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Abstract This paper is devoted to the semilattice ordered V-algebras of the form
(A, Q, +), where + is a join-semilattice operation and (A, Q) is an algebra from
some given variety V. We characterize the free semilattice ordered algebras using
the concept of extended power algebras. Next we apply the result to describe the
lattice of subvarieties of the variety of semilattice ordered V-algebras in relation to
the lattice of subvarieties of the variety V.
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1 Introduction

Ordered algebraic structures, particularly ordered fields, ordered vector spaces,
ordered groups and semigroups, have a well-established tradition in mathematics.
It is due to their internal interest and due to their applications in other areas.
Special class of ordered algebras is given by semilattice ordered ones.
Let U be the variety of all algebras (A, Q) of finitary type 7: Q — NandletV € U
be a subvariety of U.
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Definition 1.1 An algebra (A, Q, +) is called a semilattice ordered V-algebra (or
briefly semilattice ordered algebra) if (A, Q) belongs to a variety V, (A, +) is a (join)
semilattice (with semilattice order <,i.e. x <y & x+ y = y), and the operations
from the set Q distribute over the operation +, i.e. for each 0 # n-ary operation
weQ,and xy, ..., X5, Viy..., Xy €A

Oy ooy XiF Vig ooy Xp) = (X1, 0oy Xiy ooy Xpy)
F O,y Visener Xn), (1.1)

forany 1 <i <n.

Basic examples of semilattice ordered algebras are provided by additively idem-
potent semirings, distributive lattices, semilattice ordered semigroups and modals
(semilattice ordered idempotent and entropic algebras).

In 1979 McKenzie and Romanowska [10] showed that there are exactly five vari-
eties of dissemilattices—semilattice ordered semilattices. Apart from the variety of
all dissemilattices and the trivial variety, there are the variety of distributive lattices,
the variety of “stammered” semilattices (where both basic semilattice operations are
equal) and the variety of distributive dissemilattices.

In 2005 Ghosh et al. [5] described the lattice of all subvarieties of the variety gen-
erated by all ordered bands (semirings whose multiplicative reduct is an idempotent
semigroup and additive reduct is a chain). They showed that the lattice is distributive
and contains precisely 78 varieties. Each of them is finitely based and generated by a
finite number of finite ordered bands.

In the same year, Kufil and Poldk [9] introduced the certain closure operators
on relatively free semigroup reducts and applied them to describe the lattice of
subvarieties of the variety of all semilattice ordered semigroups.

But, in general, very little is known about varieties of modals. In 1995 Kearnes [§]
proved that to each variety V of entropic modals one can associate a commutative
semiring R(V), whose structure determines many of the properties of the variety. In
particular,

Theorem 1.2 ([8]) The lattice of subvarieties of the variety V of entropic modals is
dually isomorphic to the congruence lattice ConR (V) of the semiring R(V).

Using Theorem 1.2, Slusarska [17] described the lattice of subvarieties of en-
tropic modals (D, -, +) whose groupoid reducts (D, -) satisfy the additional identity:
x(yz) ~ xy.

Just recently (see [13]) we described some family of fully invariant congruences
on the free semilattice ordered idempotent and entropic algebras which can partially
result in describing subvariety lattices of modals.

The main aim of this paper is to describe a structure of the subvariety lattice
of all semilattice ordered U-algebras of a given type and study how it is related
to the subvariety lattice of all U-algebras. Kufil and Poldk introduced in [9] the
notion of an admissible closure operator and applied it to describe the subvariety
lattice of the variety of semilattice ordered semigroups. Description proposed by
them is complicated and strictly depends on properties of semigroups. Applying
the techniques from power algebras theory we simplify their description. Moreover,
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we generalize their results and obtain another type of description of the subvariety
lattice of all semilattice ordered algebras.
We start with the following easy observation.

Lemma 1.3 Let (A, Q, +) be a semilattice ordered U-algebra, x1, ..., Xp, Y1s--., Vn €
A, and let ® € Q be an 0 # n-ary operation. If x; < y; for each 1 <i < n, then

o1, .., x) <o, ..., V). (1.2)

Note, that by Lemma 1.3 each semilattice ordered U-algebra (A, Q,+) is an
ordered algebra (A, Q, <) in the sense of [1, 3, 4].
There are two other basic properties worth mentioning.

Lemma 1.4 Let (A, Q, +) be a semilattice ordered U-algebra, and x;; € A for1 <i <
n, 1 < j<r. Then for each 0 # n-ary operation » € Q we have

co(xu,...,x,,l)—l—...+w(x1,,...,x,,,) (13)

<o 4. F Xy Xn e X))

Lemma 1.5 Let (A, Q, +) be a semilattice ordered U-algebra and let v € Q be an 0 #
n-ary operation. The algebra (A, Q, +) satisfies for any x € A the condition

w(x,...,x) <x, (1.4)
if and only if for any x,, ..., x, € A the following holds

WXy, .. X)) X1+ ...+ X, (1.5)

In particular, if a semilattice ordered U-algebra (A, Q, +) is idempotent then
Eq. 1.5 holds.

It is easy to see that in general both Egs. 1.2 and 1.3 hold also for term operations.
The proofs go just by induction on the complexity of terms. Also, in such a case, for
any term operation ¢, we obtain the inequality

XL, ey Xy ooy X)) FE(X 1, oy Vi ooy X)) S E(X0, ooy XiF Vig oo oy X)), (1.6)

that generalizes the distributive law Eq. 1.1.

The paper is organized as follows. In Section 2 examples of semilattice ordered
V-algebras are provided, for some given varieties V. Among the others, we mention
semilattice ordered n-semigroups, extended power algebras and modals. In Section 3
we describe the free semilattice ordered algebras (Theorem 3.4) and next we apply
the result to describe the identities which are satisfied in varieties of semilattice
ordered algebras (Corollary 3.10). Section 4 is devoted to present the “main knots”
in the subvariety lattice of semilattice ordered algebras (Theorem 4.7). In Section 5
we characterize so called V-preserved subvarieties of the variety of all semilattice
ordered algebras. In Theorem 5.9 we show that there is a correspondence between
the set of all V-preserved subvarieties and the set of some fully invariant congruence
relations on the extended power algebra of the V-free algebra. Theorem 5.12
contains the main result of this paper, i.e. the full description of the lattice of all
subvarieties of the variety of all semilattice ordered algebras. The last Section 6
summarizes all results in the convenient form of the algorithm.
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The notation #(xy, ..., x,) means the term ¢ of the language of a variety V contains
no other variables than xi, ..., x, (but not necessarily all of them). All operations
considered in the paper are supposed to be finitary. We are interested here only
in varieties of algebras, so the notation ¥V C V means that WV is a subvariety of a
variety V.

2 Examples

In this section we discuss some basic and natural examples of semilattice ordered
algebras.

Example 2.1 Semilattice ordered semigroups. An algebra (A, -, +), where (A4, ') is
a semigroup, (A, +) is a semilattice and for any a,b,c€ A, a-(b+c)=a-b +
a-cand (a+b)-c=a-c+b -cis a semilattice ordered semigroup. In particular,
semirings with an idempotent additive reduct [11, 18], distributive bisemilattices [10]
and distributive lattices are semilattice ordered SG-algebras, where SG denotes the
variety of all semigroups.

Example 2.2 Semilattice ordered n-semigroups. Let 2 < n € N. An algebra (A, f)
with one n-ary operation f is called an n-semigroup, if the following associative laws
hold:

f(f(als ) an)s Apyis .- aQZn—l)

== f(ulb cees gy f(aH—I: LR 5ui+n)a ai+ﬂ+15 LR 5”2}1—1)
=== f(ala-~-5an—la f(ans~-~,02n—1)),
forallay,...,ax—1 € A. A semigroup is a 2-semigroup in this sense.

An algebra (A, f, +), where (A, f) is an n-semigroup, (A, +) is a semilattice and
the Eq. 1.1 are satisfied for the operation f, is a semilattice ordered n-semigroup.

Let SG,, be the variety of all n-semigroups, (A, +) be a semilattice and End(A, +)
be the set of all endomorphisms of (A, +). For each 2 <n € N, we define n-ary
composition

wp: (End(A,+)" — End(A,+), wu(fi,..., fu) = fano...0 fi.

Then the algebra (End(A, +), w,, V), with (fi v f2)(x) ;== fi(x) + fr(x), for x €
A, is a semilattice ordered n-semigroup (semilattice ordered SG,-algebra). The
algebra (End(A, +), {w,: n € N}, V) is also an example of a semilattice ordered
algebra.

Another example of a semilattice ordered n-semigroup can be obtained as follows.
Let A be asetand Rel(A) be the set of all binary relations on A. Foreach2 <n e N,
we define n-ary relational product

wy: (Rel(A))' — Rel(A), w,(ry,...,rp) :=rpo...or].

Then the algebra (Rel(A), w,,U), where U is a set union, is a semilattice or-
dered §G,-algebra and the algebra (Rel(A), {w,: n € N}, U) is a semilattice ordered
algebra.
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Example 2.3 Extended power algebras. For a given set A denote by P-.(A the family
of all non-empty subsets of A. For any n-ary operation w: A" — A we define the
complex operation w: (P~¢gA)" — P-(A in the following way:

w(Ay, ..., Ay ={wa,...,a,) | a € A}, (2.1)

where ¥ # A,,..., A, € A. The set P.¢A also carries a join semilattice structure
under the set-theoretical union U. Jénsson and Tarski proved in [7] that complex
operations distribute over the union U. Hence, for any algebra (A, Q) € U, the
extended power algebra (P~ A, Q, V) is a semilattice ordered U-algebra. The algebra
(P=y A, Q, V) of all finite non-empty subsets of A is a subalgebra of (P.oA, Q, U).

Example 2.4 Modals. An idempotent (in the sense that each singleton is a subal-
gebra) and entropic algebra (any two of its operations commute) is called a mode.
Let M denote the variety of all modes. A modal is an algebra (M, Q, +), such that
(M,Q) e M, (M,+) is a (join) semilattice, and the Q operations distribute over
+. Examples of modals include distributive lattices, dissemilattices [10]—algebras
(M, -, +) with two semilattice structures (M, -) and (M, +) in which the operation -
distributes over the operation +, and the algebra (R, 1°, max) defined on the set of
real numbers, where 1° is the set of the following binary operations: p : R x R — R;
(x,y) — (1 — p)x+ py,foreach p € (0,1) C R.

Each modal is in fact a semilattice ordered M-algebra. Modes and modals were
introduced and investigated in detail by Romanowska and Smith [15, 16].

If a modal (M, Q, +) is entropic, then (M, Q, +) is a mode and it is an example of
a semilattice mode. Semilattice modes were described by Kearnes in [8].

3 Free Semilattice Ordered Algebras and Identities

Results of Kufil and Poldk [9] show that the problem of the characterization of
semilattice ordered algebras requires the knowledge of the structure of the power
algebra of a given algebra. In this section we will describe the free semilattice ordered
algebras using the concept of extended power algebras. Next we will apply the
result to describe the identities which are satisfied in varieties of semilattice ordered
algebras.

Let U be the variety of all algebras of finitary type 7: Q — N and let V be a
subvariety of U. Let (Fy(X), Q) be the free algebra over a set X in the variety V
and let Sy denote the variety of all semilattice ordered V-algebras.

Theorem 3.1 (Universality Property for Semilattice Ordered Algebras) Let X be
an arbitrary set and (A, Q, +) € Sy. Each mapping h: X — A can be extended to

a unique homomorphism h: (P Fy(X), Q,U) — (A, Q, +), such that h/ x = h.

Proof Let (A, Q, +) € Sy. By assumption, (A, Q) € V. So any mapping h: X — A
may be uniquely extended to an Q-homomorphism 4: (Fy(X), Q) — (A, Q).
Further, Q-homomorphism % can be extended to a unique {Q2, U}-homomorphism

h: (P Fu(X),Q,U) > (A,Q,4):  h(T) — D h(@),
teT
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where T is a non-empty finite subset of Fy (X).

To show that 4 is an Q-homomorphism, consider an n-ary operation w € Q and
non-empty finite subsets 7', ..., T, € Fy(X). Then

hao(T, ..., Ty)) =h(o, ..., t) | ;e T;})
— Z ho(t, ..., 1))

(t1yeestn) €T X x Ty,

= 3 o). hw)

(t1yestn) €T X X T,

=03 ht)..... D k) =o (AT, h(T).

neT theTy
Moreover, A is a semilattice homomorphism because

W UT) = D ht)y= > ht)+ D h(t) =h(Ty) +h(T»).

teTHUT, HeT LeT,

The uniqueness of % is obvious. O

By Theorem 3.1, for an arbitrary variety V € U, the algebra (P 5 Fy(X), Q, U)
has the universality property for semilattice ordered algebras in Sy, but in general,
the algebra itself doesn’t have to belong to the variety Sy.

Example 3.2 Let ) be a variety of idempotent groupoids satisfying the identities:
x-(y-g)~x-y~(x-y)-x and (x-y)-y~x

Consider the free groupoid (Fy(X), ) over a set X in the variety )V and its two
generators x, y € X. One can easily see that

({xHx, y, xy, yxhix, y, xy, yx} = {x, xy} # {x}.

This shows that the algebra (P={ Fy,(X), -, U) does not belong to the variety Sy.

Note that the semilattice ordered algebra (P=§ Fy(X), Q, U) is generated by the
set {{x} | x € X}. Hence, if (P Fy(X),Q,U) € Sy, then it is, up to isomorphism,
the unique algebra in Sy generated by a set X, with the universal mapping property.

Corollary 3.3 The semilattice ordered algebra (P Fy(X), Q, V) is free over a set X
in the variety Sy if and only if (P=§ Fy(X), Q, U) € Sy.

In particular, one obtains

Theorem 3.4 The semilattice ordered algebra (P=3 Fi5(X), Q,U) is free over a set X
in the variety Sis. Moreover, Sy = HSP((PS§Fis(X), Q, U)) for an infinite set X.
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With each subvariety S C Sg5 of semilattice ordered U-algebras we can associate a
least subvariety VV of U with the property S € Sy,. But, for two different subvarieties
V and W of U, the varieties Sy, and Syy can be equal.

Example 3.5 A differential groupoid is a mode groupoid (D, -) satisfying the addi-
tional identity:

x(yz) ~ xy.
Each proper non-trivial subvariety of the variety D of differential groupoids (see
[14]) is relatively based by a unique identity of the form
~ xy' (3.1)

i

(.. ((xéz)y)...))j =:xy

i—times

for some i € N and positive integer j. Denote such a variety by D;;, ;. Obviously, the
variety Dy is exactly the variety LZ of left-zero semigroups (groupoids (A, -) such
thata-b =aforalla,b € A).

Let Sp denote the variety of all dif ferential modals (modals whose mode reduct is
a differential groupoid) and let Sp,; € Sp be the variety of semilattice ordered Dy ;-
groupoids. We showed in [12] that for each positive integer j, one has Sp,, = S z.

Example above arises the question, for which different subvarieties V; # V, C U,
the varieties Sy, and Sy, are different, too.

To answer this, for an arbitrary binary relation ® on the set P55 Fy(X) we will
introduce a new binary relation O c Fy(X) x Fy(X).Fort,u e Fy(X)

(Luye® < ({1}, {u}) € 0.

Example 3.6 1tis easy to see that for the least equivalence relation idp=¢ sy, (x) and the
greatest equivalence relation 7 on the set Py Fy(X), we have idp=o r,,(x) = idp, (x)
and 7 = Fy(X) x Fy(X).

Clearly, if @ is an equivalence relation, then @ is an equivalence relation, too.
Additionally, if we consider the algebra (Fy(X),Q) and © is a congruence on
(P=y Fyv(X),Q,U), then also @ is a congruence relation on (F(X), Q).

Lemma 3.7 Let © be a fully invariant congruence relation on (PZy Fy(X),Q,U).
Then the relation © is a fully invariant congruence on (Fy(X), Q).

Proof Lett,u € Fy(X). We have to prove that, if (¢, u) € © then also (a(f), a(u)) €
0, for any endomorphism a of the algebra (Fy(X), Q).

It was shown in [2] that if «: A — B is a homomorphism of Q-algebras (A, Q)
and (B, Q), so is a™: P A — P=¢B, where a™(S) :={a(s) | s € S} for any S €
Py A. Obviously, at is also a homomorphism with respect to U. If  is an endo-
morphism of the algebra (Fy(X),Q), then a* is an endomorphism of the algebra
(P=¢Fy(X), Q,U).

Since, by assumption, @ is a fully invariant congruence on (P=y Fy (X), Q, U), then
in particular ({r}, {u}) € ® implies (a*({t}), a ™ ({u})) € ©. Since o™ ({x}) = {a(x)} for
any x € A, one obtains (a (), a(u)) € 0. O
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Let Conyi(Fy(X)) be the set of all fully invariant congruences of the algebra
(Fy(X),Q) and denote the set of all fully invariant congruences of the algebra
(P25 Fv(X), Q, V) by Con i(PZ¢ Fy(X)).

From now through all over the paper, we assume X is an infinite set. By Lemma
3.7, each fully invariant congruence relation ® on (P5§ Fi5(X), Q, U) determines a
subvariety Ug of U:

Ug := HSP ((F5(X)/0, Q).

Of course, it may happen that for ®; # ©,, the varieties Ug, and Ug, are equal.

Example 3.8 By results of McKenzie and Romanowska [10] we have that there are
at least five subvarieties of the variety of semilattice ordered groupoids which are
also semilattice ordered semilattices. But the variety of semilattices has only two
subvarieties.

We will show in Theorem 3.14 that for ©,, ®, € Con ;;(P=y F5(X)), different
congruences 0, # 0, € Con fi(F3(X)) always determine d1fferent subvarieties of
the variety Sg5. But first we prove some auxiliary results.

Lemma3.9 Let © € Conpi(PSyFs(X)) and t=1t(xy, ..., x ), u=u(xy,...,X;) €
F5(X) be k-ary terms. Then, the identity t ~ u holds in (PZ§ Fi5(X)/0,Q, V) if and
only if ({t}, {u}) € ©.

Proof Let the identity t ~ u hold in (P Fi5(X)/0, Q, V). This means that for any
Pi/O, ..., P/O e Py Fi5(X)/0O, we have

t(Py,...,P)/® =1(P)O, ..., Pt/O) =u(P/0, ..., Pr/®) =u(Pi,..., P)/O.

The latter implies that for any subsets Py,..., Py € Py Fis(X), one has
(Pyy..., Pr),u(Py, ..., Py) € O. In particular, for Py = {x1},..., Pr = {xx}, we
obtain ({t(xy, ..., xp)}, {ulxy, ..., xr)}) € O.

Now, let ({¢}, {u}) € @. Since ® € Con f;(PZ{ Fi5(X)), then for any endomorphism
a of (PI{Fys(X),Q,U) we also have (a({f}),a({u})) € ®. In particular, for any
subsets Py, ..., Py € PS5 Fis(X), we obtain (¢(Py, ..., Pr),u(Py, ..., Py)) € ©. This
means that the identity ¢ & u holds in (P=§ Fi5(X)/ ® Q,U). O

Corollary 3.10 Let © € Confi (P70 Fis(X)) andt,u € Fi5(X). Then, the identity t ~ u
holds in (P=§ Fi5(X)/0, Q) if and only if t ~ u holds in (F5(X)/0, Q).
Corollary 3.11 Let ® € Con (P Fi5(X)). Then

HSP((PZ¢ Fs(X)/©,Q, L)) € Sis;.

Lemma3.12 Let ©,¥ € Con (P Fi5(X)) be such that (PZyFis(X)/¥Y,Q,U) e
Sis.. Then, ® C P.

0"

Proof Let t,u € F5(X) and (t,u) € ®. By assumption, (P§ Fs(X)/ Y, Q) € Ug.
This means the identity ¢ ~ « holds also in (PZ§ Fi5(X) /¥, Q, U). By Lemma 3.9 we
obtain (¢, ) € ¥ which shows @ C P. O
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Corollary 3.13 Let ©,Y e Con 5 (P=y Fi5(X)) be such that
S5 = HSP((PZ) Fi5(X)/ ¥, Q,V)).
Then, ¥ = @.
Proof By Lemma 3.12, we have ©® C V. Further, by Corollary 3.11 we also

have HSP((PZ¢ Fi5(X)/0,Q,V)) € HSP((PZ¢ Fis(X) /Y, Q,U)). Therefore, ¥ <
©. Hence, ¥ € ©, which proves ¥ = 0. O

By Corollary 3.11 and Lemma 3.12 one immediately obtains

Theorem 3.14 Let ©,, ©, € Con ;;(PZ Fi5(X)). Then
0, #£0, = S, # S, -

Finally note that for each subvariety Sy, with V the subvariety of U, there exists a
congruence ® € Con ;;(P=§ Fi5(X)) such that V = Ug. Indeed, let

Sy = HSP((PZy F5(X)/ 0, Q, V))
and
S = HSP((PZy Fis (X)/ ¥, Q, L)),

for some O,V € Con(P-y Fi5(X)). By Corollary 3.11, Sy C Sy,. Further, by
Corollary 3.13 we have ® = ¥. Let t,u € F5(X) and let the identity ¢ ~ u hold in
Sy. By Corollary 3.10, we have that ¢ ~ u holds in Ug = Og. This implies that 1 ~ u
holds in (P5§ Fi5(X) /¥, Q) and proves that Si5; € Sy.

4 “Main Knots” in the Lattice of Subvarieties

In previous section we have shown that for different congruences ©; # 0, €
Conyi(F5(X)), with @, ©, € Con ;(PZy F5(X)), the subvarieties &561 and Sy
are always different. To describe all fully invariant congruences of the algebra
(P=y F(X), Q,U) which uniquely determine subvarieties of the form Sy, for some
VY C U, we have to introduce the next binary relation.
Let us define a binary relation % on the set Con ;(P={ Fi5(X)) in the following
way: for @, ®; € Con 7 (P=§ Fis(X))
O N, & @1 = @2.

Obviously, 9 is an equivalence relation.

Theorem 4.1 Let ©,¥ € Con (PS5 Fi5(X)) be congruences such that Si, =
HSP((Ps§ Fs(X) /YW, Q,V)). Then, ¥ = ﬂ%@/m @

Proof Let ©,¥ € Conyi(P5{ F5(X)) and S5z = HSP((PSg Fis(X)/¥, Q,U)). By
Corollary 3.13 we have ¥ € @/, thus obviously (gcgm ® S ¥.

On the other hand, for ® € ® /%, we have ® = 0. Hence, by Corollary 3.11
HSP((PZy Fis(X)/ @, Q,V)) C S5, = S5, = HSP((PZ¢' Fis (X)/ ¥, Q, V),
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which implies ¥ € (Ngcq 5 P, and consequently, ¥ = (e ©- o

Corollary 4.2 Let O, O, € Con f;(PZ{ Fi5(X)). Then

@1262: ﬂ o C ﬂ O.

DO /N De®, /N

Proof Let ©y, @5, ¥, ¥, € Con;(P:§ Fi5(X)) be such that
S5, = HSP((PZ§ Fis(X)/ Y1, Q,U)), and
S5, = HSP((PZ§ Fis(X) /W2, Q, V).

Since, by assumption, @1 C @2, then by Corollaries 3.10 and 3.13 we have SU@ C
Svs. - )
By Theorem 4.1, this is clear that

(| e=¥ic¥= () o

DO /N Ded, /N

which finishes the proof. O

Lemma 4.3 Let I be a set and for each i € I, let ®; be an equivalence relation on
Py Fi(X). Then

Né=Ne.
iel iel

Let ® € Con(P=y Fi5(X)), I be a set and for eachi € 1, let ¥; € ©® /0. Then by

Lemma 4.3, also [ ¥; € ©/R. This shows that in each class of the relation 9 there is
iel
the least element with respect to the set inclusion. Let

Con'jy(P=§ Fs(X)) := { © € Coni(P-{Fs(X)) | © = [ @
De@/N

be the set of all such the least congruences in each %-class.
Directly by Theorem 4.1 we obtain

Corollary 4.4 Let © € Con'’s,(PZ) Fi5(X)). Then

SUQ = HSP((P:ng;(X)/@, Q, U))

We can say that subvarieties of the form S, © € Con"f‘l-(Pfg’ F;5(X)), are some
kinds of “main knots” in the lattice of subvarieties of semilattice ordered algebras.

Obviously, if ®; € @, then also @1 - (:52. As a consequence of Corollary 4.2 if
0,0, ¢ Con”f‘l-(Pfg’FU (X)), then the converse is also true.
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Corollary 4.5 Let ©,, ©, € Con”; (’P;g’FU (X)). Then

0, C0, & 0,C0,.

Let ®; v ©, denote the least upper bound of two congruence relations 0, ®2 €
Con on 5i( (Pz§ Fis (X)) with respect to the set inclusion. Note that in general 0,V @2

@1 Vv 0,.
Corollary 4.5 allows us to formulate the following result.

Lemma 4.6 The ordered set (Con\)‘ (P8 Fs(X)), ©) is a complete lattice. Let I be a
set and for eachi € I, let ®; € Con“‘ J(P=3 Fis(X)). Then, the relation

N @

De(\/ 0)/%
iel

is the least upper bound of {®;},c;, and the congruence

N o

e(N) ©)/%
iel
is the greatest lower bound of {©;}ic;.

Let us introduce the following notation:
LYO) = {U@ CU|Oc¢ cOn-‘}il.(P:gJFU(X))}.

Clearly, the set L£™(U) is partially ordered by the set inclusion. Moreover, for
0,0, ¢ CO}’Z (P:éUFU(X))

U@ QU@Z < @Qgél & 0, C 0.

1

Directly from Lemma 4.6 we obtain the following

Theorem 4.7 The ordered set (L"(0), C) is a complete lattice dually isomorphic to
the lattice (Con’s,(P=5 Fi5(X)), ©). For any two subvarieties Ug, , U@), e " (U), the
variety U® 6, is the least upper bound of Ug, and Ug,,
greatest lower bound of Ug, and Ug,.

By Lemma 4.3 it follows that the variety U5~ is equal to the variety Ug, v Ug,,

the least upper bound of Ug, and Ug, with respect to the set inclusion. But the variety
U5, has not to be equal to the variety Ug, N Ug,.

0,vO, 2"

By Theorem 3.14 we immediately obtain

Corollary 4.8 The lattice ({Si5; | © € Con“‘( S Fs(X)}, ©) of all “main knots”

subvarieties is isomorphic to the lattice (E“‘(U) Q). For any two varieties SU- and
SUO , the variety St v U, i their least upper bound and the variety SU’T is their

greatest lower bound (see th 1).

@ Springer



228 Order (2014) 31:217-238

Fig. 1 The lattice ({Ss5 | © € SU@) Vv Us
Con®(P=4 Fis (X)), ©) \

62

Ue1v6,

5 The Lattice of Subvarieties

By Lemma 4.3 one obtains the following characterization of the orderedset (® /%, ©)
for ® Con“ J(P=y F(X)).

Lemma 5.1 Let © € Con'}(P=y Fi5(X)), I be asetand for eachi € I,'¥; € © /R. Then
(O/N, Q) is a complete meet-semllattlce with the relation (| V; as the greatest lower

iel
bound of {¥i}icr.

Let ¥ € ©/9%. Note that by Corollary 3.10 the algebras (P=§ Fi5(X)/Y, Q) and
(Fi5(X)/0, Q) satisfy exactly the same identities. This shows that the variety

S = HSP((P=¢ F5(X)/ ¥, Q, U))

is a subvariety of Sg5; and is not included in Syy for any proper subvariety W C Ug.
This justifies the introduction of the following definition.

Definition 5.2 Let )V be a subvariety of U and S be a non-trivial subvariety of Sy.
The variety S is V-preserved, if S ¢ Sy for any proper subvariety W of V.

Lemma 5.3 Let ©, Y € Con (P57 Fi5(X)). A non-trivial subvariety
S = HSP((P={ Fis(X)/ ¥, 2, L)) € S,

is Ug-preserved if and only if ¥ = .

Proof By Lemma 3.12, for each subvariety S = HSP((P=§ Fis(X) /¥, Q, V)) € Sisg,
one has ® C ¥. Now let S be Ug-preserved subvariety of Si55- By definition, S is
not included in any variety Syy for a proper subvariety W C U® This means that the
algebra (PZ¢ Fi5(X)/'¥, Q) does not belong to any proper subvariety of Ug. Then,
by Corollary 3.10, ¥ = ©.

Finally, let ¥ = ®@. Hence, by Corollary 3.10 the algebras Py Fou(X)/ Y, Q)
and (F;5(X)/0, Q) satisfy exactly the same identities, which shows that S is Ug-
preserved. O

Let ® € Con“‘ [(Psy Fi(X)). By Lemma 5.3 with each congruence ¥ € ©/%
one can assocmte the Ug-preserved subvariety HSP((PS§ Fi5(X)/ P, Q, V)) of Sis,.
This mapping is the restriction of the dual isomorphism we have between lattice
(Con (P Fi5(X)), ©) and the lattice of all subvarieties of Sg, to the set ® /9. By
Lemmas 4.3, 5.1 and 5.3 we immediately have
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Theorem 5.4 Let © € Con'’s,(P=y Fi5(X)). The semilattice of all Ug-preserved sub-
varieties of Sy is dually lsomorphlc to the complete semilattice (® /R, C). For any

UOg-preserved subvarieties {S;}ic; of Sis,, the variety \/ S; is their least upper bound.
iel

In Theorem 5.9 we will show that there is also a correspondence between the set
of Ug-preserved subvarieties of Si5; and the set of some fully invariant congruence
relations on the algebra (PS¢ (Fys (X )/0), Q, V). First we will prove some auxiliary
technical results.

We introduce the following notation. For a set Q € P={ Fi5(X) and a congruence
Y e CO}’lﬁ(P:S)FU(X)),

oY = {q(xl/‘f’,...,xn/‘f’) | g € Q} = {q(xb.- LX)/ | qe Q} € P<(0(FU(X)/T)~

Now, we define a relation dy € P5§(Fis (X)/¥) x Py (Fs (X)/¥) in the following
way:

(Q“’,Rq’) €dy & (O, R e¥
for Q, R € PZ{ Fi5(X).

Lemma$.5 Let ¥ € Conp(PZyFis(X)). The relation oy is a fully invariant
congruence relation on (73<“’(FU(X)/‘{’) Q,V) such that 5‘P—ldFU(X)/~P and
(P (F5(X)/ %) /9, Q) € Ug.

Proof Let ¥ e Con ;;(PZy Fi5(X)). First note that the definition of the relation dy
is correct. Let x1, ..., Xk, Y1,..., Ym € Fs(X) and (x1, 1), ..., (Xr, tx), (V1, uy), .

Vs tim) € P Then (fxid, {nh), oy Qs {ted), Ak {u1}),-~-,({ym},{um}) cw.
Since V¥ is a congruence on (P=§ Fis (X ), Q, U) we obtain

{xr,-xdh {ns s ud), (- ymd {wn, - um}) € .

Clearly, the relation dy is a congruence on (PS¢ (Fi5(X)/ ¥), Q, U). We will show
that dy is fully invariant. Let qu RY ¢ Pjg’(FU(X )/¥). We have to prove that
for every endomorphism 1 of (P=9(Fi5(X)/'¥), Q, V), if (0%, RY) € y, then also
(1(Q7), A(RY)) € oy. B

For each xl/‘{’ € X/¥ let us choose a subset P‘P € P=y(F5(X)/¥). The mapping
L PSP(Fis(X)/¥) — P (Fis(X)/P)

i (Q‘T’) =7 ({ax1/®,....x/P) g€ Q}) =] q (P?, o Pf) (5.1)
qeQ

is an endomorphism of the algebra (Pjg’(FU(X )/P), Q, V).

Note that the algebra (Fi(X)/Y, Q) is generated by the set {x/‘{’ lxe X} It
follows then that the algebra (P (Fp (X)/¥P), Q,U) is generated by the set {{x/ ¥} |
x € X} and for any {x;/ ¥}, we have 1({x;/¥}) = P}. Because each homomorphism
is uniquely defined on generators of an algebra then we obtain that each endomor-
phism 4 of (P;g’(FU(X)/‘T’), Q, V) is of the form Eq. 5.1.

Recall we consider here only finite subsets of Fi5(X). This assumption is crucial in
what follows. Let A be an endomorphism of (PS§ Fi5(X), Q, U). By above discussion,
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Ais of the form Eq. 5.1 for subsets Py, ..., P, € PS{Fis(X).Let Q, R € P Fis(X).
Hence we have

(0% R") v & (Q.R)eW.

Therefore, because ¥ is, by assumption, a fully invariant congruence on
(Ps§ Fs(X), Q, V), for the endomorphism A we obtain

qeQ reR

¥ ¥
<Uq(P1,...,P,,)) ,(Ur(Pl,...,P,,)) €dy =
qeQ reR

(Uq(P?,...,P,?),Ur(P?,...,P,?)) € by

qeQ reR

(A(Q),A(R) e¥ = (U q(Py,..., Py, Ur(Pl,...,Pn)> cY =

This shows that for any endomorphism Y of the algebra (P=§(Fi5(X) /¥), Q,U),

(T(O"), T(RY)) € 5y and proves that the congruence dy is fully invariant.

Now we will prove that (P:GU(FU(X)/{P)/ély,Q) € Ug. By Corollary 3.11,
the variety HSP((PSy F(X)/¥,Q,V)) is included in Sp,, which means that
the algebra (P=yFs(X)/Y,Q) belongs to the variety Ug. Hence, for any
identity #(xy,...,x,) =t~ u=u(xy,...,x,) which holds in Ug and arbitrary
Oi/Y, ..., Qn/Y € Py Fs(X)/ ¥ we have

Q1 ..., Om)/¥Y =1(Q/Y, ..., On/¥) =
w(Qi/¥, ..., Qm/¥) =u(Qi, ..., Om)/ Y.

This is equivalent to

Q150 Q) u(Qy, ..., Op)) € .
It follows then

(0., 0m" u@r, ... 00) edv =
(r(of.....08).u(of.....00)) et
r( ...,QZ)/&W:u(Q?,...,QZ)/éqJ &
t( /5T,...,Q,f"1/5q,)=u( LN - ,"31/5?).

This proves that the identity ¢ & u holds in the algebra (P (Fi5(X)/ ¥) /oy, Q).
Finally, for 7, u € F5(X)

(/T.0/F) eFe o (1T} (/T cow & () e¥ o
twe¥ & (/¥=w/¥ & (/P u/V)cidp, x5
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Let © € Con'y(Py Fis(X)). Denote by Con'd 4(P=5 Fi55 (X)) the following set:
{y € Con ;i(P=§ Fisg (X)) | y = idpys (x) and (PX5 Fosg (X) /v, Q) € Ugl.

Now, for y € Con'® 7(P25 Fis5 (X)), define a relation A, € P57 Fi5(X) x P F5(X)
in the following way

(T,U)e A, (T@,U@) cy

Again, by similar straightforward calculations as in the proof of Lemma 5.5 one
can obtain the following.

Lemma 5.6 Let © € Con'’},(P=y Fi5(X)) and y € Con L(P=y Fi55(X)). Then, the re-
lation A, is a fully mvartant congruence on (P FU(X ), Q U) with the properties
AW = 0 and HSP((P={ Fs(X)/A,, Q)) € Ug.

Lemma 5.7 Let © € Con'’},(P=§ F5(X)).
If Y € ©/N then

¥ = Ay,
For a congruence y € Conﬂ (PZ§ Fi55 (X)) one has
v = 5AV/'

Lemmas 5.5 and 5.7 immediately imply

Corollary 5.8 Let® € Con“‘ [Py Fs(X)). The map ¥ +— oy is a complete semilattice
homomorphism between (@/% Q) and (Con Py Fg (X)), ©).

By Corollary 5.8 and Theorem 5.4 we obtain

Theorem 5.9 Let O € Con}“( Py Fis(X)). The complete semilattice of all Ug-
preserved subvarieties of SU@ is dually isomorphic to the complete semilattice

(Con'fi(PZy Fisg (X)), ©).

Before we formulate Theorem 5.12, the main result of the paper, let us summarize
what we have already known. For each ¥ € Con f;(P={ Fi5(X)) such that ¥ = 0, the
subvariety S = HSP((P-yF5(X)/¥, Q,U)) of S is an Ug-preserved subvariety of
S5 € Sis according to Lemma 5.3. Therefore, to find any subvariety S of Si; we
should proceed as follows: first find the proper “main knot” and then choose one of
its subvarieties.

By Theorem 3.14, Lemma 5.3, and Theorem 5.9 one can uniquely associate with
the variety S two congruence relations: © € Con“‘ (P=¢F;5(X)) such that ¥ = ©

(for the “main knot” Sis;), and then 6* € Con’ ﬁ(P> Fi55(X)) (for the chosen Ug-

preserved subvariety).
On the other hand, any pair of congruences: ® € Con (73<“’FU(X)) and a €

Con’d (73<”’FUO (X)) describes a subvariety S = HSP((P;&”FU(X)/‘P Q,U)) of S
such that Y =0anda = Oy.
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Consider the set

Con', (V) := U Con' (P Fs5(X)).
OcCon’} NP0 Fi (X))

One has

a € Con ;‘,(U) & 30 € Con'y(P={ Fi5(X)) suchthat a € Con (P9 Fis(X)).

To stress the fact that the congruence a depends on ® we denote it by a® Now
define on the set Con’ﬂ(U) a binary relation < in the following way: for a® e

Con'(P=¢ Fis, (X)) and p¥ € Con'd. (P Fys, (X)), with ©, ¥ € Con’,(P=¢ Fis(X))

a®<p? « ®C¥ and Vai,...,ak, b1, ...,bm € Fi5(X))
({a1/®, ..., a1/0), {b1/®,...,by/O) ca® =
a1/ P, ...,ar) P}, (b1)T,...,by/P)) € BY.

Clearly, the relation < is a partial order.

Remark 5.10 Let ©, A € Con\“ {(P-¢ F5(X)) and let ¥, T € Con ;(PZy Fis(X)) be
such that ¥ = ® and T = A. Then for the congruences dy € Con%(?’>0 Fi55(X)),
or € Con -(P=y Fs; (X)) one has

Theorem 5.11 The ordered set (Conifdl (O), =) is a complete lattice.
Let I be a set and for eachi € I, a® € Conf, (PZ§ Fisg (X)). The binary relations

onas S PG Fs, 6 (X) x PXgFi 5 (X), and

iel iel iel

Oy a5, € PG Fis.(X) x PZg Fs, (X), where Y= (] @,
el ve(\ A g )/
ier *

are, respectively, the greatest lower bound and the least upper bound of {a.®'}ic; with
respect to <.

Proof Let ©,® ¢ Con\“ (P9 F5(X)). By Lemma 5.6, for any a® 6 ¢ Con 7(0) we
have A_s = ©. Then by Lemma 4.3, one obtains

ﬂ ﬂA ﬂ@':ﬁg,- and \ﬂ;):

iel iel iel iel iel

Hence, by Lemmas 5.5 and 5.6, the congruences dn Ag and oy As belong to the
iel ©i iel
set Con :(0).
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Obviously, for eachi € I, 0O; € O;. Moreover, forf, ..., t, Uy, ..., Uy € F5(X)

iel

([ll/m@,,-~-,lk/n@,],[Ml/m@,,-~-,um/n@,]) €0nag
iel ¢

iel iel iel iel
VieD ({ti/a,-t/5,) > {u1/6, - tm/5,}) € a®.

This implies that for eachi € I,

0;
5ﬂAé[ <a'.

iel ¢

Now let y&’ € Con"]i?i(P;g’FU& (X)) and for each i € I, y&’ < a®. Then, for each
iel, o C @i, and consequently, O C N @i. Further, for any #1, ..., t, Uy, ..., Uy €

iel
Fi5(X)

({ti/5 -/} (/s tm/5)) €7® =

VGeD) (/g ti/o b (U1/Gr - tim/5) € a® =
Yiel ({t,....tx}, {ug,...,un}) € Aa@l =

(ks und) € () As, &

iel
([tl/ﬂ@,,...,lk/n(?)l] > [m/m@,,...,um/n@,]) € 50Aa@,’
iel iel iel iel iel

This shows the relation dn 4 5 is the greatest lower bound of {a@l }ier With respect
el * !

to <.
Now note that for eachi € I,

Ko =8c\/ &=\ Asc\/Ap=T
iel iel iel

and for ¢, ..., tx, uy, ..., U, € F5(X) we have

(U01/5,5 > /5,1 (11 /5,5 - > tim]5) € a® &

({t17"')tk}a{uls"'sum})eAa(:)z =

(o tid s und) € \/ As, =

iel

(/7. u/ah{ur/%, . um/3}) € 5\/1Aaé[-

Thus, for eachi € I,a@f =<0yag-

. Oi
iel
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Finally, let y ® e Con"fdi(Pjg’Fua) (X)) and for eachi € I, a® < y 3 Then, for each

iel,® C®andfors, ..., tu,...,un, < Fs(X)
(t, b {u, . un)) € As, &
({1/6y5 - /6, ) U1 /5,5 - i /5) € a® =
(13-t} /e um/5) €70 &
(.o ud s o um}) € A,

Then, for eachi € I, A5, € A 5. Hence \/ A5, € A s, which implies
iel

f:\/Aa@i gZy:p:Ef).
iel

Moreover, by Lemma 5.7 we have

({tl/f‘”"a[k/f‘}s {ul/"fs"’aum/’?})eé\/Au@’ <

iel
(st s un)) € \/ A, =
iel

(ot (s ) € As &
U1/ @ /3D 01/ st/ 3)) € 0 g =7,

which means the relation dy/ 4 4 is the least upper bound of {a@l }ier, and completes
el * !

the proof. O

By Theorem 5.11 we obtain a full description of the lattice of all subvarieties of
the variety Sgs.

Let £(St) denote the set of all subvarieties of the variety Si5. As we have already
noticed each subvariety S of S may be uniquely described by two congruences:
®c Con”f‘l-(Pfg’FU(X)) and a® € Coni?i(Pfg’FU@ (X)). Hence, we can denote each

subvariety in the set £(Sg) by 8{“52. Thus, one has
L(Sps) = {SU | © € Conlly(P=y Fis(X)), a® € conl;é(P:gJFU@(X))}.
Theorem 5.12 The lattice (L(Si5), C) of all subvarieties of the variety S is dually

isomorphic to the lattice (Con"f“.fi(U), <).
For any S“Z , Sf; € L(Sy) we have:

and
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Fig. 2 The lattice (L(St5), ©) oa gna g
Sy 20
Usrw
a® 5Y
SUé SU@
SéAaéVAB‘i'
Ox
where Y := N ®, (see Fig. 2).

De(A, VA7)0

Theorem 5.12 allows to describe the subvariety lattice £(Sg5) without knowl-
edge of the set Cony(PZyF5(X)). But, if we know the latter, each congru-

ence a® € Con"f"i(Pjg’Fz;(TJ (X)) may be replaced by the congruence oy, for ¥ €

Cony;(P=y F5(X)) such that ¥ = ©. Then, Theorem 5.12 may be considerably

simplified.

Corollary 5.13 For any 8{55“% , 8{55“; € L(Si) we have:

Jy do Oyno Oy do gy
\ = and N =
Shv Sk =Sy and Sy NSk =Sy

T=¥vo

6 The Lattice £(S;5)—Practical Computations

Now, for a subvariety V C U, we will present how to find the lattice (L(Sy), ) of all
subvarieties of the variety Sy, knowing the lattice (£()), C). Of course, any lattice
(L(Sy), ©) is a sublattice of the lattice (L(Ss), ©).

On the other hand, Example 3.5 shows that not for each subvariety V C U, the
variety Sy is uniquely defined. Let us consider two sets

Cony = {y € Con ;i(P=¢Fy(X)) | y = idp,(x) and (P=¢ Fy(X)/y, Q) € V} and
Dy = {W C V| Conyy # 0}

By Lemma 5.6, if Cony # ¢ then Sy is not equal to Syy for any proper subvariety
W C V. Therefore, to find the lattice (£L(Sy), €), Theorems 5.9, 5.11 and 5.12 lead
us to the procedure described on Fig. 3.

By Theorems 5.11 and 5.12, the algebra ( |J Conyy, M, U), with

WED\)
O(VV1 [l ﬁwz = 5AaW1 mA/}WZ € COI’lleWZ,
and

w W .
a’ U gt = 5A,,W1VA/;W2 € Conyy,
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Take a subvariety V C O

Create the set Cony

Cony =10 Cony # 0

}

There is a subvariety W & V such that S,y = Sy

Sy is the "main knot” in the lattice (£L(Si), C)

l

Create the set Oy

}

Choose subvarieties Wi, Wy € Oy

!

Take o1 € Conyy, and B2 € Conwy,;

Calculate the congruences: A w, , A5w2, A, N Aﬁwz,

Aawl \ ABV\)Z? 6AQW1 ﬂABW? 9 5AQW1 VA,BV\;2

}

Calculate the set  |J Conyy
WeOy

Fig. 3 Algorithm of finding the lattice £L(Sy)

where U = HSP((P:&U(FV(X)/AHW/I—\\/_Z/;WZ), Q, U)), is a lattice dually isomorphic
to the complete lattice (L£(Sy), ©) of all subvarieties of the variety Sy.

Example 6.1 Let U be the variety of all binary algebras (A, -) and £LZ C U be the
subvariety of left-zero semigroups. It is known that £Z-free algebra (F.z(X), ")
on a set X is isomorphic to the left-zero groupoid (X, -). It is also easy to notice
Py X, )e LZ.

By Corollary 3.3, for any V C U, the semilattice ordered algebra (P Fy (X), -, U)
is free over a set X in the variety Sy if and only if (P=y Fy(X), -, U) € Sy. Then the
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algebra (PS¢ X, -, U) is free in the variety S. z of all semilattice ordered £Z-algebras.
Moreover, the algebra (PS5 X, -, U) is generated by the set {{x} | x € X}.

Let Q ={q1,...,qx} € X and a be an endomorphism of (PS5 X, -, U). Because
each homomorphism is uniquely defined on generators of an algebra, a(Q) =
a{q1}) U ... Ua({gk}) might be any finite subset of X. This implies Con,z =
{idp=p x} and shows there are only two subvarieties of the variety Spz: Scz itself
and trivial one.

Example 6.2 Let U be the variety of all binary algebras (A, -), SG be the variety of
all semigroups and SL denote the variety of all semilattices.

By results of Grétzer and Lakser ([6, Proposition 1]), the algebra (P={ Fsc(X), )
is a commutative semigroup, but it is not idempotent. Hence, the algebra
(Psy Fsc(X),-) does not belong to the variety S5, and consequently by Corollary
3.3,itis not free in Ss.

Let us consider the so-called Ssz-replica congruence of (P=y Fs.(X), -, U):

Ds,. (X) = {¢ € Con(P=y Fsc(X),-, V) | (P Fse(X)/¢,-, V) € Ssc}-

The algebra (PS§Fsc(X)/Psg,.(X),-,U) is called the Ssg-replica of
(P Fs£(X), -, V).

Obviously, each semilattice is a mode, then by results of [12], the Ss,-replica of
the algebra (P=y Fs.(X), -, U) is free over a set X in the variety Ss..

The free semilattice (Fsc(X),:) over a set X is isomorphic to the algebra
(P9 X,V). We proved in [13] that Ss.-replica congruence of (P=§(P=5X), U, U)
is defined in the following way: for Q, R € P=3(P=5X)

Q q)Ssg(X) R & <Q> = <R>7

where (S) denotes the subalgebra of (P’ X, U) generated by S.

This shows the free algebra over a set X in the variety Ss, is isomorphic to the
algebra (S(PS¢ X), +) of all non empty, finitely generated subalgebras of the algebra
('Pjng, U), with S1 + S2 = (Sl (@) Sz)

By results of Kufil and Poldk ([9]), there are three more non-trivial fully invariant
congruences of (PZ7(P-¢X), U, U) greater than ®s . (X), which belong to the set
Congr. They can be described as follows: for Q ={qi,...,qk}, R={r1,...,rm} €
PPy X)

QP R &

YigeQ)3dreR) rcqCrVU...Ur,andV(reR)(ge Q) g<SrcqU...Ugx,
QD R &

YVge Q)g<nrVU...Ury,andVre R)yrCq, V... Ugqy,

QP R &

YVige Q)3Ire R) rCgandV(re R)I(ge Q) gq<r.

This confirmed previous results of McKenzie and Romanowska (see [10]) that
there are exactly five subvarieties of the variety Ss.
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