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Abstract

The nonlinear (4+1)-dimensional Fokas equation (FE) has been demonstrated to be the
integrable extension of the Kadomtsev—Petviashvili (KP) and Davey—Stewartson (DS)
equations. In nonlinear wave theory, the governing model is one of the fundamental struc-
tures that explains the surface waves and interior waves in straits or channels with different
depths and widths. In this study, the generalized unified approach, the generalized projec-
tive ricatti equation technique, and the new F/G-expansion technique are applied to investi-
gate the higher dimensional nonlinear model analytically. As a result, several solutions are
successfully achieved, including dark soliton, periodic type solitons, w-shaped soliton, and
single-bell shaped solitons. Along with an explanation of their behavior, we also display a
few of the equation’s exact solutions graphically. The results demonstrate the effectiveness
and simplicity of the approaches mentioned in this article, demonstrating their applicability
to a wide range of additional nonlinear evolution issues in numerous scientific and techni-
cal disciplines.
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1 Introduction

Nonlinear partial differential equations (PDEs) are used to study a variety of physics
and geometry problems. Numerous researchers, including engineers, chemists, math-
ematicians, physicists, and others, are interested in these nonlinear structures because
they can be used to model a variety of real-world nonlinear problems. A wide range
of natural and applied sciences use PDEs, including mathematical finance (An et al.
2021), biology (Friedman 2012), shallow water waves (Seadawy et al. 2017), fluid
dynamics (Samuel et al. 2021), solid state physics, plasma physics, acoustics, and
optical fibers (Rehman et al. 2022). The study of nonlinear physical structures is
becoming extensively crucial and fascinating topic in the field of contemporary sci-
ence. Currently, a number of prominent mathematicians and scientists are interested
in the dynamical structures of many higher dimensional nonlinear models arising in
diverse disciplines of science and engineering, which is expanding exponentially,
such as Nasreen et al. (2023a, b, c, d, e), Ismael and Younas (2023), Seadawy et al.
(2020).

The development of solitary wave solutions for nonlinear structures is of key impor-
tance to study the dynamics many crucial models arising in contemporary science and
engineering, a number of analytical and numerical techniques have been developed. The
bilinear transformation (Xu and Chow 2016), the Hirota bilinear, the extended trail func-
tion (Gepreel 2016), the tanh-coth expansion (Rani et al. 2021), the sub ODE (Yang et al.
2015), the extended Sinh-Gordon equation (Kumar et al. 2018), the first integral (Javeed
et al. 2019), the extended simplest equation (Bilige et al. 2013), the modified Khater tech-
nique (Khater et al. 2021), new Kudryashov approach (Akinyemi et al. 2021), the modified
direct algebraic method (Seadawy et al. 2020), the generalized auxiliary equation approach
(Akinyemi et al. 2022), the generalized Riccati equation method (Lu et al. 2019), the modi-
fied simple equation method (Rasheed et al. 2021), the Lie symmetry approach (Sahoo
et al. 2017), the extended Tanh method (Zahran and Khater 2016), the homogeneous bal-
ance methods Song and Liu (2022), the modified expansion method (Islam et al. 2023),
the generalized Kudryashov scheme (Akbar et al. 2022), the rational (1 /& (af))—expansion
method (Islam et al. 2022), the rational (G’ / G)—expansion scheme (Islam et al. 2022), the
modified (1 /G’ ) -expansion method (Yokus et al. 2022), among others, have all been found
in current decades using illustrative computation and many more (Akbar et al. 2023; Islam
et al. 2023, 2022, 2023; Ozdemir et al. 2022).

This study aims to obtain travelling and solitary waves solutions to the nonlinear (4 + 1)
-dimensional Fokas dynamical equation using three effective methods: the generalised uni-
fied technique (Rafiq et al. 2022), the generalised projective Riccati equation technique
(Akram et al. 2021), and the new F/G-expansion technique (Mortazavi and Gachpazan
2016). Consider the nonlinear (4+1)-dimensional FE (Ullah et al. 2022) which reads

3 3
22 ()2 (00 0 (Pu) yp n0n
ot \ ox 0x3 \ dy ox \ 0y? 0x dy

)]
d ( du 0 ( du
12ul () _el (21 =
+ udx(@y) 6az(aw> 0,

where u = u(x,y, z, w, t) is a wave profile and velocity. Assume that this general Eq. (1) is
used to represent the wave gesture in multidimensional broadcasting. It depicts the external
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wave’s distortion or dispersion. As a result, numerous sorts of Fokas equation solutions
will provide us with suggestions for instructing the complex system of DS and KD models.

The FE model characterizes the internal and surface waves in rivers with varying physical
conditions is being investigated by a number of researchers with the aid of various analytical
techniques. For instance, Shahzad Sarwar used the generalised exp(—¢)-expansion technique
and improved F-expansion technique to obtain the exact wave solutions of this model (Sar-
war 2021). Investigations on travelling wave solutions and sensitivity analysis Three differ-
ent approaches, including the modified Kudryashove approach, the modified extended ranh-
function approach, and the exponential rational function approach, are used in this model by
Kaplan et al. (2022). Finding the exact solutions to these models is therefore essential, and the
literature has provided a number of effective methods for resolving these kinds of equations.
As far as we know, the generalised unified method, the generalised projective ricatti equation
technique, and the new F/G-expansion technique have not been used to solve the considered
model in the literature.

This paper is organized as follows: In Sect. 2, a detail description of the proposed tech-
niques is shown, while Sect. 3 is devoted to the applications of the two proposed techniques
to the governing model Eq. (1). However Sect. 4 contains discussion and results also Sect. 5
contains conclusions.

2 Description of techniques

Suppose the NPDE in the following form,
F(d)’ ¢[7 (;bx? d)f[? ¢xx9 ¢XI’ ¢yy7 ¢zz’ ¢y17 ) = 0, (2)

where F is a polynomial function in its argument. Also ¢ is a wave function of the vari-
ables x, y, z and . Suppose the wave transformation of form,

u(x,y, z,w,t) = U(m), n=a;x+ ayy+asz+vt+pw +e. 3)

Putting Eq. (3) into Eq. (2), gives an ODE of the form,

Q(¢7 ¢I’¢N,¢/N’ “‘) =0. (4)

2.1 Description of the generalized unified technique
This section contains the key ideas of the generalized unified method. The major process of
approach are outlined below,

Step 1. Using the unified method, the obtained solutions of Eq. (4) are classed as polyno-
mial or rational function solutions.

2.1.1 The polynomial function solution

The unified method indicates that in order to acquire the polynomial function solutions of Eq.

),
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U=U(z) = Zpi¢i(z),
i=0

pk q (5)
@Q@F =Y bd'@.z= Y ax, +at,
i=0 s=1
where j=1,2,---,m, p=1,2,p;,b;, a, a, are to be determined later constants. It’s worth

noting that in ODE Eq. (4), n and k are found by using the balancing principle between
the higher derivative and higher power. A second criterion (the consistency requirement)
is also employed, which states that the arbitrary function in Eq. (5) may be found consist-
ently. When p = 1, Eq. (5) yields elementary solutions (explicit or implicit), however when
p = 2, it yields elliptic solutions.

2.1.2 The rational function solution

To get the polynomial function solutions of Eq. (4), unified method suggests that

" Pid’i(Z)
U=U@) = Z-O—
Zi=0 q;9'(2)
i . ©6)
@ QY =Y bid' @) z= Y ax, +a,
i=0 s=1
where j=1,2,---,m, p=1,2,p;,b;,a, a, are constants to be determined later. It is worth

to be noticing that, n, r and k are determined by using the balancing principle between the
higher derivative and higher power in ODE Eq. (4). Also, a second condition(the consist-
ency condition), which asserts that the arbitrary function in Eq. (6) could be consistently
determined, is used. When p = 1, Eq. (6) solves to elementary solutions(explicit or the
implicit solutions) while when p = 2, it solves to elliptic solutions.

2.2 Description of the generalized projective Riccati equation technique

Step 1:Suppose that Eq. (4) has solution of the form,

N
Ut = A+ Y Q"™ [A,Q(n) + By (n)] )

i=1

where A, A;, B; are constants to be determined. The function Q(#) and y(#) satisfies the
ODE:

Q' (n) =kQn)y (n) )
Y'(n) =R, +k y()* — MQ(n), k= =1, ©)
also
M? +
72 (n) = —k(R, — 2MQ(n) + R—r‘sf(n)), (10)
1
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where r; = +1, R, and M are non zero constants.
If R, = M = 0 Eq. (4) has the formal solution:

N
U = Y A, (an
i=1
where y (1) satisfies the ODE:
Y =r (12)
Step 2: The positive integer N in Eq. (4) can be determined by using the balancing

principle.

Step 3. Putting Eq. (7) combined with Eq. (8-10) into Eq. (4) or Eq. (11) along with
Eq. (12) into Eq. (4), we have a polynomial in &/(1)y(1). Collecting all coefficients of the
same ' (n)y'(n) (=0,1,2,---5i=0,1,2,--) together and setting all of the terms equals
to zero, we get group of the algebraic equations, whose solutions yields the values of
Ay, A, B, p, R,

Step 4. Equation (8-9) admits the following solutions:

Family . If k = —1,r, = =1, R; > 0, we have

Rlsech<r1\/R_l)
Msech(n\/R_1> +1 ’

R, tanh <;1\/R_1>
Msech(rl\/R_1> + 1.
Family II. If k = —1,7, = 1, R; > 0, we have

Rlcsch<;1\/R_1)
Mcsch(nﬁ) + 1’

\/R_lcoth (17\/171>
Mcsch(n\/R_l> + 1.
Family III. If k = 1,r;, = =1, R; > 0, we have

Rlsech(n\/R_l) R, tanh (;1\/R_1>

.y =

Msech(n\/R_l> +1

Qn) =

13)

y(n) =

Q) =

(14)

y(n) =

Q) =

- Msech(n\/R_1> + 1’
R,csch(n\/R_,> " /R coth (n\/R_1>
y(m = - .
Mcsch(n\/R_l) +1

15)

Q) =

Mcsch(m/R1> + 1

Family IV. If R, = M = 0, we have
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C 1
Qm)=—=, ym=— 16
7 e (16)
Putting the values of A\, A;, B;, i, p, R, and using the Eqs. (13-16), the solutions of Eq. (2)
can be obtained.

2.3 Description of the new F/G-expansion technique

The major process of F/G-expansion technique are outlined below,
Step 1. The solution of Eq. (4) is then assumed and may be written a polynomial in (/G)
as follows,

n F i
Um= ) Al=). 17
24(5)
where G = G(n) and F = F(n) satisfy

F'(n) = AGm), G'(n) = uF(n). (18)

Ay,Aq,...,A,,, A and u are constant to be calculated later, a,, # 0.

Step 2. Furthermore, N is positive integer that can be calculated by using the homogene-
ous balance principle between the higher derivatives and nonlinear terms in ODE Eq. (4). We
may get the following solutions of F(#) and G(n), with the help of Eq. (18), which are listed as
below,

Case I. If A > 0, u > 0, we get hyperbolic function solution.

F(ﬂ)zczﬁsinll/(ﬁﬁ\/ﬁn) ‘e, cosh(\/ﬁ\/ﬁn),

19)
Cry/hsinh (VAy/n)
Gn) = +C, cosh (\/I\/ﬁn)
Vi
Case IL. If A < 0, 4 < 0, we get hyperbolic function solution.
C,V/—Asinh <\/—_/1, Y
F(n) =C, cosh(\/—_ﬂy/—/m> - >,
\—H
(20)

G(n) =C, cosh <\/__/1\/_—Mn> B (o \/__”Sink:/g\j—_ﬂﬁfo |

Case III. If A > 0, u < 0, we get trignomatric function solution.
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F(ﬂ)=czﬁsin\§j/_j —M”>+C1COS<\/§\/_—M>’

(21)
Ciy/—usin (ﬁ\/—un>
Gln) =C; cos (Vay/=hn) - .
Vi
Case IV.If 1 < 0, 4 > 0, we get trignomatric function solution.
C,\/—Asin ( \/—_/1\/;717)
F(n) =C, cos(\/—_/l\/;n>— \/_ )
u
(22)

_Cl \/#sin (\/—_/1\/,1—411)
R

Step 3. Puting Egs. (17, 18) in Eq. (4) a group of algebraic equations for( g) (i=12,..,m)

G(m)

+ C, cos (\/—_A\/ﬁn>

i
is obtained. Setting all (g) to zero and solving these nonlinear algebraic equations by

using Mathematica, we get different accurate solutions of Eq. (2) according to Egs.
(18-22).

3 Mathematical analysis

The main purpose of this part is to obtain the exact solutions of the (4+1)-dimensional Fokas
Eq. (1). We apply the transformation as follows

ux,y,z,w,t) =Um); n=ax+ay+azz+vt+pw+e, (23)

substituting values from Eq. (23) to Eq. (1) and we get the following form of ODE,

a; (05 — a} ) U* + U" (4av — 6a3p) + 12a]a2(UU’)/ =0. (24)

Integrating twice Eq. (24) w.r.t (), then

ay (a3 — 7)oy U" + 60,0, U + U(4a,v — 6a3p) = 0. (25)

3.1 Application to the generalized unified method
3.1.1 The polynomial function solutions

To find the polynomial function solutions of the NFE, we assume that
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N
OEDWIAON
o 26)
@y =Y, bip'tn, p=12.

i=0

By considering the homogenous balance principle in Eq. (25), we get

N=2k-1), k=2,3,--- Here we confine ourselves to find these solutions when k = 2
and p = lor p = 2. So, we suppose that the polynomial function solution of the ODE Eq.
(25) is of the form

U(n) =po(t) + py(N(n) + pa(DB(n),
2p
. @7
@Y =Y bd'n), p=1,2.

i=0

3.1.2 The solitary wave solutions

To obtain such type of solutions, we put p = 1 in auxiliary equation given in Eq. (27), then

U(n) =po(t) + p(Dp(n) + p(NB(n)°, (28)

@' (1) =b,(DP(n)* + by (DP(n) + by(1). 29)

Substituting Eq. (28) and its necessary derivatives into Eq. (25) and gathering all same
powers terms of ¢(n). Setting each ¢(n) polynomial equal to zero yields the following
group of algebraic group of equations,
— oy a; by(NDy (P, () — 20,0 by (1) (1) + a3y by(Dby (Dp, (8) + 205 @, bo(1)*p, (1)

+ dayvpo(t) — 6a3ppy (1) + 6aa,py(1)* = 0,

— aya3 by ()P (1) — 20,03 by (N ()P, (1) — 6y by (Db, (D), (1)

+ a3, by (1°p, (1) + 205 a, by (Db (Dp, (1) + 603 a b (Db ()P, (1)

+4a,vp,(t) — 6a3pp,(2) + 12050, py(H)p, (1) = 0,

= 3a,0,b, (Db ()P, (1) — 4y} by (1) Py () — Baya; by ()b, (D, (1)

+3aya,b, ()b (1, (1) + 4y, by (1) py (1)

+ 805 a, by(D)b, (1)p, (1) + 4, vp, (1) — 6az pp, (1)

+ 6,2, () + 12,0, py(H)p,(1) = 0,

= 20,0, b,(1)*p (1) — 100, b, ()b, ()P, (1) + 203 a, by (1) (1)

+ IOaSalbl(t)bz(t)pz(t) + 12a50,p,(Dp,(1) =0,

— 60,0, b,(1)*p, (1) + 63, b, (1)*p, (1) + 6y, p, (1) = 0.

Using computer software Mathematica to solve the above algebraic group of equations.
The following are the outcomes,
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Family 1: Set 1.

po(®) == (a3 — a7 ) by(t)b, (1),
P = (0‘5 “?) 10D, (1),
Pat) = = (o = o) b (0%,
a, ( —4v +a; (—Rl(t)z) + a%ale(Z)z)
p=- 6, .

R (1) =\/b? = 4byb, (1), R (1)* = b} — 4byby(1).

Solving the auxiliary equation Eq. (29) and substituting together with the above results into
Eq. (28), produces following categories of traveling wave solutions.

Uy (x,y,2,w, 1) = i(af —a3)(by () + Ry (1) tan(%r;Rl(z)))z - %(af — a))b, (Db, (t)

+ R (0 an( R (0) + (@ = a)bo(0by (0,

(30)
— 3(_ 2 2 2
where n = _ (v l;' O)reioeh @) |y y a X+ ay+ azz+ e
a3
Set 2.
2 5 2 200V
pi() = albl(t)bz(t)s p(0) = a; by()", ¢y =0, p= ?,
3
1, 1 2
uy(x,y,2, w, 1) = po(f) + 7% O+ R, (D) tan(an,(t)))
(€20)

- %a?blu)(bl(t) +R O an(R, 0),

3.1.3 The soliton wave solutions

To obtain such type of solutions, we put p = 2 in auxiliary equation given in Eq. (27), then

U(n) =po(®) + p () + pr (1) (32)

¢'(m) =¢(11)\/ by(Dp()* + by (DP(n) + bo(1). (33)
Substituting Eq. (32) and its necessary derivatives into Eq. (25) and gathering all same

powers terms of ¢(n). Setting each ¢(n) polynomial equal to zero yields the following
group of algebraic group of equations,
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dayvpy(t) — 6aspp(t) + 6a,a,p(t)* = 0,
— aQabe(t)pl(t) + agalbo(t)pl(t) + 4a,vp ()
— 6a3pp, (D) + 12,0, py(t)p, (1) = 0,
%(—3)a2afbl(t)pl(t) — 4oy’ by(Hp, (1) + %agalbl(npl(r) +dada,by(t)p, (1)
+ 4o, vp, (1) — 6a3pp, (1) + 6a2a1p1(t)2 + 12a,0,p(Dp, (1) = 0,
= 2a,0,b, (), (1) — Sa,0; by (NP, (t) + 205 a, b, (D)p, (1)
+ Sag’albl(t)pz(t) + 12ay0,p,()p, (1) =0,
— 60,0, b, (1), (1) + 63 0, by (1)p, (1) + 6y, p,(1)* = 0.

On solving the above algebraic group of equations, the outcomes are,
Set 1.

by
Po® 4y (1)
p()(t) =09

1
P == 5(0% — aib (1),
Po(1) =a7by(t) — a3by (1),
@ (oc;bl(t)2 - afoczbl(t)2 + 16vb,(1))
r= 24a3by(1) '

Solving the auxiliary equation Eq. (33) and substituting together with the above results into
Eq. (32), produces following categories of traveling wave solutions.

by (n? 1 by (02

by (0 (@2by(1) — 2by(D)e' V2T (a2 = a2)by(1)Pe>"V 0

+ b
1 b2 1 by (0?2
b2(1)2(2b1(t)e2”v o _ 1)2 2b2(z)<2b1(z)e”\/ o _ 1)

u3(x’y9 Z,w, t) =

(34)
Set 2.
b2
b
@ -ab
o) = 2b,()

1
P10 == (a5 = aDby (),
P2 (D) =aiby (1) — a3y (1),
160, vb, (1) + aya3 b, (1)* — aja b, (1)
B 24a;b,(t)
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1 b1 (1?2

(2= @)hP (= a)py eV A

+
24b2(t) 1 by (1
2b2(r)<2b1(z)e2”\/ b 1>
[rn0?
byt (@2by (1) — a2by(1))e' V 20
1 I;I(z)z
bz(t)2(2b1(t)eznv 20 _ 1)2

ayw(a3b, (1 —a?ayb (1) +16vby(1))
24a3b, (1)

u4(-x7y’ W, t) = -

(35)

)

where a;x + a,y + a3z + vt +
3.1.4 The eliptic wave solutions

To obtain such type of solutions, we put p = 2 in auxiliary equation given in Eq. (27), then

Un) =po(t) + py(Dp(n) + $(n)*p, (1) (36)

o' (m) =\/ by (Pt + by(Dp(n)* + by(1). (37

Substituting Eq. (36) and its necessary derivatives into Eq. (25) and gathering all same
powers terms of ¢(n). Setting each ¢(1) polynomial equal to zero yields the following
group of algebraic group of equations. On solving the obtained algebraic group of equa-
tions, the outcomes are,

o) =§<\/ (@2 — a2 (by (1) — 3by(Dby(D) + (o — a2)by (1)),
p(0) =0,
Po(D) =aiby(t) — a3, (1),

2(ayv + ayay \/(af - ocg)z(bz(t)2 — 3by(1)by(1)))

3o

P

Eq. (37) possesses different Jacobi elliptic function solutions for different choices of b;(?),
i =0,2,4. According to the classification (), we choose,

bo(t) = k* = 2k3 + K2, by(t) = —=k* + 6k — 1, by(1) = —%, 0<k<l,

ken(n,k)dn(n,k)

TV and the

that yields a special case solution of Eq. (37) takes the form, ¢(r) =
general solution of Eq. (1) is,

st ¥, 2, W, 1) =% <\/ (2 — a2)2 (b, (1) — 3by(Dby(0)) + (o = ag)bz(t)>
N 12 (a?b,(1) — a2b,(0))en(n, k)*dn(y, k)2 (38)
(ksn?(n, k) +1)°

s
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where

n=ax+ay+azt+vite

2w<a1v + azal\/(af - a§)2<(—k2 + 6k — 1)2 + M))

3a;

+

We mention that 0 < k < 1 is called the modulus of the Jacobi elliptic functions. When
k — 0, sn(n), cn(n) and dn(n) degenerate to sin(y), cos(n) and 1. While when k — 1, sn(y),
cn(n) and dn(n) degenerate to tanh(y), sech(s) and sech(n) respectively.

3.2 Therational solutions

To find the rational function solutions of the (4+1)-dimensional Fokas equation, we assume
that

Z?:o Pi¢i(’7)
Yo aid' )

pk

@@ =Y bd' @, p=12.

i=0

Un) =

= I,

(39

By considering the homogenous balance principle in Eq. (25), we get
N-r=2(k-1),k=1,2,3, --- Here we fined these solutions when k = 1 so N = r and
p = 2. So from Eq. (39), we have two cases as follow

3.2.1 Case 1: the periodic type solutions

In this case, we assume that

_8pi (1) + po(1)
da, (1) + o)’ (40)

¢/ () =7/ bo(0? — by Pb(n)>.

U

Substituting Eq. (40) and its necessary derivatives into Eq. (25) and gathering all same
powers terms of ¢(n). Setting each ¢(#) polynomial equal to zero yields the following
group of algebraic group of equations. On solving the obtained algebraic group of equa-
tions, the outcomes are,

by,
qo(D) —W,
Polt) == 3@ = &by, 1),
mm=gﬁ—ﬁwm%mx

@, (a3 (—=by (1)) + atayby(t)* — 4v)

6a;
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By solving the auxiliary equation ¢'(17) = v/by(1)? — b,(t)>¢(n)* and substituting together
with the obtained outcomes in Eq. (40), we get the solution of Eq. (1)

(@3-} )by (Db, (1)q, (1) tan (nb (1)

L 2 2
— = (a5 — a?)by()b,(t)q,(t)
64/ tan? (nb,(1))+1 3( 2 1) 0 ) 204
Ug(X,y,2, W, 1) = )
6% ) byq, () bo(0)g (1) tan (1, (1)) @1

by(1) by 4/ tan? (b, (1) +1

where
n=vi+oax+ay+azt+e
a;w(a; (=by(1)?) + atayby(1)* — 4v)
6(13 ’
set 2.
by(D)g, (1)
qo(t) =———.
0 by(1)
1
po(t) =— §(a§ - a%)bo(t)bz([)ql(t),
1
P =- §(a§ — a))by(1)q, (),
(a3 (=by (1)) + aZayby (1)* + 2v)
p= ,
3a;
(3=a})by(by (g D tan (nb, (D) 1/ 5 o
— =(a5 — a*)by(t)b,()q,(t
( t)_ Sm 3(2 1) 0()2()q1()
u7(X,y,2, W, 1) = a0 (1h2) , (42)
by(0) byt tan? (nby(H)+1
where

n=vitax+ay+azt+e
. a;w(a; (=by(1?) + aZayby(1)* +2v)

3a,

3.2.2 The soliton type solutions

In this case, we assume that

_ 9000 + po(0)
d(mq, (1) + qo()’

& (1) = \[a(OB(? + by () + by (1),

U
(43)

Substituting Eq. (43) and its necessary derivatives into Eq. (25) and gathering all same
powers terms of ¢(n). Setting each ¢(y) polynomial equal to zero yields the following
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group of algebraic group of equations. On solving the obtained algebraic group of equa-
tions, the outcomes are.
Set 1.

qo(®) =0,
by(t) = — qo()(by(Dqy (1) — by (D)g, (1))
q,(1)?

po(t) = — é(ag — &) Bby (g, (1) — 4by (D)o 1),

il

Py =~ %m; — )by (D (0,

Aoy + ayaiby (1) — aye by(1)

P 603

By solving the auxiliary equation ¢’ (1) = \/ b,()dp(n)? + b (HP(n) + by(¢) and substituting
together with the obtained outcomes in Eq. (40), we get the solution of Eq. (1)

P10 VP20 (=2b, VD424, (174D (0D, (0))

4b, (1) +Po(®)

ug(x,y,2, w, 1) = ) 44
oy a0 bz(”(—zm<r>e"W+eZWW+b]<t>2—4bo<z>bz<r>) “+4)
4by (1) +40()
where
n=vit+ox+ay+az+e
N w(4alv + azasz(t) - a;’albz(t))
6a;
3.3 Application to the generalized projective riccati equation method
By using the homogeneous balance rule we obtain the balancing term N = 2.
Thus solution of Eq. (25), of the form
U(n) = Ag + A,Q0) + A, Q%) + Byy () + ByQ(m)y (). (45)

where A, A,, A,, B, and B, are constants to be found by substituting Eq. (45)
with Egs. (8-10) into Eq. (25) and gathering all same powers terms of Q/(n)y'(n)
(G=0,1,2,--;i=0,1,2,---)together and setting all the obtained coefficients equals to be
zero, we get the group of algebraic equations.

Family 1:

Putting k = —1 and r; = —1 in obtained system of equations. Then by using Mathematica
software to solve the obtained group of equations. The following are the outcomes,
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Set 1.
A =X2m - 2m
1 _E(az - a] ),
A (orgoc1 + 14/ —af(xg(af - ot%)2 - afa2)(2a1v —3a3p)
0= )
60{%0{%(0{% - ai)
B, =0,
2i2a,v — 3a
R1 —_ ( 1 3P) ,
el - oy
i(a? - ag)\/—afag(a? - a;)Z(MZ -1
A, = s
8a,v —12a3p
i(—alzag(af—ag)z)3/2(Mz—l)(Zalv—3a3p)
a2
B,=-—
2v2/=Qa,v = 3azp)?
Set 2.

B, =0,
1
A, :E(agM —aiM),
(aza? - agal +i4/ —afa%(alz - a%)z)(Zalv —3a3p)

Ay =—
0 s
60:12(12 2

2
Sl —a))
2i2av — 3azp)
1= >
N
i(af - a%)\ / —afa%(af - a%)z(MZ -1

A, =- ,
8av—12a3p
i(—alzag(af—ag)z)-%/z(Mz—l)(lalv—3asp)
alal
B, =

2V/21/=Qa,v = 3azp)?

Putting above results into Eq. (45), produces following categories of traveling wave
solutions.

A2R%sech2(n\/R1> A1R1860h<’1\/R1>
uo(x, y,z,w, 1) =Ag + + +
(Msech(r]\/R1> + 1)2 Msech(n\/Rl) +1
BzRf tanh (’1\/R1 )sech(m/R,) B|R, tanh (n\/Rl)
+

(Msech(n\/R_1> + 1)2 Msech(n\/R_l) + 1’

(46)
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AlRlsech<r1\/R1) AzRfsech2<m/Rl>
+

Msech(n\/Rl) +1 (Msech(m/Rl) + 1)

BZR% tanh (ﬂ\/R1 )sech(n\/Rl) BR, tanh (”I\/R1)

+ )

(Msech(m/R1> + 1)2 Msech(n\/Rl) +1

uy (x5, y,z2,w, 1) =Ag + +
2

47

where
n=vt+pw+oax+ay+azz+e.

Family 2.
Putting k = —1 and r; = 1 in obtained system of equations. Then by using Mathemat-
ica software to solve the obtained group of equations. The following are the outcomes,
Set 1.

B, =0,

A, =%(a§M —aiM),

(aza? - agal +i4/ —afa%(af - a%)z)(2a1v —3a3p)

Ay =-—
2 202 2 ’
6ajay(a; — a3)
2i2a;v — 3azp)
1 —
[_ 2 202 20
011052(0:1 0’2)
i(a} - a)y/—ajaj(a] - (M + 1)
av—12a3p
\/ i(—odad(@3—a)) 2 (M2+1)2a, v=3a3p)
a2a2
32 _ 172

2\/5\/—(2a1v — 3a;p)?

Putting above results into Eq. (45), produces following categories of traveling wave
solutions.

B, /R, coth (n \/ITI> A,R2csch? <r1 \/ITI)
Mcsch(rl\/R_l) +1 i (Mcsch(n\/R_1> + 1>2+
AlRlcsch(n\/R_1> BzRT/2 coth (n\/R_1>csch(n\/R_1>
Mcsch(n\/171> +1 " (Mcsch(n\/R_l) + 1)2 .

ulZ(-x’ Y, Z,w, t) =A() +

(48)
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Set 2.

A =%(a§M - aiM),

(orioc1 + 14/ —afa%(alz - ot%)2 - afa2)(2a1v —3a3p)

Ay = ,
60{%0[%((1% - ag)
B, =0,
2i2a,v — 3a
R1 —_ ( 1 3P) ,

2 2.2 o
aya;y(ay — ay)

R N N Y N 2
i(a] — ay)\/—ajay(a; — a5 (M* + 1)

A, = R
8a,v —12a3p
i(—alzag(af—ag)z)3/2(M2+1)(2a1v—3a3p)
alal
By=-

2v2/=Qa,v = 3azp)?

Putting above results into Eq. (45), produces following categories of traveling wave
solutions.

B, /R, coth (n\/R_1> AlRlcsch(n\/R_1>
+ +
Mcsch(n\/ITl> +1 Mcsch(r]\/R_1> +1

up3(x,y,z,w, 1) =Ay +

A2R%csch2 <;1 \/ITI) BZR?/2 coth <n\/171>csch<n\/R_l) @
(Mcsch(n\/R_1> + 1)2 * (Mcsch(n\/R_1> + 1)2 ’
where
n=vt+pw+ax+ ay+azz+e.
Family 3:
Putting k = 1 and r; = —1 in obtained system of equations. Then by using Mathematica

software to solve the obtained group of equations. The following are the outcomes,
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Set 1.
B, =0,

1
A, =§(a12 - )M,

(azaf - agal +i4/ —afa%(af - a§)2)(2alv —3a3p)

AO = - 9
220,22
bajay(a) — o)
2i2ayv = 3azp)
R, =- ,
272002 _ 2\2
\ o a) - @)
i(otl2 - a§)1 / —af(xg(a]z - 05%)2(M2 +1)
Ay =— 3 ,
av—12a3p
i(—a?a2(al—al)2 )2 (M2+1)(2a, v—3as )
2
B, =— -

2\/5\/(20(1\/ —3a3p)?

Putting above results into Eq. (45), produces following categories of traveling wave
solutions.

AR sec? (n\/R1> AR, sec (r]\/Rl)
U (%, y,z,w, 1) =Ap + + +
(Msec (”\/R1)+1>2 M sec (n\/R1>+1
BZR?/Z tan <I1\/R1) sec (ﬂ\/Rl) B;+/R, tan (W\/R1>

(Msec(n\/R_1>+1)2 +Msec<r1\/lTl>+l’

(50)

Bl\/R_lcot(n\/lTl> ) AR, csc (n\/R_1>

M csc (11\/R_l> +1  Mecsc (n\/R_1> +1

B,RY? cot (;1\/171> esc (;1\/171) AR csc? (n\/R_l)
(rese(vm)e1) (o) +1)

us(x,y,z,w, 1) =Ag —

G

where

n=vt+pw+ax+ay+azz+e.

3.4 Application to the new F/G-expansion method

By using the homogeneous balance rule we obtain the balancing term N = 2.
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Thus solution of Eq. (25), of the form

F Fap)\*
U = A +A1GE”;+A2<%>, (52)

where A, A;, A, are constants to be found by substituting Eq. (52) with Eq. (18) into Eq.
(25) and gathering all same powers terms of % together and setting all the obtained coef-

ficients equals to be zero, we get the group of algebraic equations.
= 20,0} A, A% + 2050, A, A7 + da Agv — 6azAgp + 6aya, A7 = 0,
20,00 A Ap — 203y A Ay + Ay Ay — 6a3A, p + 120,01 ApA ;| = 0,
8a,ai Ay Ap — Baga Ay Ap + da Ay — 6434, p + 6y, AT + 12001404, = 0,
2(x2afA1,u2 + ZaSalAlﬂZ + 120,a/A1A, =0,
- 60:2al3A2,u2 + 6a§’a,A2,u2 + 6a2a,A§ =0.
Using computer software Mathematica to solve the above algebraic group of equations.

The following are the outcomes,
Family 1: Set 1.

Z(azaf/l,u - aé’al/ly + alv)

1
2@~ adip, p=

A =0, A =aii’ -, Ay =
! R A 3a;

Putting above results into Eq. (52), produces following categories of traveling wave
solutions.

Case 1. When 4 > 0, u > 0, we get hyperbolic function solution.
(@3 — ap) Aut

(a2p —ag,ﬂ)(wL\WJrcl cosh(n\/_\/_)) 5
<%\W+Qcosh< \/_\/‘)) |

2w(a2af/{;4—a;a1/{/4+a]v)

W =

Ug(X,y,2,w, 1) =

where n=ax+ay+azz+vi+ +e¢e, C, and C, are arbitrary

3a3
constants.

If C, = 0, then we obtain the solitary wave solution,

Ma?u? — aZp?) tanh® (ﬂﬁﬁ)

u

(54)

(a3 — o) 4u +

W | =

’/l16(-x7y7 ,w, t) =

Case II. When 4 < 0, 4 < 0, we get hyperbolic function solution.
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(a3 —af) Au+

(a7p? — a3u?) (C1 cosh (,7\/_\/—) Asmi/(iﬂ\/»r))
(Cz cosh (ny/~1y/7h) - © u:l/(j W W))z ,

(35)
+e, C, and C, are arbitrary

W | —

Uy, (X, y,z,w, 1) =

2w(a2af Ay—a;al Apta; v)

where #=ax+ay +azz+vi+ £

constants.
If C, = 0, then we obtain the solitary wave solution,

A(afyz — agyz) tanh? <;1\/—/1,/—/4>

u

(56)

1
117 (X, Y 2, W 1) = 3 (@ —af)Au+
Case III. When 4 > 0, 4 < 0, we get trigonometric function solution.

(a3 — o) 2u+

7\/>SIH Vi
B
1\/—Hsin \/1/— ’
<C2 CcosS <;1\/z‘ /_'u> — L\M)Z

2w(a2a?/{;4—a;a1/{/4+a]v)

W=

ulS(-x’y’ 2w, t) =

where #=ax+a,y +azz+vi+ +e¢e, C, and C, are arbitrary

3a3
constants.

If C, =0, then we obtain the solitary wave solution,

)L(a]z,u2 — a%,uz) tan? (11\/1“—/4)

u

(2 =) o

ug(X,y,z,w, 1) =

W | =

Case IV. When 4 < 0, u > 0, we get trigonometric function solution.

1
t1o(X, Y, 2, W, 1) =3 (07 — a?) Au+

(o u? (Cl“’s(”‘/_\/_) W) (59)
(Lffﬂ%m@r@) |

2w(aya} Ap—aja; Aptav)

where n=ax+ay+az+vi+ +e, C; and C, are arbitrary

3a3
constants.

If C, = 0, then we obtain the solitary wave solution,
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(60)

Mad - a2u?) an? (nv/=Ay/i )

(a2 =) 2 - -

W | =

1419(35’)’92, w, t) =

Family II: We have following results in family II:

2y (—Ap + o Au + ayv)

A =0, Ay =iy’ — oo, Ag=(a —ai)iu, p= 3
3

Putting above results into Eq. (52), produces following categories of traveling wave
solutions.
Case 1. When 1 > 0, u > 0, we get hyperbolic function solution.

(XY, 2w, 1) =(a; — af) Au+

(a?u? — asp? )(WL\W+Clcosh<n\/_\/_>>
<L\W+Qcosh<n\/—\/—))

2w(a20t? Ay—a;al Apta v)

(61)

where n=oax+ ay +azz+ vt + +e¢, C, and C, are arbitrary

3ay
constants.

If C, = 0, then we obtain the solitary wave solution,

AMa?u? — a2p?) tanh® (nﬁ\/ﬁ)

+ (a% - alz)ly. (62)
u

u20(x’ yr Z’ W’ t) =

Case II. When 4 < 0, u < 0, we get hyperbolic function solution.

Uy (X, y,z,w, 1) = (a —a )A,u+

(aflf - a%,u (C1 cosh <11\/_\/_) Mmlz;i”rr> )

i 2],

2w(aza? Au—agal Apta v)

(63)
+e¢e, C, and C, are arbitrary

where #n=ax+ay+az+vi+

3ay
constants.

If C, = 0, then we obtain the solitary wave solution,

)»(0:12,142 - a%,uz) tanh® (r/\/ —/ld—ﬂ)

u

Uy (x,y, 2, w, 1) = + ((x% - af)ﬁy. (64)

Case III. When 4 > 0, u < 0, we get trigonometric function solution.
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Uy (X, Y, 2, W, 1) =(a§ - af)/lu+

(ﬁw—@ﬁ(iﬁi%££l+Cmm@¢}Fv)
)

2w(azotf Ay—a;al Aptay v)

(65)

where = ax+ay +asz+vi+ +e, C; and C, are arbitrary

3a3
constants.

If C, = 0, then we obtain the solitary wave solution,

ﬂ(a%yz —a%yz) tan2 (nﬂﬁ) 66)

u

UypX,y,z,w, 1) = (a2 -« )/1;4 -

Case IV. When A < 0, u > 0, we get trigonometric function solution.

Uy (X, y,2,w, 1) =(a§ - alz)ﬂu+

5V —Asin \/j
(o2u? - a%;ﬂ)(Cl cos (’1\/—_/1\/;> _ LM)z o
W sin (nV=A\/u |
(—C\/’; \(} \r)+Czcos<n\/_\/_))

ZW(azotf /ly—a;al Apta v)

where n=ax+a,y +azz+vi+

+e¢, C, and C, are arbitrary

3ay
constants.

If C, = 0, then we obtain the solitary wave solution,

A(afyz — a%yz) tan? (;1\/—_/1\/;_4>

Uy (X, y,2,w, 1) = ( )/1/4 - . (68)
Family III: We have following results in family III:
2a.v
Ag=0,A; =0, Ay =a’p?, p= .
0 1 2= U, P 3a,

Putting above results into Eq. (52), produces following categories of traveling wave
solutions.
Case 1. When 4 > 0, u > 0, we get hyperbolic function solution.

afﬂZ(wL\/W + C, cosh <;1\/71\/ﬁ>>2
v/ sinh (nV/A\/i
(2ﬁ%ggﬂ+gmm@¢yj)

+ a;x + &,y + @37+ €, Cy and C, are arbitrary constants.

M24(X, V., W, t) =

s

2a,vw

where 5 = vt + ——
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If C, = 0, then we obtain the solitary wave solution,
M24(X, Y.z, w, t) = (1121/4 tal’lhz <'7\/z\//_4) (69)

Case II. When 4 < 0, u < 0, we get hyperbolic function solution.

oo i)
i )

where nn = vt + —— 2‘1' + a;x + a,y + a3z + €, C; and C, are arbitrary constants.

Ups(X,y,2, W, 1) =

IfC, =0, then we obtain the solitary wave solution,
Uy5(X, Y, 2, W, 1) = a} Ay tanh® (nv -2 \/—/4>- (70)

Case III. When 4 > 0, u < 0, we get trigonometric function solution.

a?,ﬂ(%\/w +C, cos (mf\/—))
(cotoie) )

where n = vt FRE UL ax+ a,y + a;7+ €, C, and C, are arbitrary constants.
5]

Upe(X,y,2, W, 1) =

Ifc, =0, then we obtain the solitary wave solution,
U (X, Y, 2, W, 1) = a%(—/l)ﬂ tan? (;1\/;\/—/4) (71)

Case IV. When A < 0, u > 0, we get trigonometric function solution.

(o (R - 2 )
(S s coon(viv) )

+ a;x + a,y + @32+ €, C; and C, are arbitrary constants.

u27(-x’ Y.z, w, t) -

s

201

where n = vt +

IfC, =0, then we obtain the solitary wave solution,

Uy (X, ¥y, 2, W, 1) = alz(—/l)y tan® <n\/—_/l\/;> (72)
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(a) (b) (©)

Fig.1 The graphs of u,(x,y,z,w,t) of Eq. (31). Values chosen are b(t) = —2.23, b,(¢) = 2.016,
byt)=-1.11, po() =124, y=1, a; = =143, a, = -2, a3 = —-1.1, R, (1) = -1.13, v=-031, e = 1,

z=-1.12, w=-0.13, r =1
‘ /\ n
‘i 04

(a) (b) (©)

Fig.2 The graphs of u;(x,y,z, w,t) of Eq. (34). Values chosen are b (t) = 1.3, b,(1) = —1.6, b,(t) = -2.1,
y=1La =112, =2, a3 =01, Ri() =03, v=01,e=1,z=-11, w=-3, =1

4 Discussion and results

This section contain the graphical representation of some new exact solitary and
traveling wave solutions of the NFE have been illustrated. The software Math-
ematica 11.0 is used to describe the behaviour of waves as a function of numer-
ous factors. The 3D, contour and 2D graphs visualizes the nature of nonlin-
ear wave solutions constructed from Eq. (1). To demonstrate the solutions by the
considered approaches is observed for the Family-I, Family-II, Family-III. The
Figs. 1, 2, 3, 5, 6) represents periodic type soliton for the set of appropriate values
by(t) = —2.23,b,(t) =2.016,b,(t) = —1.11,py() = 1.24,y = 1,a; = -1.43, 2, = -2,
a;=—-1.1LR(H)=-113,v=-03l,e=1,z=—-1.12,w=-0.13,t =1 and o) =13,
by(t)=-16,b,(t) =-2.1,y=1,0,=1.12,a, =2,a3 =0.1,R|(1) = —03,v=0.1,e =1,
z=-11,w=-3,t=1 and by(t) =13, b,(1) =-1.6, by(1)=-3.1, y=1, a; =1.12,
a,=2,a;=01 R(@®=-31,v=21¢e=1z=-11,w=-3,t=1and M =-13,
ap==-21,a,=-1002, y=2, a5 ==1.1, v=—=11,e=1,2=01, w=-13, p=-23, =1
and M=-13,a, =-21,a,=-1.002, y=2, a5 =-1.1, v=—1.1, e =1, z=0.1, w=—1.3,
p=—2.3, t = 1. The Figs. 4, 8 represents singular bell and periodic shaped soliton for
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(a) (b) (c)

Fig.3 The graphs of u,(x,y,z, w, ) of Eq. (35). Values chosen are by(r) = 1.3, b,(t) = 1.6, b;(t) = =3.1,
y=1La =112, =2, ; =01, Ri() =-3.1, v=2.1,e=1,z=-11, w==-3,t=1 by(r)=1.3,
byt)=-1.6, b)) =-31,y=1,a, =112, @ =2, 3 =0.1, R, (1) = -3.1, v=2.1, e=1, z=-1.1,

w=-=-3,1t=1
l [

(a) (b) (©)

Fig.4 The graphs of uy(x,y,z,w,f) of Eq. (46). Values chosen are M =-0.3, a; =-1.1,
a,=-22,y=2,a3=-01,v=01,e=1,z=11, w=-3,p=13,r=1

I|“||‘ / \ /D \ /
(.. / ek N

(a) (b) (c)

Fig.5 The graphs of u,(x,y,z,w,t) of Eq. (48). Values chosen are M =-13, a; =-2.1,
a,=-1002, y=2, a5 =-1.1,v=-11,e=1,z=01, w=-13, p=-23,r=1

o

00
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S

Fig.6 The graphs of u;5(x,y,z,w,t) of Eq. (51). Values chosen are M = —-1.3, a; = -2.1, @, = —1.002,
y=2, 3=-11L, v=-11,e=1,2=01, w=-13, p=-23,1t=1

(a) (b) (c)

Fig.7 The graphs of u4(x,y,z,w,t) of Eq. (54). Values chosen are A=15 pu=11,v=-12,
y=1,a =03 a =103, a3 =1.001, p=—-1.1, e=1,z=-1.003, w=-0.1, t =1

() (b) (c)

Fig.8 The graphs of u,(x,y,z,w,t) of Eq. (64). Values chosen are A= —1.1, y=-22, v=-3.2,
y=1,a, =03 =103, a3=0.1, p=-11,e=1,z=-13, w=-0.1, =1

M=-03,a0==-11,a,=-22,y=2, 03==01,v=01,e=1,z=11, w==-3,p=13, = land
A=—-11, p=-22,v=-32,y=1,a, =03, a =103, a3 =0.1, p=—-1.1, e = 1,

z=-13, w=-0.1, t = 1. The Fig. 7 represents W-shaped soliton structure for the
set of appropriate values A=15, u=1.1,v=-12,y=1, a4 =03, a, = 1.03,
a; =1.001, p=-1.1, e=1, z=-1.003, w=—-0.1, r = 1. The Figs. 9, 10 represents
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1)

oof

g T + -4 -2 3 2 4

(a) (b) (c)

Fig.9 The graphs of uy,(x,y,z,w,f) of Eq. (69). Values chosen are A=4.11, u=0.04, v=20.2,
y=1,a =-13, @y =—-0.03, a; =0.11, p=0.11, e =0.11, z=1.003, w=—-1.1, r =1

(a) (b) (c)

Fig. 10 The graphs of u,s(x,y,z,w, ) of Eq. (70). Values chosen are A = —2.003, y = —1.07, v = 0.002,
y=1,a =-13, ¢y =-0.03, a5 = 1.1, p=0.11, e =0.11, z=-0.003, w=-1.1, 1 =1

dark shaped soliton for the set of appropriate values A =4.11, u =0.04, v=20.2,
y=1, 0, =13, @, =—003, a; =0.11, p=0.11, e = 0.11, z=1.003, w=—1.1, r = 1 and 1 = —2.003,
u=-107, v=0002, y=1, @y =-13, @ =-0.03, a3 = 1.1, p=0.11,e =0.11, z=-0.003,
w=-1.1,rt=1

5 Conclusion

In this study, we have examined the (4+1)-dimensional nonlinear integrable Fokas equa-
tion and have analytically constructed several kinds of exact travelling wave and local-
ised solutions. In addition to the singular and non-singular periodic solutions, breather
solutions, Jacobi elliptic kind solutions, elliptic type solutions, exponential function
solutions, and rational solutions are among the obtained solutions. The proposed tech-
niques are efficient, clear, and could soon be used to investigate other higher dimen-
sional NLEEs. Compared to the findings of earlier research, many of the new findings
are more comprehensive. Several of the results are written as hyperbolic, trigonometric
functions with arbitrary constant parameters. These findings are also helpful in under-
standing nonlinear wave dynamics in optics, hydrodynamics, solid state physics, and
plasma. The higher dimensional Fokas equation is a useful multidimensional extension
of the KP and DS equations, according to these results. This paper also provides an
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overview for reducing higher dimensional to the lower dimensional structures which is
helpful to understand the nonlinear nature and dynamical behaviour of the governing
model. We believe that by applying the approaches described in this work in the future,
we will be able to resolve comparable higher-dimensional issues.
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