'. We assume in the paper that £ € (F P), where
F P denotes the Fatou property defined in Sect. 2. Consequently, F € (F P). Since F
is a symmetric Banach function space, by Lemma 3.8 in [8], we conclude that

Il = Iyl p < liminf ||y, || p = Timinf ||, [[|5 .

Lemma 3.13 Ler E be a symmetric quasi-Banach function space.

(1) If x* (00) =0and x € E is an H,-point in E, then x* is an H,-point in E.
8P 8P
(ii) Ifx € E is an Hj-point in E, then x* is an Hj-point in E.

Proof (i) We follow as in the proof of Theorem 3.3 in [8], applying additionally
Theorem 3.9, the implication (i) = (ii), which is true without the assumption that
E is L-convex. (ii) If x is an H;-point, by Proposition 3.6 and Lemma 3.1, we have
x* (00) = 0. Then the proof is analogous as in (i). O

Lemma 3.14 Let E be a symmetric quasi-Banach function space on I. If x € E is an
Hyg-point, then for each sequence (dy) in LOwith0 < d, < |x| and d,, — 0 globally
in measure we have ||d, || — 0.

Proof We follow as in the proof of Lemma 3.7 in [8], applying additionally Lem-
mas 3.13 and 3.7. O

Theorem 3.15 Let E be a quasi-Banach function space and 0 < x € E. Consider
the following statements:

(1) The point x is an Hy -point of E.
(2) () for each sequence (d,) C E. such that d, < x and d, — 0 globally in
measure we have ||d,||g — 0.
(i) for each sequence (y,) C E4 such that x < y,, y, — x globally in measure
and || ynllg — llxllg, we have ||y, — x|z — O.

The implication (1) = (2) is satisfied provided E is symmetric. If E is p-convex with
the constant 1 for some p > 0, then the implication (2) = (1) holds.

Proof The implication (1) = (2) is true by Lemma 3.14.
The implication (2) = (1). Suppose 0 < x, — x globally in measure, ||x,|zp —
lx||g and x,,, x € E. Set

Ap={tel:x@) >x,)}.

L < | ; — 0. Clearly, we
may assume that 0 < p < 1, since otherwise E is just 1-convex with the constant 1
(by Theorem 4.2 in [32]), whence it is a normed space and the proof below is simpler.
We have

Then 0 < (x — x) x4, < x. By (i), we have H(x — Xn) XA,

1
Xy < max {x,, x} < xy + (X — xp) x4, = [(xn + (x —xp) XA,,)p] /v

< [+ (= x) xa)T77
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because the function ¢ (1) = u? for 0 < p < 1 is subadditive on R . Taking into
account that E is p-convex with the constant 1 we get

Isalle < imax (2} < | [ef + (0 =5 xa,)"]77 |

1/
0

= (”xn”§+ ”(x — Xn) XA, )
whence ||max {x,, x}||g — |lx||g. Since max {x,, x} — x globally in measure, by
(i1),

lGn =) xn\a, |z = IImax {x,, x} — x| g — 0.

Thus ||x — x,||g — O. O

Theorem 3.16 Let E be a quasi-Banach function space and 0 < x € E. Consider
the following statements:

(1) The point x is an H1+-p0int of E.
(2) (i) foreach sequence (d,) C E4 suchthatd, < x andd, — 0 locally in measure
we have ||d,||g — 0.
(i) for each sequence (y,) C E4 such that x < y,, y, — x locally in measure
and ||y, |lg — lx|lg, we have ||y, — x|lg — 0.

Then the implication (1) = (2) is true. If E is p-convex with the constant 1 then the
implication (2) = (1) holds.

Proof The implication (1) = (2) (i) follows from Proposition 3.6 and Theorem 2.1.
The proof of implication (2) = (1) follows as for H; -point in the above theorem. O

4 Kadec-Klee properties in symmetrizations

For a quasi-Banach function space E on I = (0, 1) or I = (0, co) define a space E ()
(symmetrization of E) as

E® ={x e L°) : x* € E},

with the functional ||x || ;o = [[Xx*| E.
The dilation operator Dg,s > 0, is defined by Dyx(t) = x(t/s),t € 1 if I =
(0, o0) and

_ Jx@/s)if t < min{l, s},
DS’“(I)—{ 0 if s<t<lI,

fort € I = (0, 1). The operator D; is bounded in any symmetric space E on I and
I DsllE—E < max(l,s) (see [34, Lemma 1] in the case I = (0, 1), [29, pp. 96-98]
for I = (0, oo) and [31, p. 130] for both cases). A. Kamiriska and Y. Raynaud showed
that || - || g is a quasi-norm if and only if there is a constant K > 0 such that

|D2x™||E < K ||x*||g forallx* € E, 4.1
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(see Lemma 1.4 in [22]). In this case the quasi-norm constant C ) is equal to KCpg,
where Cg is the respective quasi-norm constant for the space E (see [22]). Therefore
we always assume in this section that the condition (4.1) is satisfied.

Let¢ : I — (0, 00) be a quasi-concave function, that is, ¢ is positive, nondecreas-
ing and ¢ (¢)/¢ is nonincreasing for ¢ € (0, m(I)). Then the Marcinkiewicz space M q()*)
is defined as

My =M (1) =(x e L) : Iy = sup ¢ ()x*(t) < oo}.
tel

Moreover, if ¢ : I — (0, 00) is a concave function, ¢ is positive and nondecreasing,
then the Lorentz function space A is given by the norm

Ixllay = /IX*(I)M)(I) = O lxllzer) +/IX*(t)¢’(t)dt.

The Marcinkiewicz spaces M (;*) and Lorentz spaces Ay are symmetric quasi-Banach
function spaces, symmetric Banach function spaces on I, respectively (see [3,29]).
Clearly, M;)*) = (L*® (¢))(*). Moreover, Ay = (Ll (qb’))(*) provided ¢ (0+) =0
(see [25] for some properties and more references). Clearly, L> (¢), L' (qb’) are the
respective weighted spaces according to the definition (2.2), for example ||x|[[ 114 =
[ lx®] ¢ (t)dr.

The spaces E ) have been studied among others in the papers [12,13,21,22,24—
26]. Kaminska and Raynaud studied the relationships between the structure of E®)
and the structure of E (see [22]). The nature of our consideration is analogous.

Let P be a local property of a point x € E (an H,-point, an H;-point, etc.). We say
that x = x™ is a P*-point provided it is a P-point but restricted to nonnegative and
nonincreasing elements only.

For example, a point x = x* is said to be an H;-point of E (H"-point of E)
whenever for any sequence (x,) C E, x, = x, such that x, — x globally (resp.
locally) in measure and ||x, || g — ||x|| g, we have ||x, — x||g — O.

Similarly, for a global property G, we say that E has a property G* if E satisfies
the property G but restricted to nonnegative and nonincreasing elements only.

Namely, a space E is said to have H; (H") property provided each x = x* € E is
an Hg-point of E (H;*-point of E).

Obviously, if E € (G), then E € (G*). The natural question of the converse
implication has been considered in [5] (for rotundity properties) and in [24,25] (for
monotonicity properties and for an order continuity).

Lemma 4.1 Let E be a quasi-Banach function space.

(1) Suppose x = x* € E is an H;‘-point. Then ”xXAk ”E — 0 as k — oo, where
A = {t €1 :x(t) < 1/k}. In particular, if x* (0c0) = 0 then ”xx(n,oo) ”E — 0
asn — oo.

Proof See the proof of Remark 3.4 in [23]. O
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The following remark will be important for the main results in this section.

Remark 4.2 Let E be a quasi-Banach function space and x = x* € E. Each of the
following implications is not true in general:

(1) xisan H;-point of E = x is an Hg-point of E.
— 0 for any sequence a, — 0.

(ii) xisan H;‘-point of E = ||xx(o,a") ‘E

(iii) x is an H-point of E = x is an H,-point of E®™.

Consider E = L*° (w) withw (f) =1 —ton I = (0, 1). Then E has no H,-points.
Indeed, if 0 # x € E then there is a number § > 0 and a measurable set A of
positive measure such that |x (r)] > & for + € A. Moreover, we can assume that
A C [A1, A2] with A1 < Xy < 1. Take a sequence (A;) of measurable subsets of
A with 0 < m (4,) — 0. Then ”XXAn ||E > § (1 — A2) > 0, whence x is not an
Hg-point by Lemma 3.7. Let

X = X(,1)-

Clearly, ||xx,1/m | 5 0. We will show that x is an H;-point of E . Consider a
sequence (x,) C E,x, = x; such that x, — x globally in measure and ||x,|z —
x|l £. Note that [|lx||g = 1. Moreover, x, (07) — 1 because otherwise |[|x,|z
lx||g. Let ¢ > 0. Take a number 5 satisfying 1 — ¢/2 < n < 1. Since x,, — x
globally in measure and x,, = x,', so x, (n) — 1. Thus x,, — x uniformly in (0, n].
Consequently, | (x, — Xx) x(0,7] || oo < €/2 for sufficiently large n and

%0 — xllg < |G =) xom| g+ | Gn —0) x1y | p < (w(0F)e/2+1—-1n) <&

for sufficiently large n.

Note also that condition (4.1) is satisfied for the space E, because for each x =
x* € E wehave | Dax|lg = ||x]g-
Finally, x is not an Hg-point of E® . Indeed, let x,, = X(0,1/2] + X(1/2+1/n,1)- Then
Xxp — x globally in measure, ||x, || g9 = x| geo. On the other hand, [|x, — x| g0 =
1.

In view Remark 4.2, two assumptions in the below lemma are independent. More-
over, without the second assumption this lemma is not true in general.

Lemma 4.3 Let E be a quasi-Banach function space on I (not necessary symmetric).
Ifx =x*€ Eisan H;-point and ||xx(0,an) g — 0 for any sequence a, — 0O, then

for each sequence (dy) in L° with 0 < d,, = d < x and d, — 0 globally in measure
we have ||d,||g — O.

Proof An analogous result for an Hg-point has been proved in [8, Lemma 3.7] under
the assumption that E is a symmetric Banach function space on /. Although the below
proof is similar we present it for the reader’s convenience (because of the essential
change in the assumptions). Assume for the contrary that0 < d, =d,; < x,d, - 0
globally in measure and ||d, || - 0. Passing to a subsequence if necessary, we have
ldullg = & > O for some § > 0. Setting A, (¢) = {r € I : d, (t) > €}, we have
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m (A, (¢)) — O for each ¢ > 0, whence A, (¢) = (0, a, (¢)) for some sequence
a, — 0. By the assumption,

ldnxa,oll g < |xx0.aen | — 0

for each ¢ > 0. Passing to a subsequence if necessary, we may assume that

”anAn(gn) g <1l/n and m(A, () < 1/n,
where ¢, = 1/n.

Suppose x* (c0) > 0. Then || x;||g < oo. Notice that “anI\An(an)
sufficiently large n € N. Therefore

g = 8/2Cg for

1
8/2Cg < Han[\A,,(en) g = - lxillg

for n € N large enough, a contradiction.
Consequently, x* (co) = 0. For each ¢, there is 7, satisfying x* (tsn) < &p. Set

te :inf{t:x*(t) 58,,}.

n

First we claim that

HSnX(o,rgn) \E — 0. 4.2)

Otherwise, set z, = (x* — &) X(.1,,)- Then z, is a nonincreasing function, that is
2, = 2, for each n. Moreover, |z, — x*| = &, x(0.1,,) + X" X[z, .00)- Note that t,, —
oo when m (suppx*) = oo and f,, — m (suppx™) if m (suppx*®) < oo. In both
cases we conclude that z,, 1 x™ globally in measure. Consequently, by E € (FP),

lzxllg = llx*| £. On the other hand,

Iz = %"l = leaxonllp = 0.

a contradiction with x* is an H;-point. This proves the claim. Note that

“an(O,tgn)ﬁA,l(an) g = ||anA,,(an) g — 0.

Therefore, by (4.2)

I dnx 0.1, g =CE I X(0,10, )7 An (o) |E + CE || dn X(0,t5,)\ An(en) g — 0.
Consequently,

8/2Ck = | duxae, 0 p = 4" X000 |

for sufficiently large n € N. Taking y, = x* x(0.1,,), We conclude that y, = y, — x*
globally in measure and ||y, ||z — [lx*||£. On the other hand, ||y, — x*||z > §/2Cg
for sufficiently large n € N. This means x* is not an H;—point, a contradiction. It
finishes the proof. O
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Definition We say that E satisfies the condition (+) if for each sequence (y,) in E

with (y;':) in E the condition Hy;f HE — O implies ||y, || — O.

Examples 1. Let E = L? (p),p > 0 with ¢ : Ry — R, such that ¢ | and
f(; @ (s)ds < oo for t > 0. Then, applying Hardy-Littlewood inequality, we
conclude that E € (+).

2. Let E = L*° (¢) with ¢ : R+ — Ry such that ¢ € L®, ¢ is continuous on R
and ¢ (07) > 0. Then E € (+). Indeed, if | y}|, — O then y} (07) — 0. Thus
lynll Lo — 0O, whence

e

lynllg = supess y, (1) @ (t) < llynllpee l@ll oo — 0.
t

3. We have also L™ () ¢ (+).

Proposition 4.4 Let E be a quasi-Banach function space. Suppose x = x* € E and
HX*X(O,an) g — 0for any sequence a, — 0. If x is an H;—point of E then:

(i) for each sequence (d,) C Ey such thatd, = d} < x and d, — 0 globally in
measure we have ||d, || — 0.

(ii) for each sequence (x,) C E4 suchthatx < x, = x;;, x, — x globally in measure
and ||xp|lg — x|l g, we have ||x,, — x||g — 0.

If, additionally, E € (+) and E is p-convex with the constant 1 for some p > 0, then
the converse implication is true.

Proof The necessity follows from Lemma 4.3 (point (i)) and from the definition-point
(ii).
The sufficiency. Suppose 0 < x, = x,; — x globally in measure and ||x, || — [lx|£.
Set

Ap={tel:x@) >x,(1)}.

Then0 < (x — x,) x4, < xandd, = [(x — x,) XA,,]* < x.Thend, — 0globallyin
measure, by Lemma 3.5. By (i), we have ||d,, || — 0, whence H (x — xn) XA, e 0,
because E € (+4). Finally, we follow as in the proof of Theorem 3.15. O

Applying Lemma 3.4 we conclude immediately.

Remark 4.5 Suppose E is a quasi-Banach function space which is p-convex with
the constant 1 for some p > 0. If x is an Hg-point of E, x, — x globally in
measure and ||x, ||z — ||x| g, then ||anA” > ||XXA,1 . for each sequence (A,)
of measurable sets. Similarly, if x = x* is an Hg,“-point of E, x, = X}, xp — x

globally in measure and ||x,||z — [x||g, then ”XnXA,,
sequence (A,) of measurable sets.

Iz = [xxa,|; for each

Remark 4.6 Let E be a quasi-Banach function space. If x* is an Hy-point of E then
ax™ is an Hy -point of E for each a > 0. Indeed, suppose x, = x, — ax* globally in
measure and ||x, | g — |lax*||g. Set y, = x,/a. Then ||y, g — llx*||g and y, — x*
globally in measure. By the assumption, ||y, — x*||g — 0. Thus ||x, — ax*||p — 0.
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Lemma 4.7 Suppose E is a quasi-Banach function space and x € E™\ {0}. If x is
an Hg-point of E®™ then ||X*X(0,an) g = 0for any sequence a, — 0.

Proof Leta, — 0. We will prove that || x*x(0,4,)

e 0. Set
C={t: |x()] > x*(c0)}.

We divide the proof into parts.

(a) Suppose m (C) > 0. Then there exists a measure preserving transformation
o:C — (0,m(C)) such that x* o 0 = |x| m-a.e. on C (see Lemma 2.2 in [7]).
Passing to a subsequence if necessary, we may assume that a, < m (C) for each
n. Take a sequence (A,) in C such that m (A,) = a, and x*x,4,) © 0 = |x|xA4,-
Moreover,

e = 17 x0.a0) | 2 = [ X000 0 0) |

= 1) e = Teta ] g -

||-X*X(O,a,1)

By the assumption, | x| is an Hg-point of E ) (see Theorem 3.9, this part works without
the assumption that E is L-convex ). Then ||x|xa, g — 0, by Lemma 3.7.

(b) Assume that m (C) = 0. Then I = (0, 00) and x* = cy;.
(bl) If x x4 = c for some set A with m (A) > 0, we choose sequence (A,) in A such
that m (A,)) = a, and

[ x0.anll g = [(x1xa,) "] z = [1x1xa, | g = O-
(b2) Assume that x (f) < c for all + € I. Then we find a sequence (A,) such that
m(A,) = a, and |x|xa, — cxa, uniformly, whence (leXAn)* — X*X(0,ay)

uniformly. Moreover,

[ (xlan)” [ = xtxa, | e = 0

as above. Since x; € E, we get

|¥* x0.a0 | £ = C (|¥* X000 = (%1x4,) " g + [ (1x1x4,) "] ) = O

O

Definition Let E be a quasi-Banach function space. We say that an element x = x* €
E satisfies the condition (), we write x € (x), if for all (y,), y in E the conditions
0<y=<x,0=<yy,<x,y, — yglobally in measure imply that |y, [l = [yl .

Example 4.8 Suppose E is a quasi-Banach function space which is p-convex with the
constant 1 for some p > 0 and x = x* € E. Note that we may apply Lemma 3.4.
Consequently,
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(1) If x € E,4, then x € (). Indeed, taking elements y, y, as in the definition we
get 0 < |y, —y| < x, |yn —y| — 0 globally in measure. Since x € E,, applying
Theorem 2.1 we obtain ||y, — y|| — 0. Thus, ||y, = l|l¥|lg, by Lemma 3.4.

(ii) Suppose E € (+).If x isan Hy-pointof E, ||X*X(0,an) || g — Oforany sequence
a, — 0, then x € (%) (see Remark 4.10 below).

(iii) If x is an Hg-point and E is symmetric then, by Lemma 3.14, x € ().

Remark 4.2 shows that in the following theorem:

(1) the implication (i) = (ii) is not true in general without the assumption that
|* x0.a,) HE — 0 for any sequence a, — 0,
(2) two assumptions in condition (i) below are independent.

Theorem 4.9 Let E be a quasi-Banach function space and x € E™\ {0}. Consider
the following statements:

1) (a) HX*X(O,an) P 0 for any sequence a, — 0.
(b) The point x* is an H;‘-point of E.
(ii) The point x is an Hg-point of E®™,
(1) Suppose E is p-convex with the constant 1 for some p > 0. Assume that
x* € (x) when x; ¢ E. Then (i) = (ii).
(2) The implication (ii) = (i) (a) is true. If, additionally, E € (+) and x* (00) =
0, then (ii) = (i) (b).

Remark 4.10 1If we assume additionally in the implication (i) = (ii) that £ € (+)
then the condition x* € (x) follows from (i) automatically. Indeed, suppose condition
(1) holds, E is p-convex with the constant 1 for some p > 0 and E € (4). We prove
that x* € (%). Let0 <y < x*,0 <y, < x* y, — y globally in measure. Then
|y, —y| < x* and |y, — y| — 0 globally in measure. Thus (y, — y)* — 0 globally
in measure by Lemma 3.5. By Lemma 4.3 and the assumption that x* is an H;—point
of E, ||(ya — »)*| ; = 0 and, since E € (+), |y, — yllg — 0. Finally, Lemma 3.4
implies that ||y, [z — lyllg-

Proof of Theorem (i) = (ii). Suppose (x,,) C E®, x, — x globally in measure and
I%all gy = lIxllge. Thus |x¥]| ; = [lx*]| ;. We need to show that

lx, — xll g — 0.

Set ¢ > 0. We divide the proof into several parts.
I. Suppose x; € E. Denote

£
A, = I:|x, — _—
©) {’ € libn () =x Ol > 77 ||x:||E}

Then

E(*>:| ’

llx, — x”E(*) =< CE(*) [|| (xp — x) XA, (e) ”E(*> + H (X, — x) XA;,(s)
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where A, (8) = I\ A, (¢). Note that H Ctn =) X' o)
Moreover,

< g/4C for each n.
s /4C g

[ Gon =) xaner | oo = Ceen [ onxane) " + 1 Gexane) 1]

By the assumption m (A, (¢)) — 0. Then ||X*X(0,m(An(s))) ||E — 0, by (i) (a).
Note that (XXA,l(s))* < X*X©.m(4, (). Consequently, there is Np such that
H (xXAn(s))*”E < 8/ <4C125(*)) forn > Nj. Similarly, (XnXAn(g))* < x:)(((),m(An(g))).

Note that x; — x* globally in measure (see Lemma 3.5). By Remark 4.5,
||x:f)((0,m(An(€))) ”E — ||x*X(0 m(An(e))) ||E’ since x* is an H;-point. Thus there is

Ny such that H (anAn(s))*“E <¢g/ (4CE(*)) for n > Njp. Finally, ||x, — xllpw < €
for n > max {Ng, Ni}.
II. Assume that x; ¢ E. It means u* (c0) = 0 for each u € E®. Denote

Av={tel:|x@®)|<1/k} and Ay = [t € I : x* (t) < 2/k}.

Note that (x XAk)* < x* and (x XAk)* — 0 globally in measure, whence by

Lemma 4.3,

(’xXAk)*HE — 0. Moreover,
there is kg such that

X XA HE — 0 by Lemma 4.1. Thus

* 3 % 2
H (XXAk ) <eg/ (16CE(*)) and Hx Xl = —— (4.3)
o/ g ko 16C.,,CE
1. We prove that there is Ny € N such that
G =00, |, = 2/ (2Cpe) (44)

for all n > Np. Set

Ay = {t € Aky t 1xn (1) —x (1)] = 1/ko} and
Bl’cl() {IEAk0~|xn(t)_X(l‘)|<l/ko},

Then m (AZ()) — 0. By the assumption (a), there is N such that

e, = e 5goman )

for n > Nj. Note that x; — x™* globally in measure (see Lemma 3.5). Since
(x”XAZO) < X”X(O,m(A;(‘O)} and x™ is an Hg -point, by Remark 4.5, there is Ny > N

*
()|,

_=e/(1663)

such that

<¢/ (scE(*)) 4.5)
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for n > N;. Moreover, by (4.3),

*
| o ) [, = [ (2

k
Now we estimate the norm ” (XnXB;' ) ” . Note that |x, ()] < 2/ko fort € B,fo,
o/ IE

Y (16CE(*) CE) . (4.6)

whence
* *
(anBg()) XI\A,TO SX*XI\&VO and (xxgg()) XI\K;(VO SX*XI\AZO~

* *
Moreover, x;, x Bl = XXBp globally in measure, so (xn XBp ) — (x XB ) globally
0 0 0 0

*
in measure (see Lemma 3.5). The assumption x* € (x) gives H (xnxgz ) Xy, . —
0
k
H (xXB;:O) X1\ay, HE Thus, by (4.6), there is N3 such that

&

*
[C A . @)
ko ko Il E 8CE<*) Cg
%
for n > N3. Moreover, (xanzO) X, < x;‘:XAkO x;:xgkvo . X*XA;) .
by Remark 4.5. Consequently, by (4.3), there is N4 such that
* &
| Gouxsy ) x|, = |vixa |, = =5 (48)
E E SCE(*) Ce

for n > N4. Summing up the above conditions (4.3), (4.5), ( 4.7) and (4.8), taking
No = max {N1, N», N3, N4} we obtain

H (Xn = X) XAy, i~ =Cgw [ Xn XAk || poo + H kg (*)]
<&/ (8CLw) + Cr) [ XnXAL | g T || X0 XBY, E<*)]
<&/ (4Cpw) + Cé(*) X By || g
=¢/(4Cpw) + C2, (an3,¢0>* .
< e/ (4Cgw) + C2.,CE [H (anBl'o)* Xig |z T H <XnXBZO)* X1\Ag, E]
=&/ (4Cpw) +¢/ (4Cpw) = ¢/ (2Cpe)
for n > Np.

E, where A;co = I\Ayg,. Set

2. Now we estimate

|:()Cn - )C) XA;0:|

Cp = {t €Ayl (D] <20 (t)|} and D, = [t € Ay ¢ 1 (D] > 21 (t)|}.
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Note again that

o =) x| = Cror ([0 =) xe, ]| g+ [0 =20 x|}

E®

We have | (x, (1) — x (1)) xc,| < 31x () xc, < 31x (1)), whence ((x, — x) xc,)" <
3x*. Since (x, — x) xc, — 0 globally in measure, so ((xn —X) ch)* — 0 globally
in measure (see Lemma 3.5). By Lemma 4.3, ||((x, — x) xc,)”|| » — 0, because 3x*

is an H;-point (see Remark 4.6). Thus, there is N5 such that

|| ((xn —X) ch)*”E <eg/ (SC%;(*)) for n > Ns.

We have |(x, —x) (¢)| = |x(¢)| = 1/ko for t € D,. Thus m (D,) — 0. Since
(X)(Dn)* < x* and (x XD,,)* — 0 globally in measure, there is N¢ such that
I (xxpn)*HE <e/ (8C135<*)> for n > Ng, by Lemma 4.3. Furthermore, [anDn]* <
X XOmpy) and || x*xomp,)| — O by the assumption (i) (a). Consequently,

| x0.mpyy | = 0. by Remark 4.5. Therefore, there is N7 such that | (xaxD,)" | 2
<eg/ <8C‘3E<*)> for n > N7. Consequently, for n > max {Ns, Ng, N7}, we have

<eg/ (SCE(*)) + Cg» || [(xn —Xx) XD,,]*HE

E®)
e/ (8Cgw) + Che [[[xx0, ] [ ¢ + [ [xaxo, ][ ]
8/ (ZCE(*)) .

(o =) 20
0

IA

IA

Summing up cases 1 and 2 we obtain

E®) +

E(*))

g — 0 for any sequence a, — 0 follows from

lbtn = xllper < Cpon (H (% = ) (% =) X

ko
< gforn > max {Ny, ..., N7}.

(i) = (i). The condition ||x*x(0,an)
Lemma 4.7.

We prove the condition (b). Let (x,) C E, x, = x,, and x; — x™ globally in
measure and Hx — |Ix*||g. Since x* (c0) = 0, there is a measure preserving
transformation:

g
nllE

(D) y : I — I suchthatx* oy = |x| a.e. when m (supp x) < oo,
(I1) y : suppx — (0, co) suchthat x*oy = |x|a.e.onsupp x whenm (supp x) = oo
(see Lemma 2 in [19]).

Set x,, = x, o y in the case (I) and

~ | xa(y(@)iftesuppx,
=10 if ¢ ¢ suppx,
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in the case (IT). Then x,; — |x| in measure. Moreover,
Ixalle = |50 ]z = [Ga o )|z = |GD*| = 1%l g

whence [|X [l o — [l1x]]l g0 Since x is an H,-point of E®™ by Theorem 3.9, |x| is
an Hg-point of E ) (note that this implication is true without the assumption that E is
L-convex). In consequence,

[ Gt =x) ] = I(Cd = x7) o) | p = [ = D[ = 1% = bl oo — 0.

Since E € (+), we have |x} — x*| , — 0 as desired. O

Remark 4.11 In Theorem 4.9 the implication (ii) = (i) (b) is not true in general
without the assumptionthat E € (+).Let E = Ll(O, 1/2]1®L*>°(1/2,1)onl = (0, 1)
with the norm

Ixlle = |xxo.a/2] 1+ |xxazn] -

Clearly, E ¢ (+), it is enough to consider x, = x[1/2,1/2+1/x]- We need to show that
|l - | geo 1s a quasi-norm or equivalently that there is a constant C > 0 such that

|IDax*||g < C|Ix*||g forallx* € E.

Letx = x* € E. Then

1/2 1/2 1/4
f (D2x) (5) x(0,1/2) (S)ds=f X(S/Z)d5=2/ x(s)ds <2|x|g .
0 0 0

Moreover, Dox = (Dax)*,

|(D2x) x(1/2.11| o < Dax (1/2) = x (1/4)
and
Ixlle = [xxo.1/2] 0 = [|xxo1m 0 = x (1/4) /4.

Thus || (D2x) x(1/2,11 ||LOO < 4||x|| g. Consequently,

ID2x 1l g = ||(D2x) x0.1/21 ;1 + [(P22) x12.11] joo < 6lxIE-

Set
X = X(0,1/2] + X@3/4.1)-

Then x* = x(0,3/4) and [|x|| gy = [|x*||g = 3/2. Taking x, = x(0,3/4+1/n]> We have
Xp = x5, Ix, g = 3/2and x; — x* globally in measure. However, || x¥ — x* ||E =1,
whence x* is not an Hy-point of E.
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We will prove that x is an Hg-point of E & Let (x,) C E® be a sequence such
that x, — x globally in measure and ||x, || p» — ||x|l g . Let & > 0. Denote

A, () = {t el (1) —x (1) > ;}
Aixrll gen

Note that
[ = %) xn\ane) ||E<*) <e/4 4.9)

Moreover,

1Gen = %) Xan© [ g = 6 ([ Xnxane | g + ¥ xa00) | o) -
Since m (A, (¢)) — 0, so relabelling, if necessary, we assume that m (A, (¢)) <
1/2 for each n and consequently both norms above reduce to L' (0, 1/2]. Then
HxXAn &) ||E(*) — 0. Set

Al ={teA,(e):x, (1) <2} and A2 = {t € A, (¢) : x, (1) > 2}.

Then ‘

)E(*) — 0. Furthermore, x;; — x* globally in measure, by Lemma 3.5.

Consequently, x; (fp) — 1 for each 0 < #9 < 3/4. Thus ‘

AnXAl

X 2 — 0
nXA2 E®

because otherwise we would get a contradiction with | x|, — [x*| z. Summing
up, |lx, — x|l g < e for sufficiently large n.

If E is a symmetric Banach function space then E® = E and all assumptions
of Theorem 4.9 are satisfied. Therefore, from Theorem 4.9 and Remark 4.10, we get
immediately.

Corollary 4.12 Suppose E is a symmetric Banach function space.

(1) If x* is an H;—point of E and UX*X(O,an)
x is an Hg-point of E.
(ii) The converse implication is true if we assume additionally that x* (00) = 0.

g = 0 for any sequence a, — 0 then

Remark 4.13 The point (i) in above Corollary is an essential generalization of The-
orem 3.5 in [8], because we don’t need the assumption that x € E,. Moreover, our
assumption of (i) is weaker than x* is an Hg-point of E which is used in Theorem 3.5
in [8].

It is known that the following useful equivalence is true in order continuous sym-
metric Banach function space: ||x, — x|| — 0 if and only if x, — x globally in
measure and ||)c;liF —x* || — 0 (see Corollary 1.6 in [6]). Later the same result has
been proved under a weaker assumption that x € E, ([10, Proposition 2.4]). Now
we will show that such a characterization is also true under the assumptions that x*
is an H;—point of E and Hx*x((),an) ||E — 0 for any sequence a, — 0. Recall that
properties OC and H, are independent (see the discussion in [8], Section 5).
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Proposition 4.14 Suppose E is a symmetric Banach function space, x* is an H, g* -point

of E and ||X*X(0,a,,)
equivalent:

g — 0for any sequence a, — 0. The following statements are

@ llxn —xllg — 0.
(i) x, — x globally in measure and ||x,’{ —x* ||E — 0.

Proof The implication (i) = (ii). Suppose ||x, — x||g — 0. Then, of course, x,, — x
globally in measure, since E is symmetric. Moreover, |x, || g = lxnlle = lxllg =
[x*||g. On the other hand, x;; — x* globally in measure, by Lemma 3.5. Thus
[ — x* ||E — 0 because x* is an Hy-point of E.

The implication (ii) = (i). By the assumption, x, — x globally in measure and
”x,’; || e lx*|| . Applying the proof of Theorem 4.9, the implication (i) = (ii), we
conclude that ||x, — x||g — O. O

Remark 4.15 Notice that if x* is an Hg-point of E then the assumptions of the above
proposition are satisfied. Moreover, if x* (co) = 0, we may replace the assumptions
in the above proposition by x is an H,-point of E (see Corollary 4.12).

Recall that 0 < x € E is called a point of upper monotonicity (x is a U M-point
briefly) of E whenever for each y > x and y # x we have ||y > ||x]| (see for
example [25]). The space E is called strictly monotone (E € (SM)) provided each
pointx € E isa UM-point of E.

Corollary 4.16 (i) Suppose E and E™) are Banach function spaces. Let E € (+)
and 0 < x € E™. The following statements are equivalent:

(i) The point x is an Hj-point of E™.
(ii) The point x is a point of order continuity of E®, x is an Hyg-point of E® and x
is a UM-point of E®.
(iii) The point x* is an OC* point of E, x* (o0) = 0, x* is an H}-point of E and x*
P p p
is an U M*-point of E.

Proof Theequivalence (i) < (ii) comes from Theorem 3.10 from [8]. The equivalence
(i) < (iii) follows from Theorem 3.8, Theorem 3.9 in [25] and Theorem 4.9. Note
that if x* is an OC* in E then ||X*X(0,a,,) g — 0 for any sequence a, — 0. O

From Theorem 4.9, Remark 4.10 and the above Corollary we conclude

Corollary 4.17 (i) Suppose E is a quasi-Banach function space which is p-convex
with the constant 1 for some p > 0. Let E € (+) and x(0,00) ¢ E. Then the following
statements are equivalent:

(@) The symmetrization E™ has the property Hg and x* € (%) forallx = x* € E.

(b) The space E has the property Hy and ||X*X(0,a,,) g — 0foreach x* € E and
any sequence a, — 0.

(ii) Assume that E and E™ are Banach function spaces. Let E € (+). The sym-
metrization E™) has the property Hj if and only if E € (OC¥), X0,00 ¢ E,

Ee (H;) and E € (SM*).
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5 Kadec—Klee properties in Marcinkiewicz spaces M;,*)

Proposition 5.1 The Marcinkiewicz space M 5)*) has no Hg points for any quasi-
concave function ¢.

Proof Let0 # x € M(;)*). Denote

ap = sup x* ()¢ () forn=2,3...
1€(0,1/n]

Note that 0 < a,4+1 < a, < oo for each n. Thus the limit a = lim,,_, , a,, exists. We
divide the proof into two parts.

(i) Suppose a > 0. Then there exists asequence t, — 07 suchthat¢ (¢,) x* (t,) > a/2
for each n. Thus

* . *
|x* x 0.0 || oo ) = S KOOz a2

Consequently, by Lemma 4.7, x is not an H,-point of Md(>*)'

(ii) Assume thata = 0. Set C = {r : |x (t)| > x™* (00)}. We consider two subcases.
(1) Suppose m (C) > 0. Then, by Lemma 2.2 from [7], there is a measure preserving
transformation o : C — (0, m (C)) such that x* oo = |x| a.e. on C. Since a = 0 and
x # 0, thereis 0 < § < m (C) such that

1
sup x* (1) ¢ (1) < = lIxll 0, (5.1
1€(0,5] 27 M

whence ||x||M(*> > 2¢ (1) x* (¢) for t < 8. Let (A,) be the sequence of measurable
¢

sets such that A, = o1 ((0,8/n)) C C. Then
||X||Md()*> > 2¢ (0 (5) x* (0 (5))

fors € A,. Denote

~ IIXIIM;*>
On (s) = ¢ (o (s)) fors € A, and x, = py XA, T XXI\A,-

n

Then x, — x globally in measure. Note also that

te(0,8/n] n

||x||M;)*> *
sup ~— XA, T XXn\A, | @)@ ()
X *
l ||M;>

= sup X0,5/n1 O @ @) = |lxIl 00
1e©.8/n] @) " M,
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and, by (5.1),

el 0 *
sup ( ~—Xa, +XX1\A,,) ()¢ (1) = sup x™ (1) X(5/n,00) @) ¢ O=lxllye

t>8/n n t>8/n
whence || x|l ,,0 = |lx||,, . Notice that
"My My
”x”M;*) ||x||M$) ”x”Ma(b*) .
= X($) > = —x()=—— —xT (0 (s))
&n () &n (s) @ (0 (s))
lxll e llxl 00 lxll 0
My My Mg

Z0@ () 206D 28, 0)

for s € A,. Therefore, applying the equality m (A,) = m (a_1 (0, S/n))) =
m ((0,6/n)), we get

el 0 *
I =l = S0 (50 = )" (V¢ (1) = sup ( e xA,l—xXAn> 0 (1)

>0 1€(0,8/n] O
||X||M;*> *( Lo ||x||M$<>
> sup ~"xa, | OP@t) = —".
1€©,5/n] \ 2 2

(2) Assume that m (C) = 0. Then x* = by0,00) for some b > 0, because x # 0.
Since a = 0, we find a number § > 0 such that

1
sup X (1)) (1) = sup bp (1) < =l
1€(0,68] te(0,8] [

Taking a sequence of sets A,, = (0,6/n) and

llxll 00

¢

Xp = XA, T XXI\A,>

we finish as above. O

6 Kadec—Klee properties in Lorentz spaces

Here we consider the Lorentz spaces A defined in Sect. 4 and also the Lorentz spaces
Apw,0 < p < 00, defined by the norm

1l pow = </1 (x*)? w)l/p’
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where w : I — (0, 00) is a measurable weight function satisfying the condition
W) = fot w < ooforallt € I.Then A,y = (Lp (wl/p))(*). Moreover, || - || p,w 18
a quasi-norm (equivalently A, ,, is a linear space) if and only if W satisfies condition
Ao, that is there is a constant K > 0 such that W (2¢r) < KW (¢) forall r € %I (see
[9,20]). Consequently, we assume always that W € A,. Itis also known that || - || 5,
is anorm if and only if p > 1 and w is nonincreasing. Note that if w is nonincreasing
then Ay, is a particular case of Ay when ¢(0T) =0.

Corollary 6.1 Let p > 0. The space Ay, has the property H, that is each point
x € Ap y is an Hg-point.

Proof We apply Theorem 4.9, the implication (i) = (i) withE = L, (wl/ P).Clearly,
L, (w!/P) is p-convex with the constant 1. Note that L, (w!/?) € (OC), whence
x* e (%) for each x* € L, (wl/p) (see Example 4.8(i)). Let x € Ap )\ {0}. Then
x* e L, %wl/p). Take a sequence a, — 0. Since L, (w'/?) € (OC), we have
HX*X(O,a,,) Ly (/) — 0.

Now we prove that x* is an H; -point of E = L, (wl/ 1’) which is stronger than
H ;—point of E. In view of Theorem 3.15 we divide the proof in two parts.

(i) Let (d,) C E4 be asequence such that d,, < x* and d,, — 0 globally in measure.
Then, by L, (wl/p) € (0C), we conclude that ||d,||[g — O.

(i) Recall that a quasi-Banach function space E is said to be uniformly mono-
tone (E € (UM) briefly) if for all sequences 0 < y, < x, € E satisfying
lxullg — llynllg — O we have ||x, — y,llg — O (see [4]). Consider a sequence
(yn) C E4 suchthatx™ < y,,y, — x*globally in measure and ||y, | g — llx*|| .
Thus ||y, —x*||p — 0, because L, (wl/p) € (UM). Indeed, by the defini-
tion, L{ (w) € (UM). Moreover, (L (w))(”) € (UM), by Corollary 4.5 from
[30] (note that L (w) satisfies the respective assumption). Since (L (w))(p) =
L, (wl/p), the proof is finished. O

Remark 6.2 For p > 1, the previous Corollary can be concluded also from [23,
Corollary 3.21] (with a different proof).

Consider the Lorentz space Ay = (L' (d¢>))(*) with ¢ being concave.If ¢ (07) = 0
then Ay = (L' (¢))™. Recall that

11 21 gy = O xllLoocr) +/IIX(t)I¢/(t)dt-

Remark 6.3 (i) If ¢ (07) > O or ¢’ > O then || - || 1(44) is @ norm. If ¢ (07) = 0
and ¢’ (t) =0 forz > a € (0, m (I)) then || - ||L1(d¢) is only a semi-norm (it satisfies
the triangle inequality, it is homogeneous and [|0]| 144, = 0) but still L' (dp)® isa
normed space.
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(ii) Note that L' (d¢) € (+). Indeed, by Hardy-Littlewood inequality,

Il 1 gy = SO xllzery + /1 (D] ¢ (D)t < O Ix* [l (r)

+ /1 SO Ot = 151110

in view of the fact that ¢’ is nonincreasing (see [3,29]).

Note that the point (ii) below has been proved directly in [6, Corollary 1.3], see
also [23, Corollary 3.21].

Corollary 6.4 (i) If ¢ (O+) > 0 then Ay has no Hg-points.
(ii) Suppose ¢ (0"') =0.Then Ay € (Hg) that is each x € Ay is an Hg-point.

Proof (i) Let 0 # x € Agy. Then there is a number § > 0 such that the set A =
{t € I :|x(t)| > 48} has a positive measure. Take a sequence (A,) in A with 0 <
m (A,) — 0.Letx, = |x| xa,. Then x, — 0 globally in measure and

Ixnllag = @O lxyllzoe(ry = ¢(07)3.

By Lemma 3.14, x is not an H,-point. Clearly, the space Ay satisfies assumptions of
Lemma 3.14 because it is just a normed space.

(ii) We follow as in the proof of Corollary 6.1. Note that Theorem 4.9, the implication
(1) = (ii), is true also if (E, ||-]|) is only a semi-quasi normed space. O

Remark 6.5 The case ¢ (01) = 0 and ¢’ > 0 above is included in the Corollary 6.1.

Obviously, the notions of H,-point and H;-point coincide if I = (0, 1). Conse-
quently, we consider only the case I = (0, co) below.

Corollary 6.6 (i) Suppose p > 1and w is nonincreasing. The element0 < x € A
is an Hj-point of Ay, if and only if x* (00) = 0.

(ii) Assume that ¢ (07) = 0. The element 0 < x € Ay is an Hj-point of Ay if and
only if x* (c0) = 0 and m {t el x*(t) <x* (y‘)} = 0 whenever y < 00 with
y = m (supp ¢').

(iii) If ¢ (0") > O then Ay has no Hj-points.

Proof (i) By assumptions, A ,, is a symmetric Banach space. By Theorem 3.10 from
[8], x € Ap w is an Hj-point of A ,, if and only if x € (A[,,w)a, x is an Hg-point
of Ap .y and x is a UM-point of A, . Next, x € (Ap,w)a if and only if x* (c0) = 0
(the necessity follows from Lemma 3.1, the sufficiency from Lebesgue dominated
convergence theorem). Moreover, each x € A, is an Hg-point by Corollary 6.1.
Finally, x is a U M-point of A, ,, if and only if x* is a U M*-point of L, (w'/?) and
m{t €l :x* () <x*(c0)} =0by Theorem 3.8 in [25]. The condition x* (c0) = 0
gives automatically thatm {r € I : x* (t) < x™ (0c0)} = 0. Finally, each x* is a U M*-
point of L (wl/p), because w > 0.
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(ii) Obviously, Ay is a symmetric Banach space. By Theorem 3.10 from [8], x € Ay
is an Hj-point of Ay if and only if x € (A¢)a, x is an Hg-point of Ay, and x is
a UM-point of Ag. Next, x € (A¢)a if and only if x* (c0) = 0 (see for example
Corollary 4.13 in [25]). Moreover, each x € Ay is an Hg-point by Corollary 6.4.
Finally, by Corollary 4.17 in [25], if x* (00) = O then x is a U M-point of Ay if and
only if m {r € I : x* (1) < x*(y~)} = 0 whenever y < oo with y = m (supp¢’).

(iii) It follows from Corollary 6.4. O

7 Questions

1. The full characterization of an H;-point in a symmetric Banach function space
on I = (0, 00) has been given in [8, Theorem 3.10]. Namely, x is an H;-point if
and only if x € E,, x is a UM-point and x is an Hg-point. Does it remain true
for a symmetric quasi-Banach function space? If yes, we can get immediately the
characterization of an H;-point in symmetrizations E™) which would be more general
than in Corollary 4.16. Unfortunately, one crucial assumption in the proof of Theorem
3.10in [8] is the embedding E < L' + L which is not satisfied in general if E is
symmetric quasi-Banach function space (see also (2.4)). Although there are examples
of symmetric quasi-Banach function spaces with E <> L! 4+ L, it seems natural
to look for such characterization of H;-point without this restricted assumption. Thus
new methods should be applied.

2. Recall that x is called *-regularif m ({t € suppx : |x ()| < x* («)}) = 0, where
a = m (I) (in particular this is the case when x* (co) = 0 or I = (0, 1))—see [8].
Does the implication (ii) = (i) (b) in Theorem 4.9 remain true if we replace the
assumption x* (co) = 0 by a weaker one that x is x-regular. Perhaps it is possible,
because we may apply similar techniques as in the proof of Theorem 3.3 in [8], but
someone need to check carefully all details because the case of quasi-normed space is
much more delicate than the case of normed space (especially if we consider properties
invariant under isometry).
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